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A METHOD FOR FINDING UNITS IN CUBIC 
ORDERS OF A NEGATIVE DISCRIMINANT* 


BY 
J. V. USPENSKY 


Among other extremely remarkable things in Hermite’s famous letters to 
Jacobi we find a very brief outline of a method which can be used for the 
actual discovery of units in cubic orders. Much, however, remained to be 
done in order that Hermite’s ideas could be embodied in a really practical 
method easily applicable to numerical examples. Zolotareff was the first to 
develop Hermite’s suggestion in the case of a negative discriminant. In his 
little known but remarkable thesis On an indeterminate equation of the third 
degree published in Russian in 1869, Zolotareff developed a method for finding 
units in the order x+6+26? where @ is a root of the irreducible equation 
6° = A, based on Hermite’s principle of continuous variables; that is, on the 
study of successive minima of a certain positive ternary form containing a 
continuous parameter. 

Zolotareff’s most important contribution consisted in the peculiar manner 
of reducing the study of successive minima of a ternary quadratic form to a 
similar problem concerning binary forms. In itself Zolotareff’s method is 
remarkable, but it requires further complements in order to give all the suc- 
cessive minima, as is strictly required by Hermite’s principle, and these com- 
plements unfortunately detract much from its practical value. When studying 
Zolotareff’s paper I noticed, however, that, by retaining his basic idea, but 
departing from Hermite’s requirement to consider minima of a variable ter- 
nary form, one can build up a new method for finding units in cubic orders of 
a negative discriminant which can be applied to numerical examples with 
comparative ease. The best method hitherto known for that purpose is one 
given by Voronoi in 1896f. 

I do not venture to say that the new method explained in this paper is 
more expedient. That may be decided only by application of both to numer- 
ous examples. 

1. An order (or ring) in an algebraic field is a system of integers of that 


* Presented to the Society, August 29, 1929; received by the editors in August, 1930. 

Tt See Hermite’s Collected Works, vol. 1, pp. 131-135. 

¢ G. Voronoi, On a Generalization of the Algorithm of Continued Fractions, Warsaw, 1896 (in 
Russian). 

This remarkable thesis contains also a method of finding two fundamental units in the case of a 
positive discriminant. 
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field containing the rational unit and reproducing itself by addition, sub- 
traction, and multiplication of its numbers. An order in a cubic field can be 
built up by repeated addition and subtraction of three fundamental numbers, 
1, a, 8, forming its basis. Hence the numbers of an order are obtained from 
its basic form 


¢=x+ay+ Bz 


by giving to x, y, 2 all rational integral values. As the numbers a?, af, 6? by 
definition belong to the order they must be contained in the preceding linear 
form for suitable integral values of the variables. Together with 1, a, 8, the 
numbers 1, a+c,8+d, where c and d are arbitrary integers, form a basis of 
the same order. By selecting c and d in a proper way the product 


(a + c)(B + d) 


will be a rational integer. Hence we can always select a basis 1, a, 8 in such 
a way that the product af is a rational integer. We shall call a basis of this 
kind a normal basis. Supposing that the basis is normal we must have the 
equations 

aa =e-+ fa+ gf, 


where e, f, g and ¢ are integers. By elimination of 8 we find the equation 
which a satisfies, 


a® — fa? — ea — cg = 0. 
Similarly £ is a root of the equation 


B® + (e/g)B? + (cf/g)B — = 0 
and 
B? = — cf/g + (c/g)a — (e/g)B. 


But as 6? belongs to the order, k=c/g and/=e/g are integers. Thus every 
order has a basis 1, a, 8, where a and £ are roots of the respective equations 


a® — fa* — gla — kg? = 0, 
+ 18? + — = 0, 
f, g, k, | being certain integers. Moreover 
aa = lg + fa + gB, 
(1) af = kg, 
— kf + ka— BB. 
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2. Denoting by a’, a’ conjugate numbers to a and using similar notation 
for 8, the discriminant of the order is given by 


1a |? 
1 a |=-D, 
1 


and from now on we shall suppose it to be negative so that D>0. 

By a we denote a number of the real cubic field; then its conjugates a’, a”’ 
are conjugate imaginary numbers. It is easy to see that the discriminant of 
a is 

D(a) = — Dz? 
and likewise 
= — Dk?. 

3. For practical purposes it is advisable to select numbers a, 8 of a normal 
basis in a special way. Namely, we shall take for a a number of the order for 
which the expression 

— (a’ — a’)? + 2(a — a’)(a — a”) 

is minimum; that is, can only increase if we substitute for a any other number 
of the order. Let 1, A, B be any normal basis of the order, so that we have 

AA =IG+FA +GB, 

AB = KG. 
By taking 

a=P+AX+ BY, 
the preceding expression becomes 
+ (A — A’)(A — A")(X — (A'/G)Y)(X — (A"/G)Y), 


which is a positive quadratic form with the determinant —3D. Let the mini- 
mum of this form be attained for X =A, Y =y, these being relatively prime 
numbers. Then we can take for a the number 


where the integer P remains arbitrary. Denoting by )’, uv’ two integers satis- 


fying the equation 
hu’ — Nu = 1, 


we can take for the second number of the basis 
B=Q+NA + 
and finally dispose of P and Q so as to make the basis 1, a, 8 normal. 
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Thus we finally reach the following conclusion: for any given cubic order 
a normal basis 1, a, 8 can be found such that 


— (a’ — a’)? + 2(a — a’)(a — 
is minimum; the value of this minimum never exceeds 2D'/*. On the other 
hand, as 
(a! — a!) (a = De’, 
it is easy to see that 
— (a! — al")? + 2(a — a’)(a — 3(Dg?)"%. 
In the following we shall suppose that the normal basis of the order has been 


chosen as explained in this paragraph. 
4. Again let ¢ represent the basic form of the order 


¢=x+ay+ Bz 
and ¢’,¢” its conjugates. For the sake of simplicity introducing the notation 
= ¢'¢” 
we shall consider a positive ternary quadratic form 
f = 26+ ¢7/A 


containing a continuously varying positive parameter A. The discriminant 
of this form is D/A. Besides the form f we shall consider its adjoint form F 
whose expression is 


F = — (a”’ — a’)*w? + 2(a — a’)(a — a@”’)2/A, 


where w is a linear form of the contragredient variables X, Y, Z defined by 
(a”’ a’ = Z(a”’ a’) + Y(p’ + X(a’p” a’’B’), 


while 


Referring to the equations (1) we easily find 
w=Z+ (a/g)¥ + (6+))X. 


Numbers w for integral values of X, Y, Z constitute a modulus with the basis 
1, a/g, 8. It can be readily verified that the product of any number of this 
modulus by any number of the order again belongs to the same modulus. 
According to Dedekind’s terminology the cubic order [1, a, 8] is the order of 
the modulus [1, a/g, 8]. They coincide if and only if g=1. Needless to say 
that the discriminant of F is D?/A?. 
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We can express x, y, 2 linearly in ¢, ¢’, ¢” and similarly X, Y, Z are ex- 
pressible linearly in w, w’, w’’. By substituting these expressions in the bi- 
linear form 

Xx+Vy+ Zz, 
we can find a remarkable expression of the latter. But such a straightforward 
way would lead to complicated calculations. The best and most elegant way 
is to proceed as follows. 

Let 7, 7;, 72 be three mutually perpendicular unit vectors, so that perform- 
ing the scalar multiplication we have 


ii = = = 0, 
= itg = igt = 0, 
igig = 1, = igi; = 0. 
Now take the scalar product of the vector 
A = i(a” — + — + — 
by the vector 
B= ib + isd’ + 
We have first 
A-B = (al — + (a — + (a! — 


On the other hand, if we express A, B as linear functions of x, y, z and X, Y, 
Z with vectorial coefficients, we easily find 


1 a 8B 
A-B=|1 a |\(Xx+YVy+Zz) = (— + Vy + Zz) 
1 
and thus 
(2) (— + Vy + Zz) = (a” — + (a — + (a! 
This is the required expression. 
5. The following simple proposition is of fundamental importance for 
what follows. 
Let f(x, y, z) be a positive ternary quadratic form with the discriminant 
D, and F(x, y, z) its adjoint form with discriminant D*. There exist two triads 
of integers x, y, z; X, Y, Z without common factor connected by the bilinear 


relation 
Xx+Vy+Zz2=0 


a 
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and satisfying the inequalities 
4+ 4 
f(x, z) < F(X, Y, Z) < 
For we can first find a triad x, y, z without common factor, so as to make 
4 


On the other hand, the bilinear relation 
Xx+YVy+Zz2=0 


is satisfied in the most general manner by 


X = ha + ua’, 
up’, 
Z=dy 


where \, uw are arbitrary integers and a, 8, 7; a’, 8’, y’ are two independent 
and fundamental solutions of the indeterminate equation 


fx + ny + fz = 0. 


Introducing these expressions for X, Y, Z into F we obtain a binary form 
in \, » whose determinant is —Df(x, y, z). Hence, it is possible to take for 
X, w relative prime numbers so as to have 


F(X, Y,Z) < 


whence 
4 
P(X, Y,Z) < 


The numbers X, Y, Z have no common divisor if \ and y are relatively prime. 

6. Whatever positive value we attribute to A it is possible therefore to 
find two triads x, y, z; X, Y, Z consisting of numbers without common divisor 
and satisfying the inequalities 


¢? 4 D 1/3 
=26+—<-—(-) , 


F = — (a + 2(a — a’)(a < ‘ 


= 


f 

be 
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together with the bilinear relation 
Xx+Vy+Zz2=0. 


Let us seek further information concerning these triads when A=1. When 
A=1 it is easy to present f and F in the form 


f = 3x + ly + mz)? + 2), 
F = 2’) + (D/3)X?, 
where y/(y, z) is the form 
W(y, 2) = — (a” — a’)*(y — (a/g)z)? 
+ 2(a — a’)(a — a”’)(y — (a’/g)z)(y — (a”’/g)2), 


and 
= —Z+mxX, 


Z’=Y 
— 3lf+la— fp 
gl + fa + 38 — $f? 


m=— 4, n= 


If we want to make 
F < (4/3)D2!s, 
we have necessarily 


X? < 4p-13 


and hence X =0 if only D264. On the other hand, the minimum of 4y(y, z) 
is attained for y=1, z=0, if the basis was selected according to the explana- 
tions in §3. Now, if this minimum is = (4/3)D“, which is certainly the case if 
g>1, it is obvious that the inequality 


f < (4/3)D"* 


cannot be satisfied except by taking x= +1, y=0, z=0. But it may happen 
that this minimum is <(4/3)D1". The smallest value of 4¥(y, z) correspond- 
ing to z~0 is then >}D?“ and this is surely >(4/3)D'* if D>151. Hence, 
if D>151 we have necessarily z=0. 

The excluded cases deserve special attention. There are only a finite num- 


ber of cubic orders with D<151. They are* 


* See B. Delaunay’s beautiful paper in Mathematische Zeitschrift, vol. 30 (1930). 
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D = 140; [1, 6, 67]; 20-2 =0; 
D = 139; [1, 6, — =0; 
D = 135; [1, 6, — 39-3 = 0; 
D = 116; [1, 6, — 0? -2 =0; 
D = 108; [1, 0, 67]; 0? — 2 =0; 
D = 107; [1, 6, 62]; 6* — 202+ 49-1 =0; 
D = 104; [1, 6, -@-—2 =0; 
D = 87; [1, 0, 67]; + 02+ 20-1 =0; 
D = 83; [1, 6, 67]; + 202+ 20-1 =0; 
D= 76; [1, 6, 67]; 309-1 =0; 
D= 59; [1, 6,67]; + 20-—1=0; 
D= 44;. [1, 6,67]; ®+0+0—-—1=0; 
D= 31; [1, 6,07]; ®+0—1=0; 
D = 23; [1, 0, 
It can be verified directly that for D=76 it always turns out that z=0 


while in the remaining cases the fundamental unit is obvious. Thus if D276 
we have X =0 and z=0 and the bilinear relation reduces to 


Yy =0. 

Hence, if y#0 we have Y=0, X=0, Z= +1 and if Y¥0 we have x= +1, 
y=0, z=0. If, therefore, for A=1 we try to satisfy the inequalities 

f < (4/3)D"", 

F < (4/3)D?’8, 
together with the relation 

Xx+YVy+Zz =0, 
it turns out that necessarily either ¢= +1 or w= +1 provided D276. As 
— — a’)? + 2(a — a’)(a — a”) 


it is obvious that for A=1 the triads 1, 0, 0 and 0, 0, 1 satisfy all the re- 
quirements. 

7. As we have seen, for any particular value of A there exist two triads 
Xo, Yo, 203 Xo, Yo, Zo consisting of numbers without common divisor, con- 
nected by the bilinear relation 


+ Yoyo + = 0 


¥ 

\ 
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and satisfying the inequalities 


4 /D\2/8 
3 \A 


When A starts to increase these inequalities continue to hold, but that can- 
not go on indefinitely. The triad xo, yo, 29 has to be replaced by another 
triad when the following equality is reached: 


4 
(a) 


A 


Likewise, the triad Xo, Yo, Z) has to be replaced when A attains such a value 
that 


4 /D\2/8 


Equations (a) and (b) have each two positive roots and their greatest roots 
which interest us can be found as follows. 
Let 


where 
D 


—1/2 
a) 3; do = Lo + ayo + B20, 


k= ( 


and 7; is the smallest positive root of the equation 


Then the value of A beyond which the triad xo, yo, 2. cannot be retained is 
given by 
Ao = = 


Similarly, putting 


where 7: is the greatest root of the equation 


and 


8 k\3 

27 

8 
I’ = — D| a!’ — a! |-57,3, 
2711/2 
{ 
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g D —1/2 
po . 
(=) 


we have for the greatest root of the equation (b) the following expression: 
Ay = = 


Suppose now that Ay<A;. Then we have to change the triad xo, yo, 2. when 
the variable parameter A reaches the value Ao, the second triad remaining 
the same in a certain interval beyond Ao. The new triad following xo, yo, 20 
can be determined by the process described in §5. For practical purposes it 
is advantageous to proceed in the following manner. 


Determine three integers /, m, n from the equations 
NYo — = Xo, 
— = Yo, 


mxy — lyo = Zo, 


and set 
t= AXo + pl, 
(A) y = Ayo + um, 
= + wn. 


By substituting these expressions into the form ¢ it becomes 
= gor + (1 + ma + nB)p. 
Multiplying it by ®o we obtain another linear form, 
g = N(¢o)A + Ag, 


where A is a determined number of the order. Now the binary quadratic 
form 


T = 2G + N(¢0)g?/T, 
where 
G = g’g"N(¢0)—, 


differs but by a constant factor from f. By reduction of the form T we obtain 
integers \, » making f minimum. Substituting the values of \, u thus found, 
into (A), we obtain a triad x, yi, 2, taking the place of Xo, yo, Zo. 

The advantage of considering the form T instead of f resides in the fact 
that coefficients of g and G are moderate numbers limited by D. 

If A; <Ao we have to change the triad Xo, Yo, Z, and this can be done as 
follows. 


&. 
ii 
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Determine three integers L, M, N from the equations 
— = xo, 
IZ, — NXo = Yo, 
MX, — LYo = %, 


and set 
X + wl, 
(B) Y + uM, 
uN. 


By this substitution the form w becomes 
w = wr + (N + 
and, multiplying it by 2o, we obtain another linear form in X, yu, 
N(wo)dA + Bu = N(wo)h. 
The binary quadratic form 


V = h? + 
where 

H = N(wo)h’h" 
and 

= 8(D/27)*/*r3 g-!, 
differs but by a constant factor from F. By the process of reduction we find 
integers A, » giving a minimum of V or F and substituting them into (B) we — 
have a triad Xi, Yi, Zi following Xo, Yo, Zo. 

8. The process described in the preceding paragraph is simple and the 

only objection that could be raised is that I and I” are determined by the 
solution of the cubic equation 


which may appear burdensome. However, this equation having three real 
roots can easily be solved by known and handy formulas. On the other 
hand, because of the existence of three real roots we have necessarily 


k< 


< 0.385, 


and it is easy to form a small table giving log 72 and log (k/7:) to three decimal 
places, which is amply sufficient in most cases. If such a table cannot be 
used, which can happen only under extremely exceptional circumstances, 
then direct solution becomes necessary. However, the labor involved in this 


a 
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solution is quite insignificant compared with that required by numerous other 
operations. From the fact that 


2.31/2 
9 


k< 


it follows readily that numbers ¢ and w obtained in the described manner 
have their norms limited by D; we have in fact 


N(¢) < (8/27)D'/?, N(w) < (8/27)D'/2g!. 


To facilitate the application of our method to numerical examples, we give 
here a small table mentioned above. 


TABLE I 


k | logr. | k |logrs| | log. k |logrs| | logrs 


0.01 | 9.998-10) 0.10 | 9.976 | 0.19 | 9.948 | 0.28 |9.908 | 0.360 | 9.8410 
0.02} 9.996 0.362 | 9.8382 
0.03| 9.993 0.364 | 9.8350 
0.04} 9.991 |0.13/9.967 | 0.22/9.936/0.31/9.889| 0.366 | 9.8318 
0.05} 9.989 0.368 | 9.8283 
0.06| 9.986 |0.15|9.961/0.24| 9.928 |0.33|9.874| 0.370 | 9.8247 
0.07| 9.984 |0.16|9.958/0.25 | 9.923 |0.34|9.864| 0.372 | 9.8206 
0.08) 9.981 |0.17/9.955!0.26/9.918 |0.35/9.854!| 0.374 | 9.8162 
0.09| 9.979 |0.36/9.841 | 0.376 | 9.8113 
TABLE II 

log log log log 

0.01! 0.000 |0.10/9.996| 0.19 | 9.983|0.28|9.956| 0.360 | 9.9004 
0.02} 0.000 0.362 | 9.8977 
0.03} 0.000 |0.12|9.994| 0.21 |9.978|0.30|9.947| 0.364 | 9.8949 
0.04} 9.999-10) 0.13 | 9.992 | 0.22|9.976|0.31|9.942| 0.366 | 9.8919 
0.05| 9.999 | 0.32|9.936| 0.368 | 9.8887 
0.06| 9.998 |0.15/9.990| 0.24|9.970|0.33|9.929| 0.370 | 9.8883 
0.07| 9.998 |0.16/9.988 | 0.25 |9.967|0.34|9.921| 0.372 | 9.8815 
0.08| 9.997 0.374 | 9.8773 
0.09| 9.996 |0.18!9.985 0.27 | 9.960} 0.36|9.900| 0.376 | 9.8727 


| 
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9. Starting with the triads x» =1, yo=0, 29=0; X¥,=0, Yo=0, cor- 
responding to A=1 and letting A increase, we come to A=A, determined 
according to the explanation in (7) where new triads x1, y1, 21; X1, V1, Z1 
replace the old ones and these triads hoid until A reaches the value A: >Ao 
where new triads 2, yo, 22; X2, Y2, appear in place of yi, 21; X1, Yi, Z1 
and so on. Thus we can form an infinite chain of triads 


{ Xo, Yo, 20 { Xe, Yo, 22 
and two series of corresponding values of ® and w, 
(A) = 1, Po, $3, 
(B) oo = 1, We, W3,° °°. 

Let E>1 be the direct fundamental unit of the order and ¢ = E~ the in- 
verse unit. If series (A) and (B) are extended sufficiently we necessarily find 


e either in (A) or in (B). To prove this statement we observe first that num- 
bers in the sequence 


Ap < Ai < AZ < - 


finally surpass any given limit so that the unit Z falls into the interval be- 
tween two consecutive numbers of this sequence. Let x, y, z; X, Y, Z be two 
triads corresponding to A= E*. We have 


4 D\ 18 
26 + << —(—) , 
<5 (5) 


BE 3 
and 

Xx+VYy+Zz =0, 
or, by formula (2), 
(3) (a”’ a’ ow + (a a’) (a’ = 0. 
Setting 
=£+ a5 + 63, 
Ew = & =Z + (a/g)¥ + (6 +)X, 

where Z, 7, 2; X, Y, Z are integers, the preceding inequalities may also be 
written as follows: 


q 

& 
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2@ + $7/1 < (4/3)D"3, 


(4) ” NNO 
— (a”’ — + 2(a — a’)(a — < (4/3)D?!8, 


Now 


and by virtue of (3) and (2) 

Xi +V5+ =0. 
It follows from the inequalities (4) that either @=1 or 4=1 provided D276. 
In the former case we have =e and in the latter case w= e. 

10. We are sure, therefore, to find the unit ¢ in (A) or in (B) as soon as 
the variable parameter A reaches the value A= E*. But it may happen that 
a unit appears in (A) or in (B) before that, and then the question arises 
whether this is a fundamental unit ornot. To settle this question we observe 


that any unit which may appear in (A) or (B) is <1. Let it be, for example, 
@,. If Ais the parameter value for which the equality 


2 4 
A 3 \A 


is reached, the parameter value corresponding to the equality 


A 3 \A 
is A,-, and evidently this must be >A; that is, ®, <1. 
In a similar manner it can be proved that any unit w, in (B) must be <1. 
Suppose now that ®, is the first unit we meet in the series (A) and (B). 
It must be a positive power of , say «”. Accepting A in the same meaning as 
before, we see that the inequality 


E2 4 D 1/3 
26" 
(C) 


holds up to 
A = AE*> E*, 


On the other hand, if »>1 the first parameter value where ; appears must 
be <£’, so that (C) holds good for 


A = E3, 


$a = du, 
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If n=3 we take in (C) A= E*-* and A= E**-*, and the resulting inequalities 
are equivalent to 
2e + E* < (4/3)D"!*; 262? + E* < (4/3)D"8, 
and, supposing D = 76, we have, by §6, 
E=a+t+ba, E?=a'+0'a, 


which is impossible. Hence »<2. If m=2, in a similar manner we see that 
the fundamental unit must be binary, 


ba, 


and it is very easy to discover whether the unit ¢;, given by our process, can 
be a square of the binary unit. 

If w, is the first unit we meet in (A) or (B), in exactly the same manner it 
may be shown that it is the fundamental unit ¢ unless it is a square of the 
binary (fundamental) unit, provided again D276. Thus our operations may 
be stopped as soon as we find in (A) or (B) a unit, and if this is not a funda- 
mental unit, the latter can easily be found. For the remaining discriminants 
<=59 the method undergoes slight modifications and easily leads to funda- 
mental units. 

Note. Although the discovery of the fundamental unit presents no diffi- 
culty, it can be shown in certain cases that the first unit found in (A) or (B) 
is necessarily a fundamental unit. For instance, that is true in the case of 
the order with basic form 

$= x+ + 26°, 
where @ is a root of the irreducible equation 
e=A, 


11. Before passing to numerical examples designed to illustrate the fore- 
going method, it is well to collect certain formulas which greatly simplify the 
march of operations. The first necessary step is to find an appropriate basis 
of the order as explained in §2. For that purpose one may have a ready ex- 
pression of the form denoted there by ¥. Written in the usual manner this 
form is 


= 3(gl — f?/3 + fa + 3¢8, — (2/3)lf + la — f8, — kf — + 3ka — Ip). 


When an appropriate basis has been found, we know the corresponding 
coefficients f, g, k, 1 and have the following equations which are constantly 
used: 

aa = gl + fa + gf, 
(6) ap = kg, 
BB = — kf + ka — IB; 
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a’ +a” =f—a, +p” 
(7) a’a!’ = gB, B'B" = ka, 
a’B” + ap’ = — kg —If+la — fp. 


Also, it is useful to have before one’s eyes the expressions of forms T and V. 
We have 


T = 2G + N(¢o)g*/T, 

& = Bo(Ado + + ma + = + Ap, 
G = 

T = (8/27)D(k/r1)*, k = 


Similarly 
=h + 2H T,, 


Qo[Awo + {N + M(a/g) + LB +)}u] = N(wo)h, 
H = N(w)h'h", 
T, 8(D/27)*/2r8 g-!. 


As to parameter values where either the triad xo, yo, 29 or Xo, Yo, Zo has to be 
changed, they are given by 


A = Ay = — a’ 
Finally, to obtain |a’’—a’ | we have the equation 
| — a’ |? = — gl — f? + fa + 3g8. 


In finding approximate values of different numbers, it is hardly ever necessary 
to retain more than three or even two decimals. It is advisable once and for 
all to have logarithms of 


8D/27, 8(D/27)*%g-1, gD!?| a” — a’ |-3 
and also the value of 
4(D/27)#!2, 


As to rz and k/7,, their logarithms are supplied by the auxiliary tablesin §8. 
The different numerical operations required by the method are uniform and 
go quickly and smoothly after a certain amount of practice. 

12. For the first example, let us consider the order [1, 0, 6?] where @ is a 
root of the equation 


— e+ 30—5=0. 


F 
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The discriminant of this order is —524, so that D=524. The basis 1, 0, @ is 
not normal, but the equivalent normal basis is easily found to be 
14=—-1+0, B=3+@. 
Corresponding to this basis we have 
f=-2,g=1, k=2,1=—-4. 
From (5) we find 
y = 3(— 16/3 — 2A + 2B, — 16/3 — 44 + 2B, — 4/3 + 6A + 4B). 
On the other hand 
A = 0.403; B = 4.968, 
approximately, and 
ly = (8.77; 2.99; 20.96). 


This is a reduced form and therefore the basis 1, A, B satisfies all the require- 
ments. Denoting by a, 8 the last two numbers of this basis, we have 


a = 0.403; B = 4.968, 
and by (6) and (7) 


aa 


—4-—2a+ 8, PB=4+2a+ 48, af = 2, 
a’ +a”=-2-a, fp’ =4-8, 


= B, = 2a, 
+ = — 10 — 4a + 28. 
Next we find 
log (8D/27) = 2.191; log [8(D/27)"/2] = 1.547; 4(D/27)*/? = 17.62; 


| al’ — a’ | 2 = 14.10; log [D1/2 | a!’ — a’ | -3] = 1.636. 


Having found these numbers we can proceed to our operations. We start 
with triads 


%=1, w=0, =0, 
Xo=0, Yo=0, 
corresponding to A = 1, and seek the next following triad. 
First operation. As¢o=1, )=1, N(¢o) =1, we have 
k = 0.057 
and from the tables on p. 12, 
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log Tr. = 1.987; log (k/r1) = 1.998; 


2.191 1.547 

3 log (k/71) = 1.994 3 log tr. = 1.961 
log T = 2.185; log T; = 1.508 ; T = 153.1; Ty = 32.21; 

1.508 

1.636 


log A = 2.185; 1.144 = log Aj. 


As A>A, the second triad has to be changed first. Following the indications 
in §7 we must find integers L, M, N satisfying the system of equations 
N-O0-—M-1=1; M=-—1; 
Li-N-0=0; L=0; 
M-0—L-0=0; WN arbitrary. 


Next we find the binary form in X, u 
o=rA+yu(N —a), 
and choose WN so as to make N —a as small as possible. We must take V =0 
and then 
h=w=X-— pa, 
h? = (1, —a, —4—2a+ 8) = (1; — 0.403; 0.162), 
2H = 2h'h"” = (2,2 + a, 28) = (2; 2.403; 9.936), 
2H/T:1 = (0.062; 0.075; 0.308), 
1000V = (1062, — 328, 470). 


Hence, the minimum of V is attained for A=0, u= +1. We take A=0, 
—1 to makew positive. Thus 
@1 =a, 
and 
Q; = ala! = B, N(w1) = 
k = 0.114; log r2 = 1.972; 
1.463 
1.636 


7 1.099 
6 2.816 


.54 
91 


log T1 = 1.463; T'; = 29.04; 2.283 = log Aj. 


Second operation. As the aew value for A; is greater than the previously 
found A, now we have to change the first triad. From the equations 
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n-0—m-0=0, 1-0—n-1=1, m-1—1-0=0, 
we find m=0, n= —1,/ arbitrary, and consequently 
(1 — Bp. 
For the sake of simplicity we shall take / =0 and then 
fy, 
g?=(1, —B,4+ 2a + 48) = (1; — 4.968; 24.678), 
N(¢o)g?/T = (0. 006; — 0.032; 0.161), 
2G = (2, — 4+ 8, 4a) = (2; 0.968; 1.612), 
1000T = (2006, 936, 1773). 
Hence A\=0, —1, and 
$1 = B; = 2a; N(¢:) = 4; 
k = 0.227; log (k/r1) = 1.974; 
2.191 2.113 


1.922 1.719 


log! = 2.113; T= 129.7; 2.394 = logA. 
Third operation. Now we have to change the second triad. Solving the 
equations 
N-1—M-0=0; L:0—N-0=0; M-0-—L-1 =1, 
we find L= —1, N=O and take M =2. Then 
h=r— ap, 
h? = (1; — 0.403; 0.162), 
2H = (4; 4.806; 19.872), 
2H/T, = (0.138; 0.165; 0.684), 
1000V = (1138, — 238, 846), 
whence A\=0, =1 and 
we = —4—2a+ 8, = 4+ 2a+ 48; N(we) = 4; 


k = 0.227; log Tr. = 1.933; 
1.346 
1.636 
1.547 0.982 
1.799 3.629 


log T, = 1.346; T, = 22.18; 3.343 = log Ai. 
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Fourth operation. Now we have to change the first triad and accordingly 
find 1, m, n from the equations 


n-O—m-1=1;1-1—n-0= —2; m-:0—-1-0=0. 
We find / = —2, m= —1, while m remains arbitrary. Taking m =0 we have 
— (2 + a)u; g = 44+ (8 — 28)y; 
G = 4(2,2 + B/2, a + 28) = 4(2; 4.484; 10.339); 
N(¢1)g? = 4(16, 32 — 88, 80 + 8a — 168) = 4(16; — 7.744; 3.736); 


N(¢1)g2/T = 4(0.124; — 0.060; 0.029); 


250T = (2124, 4424, 10368) (2124, 176, 1168). 
Hence A= 2, w= —1 and 
=2+a+ 28, = —4—2a+ 8; N(d2) = 2; 
k = 0.114; log (k/r:) = 1.994; 
2.191 2.173 


1.982 3.629 
log T = 2.173; T = 149.0; 4.544 = log A. 
Fifth operation. Again the second triad has to be changed. From 
—-2N=2, —N=1, M+2L =2, 
we find N = —1, M=2—2L and take L=1. Thus 
w= (—4—-—2a+ (—5+ 
h — tap; 
H = (4, 4 + 2a, 26); 
2H/T, = (0.181; 0.217; 0.448); 
h? = (1; — 0.202; 0.040); 
1000V = (1181, 15, 448), 


whence A\=0, p= —1, 
= 5—8, 23 = 5+ 2a+ 58, N(ws) = 1. 


Thus w; is an algebraic unit and as it is not a square of the binary unit of the 
form a+ ba it must be the required fundamental unit e: 


e=5-8 
or 


E= 18+ 20+ 56. 


| 
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13. For the last application of the method we shall find the fundamental 


unit in the field determined by the root of the equation 


= 19. 
A basis of integers of this field is 
1, 6, 


and we obtain a suitable normal basis by taking 


For this basis we have 
f=-—3, g=3, Rk=2, 1=-—1, 
and 
aa = —3— 3a+ 38, BB = 6+ 2a+8, 
aB = 6, a’a’’ = 38, B’B” = 2a, 
a’ +a” = —3-a, =1-8, 
+ ap’ = —9-—at 3B. 
Moreover, 
a = 1.668; B = 3.596; D = 3.192; 
4(D/27)"/2 = 25.33; log (8D/27) = 2.506; log [8(D/27)'/2g-1] = 1.228; 


log [D¥/2g| a” — a’|-3] = 0. 


Starting with ¢)=1, w.=1, we have respectively 
k = 0.04; 3 log (k/r1) = 1.997 


2.506 
log = 2.503; T = A = 318.4; 
k = 0.12; 3 log = 1.910 
1.228 


log T; = 1.138; Tr; = Ay = 13.74. 


First operation. We take M = —1, L=0, N =1, so that 
h=w=r+ux(1 — a/3), 
2H = (2,3 + .a/3,4+ 3a + 36), 


100V = (115, 70, 75) (, 


1 
1 


cans, — 45, 50). 


21 


= 
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Hence 
A= 1,4 = — 1; 01 = a/3, = B/3, N(wr) = §; 
k = 0.08; 3 log rz = 1.943 
1.228 
log 1.171; = 14.83; 
1.245 
1.926 = log Ay. 


Second operation. Here we have VN =1, L=0, M=0, and 
w = + 
h + (8/2); 2H = (4/3, (1 — 8)/3, 20/3); 
100V = (109, 174, 331) ( 7 ') (109, — 44, 71). 
Hence A= 2, —1 and 
= — 1+ 2a/3, = 3 + 2a/3 + 48/3, N(w2) = 1; 


k = 0.12; 3logrs = 1.910 


1.228 
log = 1.138; = 13.74; 

2.849 

3.987 = log Ai. 


Third operation. Now the first triad is to be changed. Here we find 


1=0,m=-i1,n = —2, 


and 
— (a+ 28)u = g; 


G=(1,3 + 3a+ 8, — 18 + 6a + 98); 
1-5 
100T = (200, 983, 4899) ( ») (200, — 17, 69), 
whence A\=5, w= —1 and 
=5+a+t $,=2+a-—8, N(¢1) =1. 
Here, for the first time, we find an algebraic unit. As ¢; is not a square of 
a binary unit it must be the direct fundamental unit of the field. Thus 
E=S+a+ 26 = 3(14+ 50+ 6%), 
e=2+a-— 6 = }3(2+ 20 — 6). 
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ON THE ASYMPTOTIC SOLUTIONS OF ORDINARY 
DIFFERENTIAL EQUATIONS, WITH AN APPLICATION 
TO THE BESSEL FUNCTIONS OF LARGE ORDER* 


BY 
RUDOLPH E. LANGER 


1. Introduction. The investigations which have hitherto been made of 
the solutions of the ordinary linear differential equation 


(1) u!"(x) + p(x)ul(x) + + g(x) }u(x) = 0,t 


with respect to their asymptotic dependence upon the complex parameter p, 
have almost without exception been restricted to the case in which ¢*(x), 
the coefficient of the parameter, remains positive (or negative) over the 
entire assigned interval of the variable x. The results in that case are 
familiar.t A determination of coefficients a;;(x) in a pair of expressions of 
the type 


(2) 


\, 


+ 
p p 


=o 
is possible, so that the resulting forms represent asymptotically a pair of 
solutions of the equation given. Moreover, each of these forms is then known 
to represent one and the same solution so long as p remains in a region of 
the complex plane in which its pure imaginary part is either invariably 
greater than or invariably less than some constant. 

The forms (2) are evidently of oscillatory or exponential type according 
as ¢*(x) is positive or negative on the x interval under account, and on differ- 
ent intervals in which ¢?(x) is of opposite sign the forms are respectively of 
the two opposing types. Between two such intervals a change in the charac- 
ter of any solution must, therefore, take place. It is evident, however, that 
the manner of this change is not deducible from the forms (2), for whatever 
the magnitude of p these forms fail to remain significant at a zero of ¢?(x). 


* Presented to the Society, April 18, 1930; received by the editors April 11, 1930. 

{ It is merely as a matter of convenience that p¢*(x) is written rather than p¢(x). 

t Horn, Mathematische Annalen, vol. 52 (1899), pp. 340-362; Birkhoff, these Transactions 
vol. 9 (1908), p. 219. 
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Hence there always exists some interval about such a zero in which the forms 
do not represent a solution. Because of this failure in the mode of represen- 
tation, the relation between the solutions respectively represented by the 
forms (2) on opposite sides of a zero of ¢?(x) is obscured, and the law for 
its determination does not appear to have been given. Upon this law de- 
pends the complete determination of the form of any specific solution of the 
equation in different x intervals. 

Directly connected with this problem of the association of solutions repre- 
sented by the forms (2) for different values of x, is that of the relation be- 
tween the solutions so represented for any fixed value of x but differently 
restricted values of p. Indeed, it will be shown that it is a single problem to 
determine completely the asymptotic forms in question for unrestricted 
values of both x and p. It is this larger problem which is taken as the subject 
of the present discussion. It contains the more restricted problems already 
mentioned as integral parts, and may perhaps lay claim to some degree of 
interest and importance. Aside from its utility as illustrated by the appli- 
cation to be discussed below, it may be remarked, in particular, that a solu- 
tion of the problem is a requisite to the general extension of the method of 
asymptotic forms to the treatment of such boundary problems as result when 
an equation of type (1) is subjected to boundary conditions which apply at 
points between which ¢2(x) becomes zero. 

A special boundary problem of this latter type has on previous occasion* 
been considered by the author. While a solution of the general problem de- 
scribed above was not found necessary in that case, due to the special 
structure of the differential system considered, the discussion and results of 
that paper have been largely suggestive for the present considerations. In 
this connection it should be noted that the problem at hand as applied to a 
specialized equation of the type (1) was raised and briefly discussed by 
H. Jeffreys} in 1924, in connection with an application to the solutions of 
the Mathieu equation. A resemblance of thought will be noticeable in a 
comparison of certain of the considerations of the present paper with those 
of the paper cited. 

The procedure of the discussion may be briefly outlined as follows. It is 
shown to begin with, by the derivation of explicit formulas, that there may 
be associated with any given equation of the type (1) a certain “related” 
equation. This related equation on the one hand approximates the equation 
given in a specific sense and on the other hand is explicitly solvable with the 
use of Bessel functions of particular order and argument. It is shown then, 


* These Transactions, vol. 31 (1930), pp. 1-24. 
¢ Proceedings of the London Mathematical Society, (2), vol. 23 (1925), p. 428. 
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at first for restricted values of x and p, and subsequently for general values, 
that the solutions of the given equation are represented asymptotically by 
the known solutions of the related equation. The asymptotic form so ob- 
tained for any particular solution of the equation given is subject to dis- 
continuous changes as x passes from one to the other side of a zero of ¢7(x), 
or as the value of arg p passes certain specific bounds.* The law which governs 
this change is determined and is shown to depend upon the degree to which 
¢?(x) vanishes at the zero under consideration. These deductions occupy 
Part I of the paper. 

In Part II of the paper the theory of the preceding part is applied to a 
special equation which is known to be solved by the Bessel functions of order 
p and argument pe*. As a result the formulas for the functions J,, Y, and H, 
with arguments p sech a and p sec B are obtained for all real values of a and 8 
and for large positive values of p. These formulas are in the main those 
which are familiarly known as representing the functions in question, and 
which are given, for instance, in Watson’s treatise. For the so-called inter- 
mediate values of the arguments, however, the formulas here obtained show 
certain differences and possibly hold certain advantages over those heretofore 
given. In any event, it may be not without interest that the various for- 
mulas are derived here practically as a group and through the means of a 
special application of more or less general results, rather than, as has hereto- 
fore been the case, by methods which were especially developed and adapted 
to the peculiar ends in view and which vary considerably from one set of 
formulas to the next. 


Part I 
THE GENERAL THEORY OF THE ASYMPTOTIC FORMS 


2. The given differential equation. A familiar change of dependent vari- 
able reduces the equation (1) to the normal form 


(3) u!"(x) + — x(x) }u(x) = 0, 


in which x(x) is a function simply determinable from the coefficients p(x), 
and g(x). This form of the equation is conveniently adapted to the consider- 
ations which are to be made. The transformation will, therefore, be supposed 
to have been carried out, and throughout the discussion the differential equa- 
tion will be supposed given in the form (3). 

The primary assumption which is to be made, and which principally 


* It will be recalled that such changes of asymptotic form occur also in the theory of the Bessel 
functions, and that the phenomenon has been designated in that connection as the Stokes’ phe- 
nomenon. 


26 R. E. LANGER [January 


characterizes the equations to which the discussion is devoted, is that the 
interval of the argument x may include a zero of the coefficient ¢?(x). This 
and the remaining assumptions are made specific in the following statement 
of hypotheses. 

(i) The function $7(x) vanishes at a point x=xp to the degree v, where v is 
any real positive constant or zero. 

(ii) On some interval I, which contains the point x =x, the function $*(x) 
has no zero other than that at xo.* 

(iii) On some interval I, which contains the point x=xo, the function 
(x—29)~"6"(x) possesses a continuous second derivative and is real and positive 
except possibly for a constant complex factor. 

(iv) The function x(x) is defined on some interval I; which contains the 
point x =%o, and is bounded on any finite portion of this interval. 

In the case of any specifically given equation (3) the intervals J,, 2, and 
I;, on which the respective hypotheses above are satisfied, may be finite or 
may extend to infinity in either or both directions. Inasmuch as all the 
hypotheses are fulfilled only for values of x which are common to all three of 
these intervals, the variable x will be taken throughout the following dis- 
cussion to lie on an interval J, which is closed at such finite end points as it 
may have, which includes the point x=», and which contains only points 
common to the three intervals J, J2, and J3. Subject to these specifications 
the sub-intervals into which J is divided by the point «=x» may be either 
finite or infinite. 

The hypotheses (i) to (iv) are concerned primarily with the character of 
the given equation in the proximity of the point x=». In case the interval 
I is infinite, it is to be expected that the character of the equation for values 
of x remote from x» is likewise of significance. This is in fact so, and neces- 
sitates a further hypothesis which is to be found below in §7. 

Neither the form of the differential equation (3) nor the validity of the 
hypotheses made is affected either by the change of independent variable 
x’ =x—2Xp, or by any transfer of a constant factor from the function ¢?(x) to 
the parameter p?. Hence it may be assumed without loss of generality, firstly, 
that the origin is located at the zero of ¢?(x), i.e., that x» =0, and, secondly, 
that the function x~’¢?(x) is real and positive. 

Since the function x~’¢?(«) has by hypothesis a continuous second deriva- 
tive, an application of Taylor’s theorem yields the formula 


(4) ¢?(x) = x” {a + + ao(x) 


* The case of several, or any numver of isolated zeros of ¢*(x) would, of course, be treated by 
sub-dividing the interval and considering separately the sub-intervals containing just one zero. 
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in which the coefficients are real, ao and a: being constants, and a2(x) a 
function continuous on the interval 7. For positive values of x the function 
¢*(x) is real and positive. For negative values of x its specification is made 
definitive by the relation 

arg ¢7(x) = arg x” = pr. 


The function ¢(x) will be defined as that root of ¢*(x) which is positive for 
positive values of x. 

A material simplification of the manipulations which follow is attained 
by the use of suitable abbreviations, and by the introduction of certain func- 
tions determined by the equation at hand. To this end let the functions 
&(x), Q(x), and W(x) be defined respectively by the formulas 


= J “g(a)de, 


(5) 

$(x) 

{ (x) }1/2-» 
{ o(x) } 1/2 

in which the constant y is given by the equation 
(6) 

v+2 

The further relations 

(7) = p®(x), = pP(?) 


may be looked upon as defining the abbreviations £ and r. 
It is a matter of simple verification that the functions 


are each real and positive, and have each on the interval J a continuous 
second derivative. Their Taylor’s developments lead, therefore, to the 
formulas 

B(x) = { Bo + Bix + Br(x)a*}, Bo 
(Sa) Q(x) = + + y2(x)x*}, vo = 2u, 

W(x) = {50 + + 52(x) 2°}, bo 0, 
in which the coefficients with subscript 2 are continuous functions, while 
those with subscripts 0 and 1 are constants easily computable from those in 
formula (4). The evaluation of yo has been especially noted for a subsequent 


purpose. 
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It is to be particularly remarked that the constant yu as given by formula 
(6) is in every case less than or at most equal to 3. This constant will occur 
prominently in many subsequent formulas. 

3. The related differential equation. The relation 


(8) y(x) = p*{ Q(x) 


defines the function y(x) in terms of a constant k and a function C which will 
for the moment be left unspecified. Upon suitable differentiation of this re- 
lation, and an application of the equality 

2’ 


1/24! 


which follows readily from the formulas (5), it is found that 
Q” (9’)2 
22 40? 


‘ 1 
(90) ¥"a) = { ya) + + — cr}. 


This result suggests the choice of the function C as a cylinder function, for 
if C is so chosen, say as a cylinder function of order k, then 


= 4-14 Shee, 


and the relation (9a) reduces in consequence to the form 
(27)” — 3(2")? + =] (2) 
x 
40? 


(9b) y"(a) + =[ 


namely to a differential equation for the function (x). 

Superficially this equation (9b) is of the form of equation (3). However, 
since Q(*) vanishes at x =0 a consideration of the coefficient enclosed within 
brackets in the right-hand member is not dispensable. This consideration is 
simply made. If the function within the brace of the second of formulas (5a) 
is denoted by the symbol 2;(x), i-e., 


Q(x) = x0,(x), 
it is readily found that the coefficient in question may be written in the form 
4k? — {02 — x(Q2)’} + x*{20,0/’ — 
| 4x70? | 


Now on the one hand Q(x) 0, and on the other hand the function 
Q2(x) — (x) 


| 
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differs from the value 2 (0) by a quantity of which x? is a factor. It follows 
from this that the coefficient in question is continuous at « =0 if and only if 
4k?— 22 (0) =0, ie., from (5a) if k2=y?. The motivation for the choice of C 
in formula (8) as a cylinder function of order +uy, i.e., C(€) =Cx,(E), is clear. 
With this choice and with the choice k=y, the formula (8) may be written 


(10) y(x) = 


the function Y(x) here involved being that given in the third of formulas (5). 
By the deductions thus concluded the formula (10) solves explicitly the 
differential equation 


(11) y"(x) + — w(x)} y(x) = 0, 
in which 
(12) w(x) = — 3(0')? + 4y?}. 


In virtue of the continuity of w(x) on the interval J, it is immediately 
evident that the differential equation (11) is possessed of every property 
hypothesized for the given equation (3). It is found convenient on this ac- 
count to designate the equation (11) as related to the equation (3), or simply 
as the related equation. The result thus obtained is embodied in the following 
theorem: 


THEOREM 1. To every equation of type (3) which satisfies the hypotheses (i) 
to (iv), there corresponds a related equation (11) which is of the same type and 
involves the same coefficient $?(x), and which is explicitly solved by the for- 
mula (10). 

4. The solutions of the related equation. By Theorem 1 a complete set 
of solutions of the related equation (11) may be obtained by substituting 
successively in formula (10) two linearly independent cylinder functions of 
order +u. As a first choice it is proposed to use for this purpose the Bessel 
functions of the third kind* with suitably chosen arguments. The choice of 
arguments is to be dictated by the desired asymptotic forms, and will de- 
pend, therefore, upon the ranges of the variables x and p. The considerations 
involved are the following. 

For values of the complex variable z which are of large modulus, the Bessel 
functions H,‘ (z) and H,® (z) are of known asymptotic forms. These forms 
remain invariant, i.e., each of the functions is represented by one and the 
same corresponding analytic expression, so long as z remains in a (any) 


* Cf. G. N. Watson, A Treatise on the Theory of Bessel Functions, Cambridge University Press, 
1922, p. 73. This reference will be indicated in the text by [W]. 
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specific right or left-hand half of the complex z plane. However, if 2 varies 
unrestrictedly the original expressions may cease to represent the functions 
in question, and the réle may be filled in different half-planes by different 
analytic forms. This phenomenon will assume essential prominence in the 
later portions of the discussion. It is desirable at the moment, however, to 
evade the complications which it involves, and this may be simply done by a 
restriction of the variable z to a specific half-plane. For the purpose immedi- 
ately at hand, therefore, it is sufficient to note here the forms [W, p. 198] 


m 
(2) ~A 1 + , (u, m) constants, 


= (si) 


2\1/2 
A} = (=) eF * 


(13) 


valid for —7/2< arg zS<7/2. These formulas will serve as a basis for the 
derivation of the asymptotic forms of those solutions of the related equation 
which are to be chosen. 

The variable x is real, but may be either positive or negative. The para- 
meter p and the quantity £ on the other hand are complex and may range 
over the entire respective complex planes. The manner and extent to which 
restrictions are imposed upon the locations of x and p by corresponding re- 
strictions upon the location of £, and vice versa, is easily determined as 
follows. 

Let the complex £ plane be divided into quadrants =.., k=0, +1, 
+2,---+5;1=1, 2, by the relations 
(14) Zea: kw <argé (k+ 

For x>0 the function ®(x) is real and positive and therefore arg §=arg p. 
On the other hand, for x<0, arg &(x)=7/(2u), and hence arg ¢=arg p 


+7/(2u). It is evident from this that 
in corresponds to 


1 
either x > 0, and < arg p kr, 
(15) 


1 1 1 
2 2u 2u 


* The notation requires explanation. It will frequently be convenient as in the present case to 
write two formulas in one by the use of double signs together with an index j. It will be understood 
in every such case that the upper signs are to be associated with the value j7=1 and the lower signs 
with j=2. 
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£in Zx,2 corresponds to 


1 
either x > 0, and kw < argp S (2 + 


or x <0, and <argp 
2u 2 2u 
Any condition expressed in terms of £ and x is, therefore, easily translated 
into terms of p and x, and the mode of expression may be considered im- 
material. The pair of adjacent quadrants =;,1 and 2,2 will be referred to as 
the half-plane =x. 
If k is given any integral value, the formulas 


{ W(x j 
- ) if k is even, 


Vix ; 
if k is odd, j = 1, 2, 
3-i 


(16) Ye, (x) = 


define, by Theorem 1, a pair of linearly independent solutions yx,1(x), yx,2(x), 
for the equation (11). These solutions and their derivatives are of importance 
in the deductions which follow. The computation of the derivatives is simple. 
Thus, since [W, p. 74] 


d 
@)} = j = 1, 2, 


while from formulas (7) and (5) it is found that 


d 
(17) 
dx W(x) 
it follows that 
(7) 
(18) = W(x) (zx) 
Ye, = Ye, + xi (3-1) 


kri) if k is odd. 
It is readily verified that the formulas (18) may be written in terms of the 
quantities 
W'(x) 


(19) = { Vay j = 1,2, 


| 
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in the form 
Vix 
(160) + 
a Ve, = 
V(x) (3-3) 


(ke-***), if k is odd, j = 1, 2. 

i*Al-» 

This suggests an advantage in the consideration of the functions (16a) in 
place of the derivatives (18), for on the one hand the values y;.,/ (x) are directly 
obtainable from the values 4,,;(*) and y.;(x), while on the other hand the 
formulas (16a) are obtainable from the formulas (16) by the mere substitu- 
tion of 1—y in place of wu. Many of the following deductions concerned with 
the quantities (16) can, therefore, be adapted by slight and obvious changes 
to apply to the quantities (16a), and the pertinent results for the derivatives 
(18) may thus be cheaply obtained. 

The asymptotic forms of the quantities (16) and (16a) for || large and 
£ in the half-plane =, may be found from the formulas (13). Thus when ~ 
lies in =, the value &)=£e-** lies in the half-plane Z», namely, in the region 
of validity of the relations (13). The forms desired are, therefore, available 
in terms of £) and_may, of course, be simply expressed in terms of &. It is 
thus found that 


Ve, ~ +> for — in Ex, 
m=1 


(20) 


+ Fx, (x) ~ 
m=1 


The coefficients c in these formulas are constants which are easily computed. 
A record of their explicit values is, however, not essential to the purpose at 
hand. 

For subsequent use certain further facts concerning the quantities (16) 
and (16a) are to be noted. Inasmuch as all considerations are to be made on 
the assumption that |p| is bounded from zero, any relation |£|<N, in which 
N is a positive constant, restricts the values of x to a finite portion of the 
interval 7. For such values of x, however, the function V(x) is bounded, and 
since the quantity 


(2), j=1,2; 


remains bounded with |z|, and approaches a limit not zero as z—0, it follows 
that 
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(21) | ye.s(x)| | 5e.(x)| SM, for | N,* 


and that the values +, ;(0) and j,,;(0) are constants different from zero. 

From the form of equation (11) it is observable that the Wronskian of 
the solutions y, ;(x) is independent of x. Its value, as computed from the 
formulas (16) and (17), is found to be 


pe 
W(ye.1, Ye2) = (— 1)* Hy” 
A 1"A o# 
and since the Wronskian on the right of this relation has the value [W, p. 76] 
47 
mie 


the formula reduces to 
(22) Ve.2) = — 2ip™. 
For subsequent use it is desirable to note also the related formula 


(22a) 

Fx Fx 2) 
which follows directly from the equalities (19) and (22). The results of this 
section may be summarized as follows: 


THEOREM 2. The formulas (16) define for the related differential equation 
(11) a pair of solutions yx,1(x), ye,2(x), corresponding to any integer k. These 
solutions satisfy the relations (21) and (22), and are asymptotically given by 
the formulas (20) for the values of x and p which correspond to values of & in the 
half-plane =x. 


5. The formal solution of the given equation. Let the given differential 
equation (3) be written in the form 


(3a) + — w(x) } u(x) = 0(x)u(x), 
in which 
(23) O(x) = x(x) — 


and w(x) is the function so designated in equation (11). The structure of the 
left members of equations (3a) and (11) is then the same, and familiar reason- 
ing, in which the relation (3a) is looked upon as non-homogeneous, leads to 
the equation 

* The symbols M and WN are used here, and will be used in the work to follow, merely to des- 


ignate “some positive constant.” It is to be understood, therefore, that the constants so represented 
in different formulas are not necessarily the same. 
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0(t)u(t)dt, 


1 a(t) — Ye i(¢ 
(24) u(x) = + — f 


the values ¢1, cz, and x9 being constants, and y;(x), ye(x) any linearly inde- 
pendent solutions of equation (11). By actual substitution, it is easily verified 
that the equation (3a) is solved by any solution of the equation (24), how- 
soever the constants and solutions y involved in the latter may be chosen. 
It is proposed to determine the form of certain solutions of equation (3a) 
through the means of establishing the existence and corresponding form of 
certain solutions of equation (24), with specific choices of the elements in- 
volved. These choices will be governed by the configuration of the values 
x and p. 

For any pair of values x, p, the corresponding value é lies in some quadrant 
=x,1, and & will remain in this quadrant if x is restricted to maintain its sign 
and p is confined to a corresponding quadrant of the p plane as shown by the 
relations (15). It will be supposed that x and p are so restricted throughout 
the discussion immediately at hand. From the relations (15) it is clear that 
two distinct configurations of x and p correspond to £ in the quadrant =,... 
While a distinction between them is not necessary at this point, it will never- 
theless be supposed that one and the same configuration persists throughout 
the discussion. 

Under the assumption that £ is confined to the quadrant =;,:, the solu- 
tions yx,;(x), 7=1, 2, are known to have the forms deduced for them in the 
preceding section. These solutions may in particular be chosen to serve as 
the functions y involved in the formula (24). If the designation ,_,;(x) is 
given to the solution u corresponding to the choice of values y: = y,1, V2 =YVe,2, 
c;=1, c3_;=0, the equation (24) becomes 


1 


ip?# 


(24a) ue, = ye, (x) + ao — } ux, (dt, 


j= 1,2, 


A determination of the constant x» remains to be made, but will for the 
moment be deferred. 
Let the quantities U;(x) and Y;(x) be defined by the formulas 


W(x) V(x) 


(25) U,(x) = 


? 


With the use of these functions the equation (24a) may be written in the form 


2 
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1 z 
(24b) Ux) = + —f K(x, t, p)U(t)dt, = 1,2, 
p Zo 


with 


(26) K,(x,t, p) = — Vs_(x)¥ 
It will be recalled that the symbol r here involved was defined in formulas 
(7). 

The equation (24b) is in form an integral equation for U;(x), and as 
such may be iterated in familiar fashion, the quantity U; under the sign of 
integration being replaced by the entire right-hand member of the equatio™ 
A continued repetition of this process leads ultimately to the formal equality 


Y; (n) 
(27) Uds) = + 
in which 


(x) = Ya). 
The relations (27) and (28) when taken together are independent of the con- 
stant o which has been introduced into them. It will be seen later that a 
specific choice of this constant is a source of convenience for the discussion. 

The infinite series on the right of the relation (27) formally satisfies the 
equation (24b). It will be shown in the following sections that a choice 
of the undetermined elements involved may be made so that the series con- 
verges uniformly and the relation (27) in consequence represents a true solu- 
tion. 

Let the functions #;,;(x) be defined in a manner analogous to (19) by 
the formula 

(29) (x) = - if 
If it is observed that the equation (24a) may be formally differentiated by 
the mere substitution of u,’; and y;,’; respectively for the quantities wx; 
and y;,; where they occur with the argument x, then it is readily seen also 
that the similar substitution of and 4x,;(x) for ux,;(x) and yx,;(x) in 
(24a) leads to a valid formula. It follows that the formal considerations 
made above for the functions u,,;(x) may be made equally well and with 
similar result for the functions #@,, ;(x). 


j=1,2. 


2 
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6. Lemmas. The proof of the existence of a set of solutions U;(x) of 
equation (24b), and the associated investigation of their structure, is to be 
based upon the relation (27) obtained formally in §5. It is requisite to this 
end that the infinite series involved ir the relation be shown convergent. 
This is conveniently done by means oi the facts which are framed below in 
the form of a set of simple lemmas. 

Let N be an arbitrarily chosen positive constant and consider the relation 


(30) | p&(z)| = N. 

The function #(x) is continuous on the interval J. From its definition it 
is clear, moreover, that | (x) | increases monotonically with |x | on each of 
the sub-intervals into which J is divided by the point x =0. If J* is used to 
designate that one of these sub-intervals which contains x under the con- 
figuration of values which was assumed in the preceding section, it follows 
that a unique point Z on the interval J* is determined by the relation (30) 
for each value of p. The dependence of ~ upon p is evident. In virtue of 
the formulas (5a) it is seen that this dependence satisfies quantitatively a 
relation of the type 


(31) p|-* <| < p| 


in which m, and mz are suitably determined positive constants. 
The lemmas which follow are concerned with the evaluation of an integral 


(32) I(a, B) = f H(x, t, p)dt, 


subject to the following specifications: 


(a) The points a and B lie on the interval /*; 
(b) The configuration of values x, p is that assumed in §5; 


(c) The integrand satisfies a pair of relations 
| H(x, t, p) | < Mh(t), for t on and | | < N, 
33 
| t, p) | < Mh(t), for t on and |r| > N, 


in which the exponent 4 is a specific positive constant, and h(#) is a function 
continuous on the interval /*. 


Lema 1. If 0< |a|< |8|< |z], then 
| 8) | Mi | p|-*. 


The proof is simple. On the interval of integration the first of relations 
(33) is satisfied. Since h(t) is bounded, the same is true of the entire inte- 
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grand, and by relation (31) the length of the interval of integration is of the 
order of |p |-. 


Lemna 2. If x, is any fixed point (i.e., independent of p) on the interval I*, 
and if \é|< |«|< |x.|, then 


M2| p| -, if > 6/2, 
| 8)| S p|, if = 4/2, 
M2| p| -*, if u< 6/2. 


On the interval of integration the second of formulas (33) is valid, and 
inasmuch as this interval is finite the function A(#) is bounded. It is clear, 
therefore, that the integrand is of the order of r~*. Since by formula (5a) 7 
is of the order of pt'/‘, it follows that 


lzel dt 
| T(a, 6) | M |p| {8/(2u) 
The conclusion is at hand because of the relation (31). 

If the interval J* is finite, the discussion of cases arising from possible 
choices of a and 8 is completely covered by the Lemmas 1 and 2, for the 
point x, may in particular be chosen as the end point of /*. If the interval 
extends to infinity, however, a complete discussion must include also the 
further lemma which follows. 


Lemna 3. If |x.|< |a|< |8|< © and if the integral 
f 
ze {o(é)}* 
extended over the interval I*, is convergent, then 


| I(a, B)| Ms| p|-*. 


From the second of relations (33) the integrand of (a, 8) is of the order 
of h(t)/r*. Since this quantity is positive on the interval /*, except possibly 
for a constant complex factor, the substitution of the value of 7 from formula 
(7) yields the relation 


| I(a, 8)| M|p|- h(t) a 


The conclusion follows. 
7. The dominant solution of the given equation for ¢ in a quadrant =, ). 
From the definition of the quadrants =,,, as given in the relations (14), it is 


| 
| 
4 
i 
| 
| 
| 
Wa 
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directly evident that when £ remains on such a quadrant the real part of 
is either always positive oral ways negative. Hence one and the same one of 
the two solutions y,,;(x) remains dominant for all such values of £. Whether 
the subscript value associated with this dominant solution is 7=1, or 7=2, 
will depend, of course, upon the particular quadrant =;,, under considera- 
tion, namely, upon the values & and /. To avoid an unessential differentiation 
of cases the value 7 in question will be designated simply by j =7’. 

The subject of immediate attention in the present section is the deriva- 
tion of a solution of the equation (24b) from the relation (27) for the value 
j=j'. This involves a determination of the conditions under which the rela- 
tion is convergent, and centers, therefore, upon a consideration of the 
quantities Y {")(x) defined by the formula (28). 

The constant x» was introduced into the formulas of §5, but was referred 
for later specification. This specification for the case in hand will now be 
made as follows, namely, when j=j’, then xo=0. It will be understood 
throughout this section that this value of x» has been fixed upon, and it will 
be understood likewise without repeated specific mention of the fact that 7 
temporarily takes the single value 7’ in the various formulas to be written. 

The definitions (25) together with the formulas (20) and (21) yield 
readily the inequalities 


| ¥(x)| < M, for < N, 
| (x) | < M, for > N. 


These two relations may be combined into the single one 


(34) | (x) | < M, 

if it is agreed to assign to the symbol s the value 
0, if |e] < 
1, if |¢| > 


This agreement of notation will be adopted and the symbol s will be used in 
accordance with it whenever a multiplicity of written formulas can thereby 
be avoided. For the sake of clarity the use of the letter s in any sense other 
than that defined by the relation (35) will be avoided. 

The functions Y;‘(x) depend by the relations (28) upon the kernel 
K(x, t, p) which is defined in the formula (26). This formula involves on 
the one hand the functions Y; and Y2 which are bounded in virtue of the rela- 
tions (34), and on the other hand the factor exp{ + 2i(¢—r)} which is now 
to be considered. As a result of the choice of x» the variable of integration, #, 
in formulas (24b) and (28) ranges on the interval /* between 0 and x. Clearly 


; 
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then |r|< |£|. Since the value arg ¢ is constant on the interval J* it follows 
that for the values of ¢ in hand 


arg — r)] = arg 


The exponent +2i(—7) in formula (26) is, therefore, of real part opposite 
in sign to that of the corresponding exponent in the formula (20). Inasmuch 
as the latter is positive for 7=7’, in virtue of the determination of 7’, the 
exponential in K;(x, t, p) is bounded when |t| does not exceed |x|. This 
conclusion, together with the inequalities (34), establishes, for |¢|< |x|, the 
relations 

| 9K (x, t, p)| S | 0(4)|, for |r| < N, 


(36) 
| (x, t, p)| S M¥2(t)| , for |r| > 


It is proposed to utilize this result to show that the quantities Y,;‘"(x) of 
formula (28) will satisfy the inequalities 


(37) | | < (n = 0, 1,2,---), 


provided firstly that the positive constant M is suitably determined, and 
secondly that the hitherto unspecified constant ¢ in formulas (28) is properly 
chosen. 

The relation (37) is valid for »=0 since it reduces for that value to the 
relation (34). The proof of the general validity of (37) by induction will 
accordingly be complete if it is shown that the assumption of its validity 
with m replaced by (”—1) is sufficient to establish it as written. This may 
be done as follows. 

If in (37) the value (7—1) is substituted for m and / is written in place of 
x, the hypothesis tentatively adopted becomes 


# 


| @M-"| <1, when |r| < 
a 


(n—1) 


| ri/2-#y,; (t)M-* | < 1, when |r | >N. 
These inequalities together with the relations (36) show that the function 


(38) (x, t, () 


satisfies, with the value 6=1—2y, the hypotheses imposed in $6 upon the 
function H(x, t, p). This is true, moreover, independently of the value as- 
sumed for m. Hence the formula (28) may be expressed in terms of integrals 
with the structure of those discussed in the lemmas of §6. The attendant 
considerations depend upon the range of values ascribed to the variable x 
and are the following. 


| 

ta 

| 
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Case 1. |x|< |z|. In this case |§|<N. The function (38) with s=0 
may be designated, therefore, by H(x, t, p), and as a result the formula (28) 
becomes 


Ys" (x) = x). 
Lemma 1 is applicable to the right member of this equation and yields the 
inequality 

| | < p| 
in which the value M, is independent of m since the hypotheses on H(x, t, p) 
are satisfied by the function (38) uniformly with respect to . If M is chosen 
at least as great as the specifiable value Mi, the relation (37) follows for 
the values of x momentarily under consideration, provided o is chosen not 
to exceed the value 4y. 


Case 2. |z|<|x|< |x.|. In this case |f|>W, and the réle of the func- 
tion H(x, t, p) may be assumed by the function (38) with s=1. Hence the 
formula (28) is expressible, after multiplication by &'/?-“, in the form 


Lemmas 1 and 2 are applicable to the respective terms on the right of this 
relation, and serve to establish the inequality 


the constant o: which is involved being defined by the appropriate formula 


1, ifu> i, 
(39) = — e, with > but arbitrarily small, if = 3, 
4u, ifu <}. 


Since M may be chosen to exceed both M, and M,z, it is clear that the rela- 
tion (37) will follow in this case also provided o is chosen not to exceed ai. 

If the interval J* is finite, the point x, in Case 2 may in particular be 
chosen as the end point of this interval. The cases considered then exhaust 
the discussion. In the case of an infinite interval 7*, however, the discussion 
must be extended by a consideration also of the following additional case. 

Case 3. |x.|< |x|. The procedure of Case 2 is applicable without 
change to the case in hand, and by means of it the formula 


= M*p-*{7(0, Z) + + I(x, x)} 


1931] ASYMPTOTIC SOLUTIONS OF DIFFERENTIAL EQUATIONS 41 


is readily obtained. The application of Lemmas 1 and 2 to the respective 
terms on the right is direct. If it is tentatively assumed that Lemma 3 is 
applicable in similar fashion to the final term it may be concluded that 


| (x) | < + + Mal p| 


and hence that the relation (37) is valid provided, as in Case 2, the chosen 
value of o does not exceed ai. 

The application of the Lemma 3 in the manner provisionally assumed 
above is dependent, of course, upon the fulfillment of the hypotheses upon 
which the lemma is based, namely, for the case in hand, upon the convergence 
of the integral of the function Y2(t) |@(¢) |/{ #(#)}1-%. This function reduces 
in virtue of the formulas (5) to the form |6(t) |/#(é), and it is clear, therefore, 
that the conclusions reached above are substantiable if, when the interval J 
is infinite, the list of hypotheses of §2 is augmented by the following addition. 

(v) The coefficients of the given differential equation are such that the integral 


f 

converges absolutely when extended over those portions of the interval I on which 
[t| exceeds some positive constant. 

In summary, then, the relations (37) have been established firstly for 
if o=4y, and secondly for |§|>N if It follows directly, of 
course, that the infinite series in the relation (27) converges uniformly as to 
x when |p| is sufficiently large, and that the relation in question accordingly 


represents a solution of the equation (24b). Specifically, therefore, there 
exists a solution of this equation which satisfies the relations 


E p) 


(40) 
(x) = (x) + > » when | > N, 


n=1 


the symbols E being of the significance ne as follows. 

The terms of the infinite series in the relation (27) are successively ex- 
pressed by the formula (28) in terms of functions either initially known or 
previously determined. They are, therefore, known in the sense that they 
are expressible by specifiable formulas, and as such are, at least theoretically, 
computable. These observed facts together with the boundedness of the 
functions in question constitute the essential features with respect to which 
the series in the relation (27) and those series later to be derived from (27) 
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are of interest from the viewpoint of the discussion of the present paper. An 
economy of thought and formulas may, therefore, be achieved by the use of 
the letter E as a generic symbol in the following sense. The symbol E shall 
designate merely some computable function which is bounded for the ranges 
of its arguments under consideration. In a given formula different functions 
E will be distinguished by the use of subscripts. There is to be no presump- 
tion, however, that the same symbol in different formulas designates the 
same function. As a case in point it is evident that the functions similarly 
designated in the two equations (40) are not the same. 

By means of the substitutions (25) the relations (40) are now readily 
made to yield the formulas for the solution w;,;(x) of the given differential 
equation. It may be observed to begin with that when |¢|<W the functions 
W(x) and e+’ are bounded. Hence the first of the relations (40) reduces to 
the formula 


(41a) me, = ye, (x) + » for lel < N, and in 


n=1 
The second of the relations (40) yields in the same way the formula 


(41b) Un = + V(x) p) 


p™ 


for > N, and in Ex, 


and if the asymptotic expression (20) is substituted for y,,;(x) on the right 
of this equation there results the asymptotic relation 


kel 
(41c) ux, ~ > MAS 4% for in 
at 
The formulas (41a), (41b), and (41c) have been established, it will be recalled, 
under the supposition that j7=7’. They embody the results for which the 
deductions of the present section were primarily made. 

It was observed in §5 that the formulas there derived remain valid if 
the quantities #,,; and y;,;, where they occur with the argument x, are re- 
placed throughout by #;,;(x) and 9,,;(x) respectively. The persisting validity 
of the relation (34) under this change is contingent upon the simultaneous 
substitution of the factor &~'/* in place of &/?-”*, Inasmuch as all con- 
clusions of the present section are based on the relation (34) and the formulas 
of §5, it is therefore clear that a repetition of the arguments made with the 
substitutions of quantities noted will lead to formulas for the quantity 
ii,,(x) analogous to those for u,,;(x) explicitly derived above. It will 


¢ 
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suffice, therefore, merely to note the formulas which are obtained in the 
manner indicated, namely 


(42a) = + p) 


» for|é| < N, and é in Ex, 


(42b) ax, = + E p) 


n=1 


» for|t| > N, and éin 


Enkei 


p™ 


(42c) (x) ~ {1 


n=1 


THEOREM 3. If x and & are confined respectively to an interval I* and a 
quadrant =x,1, and if for these values y;,;(x) is the dominant solution of the 
related equation, then there exists a solution ux,;(x) of the given differential 
equation which is described for the values in question by the various formulas 
(41) and (42). If the interval I* is infinite, the hypothesis (v) must be fulfilled. 


8. The sub-dominant solution for £ in a quadrant =,,.. Theorem 3 as- 
serts in brief the existence of a solution of the given differential equation 
which is asymptotically represented by the dominant solution of the related 
equation. It is to be shown in this section that the sub-dominant solution 
of the related equation likewise serves as the asymptotic representative of 
certain solutions of the equation given. As in the case of the preceding 
section, the considerations are to be based upon the relations formally ob- 
tained in §5. These relations will be considered now, however, for the sub- 
script value to be designated by j =j’’, and associated with the sub-dominant 
one of the solutions yx, ;(«). 

The value of the constant x», unspecified in the formulas of §5, was 
chosen for the case 7=7’ in §7. For the case j7=j’’ now in hand no single 
choice of this constant is of exclusive advantage, and it is primarily due to 
this fact that a difference will be observable in the results of this section and 
those of the preceding one. The various choices of x» are governed, however, 
by certain general considerations which will now be made. 

The inequalities (34) are valid for either value of j, and hence in parti- 
cular for j7=7’’.. The boundedness of the quantity within the brace of for- 
mula (26) depends, therefore, upon the function exp{ + 2i(¢—r)}, the sign 
involved to be chosen as that associated with the value j=7’’. Now for this 
value of 7 the corresponding exponent in the formula (20) has a negative 
real part. If x and ¢ are both taken to lie on the interval J*, it follows that 
the real part of the exponent in formula (26) will also be negative provided 


arg — r)] = arg [— é€], 
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a condition which is fulfilled if and only if |r|= |£|, i-e., if {¢|= |x|. Inas- 
much as the variable of integration ¢ in formulas (24b) and (28) ranges over 
the interval bounded by «x and 4%», it is clear that when x» is chosen the con- 
siderations must be confined to those values of x on the interval J* for which 
0< |x|<|x.|. With this restriction the inequalities (36) are readily found 
to be valid for j=j’’ provided |t|= |x|. 

With any choice of xo on the interval /*, and x restricted as determined 
above, it follows from the assumption (37a), as in the preceding section, 
that the function (38) satisfies the hypotheses imposed in §6 upon the func- 
tion H (x, t, p). Hence the expression of the formula (28) by means of integrals 
with the structure of those considered in the lemmas of §6 is possible, and 
with appropriate choices of the value ¢ the relations (37) may be established 
as follows. 

Case 1. xo=%. With this choice of xo, |§|<N. The function (38) with 
s=0 may be employed, therefore, in the part of H(x, t, p) and as a result 
the relation (28) may be written in the form 


(x) = M*p-*I(x, 2). 
By Lemma 1 this leads to the inequalities (37) provided o is chosen not 
greater than 4u. It_may be concluded, then, that the infinite series in the 
relation (27) represents a solution of the equation (24b), and that it may be 
written in the form of the first of the relations (40). It is thus found that there 
exists a solution of the given differential equation which is described by the 
formulas (41a) and (42a) for the value 7 =7”’. 


THEOREM 4a. Jf x and & are confined respectively to the interval I* and the 
quadrant =,,, and if for these values yx,;(x) is the sub-dominant solution of 
the related equation, then there exists a solution ux.,;(x) of the given differential 
equation which is described by the formulas (41a) and (42a). 


It should be remarked that Theorem 4a makes no assertion as to the 
form of the solution concerned for values of x such that |¢|>J. 

Case 2. x)=, where x, is any fixed point of the interval /*. The pro- 
cedure is now familiar. The formula (28) may be written for x on the respec- 
tive ranges shown in the forms 


(x) = M"p-*{I(x, 2) + x.)}, when 0 x| S| @|. 


(x) = (x, x,), when |#| <|«| s|« 


7 in) 


Y; 


The conclusion (37) follows from Lemmas 1 and 2 provided Soy. If the 
interval J* is finite all values of « may be included in Case 2 by choosing x, 
as the end point of J*. 


| 
> 
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It is to be especially noted that by formula (28) the quantities VY; (x) 
are essentially dependent upon the value xo, and that these quantities in 
Case 2 are, therefore, not identical with those in Case 1. Despite this fact it 
will not be found necessary to resort to a distinguishing notation for the 
solutions concerned in the respective cases. 

If the interval J* is infinite, it will be supposed as in §7 that the hypothesis 
(v) is fulfilled. The considerations may be extended, then, also to the 
following case. 

Case 3. |x,|=0. In this case the formula (28) may be written for x 
on the respective ranges shown in the forms 


= M"p*-*I(x, o), when | Xe| < | | 
(x) = Mrpe-™{ I(x, x2) + I(x, ©)}, when | z| <| x| S| 
= I(x, + x.) + when 0 <|x| 


An application of the lemmas establishes the relations (37) under the assump- 
tion that Soi. 

The uniform convergence of the infinite series in the relation (27) follows 
in both Cases 2 and 3 when |p| is sufficiently large, and the solution U;(x) 
is found to satisfy the second of the relations (40). The first of the relations 
(40) must, however, be replaced in these cases by the equation 


= + » for || < N, and in 


Hence it may be concluded that the corresponding solution of the equation 
(3a) satisfies the relations (41b), (41c) and (42b), (42c), whereas the relations 
(41a) and (42a) must be replaced by the equations 


(41d) ux,(x) = ye,(x) + » for < N, and in 


E,(x, 
for < N, and é in 


(42d) tix, j(x) = + 


THEOREM 4b. If x and & are eas restricted to the interval I* and 
the quadrant Zx,., and if for these values yx.,;(x) is the sub-dominant solution 
of the related equation, then there exists a solution ux,;(x) of the given equation 
which is described by the formulas (41b), (41c), (41d) and (42b), (42c), (42d). 


9. The general solution of the given equation. The discussion has been 
concerned hitherto with the form of certain particular solutions of the given 
and related equations for values of x and & peculiarly restricted. It is pro- 
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posed now to extend the considerations to the general solutions of these 
equations and to general values of the parameter and variable. , 

In the foregoing sections it was convenient to base the deductions upon 
the particular sets of solutions ;,;(x), because of the especial simplicity 
of the corresponding asymptotic forms for the values of £ on the restricted 
ranges considered. The advantage in this choice naturally fails to persist 
when general values of £ are drawn into account. It is for this reason con- 
venient to introduce at this point as a basis for the continuing discussion a 
set of solutions distinct from any of those hitherto used. These solutions 
y,;(x) and their associated quantities 7,;(x) will be defined by the formulas 


y (x) = 


(43) 
5 i(x) #=t iW (E), 1, 2, 


in which the symbols J designate the familiar Bessel functions of the first 
kind. The suitability of this definition is warranted by Theorem 1. It is, 
moreover, directly verified that the quantities §;(x) as given in (43) are related 
to the respective solutions y;(x), by the formula obtainable from (19) by 
deletion of the subscripts k. The significance and purpose of the quantities 
§;(«) and their relation to the derivatives y/ (x), is familiar from the réle 
of the quantities (19) in the earlier discussion. 

The point x =0 is an ordinary point for both the given and related equa- 
tions. Hence the values y,(0), 9,(0), 7=1, 2, are completely determinate, 
and a pair of solutions (x), #2(x) of the given differential equation is 
uniquely defined by the conditions 


(44) = y,(0), a(0) = 9,(0), 7 = 1, 2, 


the quantities #;(x) being obtainable from the formula (29) by suppression 
of the subscripts k. In virtue of the familiar relation [W, p. 40] 


21 
45, lim z¥VJ_,(z) = ————_» 
(45) n(2) — 9) 
the specific values which thus fix the solutions u;(x) are readily found to be 
2" (0) 
u,(0) = ————-»_ #,(0) = 0, 
— 
(46) 
(0) 
u(0) = 0, tix(0) = ———— - 
iT (u) 


It is evident that the solutions (x) and u2(x) are linearly independent. 
Hence the general solution, u(x), of the equation given can be expressed 


3 
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linearly in terms of them. The explicit formula is in fact easily obtained, 
and is the following: if the solution u(x) takes at x =0 the values 


(47a) u(0) = C, = C, 
then 

= we 
(47b) u(x) = + o(x). 


With the formula (47b) at hand it is clear that a determination of form for 
the solutions u(x) and u2(x) suffices in every respect for a corresponding 
determination of form for the general solution of the equation given. 

Let any value x on the interval J be chosen, and let p be located at pleasure 
in the complex plane subject to the condition that |p| be sufficiently large. 
The corresponding value of & lies in some one of the quadrants (14), and the 
designation of this quadrant by =;,; has merely the significance of an assign- 
ment of values to k and/. For the value of & thus fixed upon and for the 
value of ~ in question the solutions ;,;(x) given by the Theorems 3 and 
either 4a, or 4b, have the forms respectively deduced for them in §§7, and 8, 
and are given accordingly by the appropriate formulas (41) and (42). Be- 
tween any pair of these solutions and the solutions u;(x) considered above 
there exists, of course, a set of identical relations 


(k) (k) 


(48a) k (k) 
a(x) = + a1, ,2(x), 1,2, 


with coefficients a;,;“ which are free from x but which naturally depend 
upon the solutions ;,;(x) involved. The existence of an analogous set of 
relations involving the corresponding solutions of the related equation, i.e., 


(k) (k) 
yilx) 61,1 + 61,2 Yk,2(%), 


(48b) (k) (k) 
= 61,1 + 5x,2(%), = 1, 2, 


is evident. 

The coefficients in the identities (48a) and (48b) are easily calculated 
by setting x=0 and solving the resulting system of algebraic equations. In 
virtue of the relations (44) the resulting values may be written 


(0) — ux, (0) } 
(k) F — yx, ;(0)} 


49b = 
( ) ¢ D(yx.1(0), yr,2(0)) 
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the symbol D having the significance given it in formula (22a). The evident 
similarity of structure of the right hand members of formulas (49a) and (49b) 
will be used as a basis for deducing also a similarity of values of the coeffi- 
cients which they represent. 

Let the attention be given first to a consideration of those values of x 
and p for which |§|<N. The solutions u;,;(x) in formulas (48a) and (49a) 
are in this case conveniently taken as those described by the Theorems 3 
and 4a. The formulas (41a) and (42a) may accordingly be drawn upon for 
an evaluation of the quantities w;,;(0) and #,,,(0), and if these values are 
substituted into the relations (49a) and the resulting formulas are compared 
with the relations (49b), it is found that 


(k) E,(p) 


n=1 


j,t = 1,2. 


With these coefficient values, and with the values of u;,;(x) and a#,,;(x) given 
by the formulas (41a) and (42a), the identities (48a) are found upon com- 
parison with (48b) to reduce to the form 


E,(x, p) 


pin 


E, p) 


u(x) = yi(x) + 


n=1 


= + > 1 = 1,2. 


n=1 


Inasmuch as the quantities y in these scadi are those of the formulas 
(43), the results obtained may be summarized as follows: 


THEOREM 5. The solutions u(x), u2(x), of the given differential equation, 
which at x =0 take on the values (46), are described by the formulas 


E p) 


u(x) = + 
(50) 


np 


(x) = + (6 + , j= 1,2, 


for all values of x and p subject to the relation \t|<N. 


Let the attention be turned now to a consideration of the values of « and 
p for which |¢|>N. The procedure to be followed is in its initial stage similar 
to that followed above, with the difference, however, that the solutions 
u,x,;(«) involved in the formulas (48a) and (49a) are to be looked upon as 
those given by the Theorems 3 and 4b rather than by Theorems 3 and 4a as 
heretofore. This change in the point of view is seen directly to be permissible, 
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for the solutions on the left of the identities (48a) are uniquely determined 
by the values (46) and are, therefore, in particular independent of the solu- 
tions used on the right. A change in this set of solutions requires, of course, a 
compensating change in the corresponding coefficients. This, however, is 
entirely accounted for if the solutions used in formulas (48a) and (49a) are 
the same. 

The solutions u,,;(x) described by Theorems 3 and 4b are given when 
|&|<N, and hence, in particular when x =0, by the relations (41d). A sub- 
stitution of the values thus obtained into the formulas (49a) and a compari- 
son of the resulting relations with the formulas (49b) show in a manner 
already familiar that in this case 


E, 


n=1 


jit =1 2. 
pn 

The explicit values of the coefficients c on the right of the equations (51) 
are deducible without difficulty from a comparison of the identities (48b) 
with certain standard and well known formulas from the theory of the Bessel 
functions. Thus if the forms (43) and (20) are substituted respectively on 
the left and right of the relations (48b) the formulas which result may be 


written 
1 


k,2 
(52a) J=,(é) + |+ €j,2€ {i + gn }} 


j=1,2. 


Inasmuch as the asymptotic relations here represented are explicitly familiar 
[W, p. 202] an identification of the coefficients c is possible. Since ¢ lies 
in the half-plane 2;,, it is found in this way that 

(k) (k) 


= Cj,2 when is odd, 


= when is even. 


(52b) 


— { 
(2x) 1/2 


These are the values of the coefficients which occur on the right of the equa- 
tions (51). 

The deduction of the asymptotic forms of the solutions (x) and u2(x) 
for the arbitrarily chosen configuration of values x and p is now at hand. 
The quantities on the right of the identities (48a) are given when |¢|>N 
by the forms (41c) and (42c), and these forms may now be substituted. 
Since the corresponding coefficients are evaluated by the set of relations 
(51) and (52b) it is thus found finally that the solutions in question are given 
for all values of x and p subject to |¢|>N by the asymptotic formulas 
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u ;(x) ~ a; + 0) 


n=1 


+ 1+ > Ens(x, p) + on \, 

ii ;(x) ~ i+ Eni(x, + 


n=1 pr ad 


Eng] 


with a;,;=a;,;" when é lies in the half-plane Z,, and 


E 
n=1 
£ 
(53b) 
= (2+ 8/2) (1/2F n(o 
(2m) 1/2 
(27) 1/2 pr 


The results thus obtained may be summarized in the following and final 
theorem. 

THEOREM 6. The solutions u(x), u2(x) of the given differential equation, 
which at x=0 take the values (46), are asymptotically described by the formulas 
(53a), (53b), for all values of x and p subject to the relation |t|>N. 


Theorems 5 and 6 are to be considered as culminating the general theo- 
retical deductions to which this paper has been given. A brief critique only 
of the concluding formulas (53) is still in order. The asymptotic formulas 
for the Bessel functions given above in (52a) are familiarly known to be 
subject to abrupt changes of the coefficients when the complex argument £ 
passes from any one to any other half-plane Z,. This characteristic, dis- 
covered by Stokes in 1857 [W, p. 201] and designated as the Stokes’ phe- 
nomenon, is qualitatively displayed and quantitatively determined by the 
dependence of the formulas (52b) upon the value of &. It is now evident 
from the formulas (53a) and (53b) that the asymptotic forms of the solutions 
u,;(x) of any given differential equation (3) are likewise and in similar manner 
dependent upon the locatior of £ in the complex plane, namely, upon the 
configuration of the values of x and p. The Stokes’ phenomenon, far from 
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being peculiar to the Bessel functions, is thus revealed as the special mani- 
festation of a characteristic common to the solutions of all differential equa- 
tions of the types (1) or (3). 

Aside from the dependence of the coefficients (53b) upon the value of p 
as noted, the further dependence of these coefficients upon the value of u 
should be observed. The valve yp, it will be recalled, is determined by the 
degree to which ¢$°(x), the coefficient of the parameter in the given differ- 
ential equation, vanishes at its zero on the interval J. The character of this 
zero is, therefore, seen to be determinative of the law by which the change 
in asymptotic forms specific of the Stokes’ phenomenon takes place with 
changing values of x and p. 

The border line case » =} is of sufficient peculiarity to deserve a word of 
mention. This value of yu is associated with the case in which the coefficient 
¢?(x) vanishes to the degree zero, namely, does not vanish at all, on the 
interval under consideration. It is easily verified that when u=3 the de- 
pendence of the coefficients (53b) upon the value of p is only apparent, and 
hence in this case, and in this case only, does the Stokes’ phenomenon fail 
to arise.* 

Part II 


AN APPLICATION TO THE THEORY OF THE BESSEL FUNCTIONS OF LARGE ORDER 


10. Introduction. The theory constructed for the general differential 
equation of type (3) in the preceding sections leans heavily for its results upon 
the classical theory of the Bessel functions of the small real orders u and 1 —y. 
It is almost in the manner of compensation, therefore, that it finds an ex- 
tensive application in the theory of the Bessel functions of orders real and 
large. It is to this application that the discussion of the present part of the 
paper will be devoted. 

The theory of the Bessel functions, it will be recalled, customarily deals 
with the derivation of asymptotic formulas in two distinct ramifications. To 
quote on this point from Watson’s treatise [W, p. 194], “There are really two 
aspects of the problem to be considered; the investigation when [the order] 
is large is very different from the investigation when [the order] is not large. 
The former investigation is, in every respect, of a more recondite character 
than the latter --- .” 

Despite this partition of the theory and the associated differentiation in 
methods of investigation, it is nevertheless found that certain of the resulting 
formulas relate intimately the functions of the two categories separately 


* This is, of course, in harmony with the elementary fact that if ¢? is a constant and the equa- 
tion is u’’+-p*6’u=0, then the expressions u;=exp(+ip¢x) are explicit solutions, and are in conse- 
quence of the same form for all values of x and p. 
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considered. This fact is accounted for in an entirely natural manner in virtue 
of the application of the theory of the present paper to the problem at hand. 
The derivation of the results through the medium of this application should, 
moreover, hardly be characterized as “recondite.” The theory itself, as will 
have been found, is essentially elementary in character, and the application 
is correspondingly simple. 

Consistent with the policy pursued in the deductions hitherto, no effort 
has in general been spent toward carrying the explicit computation of the 
formulas beyond that of the leading terms. The principal point of interest 
would seem to lie in the fact that the various formulas, which frequently 
depend upon widely diverse methods for their derivation, spring here, as from 
a single and unified source, from the formulas of §9. Certain differences in 
the formulas here obtained from those usually given for the functions in 
question will be noted as they arise. 

11. The transformed Bessel’s equation. The differential equation 


(54) + p? 1} u(x) = 0 
is transformed by the substitution z =pe* into the Bessel’s equation with para- 
meter p and argument z. Its solutions, therefore, include in particular the 
functions 

ee (1) 

(55) J ,(pe*), Y,(pe"), H, (pe*), 

respectively Bessel functions of the first, second, and third kinds. Any two 
of the functions (55) are linearly independent, and hence any Bessel function 
of like order and argument can be expressed in terms of them. Between the 
three functions (55) there accordingly exists an identical relation, and this is 
known to be 

(56) J,(2) + i¥,(2) — (2) = 0. 

The equation (54) is obviously of the type (3). Inasmuch as the coeffi- 
cient $*(x) is in this case the function e?*—1, which vanishes to the degree 
1 at x=0, the following formulas are readily found for the explicit identifica- 
tion of the respective quantities, all of which are of familiar import in the 
general theory: 


rig 
o(x) = (e% — 
(57a) = o(x) — tan“! (x), 
{ (x) } 1/6 
Viz) = 
(x) } 1/2 
x(x) =0. 
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The hypotheses (i) to (iv) of §2 are found at a glance to be satisfied with 
the interval J chosen as the entire axis of x, i.e., —0 <x<0. The admissi- 
bility of this choice of an infinite interval and the corresponding availability 
of the general results for all values of « depend further, therefore, only upon 
the applicability of the hypothesis (v) of §7 to the case in hand. This applica- 
bility may be investigated without difficulty by the procedure outlined as 
follows. For values of x which are numerically large and respectively positive 
or negative the function Q(x) defined in formula (5) may be expanded in 
negative or positive powers of e*. It is found in this way that for x>0, 

(x) 


Q(x) = 1 — ———— 


while for x <0, 
« — log [1 + i¢(x)] 


p(x) 


i+ 


1 1 


By means of the formulas (12) and (23) it is now readily computed that for 
positive values of x, 0(x)=O(1), and in consequence 0(x)/¢(x) =O(e-*), 
whereas when x is negative =O(x-?), and 0(x)/@(x) =O(«-?). The hy- 
pothesis (v) accordingly demands the convergence of a pair of integrals of 


the type 
1 
f O(e-*)dx, f o( with ¢ > 0, 
x 


and this requirement is clearly fulfilled. 

It will be understood throughout the following discussion that the para- 
meter p is taken to be large, real, and positive. The value of e* is greater 
than or less than unity according as x is positive or negative. It-is convenient 
to introduce in place of x on these two ranges the familiar real variables 6B 
and a defined by the relations 

e* = sec6, for x 2 0; e? = secha, for x < 0. 
In terms of these variables it is readily found that 
o(x) = tan 8, 

(57b) = p[tanB — 8], 

tan B — 
[tan 8 — 8] 

[tan 


» for x 2 0, 
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and 
¢(x) = i tanha, 


= ip[a — tanhal, 


57 
[a — tanh a]!/6 


[tanh » for x <0. 


V(x) = 


The formulas of §9 would readily yield the description of the general 
solution of the equation (54). This, however, would serve little toward the 
purpose in view. The problem proposed is the derivation of formulas for the 
specifically defined solutions to which the symbols J, Y, and H have by 
custom been assigned, and to this end a knowledge of the general solution of 
the equation in question does not suffice. It is over and above that essential 
that the solutions given be identified in order that the formulas obtained may 
be specific and involve no undetermined or arbitrary elements. 

It was shown in §9 how, with the use of the relations (47), the formulas 
for any solution specified in terms of its values at x =0 may be obtained from 
the formulas explicitly given. The mode of procedure there in question is, 
however, of no avail for the case in hand, for the values taken by the solu- 
tions (55) at x=0, far from being available for use in this way, are precisely 
among the quantities which it is proposed to derive. The method, therefore, 
which will be adopted to resolve the difficulty is distinct from any of those 
of the preceding sections. It will be clear in view of these remarks that the 
discussion which follows may naturally be expected to consist of two es- 
sentially distinct parts, and this division will in fact be readily observable. 
In the first part the immediate problem is the identification of the solutions 
(55) through the medium of certain of their elementary properties, and fol- 
lowing this identification the later part of the discussion will be concerned 
with the derivation of the desired formulas from the general results of §9. 

12. The identification of the solutions. In virtue of the identical relation 
(56) it is obviously sufficient to identify any two of the solutions (55). 
The solutions to be chosen for this purpose will be those of the first and third 
kinds. The identification will be made in terms of the solutions u(x) and u(x) 
of equation (54) which are determined by the specifications of §9. Inasmuch 
as these solutions are linearly independent there exists, of course, a pair of 
identical relations 


(a) J (pe*) = Ayui(x) + Aotte(x), 


(58) (b) (pe*) = Byu;(x) + Byu2(x), 
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in which the coefficients A;, B; are free from x but are not necessarily inde- 
pendent of p. An identification of the solutions on the left of the equalities 
(58) will be effected through a determination of the coefficients on the right. 

Consider to begin with the first of the relations (58). For negative values 
of x the corresponding value of & lies on the negative axis of imaginaries, 
i.e., in the half-plane =:. With the use of the relations (48a), therefore, the 
identity in question may be written 


(59) J,(p sech a) = {Aru + } + { + Ades } 


Now when |x| is large the asymptotic forms (41c) may be substituted in 
the right hand member of (59). As a result it becomes evident that the re- 
lation 


(1) 
(60a) + Asan =0 


must obtain, for in the alternative the first term on the right of the identity 
(59) would become infinite as x—+>— «©, whereas each remaining term of the 
identity approaches zero. Hence the relation at hand leads to the formula 


e7P(a—tanh a) E = p) 
n=1 


Let each member of this formula be divided by the quantity (p sech a). 
The limiting form of the relation which results, as sech a-0, i.e., as 
x—»— 0, is found then in virtue of the formula (45) to be 

1 a) 


= E,(p) 
+D = { A sais + Acdoe + \. 


It follows with the use of the familiar Stirling’s formula, 


E,, 
T'(e+1) = 4+ 


n=1 p” 


that 


E, 
(60b) Aya + = p 


n=1 


* Cf. Bromwich, An Introduction to the Theory of Infinite Series, 2d edition, London, 1926, p. 330 


Me 
ae 
ie 
>) 
fy 
: 
: 
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The values of the coefficients a;;‘ are given by the formulas (53b). With 
these values substituted into the equations (60a) and (60b) there results an 
algebraic system which is easily solved and which gives the values 


n=1 p” 


1 


1 = 
3121/8 


The explicit form of the relations (58a) and (59) is thus found to be 


n=1 n=1 p” 


(a) J,(pe*) 
(61) for all x, 


E, 
for < 0, 


() sech a) ~ 1+ 


n=1 


and the identification of the first of the solutions (55) is thus accomplished. 


The principle thus employed in the derivation of formulas (61) may be used 
also to determine the coefficients in the identity (58b). The details, however, 
are somewhat different. For positive values of x the corresponding value é 
lies on the positive axis of reals, namely, in the half-plane =o, and hence the 
relation (58b) may be written in the form 


( ( 
sec B) = { + Boas: + { + | o2(x). 
Let this relation be multiplied, now, by the quantity 


and let the asymptotic forms (13) and (41c) be substituted respectively in 
the left and right hand members. The relation which thus results is found to 


be 


n=1 (p sec B)" 


1/2 


~ + Beas: {i+ > +t 


n 


1 
A 
|_| 
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Now the coefficient of the final term in this relation must evidently be zero, 
for in the alternative this term would remain oscillatory as B—>7/2, i.e., as 
x— 0, whereas the remaining terms approach definite and easily determined 
limits. Because of this fact and by means of an evaluation of the limits in 
question, it is found then that 


E, 


n=1 


(0) 
+ Boge = 0. 


This system of equations, with the values a;,;“” given by the formulas (53b), is 
readily solved and gives the values 


2 E,(p) 
31/2p1/3 + x p” \, 
E,(p) 
The explicit form of the relation (58b) is thus found to be 
2 1/2 E, 
(a) H!(p sec B) ~ (=) p¥ua(a)| + > “2 for x > 0, 
n=1 


(62) 


1 2 “ 
(b) H; (pe*) = + 


n=1 p” 


+ 1 + > for all x, 
n=1 p” 
and this completes the identification of the solutions (55). 
13. The asymptotic formulas when lé| is large. When the quantity & 
is large in absolute value the asymptotic forms for the various solutions u 
are obtainable from the formulas (41c) and (53), by substituting in them the 
values given by the several relations (57). To facilitate this substitution it 


may be noted that since 1/ = ¢~-'(x)/p, while for the case in point 0, =1, any 


product of the type 


{145 > p) + > 


n=1 n=1 p” 


is expressible in the form 


Pr 


n=1 p” 


4 
¥ 
é 
i 
| 
if 
| 
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the symbol P, representing a polynomial of the degree » in the argument 
shown, with coefficients which are bounded functions of x and p. The symbol 
P,, will be used in the following as a generic designation for such a polynomial 
function. As with the symbol E, so also with the symbol P,, two functions 
similarly designated in different formulas are not to be considered as in gen- 
eral the same. 

For positive values of x the substitution of the form (41c) into the 
relation (62a) yields the asymptotic formula for the function H,“. The 
corresponding formula for the function J, is similarly obtained by the sub- 
stitution of the forms (53) into the relation (61a), and the two formulas thus 
derived may be made to yield also that for the function Y, in virtue of the 
identity (56). Certain simple and obvious manipulations reduce the formulas 


in question to the forms 
1 
tan B — B 


2 1/2 
H, (psec B) = ( ) 


mp tan n=l p 


2 1/2 
J,(p sec B) = ( ) cos(p tan B — pB — =) 
mp tan B 4 


n=1 p” 
63 1 
a: B =) 
+ sin (p tan 96 ~) > = 
4 n=1 p” 


2 1/2 
Y,(p sec 8) = ( ) sin (+ tan B — pB — =) 
mp tan B 4 


1 
) 
-\tan B — B 


p” 


-li+ > 
n=1 


1 
B 
n 


4 n=1 p” 


These relations are (to the extent to which the computation is explicit) 
essentially those by which the functions represented are customarily de- 
scribed [W, pp. 244, 245]. 
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For negative values of x such that || is large the procedure is similar, 
being based now, however, upon the formulas (61b) and (62b). Inasmuch 
as any term involving a factor e~* '*— ‘hel js asymptotically of negligible 
magnitude in the presence of any term involving a factor ¢*!*~ ‘4 «], the 
asymptotic formulas which are obtained in the manner indicated are found 
to be expressible in the form 


1 


+> 


1 
(27p tanh a) p” 


1 
— jer (a—tanha) — tanh -) 


T 1/2 p” 
(<> tanh a) 


J ,(p sech a) ~ 


(64) HS (p sech a) ~ 


— (a—tanha) 


Y,(p sech a) ~ — i+ > 
(= tanh «) 
2 p 


These relations again are essentially those which are familiar for the descrip- 
tion of the functions in question and for the range of argument considered 
[W, p. 243]. 

14. The asymptotic forms for intermediate values of &. For values of x 
such that |£| is bounded, i.e., such that é is either of moderate magnitude 
or small, the appropriate formulas for the description of the solutions 
u;(x), 7=1, 2, are those embodied in the relations (50). With these values 
substituted it is found that the formulas (61a) and (62b) lead to the forms 


) 
J ,(pe*) = + Jya(é)} + 
E(x, 
1/3 


Let the attention be given first to those values of x which are positive and 
such that the magnitude of £ is moderate. In virtue of the values (57b) the 
relations (65) become in this case the formulas 


| 

Ps 

1 

—————_- 

a — tanha 

p” 

<N. 
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(a)  J,(psecB) = ( =) { J_1(p tan — p8) +J1s(p tanB — pB)} 
3 tan B 


E(x, p) 


(66) 


(0) sec 6) = 


1/2 
—ri/3 
) {e-*/3J_1/3(p tan B — pf) 


E(x, p) 


+ e**/3J1/3(p tan B — pB) } + 


tanB — B 


1/2 
) tan 8 — pf) 


sec 6) = —( 


E(x, 
— Jis(p tan B — pB)} 


4/3 

These forms it would seem have not been heretofore given, and a word of 
critique may, therefore, not be inappropriate. Formulas for the functions 
represented by the relations (66), and for the range of argument at present 
under consideration, have, of course, been previously known. Their deriva- 
tion is due to Watson [W, p. 249]. Incidentally the procedure by which 
they were obtained is described by its author as “a method which is the- 
oretically simple (though actually it is very laborious).” 

For purposes of comparison just one of Watson’s formulas may here be 
noted, namely, 


1 1 1 
J,(p sec 8B) = tan B cos tan B- > tan? B — tan's) 
1 1 
(67) + Jiys tan 4 tan B sin( tang tan’ B — 


1 1 2402 
p 


The complexity of this formula need hardly be remarked upon. It is a feature 
also of Watson’s corresponding formula for the function Y,. It will be evident 
that in comparison the formulas (66) are very pronouncedly simpler. Aside 
from this it should be observed that the formulas (66) are explicit to terms 
of the order O(p-*/*) while the degree of explicitness of formula (67) and of 
its companion formula for Y, extends only to the order O(p-"). 
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There is, of course, no conflict between the formulas (66) and those of 
which (67) is:representative. The formulas in question, it will be recalled, 
are all designed for use when £ is of moderate magnitude. This is readily 
translated into the condition that the value of B be of the order O(p-'’*), 
and for such values of 8 the quantities (tan8—8) and 3 tan’ @ differ by an 
amount which is of the order O(p-*/*). With the use of this fact, the agree- 
ment of the formulas (66) with those represented by (67) may be established 
to the extent to which both sets of formulas are explicit. 

Let the attention be turned now to the negative values of x for which 
|| is moderate. In this case £ is pure imaginary with arg £=37/2, and it is 
accordingly convenient to utilize the familiar Bessel functions J+:,/3, and 
K1,s, which may be taken as defined by the relations [W, pp. 77, 78] 


1/2 


Ky3(z) = — 


The substitution of these functions together with the values (57c) into the 
formulas (65) gives to the latter the forms 


1 /a— tanha\!/? E(x, p) 
J ,(p sech a) = K13(pa — p tanha) + 
tanh a 
sech a) = anh @ 
3 tanh a 
E(x, 
(68) e7*/37 1 /3(pa = tanh a)} + ( p) 
pis 
a — tanh a\!/2 
Y,(p sech a) = { T_13(pa — p tanh a) 
tanh a 


E(x, p) 


+ Ijs(pa — p tanh a)} + 


These formulas as well as those in (66) appear to be new. Watson has given 
for the function J, and the range of argument under consideration the 
formula [W, p. 250] 


tanh a 1 
J ,(p sech a) = e? (tanha—(1/3) tanh ‘a—a) tanh?a 
3 


(69) 


36; 
+ —er(tanha-a), | < 1, 
p 


4 

| 

Py 
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In comparison with this the first of the formulas (68) has an evident advan- 
tage of simplicity. Its additional explicitness to a term in p~* may be con- 
trasted with the explicitness of (69) which extends only to the order of p=. 
That agreement exists between the formula (69) and the corresponding 
formula of the set (68) may be established on the basis of considerations 
entirely similar to those specifically pointed out in the discussion of the 
formulas (66) above. 

15. The formulas when argument and order are nearly equal. The values 
of x for which |£| is small, ie, £=0(1), are by formula (5a) the values 
characteristic of the relation x =o0(p-?/*). It is convenient for this range of 
values to introduce the quantities z and e by means of the relations 


z= pe*, p= 2(1 —e). 


It is found then that ez=0(p~'/*). Moreover, in terms of these variables 
z, € the relations (57a) are readily shown to be expressible in the manner 


= 
4z 
321/2 202 
V(x) 1 2ez 


Since the value of £ is small the Bessel functions involved in the right 
hand members of the formulas (65) are essentially evaluated by the initial 
terms of their power series expansions, i.e., 


21/3 
= rex, 
3 3 
£2/3 


£1/3J1/3(£) 


(5) 
— 


These evaluations may be expressed in terms of the quantities z and ¢ in 
virtue of the relations (70). With the use of the familiar formula 


1 2 
1(2) 
3 3 


4 
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sr(—) 
3 3 


it is found then that 


(71) 
(5) | 
— 
21 | 


The values (70) and (71) may now be substituted into the relations (65) 
and give to the latter the forms 


1 2 

[r(4) 

1 | 3 3 4 
+ 


Jz) = 1/3 32/3 
3/\ 6 15f E(x, p) 
24/3 
(72) Hi (2) = 2| : : 
3 
3 6 15 E(x, p) 
2 
| 
— 31/3 3 
x, p 


To the extent to which these formulas are explicit they are precisely those 
which are customarily given for the description of the functions in question 
when the argument z is nearly equal to the order p [W, p. 247]. 


° 
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Lastly the value of e may be set equal to zero, i.e., z may be set equal to p. 
The resultant reduction in the relations (72) yields then the familiar formulas 


[W, p. 232] 
3) 


= —4/3 
22/831/6 51/8 + O(o*), 


73 
(3) 
= + O(p-*/3), Y,(p) = + O(p-*!3) 


and with this result the discussion will be concluded. 
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SINGULAR RELATIONS BETWEEN 
CERTAIN ARITHMETICAL FUNCTIONS* 


BY 
E. T, BELL 


I. INTRODUCTION AND SUMMARIES 


1. Introduction. We shall say that f(x) is an arithmetical function of x 
if f(x) is uniform and finite for all finite integer values >0 of x. The arith- 
metical functions f(x), g(x) are said to be distinct if f(x) g(x) for at least 
one integer x >0. 

Let a, - - - , ad, be numerical constants all different from zero, and let 
fi(x), - - - , f(x) be r distinct arithmetical functions of x. Then if and only if 


(1.1) ayf1(x) = 0 


has only a finite number of integer solutions x >0, we shall call (1.1) a singular 
relation between f,(x), - - - , f-(x). In (1.1) precisely one of fi(x), - - - , f-(x) 
may be the arithmetical function whose value is 1 for all integers «>0. 
Having obtained a singular relation in any instance we shall require also the 
statement of all integers x >0 which satisfy it. The number of completely 
solved singular relations known is very small, probably not more than a 
dozen. In this paper, we add about 50 more, concerning the functions next 
defined. 

The following notation will be used throughout the paper without further 
reference. 

n,m, p denote integers >0; is arbitrary, m odd, and # is an odd prime; 
1 is considered as being composite. 

a(n) =the sum of the divisors of n.f 

7(n) =the excess of the number of divisors of ” of the forms 8t+1, 8¢+3 
over the number of divisors of the forms 8¢+5, 8t+7. 

w(n) =the excess of the number of divisors of m of the form 3f+1 over 
the number of divisors of the form 3¢+2. 

£(n) =the excess of the number of divisors of 2 of the form 4¢+1 over the 
number of divisors of the form 4t-+-3. 


* Presented to the Society, November 29, 1930; received by the editors in August, 1930. 

{ The rudimentary state of the subject is seen from the following. Let ¢(”)=n for all integers 
n>0. The relation o(n)—2¢(n) =0 is as simple in appearance as any in this paper, yet it is not known 
whether it is singular. It is not known whether o(m)—2¢(m)=0 is solvable, although o(2n) —4¢(n) 
=0is. 
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e(x) =1 if x is the square of an integer >0, and e(x) =0 otherwise. 

12E(n) =the number of representations of ” as a sum of 3 squares; E(n) 
is the usual notation for a class number function. 

F(n) =the number of odd classes of binary quadratic (Gauss) forms of 
determinant —m, with all the usual conventions (as in H. J. S. Smith’s 
Report, and similarly for E(n)). For example, F(1)=1/2, F(2)=1,---, 
F(5)=2,---, F(9)=5/2,---, F(25)=5/2,---, F(100)=5. There is a 
table of F(z), n=1,---, 100, useful in numerical verifications, in the 
Tohoku Mathematical Journal, vol. 19 (1921), p. 116. 

Writing f=f(m, --- +a,x2, where ai, - - - , a, are in- 
tegers >0, we shall denote by N(z=f) the total number of representations 
of m in f (the roots of the squares x?,---,x? being =0); by R(n=f) the 
number of representations of m in f in which x, - - - , x, are restricted to be 
=0; and by R’(n=f) the number of representations of m in f in which 
41, +, 4%, are restricted to be all distinct and 20. 

In a paper which will be published elsewhere, Dr. Gordon Pall has de- 
termined for all s=3 the explicit solutions ” of 


(1.2) 


We shall assume his results for s =4. 


(1.3) THrorem. All n for which (1.2) is solvable with s=4 are the Pall num- 
bers 2?*a, h=0, where 


a = 2,6, 10, 18, 22, 34, 58, 82; 1, 3, 5, 7, 9, 11, 13, 15, 17, 19, 23, 25, 27, 31, 33, 
37, 43, 47, 55, 67, 73, 97, 103. 
These then are the only ” which are not sums of 4 unequal squares 20. 


From (1.3) we shall deduce all the singular relations which it implies. 
These relations concern the functions ¢, 7, w, £, €, F above defined. 


2. Summary of lemmas. This section states a number of lemmas. 
(2.1) Lemma. 2°R(n=aw? --- 
---+N(n=ax2+ --- +a,x2), the notation being as in 
;,...,.referring to all choices of t distinct indices i, 7, - - - , k, where t 
is the number of indices, chosen from 1, 2,---,s;t=1,2,---,5s. 

This is proved in §5. 
(2.2) Lemmas. =4N(n =x?) +6N (n=x?+y?)+4N(n 


This is an immediate consequence of (2.1), as also are the next. 
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8R(n = x? + y? + 227) = 2N(n = x?) + N(m = 2x?) + N(m = x? + y?) 
+ 2N(n=2? + 2y?) + N(m = x? + y? + 227); 
4R(n = x? + 3y?) = = x?) + N(m = 3x”) + N(a = x? + 3y’); 
4R(m = 2x? + 2y?) = 2N(m = 2x?) + N(nm = 2x? + 2y?); 
2R(n = 4x?) = N(n = 4x?). 
(2.3) Lemma. R(n=x?+y?+2?+w?) =x? 
+-y?+ 22") =2x?+ (n =x? + 3y?) +R’ (n = 427). 


For proof, see §6. 
Directly from the definitions of R, R’, we have 


(2.4) Lemmas. R’(n=4x*) = R(n=42"); 
R'(n = x? + = R(n = x? + — R(n = 42); 
R'(n = 2x7 + 2y?) = R(m = 2x? + 2y?) — R(n = 4x7); 
R'(n = x? + y? + 22?) = R(N = x? + y? + 22?) — 2R(n = x? + 3y?) 
— R(m = 2x7 + 2y*) + 2R(m = 4x7). 


In the last of these the preceding results were used to reduce the identity 
given at once by the definitions, 


R(nm = x? + y? + 227) = R'(m = x? + y? + 227) + 2R'(m = x? + 3y?*) 
+ = 2x? + 2y?) + R’(m = 4x”). 


Combining (2.2)—(2.4) in an obvious way we reach 


(2.5) Lemma. 16R’(n=x?+y?+22+w?) =12N (n =x?) +12N (n=2x?)+32N(n 
= —48N (n =4x?) —6N (n =x?+y?) —24N (n =x?+2y?) +32N (n =x?+3y?) 
+12N (n =2x?+2y?) +4N (n = x?+y?+22) —12N (n= x?+ y?+ 227) + N(n =x? 
+y?+2?+w?). 

For easy reference we collect some well known results in the next two. 
(2.6) Lemmas. If h is an integer =0, and n=2'm, then 


N(n = 2? + = 4&(m), N(n = x? + 2y*) = 2r(m), N(n = x* + 3y*) = 


where C =2, 0, or 6 according as h=0, h is odd, or h is even and >0; N(n=x? 
+y?+2?+w?) =bo(m), b=8, or 24 according as h=0 or h>0. 


(2.7) Lemmas. N(n=x?+y?+2?)=12E(n); 
N(m = x? + y? + 22?) = 4F(2m), N(2n = x? + y? + 227) = 12E(n). 
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Proofs for the last two are given in the American Mathematical Monthly, 
vol. 31 (1924), p. 128. The following well known reduction formulas will be 
found useful, ¢=0: 

3E(8t + 3) = 2F(8t + 3), E(8t+ 7) = 0, E(4n) = E(n), 
E(4t+1) =F(4t+1), E(4t+ 2) =F(4t+ 2), F(4n) = 2F(n). 

Further reductions, such as £(4¢+3) =0, €(224m) =e(m), etc., which are 
obvious, will be used in stating final forms of theorems without reference. 

From (1.3), (2.5) we have the next two. 


(2.8) Lema. Jf and only if 2n is a Pall number (as in (1.3)), 
12 N(2n = x? + y? + 227) — 4N(2n = x? + y? + 2?) 
= 12N(2n = x?) + 12N(n = x*) + 32N(2n = 3x?) — 48N(n = 2x?) 
— 6N(2n = x? + y?) — 24N(2n = x? + 2y?) + 32N(2n = x? + 3y?) 
+ 12N(nm = x? + y?) + N(2n = 2? + y? + 2? + w’). 
(2.9) Lemma. Jf and only if m is one of the odd numbers in (1.3), 


12N(m = x? + y? + 227) — 4N(m = x? + y? + 27) 

= 12N(m = x?) + 32N(m = 3y") — 6N(m = x? + y?) 

— 24N(m = x* + 2y*)+ 32N (m = x? + 3y?) + N(m = x? + y? +2? + w’). 

3. Singular relations. From (2.6), (2.7), (2.9) we have the following. 
(3.1) THEeoreM. The only m=7 mod 8 for which 

6F (2m) = 8w(m) + o(m) 
are m=7, 15, 23, 31, 47, 55, 103. 
(3.2) Turorem. The only m=3 mod 8 for which 
6F(2m) — 4F(m) = 8e(m/3) — 6r(m) + 8w(m) + o(m) 
are m=3, 11, 19, 27, 43, 67. 
(3.3) Tureorem. The only m=1 mod 8 for which 
6F (2m) — 6F(m) = 3e(m) — 3&(m) — 6r(m) + 8w(m) + o(m) 
are m=1, 9, 17, 25, 33, 73, 97. 
(3.4) Tueorem. The only m=5 mod 8 for which 
6F (2m) — 6F(m) = — 3&(m) + 8w(m) + o(m) 

are m=5, 13, 37. 
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(3.5) THEorem. (3.1)—(3.4) contain all the singular relations implied by the 
odd solutions of (1.2) with s=4. 


The next are obtained similarly from (2.8) with m therein of the form 
224m(h=0). Several simple reductions by (2.6), (2.7), which need not be 
preserved, have been used. 


(3.6) THeorem. There is no m=7 mod 8 such that 

2F(2m) = 2r(m) — a(m). 
(3.7) THrorem. The only m=3 mod 8 such that 

4F(m) — 2F(2m) = o(m) — 2r(m) 
are m=3, 11. 
(3.8) THeorem. The only m=1 mod 4 such that 
6F(m) — 2F(2m) = e(m) + &(m) + o(m) — 27(m) 

are m=1, 5, 9, 17, 29, 41. 


The following come in the same way from (2.8) with m therein of the 
form 2*+1m(h=0). 


(3.9) THEeoremM. The only m=7 mod 8 for which 
6F (2m) = 8w(m) — 2r(m) + o(m) 
are m=7, 15, 23, 31, 47, 55, 103. 
(3.10) THEeoremM. The only m=3 mod 8 for which 
18F(2m) — 4F(m) = 8e(m/3) — 6r(m) + 240(m) + 30(m) 


are m=3, 11, 19, 27, 43, 67. 
(3.11) THrorem. The only m=1 mod 4 for which 

6F(2m) — 2F(m) = — 3e(m) + &(m) — 27(m) + 8w(m) + o(m) 
are m=1, 9, 13, 17, 25, 33, 37, 73, 97. 


(3.12) THrorem. (3.6)—(3.11) contain all the singular relations implied by 
the even solutions of (1.2) with s=4. 


Hence all singular relations implied by (1.2) with s =4 have been obtained. 

4. Singular relations with prime argument p. In §3, taking m =p (p prime, 
as always), and reducing the results by the definitions of the functions in- 
volved, we get the following, which are numbered correspondingly to §3. 


J 
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(4.1) THeorem. The only p=7 mod 24 for which 6F(2p) =p+17 are p=7, 
31, 103; the only p=23 mod 24 for which 6F(2p) =p+1 are p=23, 47. 


(4.2) TuHrorem. The only p=11 mod 24 such that 6F(2p)—4F(p)=p—11 
is p=11; the only p=19 mod 24 such that 6F(2p) —4F(p) =p+5 are p=19, 
43, 67. 


(4.3) THrorem. The only p=1 mod 24 such that 6F (2p) —6F(p) = p—1 are 
p =73, 97; there is no p=17 mod 24 such that 6F (2p) —6F (p) =p—17. 


(4.4) TuHeorem. The only p=5 mod 24 such that 6F(2p) —6F(p) =p—S is 
p=5; the only p=13 mod 24 such that 6F (2p) —6F(p) =p+11 are p=13, 37. 


(4.7) TuHeorem. The only p=3 mod 8 such that 4F(p) —2F (2p) =p—3 are 
p=3, 11. 


(4.8) THEeorem. The only p=1 mod 8 such that 6F(p) —2F(2p) =p—1 are 
p =17, 41; the only p=5 mod 8 such that 6F (p) —2F (2p) =p+3 are p=S, 29. 


The theorem (4.9) (obtained from (3.9)) is identical with (4.1). 


(4.10) Turorem. The only p=3 mod 8 such that 18F (2p) --4F (p) =24w(p) 
+3p—1 is p=3; the only p=11 mod 24 such that 18F (2p) —4F(p) =3p—9 is 
p=11; the only p=19 mod 24 such that 18F (2p) —4F(p) =3p+39 are p=19, 
43, 67. 


(4.11) THrorem. The only p=13 mod 24 such that 6F (2p) —2F(p) =p+19 
are p=13, 37; the only p=1 mod 24 such that 6F(2p)—2F(p)=p+15 are 
p=73, 97; the only p=17 mod 24 such that 6F (2p) —2F(p) =p—1 is p=17; 
there is no p=5 mod 24 such that 6F (2p) —2F(p) =p+3. 


(4.12) THrorem. (4.1)-(4.11) contain all the singular relations with prime 
arguments implied by (1.2) with s=4. 


II. PRroors 
5. Proof of (2.1). This is practically obvious. However, if a formal proof 
be desired, a simple one is given by the identity 


2-* [1 + = [I [1 + — 1)], 


t=1 i=1 


= Dig? =1+2 D9", <1, 


t=—o n=1 


on the right of which the coefficient of g" is the R function in (2.1). On the 
left the product is distributed before collecting the coefficient of g”. 


where 
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6. Proof of (2.3). From the definitions of R, R’, the left of (2.3) enumer- — 
ates the same representations of m as the right. For, on the left, all of 
x, y*, 2”, w* may be unequal, or two may be equal and distinct from the re- 
maining two which may be either equal or unequal, or three may be equal 
and distinct from the fourth, or all four may be equal, and these cases are 
exhaustive and mutually exclusive. To account for the numerical factors 
1, 6, 3, 4, 1, consider one, say 6. We have 


R'(nm = x? + y? + 227) = R'(n = x? + y? + 2? + 2%). 


From a particular representation x*, y?, 2”, 2?, since x’, y?, 2? are unequal, 
there are only 2 representations, obtained by permuting x?, y? contributed 
to the left of (2.3). But on the left of (2.3) the equal squares (if any) in the 
representations enumerated are free in position. If in the particular repre- 
sentation the z?’s are free, the contribution to the left is 4!/(1!1!2!),=12. 
Hence R’(n=x?+~?+2z*) must be multiplied by 12/2, =6. 

All proofs are now completed. 
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THE CRITICAL POINTS OF A FUNCTION 
OF n VARIABLES* 


BY 
MARSTON MORSE 


1. Introduction. This paper contains among other results a treatment 
of the critical? points of a real analytic function without restriction as to the 
nature of the critical points. Together with the results stated by the author 
elsewheref on the removal of the boundary conditions it constitutes a com- 
plete treatment of the problem, the first of its kind. 

In most of the paper the function considered is 0’ class C’’, and may have 
critical loci not even complexes, in fact an infinite set of such loci. Moreover 
even in the analytic case it is not assumed that the critical loci are complexes, 
a considerable advantage in any case, and the more so because no adequate 
proof exists that they are complexes. 

Starting with a topological definition of type numbers in terms of or- 
dinary neighborhoods of the critical sets, it ends with a most precise deter- 
mination of these type numbers in terms of regions bounded by closed analytic 
manifolds without singularity. At no point is it necessary to break up regions 
more complicated than these into complexes. 

All of the results on critical points known to the author, with one excep- 
tion,§ follow as special cases. The results on isolated critical points obtained 
by Brown|| in his Harvard Thesis are the simplest of corollaries. The 
author’s{ previous results on non-degenerate critical points are obtained with 
more difficulty. It is shown that the definitions of type numbers given are 
justified by a kind of invariance under slight analytic deformations of the 
function. 

The treatment will carry over to regular m-spreads in (w+r)-space. In it 
deformations predominate. It is essentially a generalization of the methods 


* Presented to the Society, October 25, 1930; received by the editors October 7, 1930. 


T A critical point of a function is a point at which all of the first partial derivatives of the func- 
tion vanish. The value of the function at such a point is called a critical value. 


t Morse II, Proceedings of the National Academy of Sciences, vol. 13 (1927), p. 813. 


§ Whyburn, W. M., Bulletin of the American Mathematical Society, vol. 35 (1929), p. 701. 
Here the critical values are not necessarily finite in number. 


|| Brown, American Journal of Mathematics, vol. 52 (1930), p. 251. See also Annals of Mathe- 
matics, vol. 31 (1930), p. 449. 


§] Morse I, these Transactions, vol. 27 (1925), p. 345. 
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found necessary in a treatment of m-dimensional critical loci in the calculus of 
variations* in the large where a reduction to complexes was not possible. 

2. The functions. Let (x) =(x1,---, xn) be a point in euclidean n-space 
in a finite region 2, bounded by a closed point set M consisting of a finite 
number of connected, regular,t non-intersecting (7—1)-spreads of class C’”’. 

Let f(x) =f(x1, - - - , n) be a real function of class C’”’ defined on a region 
including > in its interior. On M we suppose that the directional derivative 
of f in the sense of the exterior normal to M is positive. As in Morse I§20 
we can then alter the definition of f neighboring M so that the resulting func- 
tion, which we will again call f, will take on an absolute maximum on M 
relative to its values on 2. This can be done without introducing any new 
critical points. 

We assume that the critical values of f are finite in number. This hypo- 
thesis is always fulfilled if f is analytic. 

If a and b are any two ordinary (not critical) values of f, with no critical 
values between them, the domains f <a and f<b are homeomorphic (Morse I 
§7). When there are critical values between a and 6 this will not in general 
be so. We are concerned in what follows with the topological differences be- 
tween the domains f <a and f<b, and the manner in which these differences 
depend on the critical points of f. 

We shall begin by supposing that there is just one critical value of f 
between a and 6, and shall denote the domains f<a and f<b by A and B 
respectively, a < b. 

3. The neighborhoods of critical sets g. By a critical set g will be under- 
stood any closed set of critical points on which f is constant, which is 
at a positive distance from other critical points. It may or may not be 
connected. In general it will not be a complex. 

By a neighborhood N of g will be meant an open set of points which 
includes all points within a small positive distance of g. We admit only 
neighborhoods which lie on B—A and are at a positive distance from other 
critical points of f. A neighborhood WN! will be called smaller than N if it 
is on N and the distance between the boundaries of N and N’' is positive.We 
always suppose N! smaller than WN and in particular so small that any point 
on N' can be connected to g on NV. This is always possible. 


* Morse III, these Transactions, vol. 36 (1930), p. 599. See also Birkhoff, these Transactions, 
vol. 18 (1917), p. 240. Poincaré, Liouville’s Journal, (4), vol. 1 (1885), pp. 167-244. Kronecker, 
Werke, vol. I, pp. 175-226, and vol. II, pp. 71-82. 

¢ An (n—1)-spread is called regular and of class C’”’, if in the neighborhood of any one of its 
points it can be represented by giving one of its codrdinates as a function of class C’’’ of the remain- 
ing codrdinates. 
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Suppose f=0 on g. By NW and N' we shall mean those points of N and N! 
at which f<0. 

We assume for the present that g is of such sort that for a proper choice of 
N and corresponding sufficiently small choice of N' the following sets of 
cycles exist. 

(a) A complete set (a), of k-cycles on N', independent on N, dependent onN. 

(8) A complete set(c);.of k-cycles on N' independent on N of the k-cycles on N. 

We say that the set (a), [substitute (cx) ] is independent of the choice of 
admissible neighborhoods N and N’' if there exists a fixed neighborhood N* 
with the following properties. The set (a)x[(cx)] determined for any NV 
smaller than N* and sufficiently small N! corresponding to N is equivalentt 
on N[N] to the set (a),{(c),] determined for any smaller V and corresponding 
sufficiently small 

We assume that the sets (a), and (c), are independent of the choice of N and 
N' in the preceding sense, and admit only neighborhoods N smaller than N.* 

We shall show in this paper that our assumptions are always fulfilled in 
the analytic case and in certain other particular cases. In a later paper we 
shall show that these assumptions are always fulfilled for the most general 
critical set as defined above. 

Let (W°N) and-(NN') be two admissible choices of N and N'. Let (a), 
and (c),; be the cycles described in (a) and (8) determined for the neighbor- 
hoods NW and N’. 

4. Classification of cycles. Suppose now that g is the set of all critical 
points at which f=0. 

We replace (a), by an algebraically{ equivalent set made up of two sets 


of k-cycles 
(4. 1) (b) x; (2), 


so chosen that each cycle of (/); bounds on f<0, and no linear combination 
of the cycles (}), not null so bounds. 


{ We mean here that each cycle of the first set is dependent on cycles of the second set and vice 
versa. Dependent and independent are terms always understood with respect to bounding. Cycles 
and chains are here taken in the absolute sense or, with obvious changes, mod m with m> 1 and prime. 
The phrase “a complete set of k-cycles etc.” may be replaced by “a set containing the maximum num- 
ber of k-cycles etc.” Terms in analysis situs will in general be used in the senses defined by Alexander, 
Combinatorial analysis situs, these Transactions, vol. 28 (1926), p. 301. Chains will be understood, 
however, to be symbolic expressions for oriented complexes, singular or non-singular in the sense of 
Veblen, The Cambridge Colloquium, Part II, Analysis Situs. The Colloquium Lectures by Lefschetz 
were not out at the time of the writing of this article but the author knows that they will be helpful 
to the reader. 

t By algebraically equivalent we mean that a non-zero multiple of each member of the first 
set algebraically equals a linear combination of members of the second set and vice versa. Various 
of these sets may be null. 


1 


1931] CRITICAL POINTS 75 


Let 1,1 be any linear combination of cycles of the set (/),-1. We have 


— on f < 0, 


where L; is a k-chain. Suitable multiples of the cycles (4.1) bound on N'. 
Without loss of generality, we can suppose the cycles (4.1) themselves bound 
on Thus 


Up — on N! 


where is a k-chain on 
We now introduce the k-cycle 


Ly + = 


which we will say links 1,1. We shall term u;, and L; the upper and lower 
parts respectively of \;. We shall denote by (A); the set of k-cycles which link 
the respective (k—1)-cycles of (7) x-1. 

On the cycles (b)., f<0, and hence is less than some negative constant e. 
These cycles are thus on the domain 


(4.2) fe. 


They must form a subset of a complete set of k-cycles on (4.2). There then 
exist other k-cycles (7), on (4.2) such that the two sets 


(ie 


form a complete set of k-cycles on f<e. 

We can, without loss of generality, suppose the set (7); lies on A, since it is 
homologous on (4.2) to such a set. 

We introduce the following table of complete sets of cycles with appro- 
priate terms: 

(c)x: critical cycles; 

linkable cycles; (A)x: linking cycles; 

(i),: invariant cycles; (b),%: newly bounding cycles. 

Any linear combination of k-cycles of any one of these sets will be called by 
the same name. 

With each linkable cycle /,_; we associate a linking k-cycle \; so that Ax 
and /;,_; arise from the same linear combination of corresponding cycles of 
the sets (A), and (/),_1. We note that \, cannot be null unless /,_; is null. 
For if A; were null, closed k-cells with points at which f20 on u,, the upper 
part of Ax, would have to cancel among themselves and we would have 
l,-1 bounding on W' contrary to the nature of the set (@),-1 upon which J,_; 
depends. 
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5. A complete set of k-cycles on B. Let the orthogonal trajectories of 
the contour manifolds f constant (Morse I) be represented in the form 
*;=—f., where %; stands for the derivative of x; with respect to the time. 
At each critical point » we understand that there exists a trajectory coinci- 
dent with for all time. 

The following lemma is fundamental. 

DEFORMATION LEMMA. Any cycle on 2, on B satisfies an homology 
=2,* on Bin which zf is a k-chain on N' and 2{' a k-chain on 
<0 while the boundary of is on N'. 

Let each point p of 2, be deformed along the orthogonal trajectory of f 
through , starting at » when the time t=0, and moving along this trajectory 
until / equals a time ¢). Denote the resulting k-cycle by z;*. For ¢ sufficiently 
large z;* must consist of points either on N', or f<0, as one readily proves. 

Let z/ be the chain of k-cells of z*, which, closed, are wholly on N!, and 
zi’ the chain of remaining k-cells of zi*. We see that z/ lies on N'. We see 
also that if z* had been sufficiently finely subdivided, z/’ would lie on f <0. 

The lemma follows directly. 

We call z/ and z/’ respectively the upper and lower parts of 2*. 

We shall prove the following theorem. 

THEOREM 1. A complete set of k-cycles for B is formed by the sets (i)x, 
(A)e, 

In other words a complete set of k-cycles for B is obtained by deleting the 
k-cycles of A which are newly bounding on B, keeping the invariant k-cycles of A, 
and adding the linking and critical k-cycles. 

We shall prove this theorem with the aid of two lemmas. 


Lemma 1. Any k-cycle 2; on B is dependent on linking, critical, and invar- 
iant k-cycles. (We admit any integer n #0 as coefficient of 2.) 

We first deform z, into z* in accordance with the Deformation Lemma, 
obtaining thereby the cycle z/_; of the lemma. Since 2/_; is on W', and 
bounds on f <0, it satisfies an homology 
(5.1) on WN, n¥0, 
where /;,_; is a linkable (& —1)-cycle. 

Let A; be the k-cycle linking /,_1. The boundary of the lower part of the 
k-cycle, 

(5.2) nz),* Az, 
bounds on W according to (5.1), and its upper part is on N'. Hencej the 
k-cycle (5.2) may be written as a sum of k-cycles on f <0 and k-cycles on N. 


+ The proof holds as stated even when k=0, regarding cycles with negative subscripts as null. 


} 
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But on the one hand k-cycles on f<0 are dependent on B on invariant 
cycles. On the other hand k-cycles on N are dependent on N° on critical 
k-cycles and k-cycles on V°, that is, on f<0. But k-cycles on f <0 are depend- 
ent on B on invariant k-cycles. 

Thus the k-cycle (5.2) is dependent on B on invariant and critical k-cycles, 
and the lemma is proved. 


Lemma 2. The k-cycles of the theorem are independent on B. 


Suppose we had a relation of the form 
Dizi + Ce + = Di 


where 7;, cx, and A, are respectively invariant, critical, and linking k-cycles, 
and D,4: a chain on B, and D, its boundary. 

We shall prove successively that Ax, cx, 7 are null. 

We could deform D;,: as in the Deformation Lemma into a set of points 
either on f<0 or N'. Moreover, we could obtain the same result holding D; 
fast, altering the deformation T of the lemma as follows. 

Without loss of generality we can suppose c, and A, are replaced by 
equivalent cycles null with the given cycles, and such that the new c;, and ux, 
the upper part of the new A;, are so near g that 7 will deform points within 
a sufficiently small positive distance r of c, and u; only through points on N}. 

Regard T as a movement depending continuously on the time ¢ as ¢ 
varies from 0 to 1. Let p be the initial distance of any point from D,. We 
now perform JT stopping the movement of a point initially within a distance 
r of D; at a time t=p/r. We obtain thereby the desired deformation. 

We can suppose that D, bounds a chain D,,, whose points lie on f<0 
or else 

Let di.41 be a chain of all (+1)-cells of D;.,1 which, when closed, lie wholly 
on N'. Let d; be the boundary of d;.+1. 

The points on D;41 at which f=0 form a closed set on N'. Accordingly if 
we suppose D,,; sufficiently finely divided any closed k-cell of D;..1 possess- 
ing a point at which f20 would be a k-cell of d:4:, and would be on the 
boundary d, if and only if it is on the boundary D, of D;.4:. But boundary 
k-cells of D, with points at which f20 are found at most on c,+u, where 
ux is the upper part of Ax. 

We see then that on the k-chain 


(5.3) dy — Ce — Un = & 


the cells with points at which f20 all cancel. Moreover e; is on N', since 
dy, Cx, and uz are each on Thus e; is on 
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But the boundary of e, is the boundary /,_1 of —u,, since d, and c;, are 
cycles. But alinkable cycle /,_; does not bound on W unless null. Thus /;.. is 
null. Accordingly \; is null as well as u,. 

We see then that 


d, = Ce + ex. 


But this is impossible unless c;, is null, for otherwise the critical cycle c, 
would be homologous on N! to a cycle e, on N!', since d, bounds on N}. 
Hence ¢;, is null. 

Thus d; is on W. According to its origin it is homologous to z, on f <0. 
Moreover, for some integer m not zero, 


nd; ~ + by 


on NV, where /, and 0}; are linkable and newly bounding cycles respectively. 
But /, bounds on f<0. Hence by~nd;,~ni; on f<0. But this is impossible 
unless both b; and 7; are null. Thus 2; is null. 

The lemma is thereby proved. 

The theorem follows at once from Lemmas 1 and 2. 

6. The associated ideal critical points. With any critical set g we now 
associate a set of ideal critical points of type k. The number of points in this 


set will be denoted by M;, and called the kth type number oi g. 

The kth type number M;, of g shall be defined as the number of cycles in the 
sets (a),~1, and (c)x of §3. 

This type number depends only on f and the topological properties of the 
neighborhoods of g. Accordingly, if Z is a critical set composed of the sum of a 
finite number of distinct critical sets, the corresponding kth type number 
will be the sum of the kth type numbers of the component sets. 

Let a and 6 be any two ordinary values of f (a<8). On the domain f<a 
there will be a complete set of (k —1)-cycles, independent on f <a, but bound- 
ing on f<$. These we call newly bounding relative to the change from a to B. 
On f<§ there will be a complete set of k-cycles, independent on f<f, and 
independent on f <8 of k-cycles on f<a. These we call new k-cycles relative 
to the change from a to £. 

We shall evaluate the type number M,. 

The number of (k—1)-cycles in (a),-1 equals the number of newly 
bounding (&—1)-cycles and linking k-cycles in complete sets, as follows from 
the decomposition (4.1). The critical cycles (c), are new k-cycles, and taken 
with the linking k-cycles form a complete set of new k-cycles as follows from 
Theorem 1. 

We thus have the following theorem. 
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THEOREM 2. If a and b are two ordinary values of f, a<b, between which lies 
just one critical value, the kth type number of the corresponding critical set will 
equal the number of newly bounding (k—1)-cycles plus the number of new 
k-cycles in complete sets, taking these sets relative to a change from f <a to f Sb. 


Let g be the critical set of the theorem. We shall divide the M;, ideal 
critical points of type k associated with g, into two sets of points in number 
mit and m;-, called respectively critical points of increasing or decreasing type. 

The number m;* shall be the number of linking k-cycles and critical k- 
cycles in complete sets, and the number m; shall be the number of newly 
bounding (k—1)-cycles in a complete set. 

We now have the following corollary of Theorems 1 and 2. See Morse I 
§18. 


Corotiary. The kth Betti number of f<b minus the kth Betti number of 
f <a affords a difference given by the formulas 


+ 
AR: = Me — Mk+1, 


6.1 
(6.1) M, = +m: 


where mit and mj; are respectively the numbers of ideal critical points associated 
with the critical set g, of increasing and decreasing k-type respectively. Here 
Me =Mr41=0. 


The preceding corollary also clearly holds if a and b are any two ordinary 
values of f. If then we eliminate either the integers m; or mi from (6.1) we 
obtain the following theorem. 


THEOREM 3. Let a and b be any non-critical constants, a<b. Then between 
the changes in the Betti numbers as we pass from the domain f <a to the do- 
main f <b, and the sums of the type numbers of the critical sets with critical values 
between a and b the following relations hold: 

Mo— Mi +---+(— = A(Ro — Ri + (— 1)'R) + (— 
Mo — Mit+---+(— 1)'Mi = A(Ro — Ri +(— + (— 
wherei=0,---,n and ma,=0. 


Many inequalities and other equalities can be deduced from these rela- 
tions. See, for example, Morse III §14 and §15, also Morse I §19. Note the 
interesting relation obtained from (6.1) 


= AR, + me + 


A similar formula can be obtained involving the increasing type numbers. 


| 
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It wili be convenient for the next proof to replace the words “the number 
of k-cycles in a complete set of k-cycles” by the words “the count of k-cycles.” 
We now state a generalization of Theorem 2. 


THEOREM 4. If a and b are any two ordinary values of f the sum M, of the 
kth type numbers of the critical sets with critical values between a and b will 
exceed or equal the count u of new k-cycles plus the count v of newly bounding 
(k—1)-cycles relative to a change from f <a to f<b,a<b. 


Let c change from a to b taking on successively between a and 6 a set of 
ordinary values, separating the critical values. Let c, and c2 be two such suc- 
cessive values. 

Let h be the count of (k —1)-cycles on f $c, independent on f <c,, bound- 
ing on f<c2. Let /' be the count of the subset of such cycles dependent on 
fc, on cycles of fSa. We have #'<h. Summing for all such changes of c, 


v= Da. 


Now let m be the count of k-cycles on f <¢2, independent on f Sc2of cycles 
on f <c;. Let m' be the count of the subset of such cycles independent on f <b 
of cycles on f<c,. Summing for all changes of c we have 


“= < 


Combining these results we have 
utvs vat = M,, 


and the theorem is proved. 

7. The (¢/) trajectories. Let @ be a function of (x) of class C” in the 
neighborhood of a point ~. Suppose # is an ordinary point of both f and ¢ 
and that the gradients of f and ¢ at are not parallel. By the (@f) vector field 
we mean the set of vectors, at each point g near p, obtained by projecting the 
gradient of ¢ on the tangent (m—1)-plane of the manifold f=c at q. 

By the (@f) trajectories we mean regular curves of class C’ tangent at each 
point to vectors of the (¢f) vector field. 

The condition that the gradients of f and ¢ be not parallel is the following: 


(7.1) A(x) = Do — o:fi]? ¥ 0 (i,k =1, ---,n) 
tk 

where the subscripts 7 and & indicate partial differentiation with respect to 

the variables x; and x;. 


The differential equations of the (@f) trajectories have the form* 


* The summation convention of tensor analysis is used throughout. 
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dx; 
(7.2) = p(fifidi — ififi) = X,(x), p # 0, 
where p is a function of (x) of class C’ near p. The right hand members of 
(7.2) do not all vanish near p as follows from (7.1). 
On the ($f) trajectories f is constant. 
For along such a trajectory we have 
df dx; 


= = 0. 
dt dt f 


If we choose p as the reciprocal of 
(7.4) Sifibidi — = A(x), 


then d¢/dt will be one along each trajectory. The function (7.4) is not zero 
since it equals the function A (x) of (7.1) as indicated. 

We can then so choose the parameter t on the (f) trajectories that at each 
point we have pd =t, and this choice we suppose made. 

There is a (@f) trajectory through each point near #, and one through each 
point of the contour manifolds ¢=c near p. The intersections of these tra- 
jectories and manifolds will vary continuously with the constants c and the 
trajectories. 

We shall term the ordinary orthogonal trajectories of the contour mani- 
folds, @ constant, the ¢ trajectories. We take their differential equations in 
the form 


(7.5) 


So taken we may suppose ¢ = ¢ at each point of a trajectory. 

8. Neighborhood functions. The existence of neighborhood functions ¢, 
as we shall define them, will enable us to express the type numbers in the 
simplest possible form. 

Let g be any connected critical set of f on which f=0. Relative to g we 
shall call a function ¢(x) a neighborhood function if it satisfies the following 
conditions. 


(a) It is of class C’’ in the neighborhood of g. 
(b) It takes on a relative minimum zero on g. 
(c) At points near g but not on g it is ordinary. 


(d) At points near g but not on g at which f=0 the gradients of f and ¢ 
are not parallel 
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We shall exhibit neighborhood functions ¢ in certain important cases 
beginning with the analytic case. 

THEOREM 5. If the function f is analytic, the function ¢=f;f; is an admis- 
sible neighborhood function ¢ relative to the critical set g of f. 

The function ¢ clearly satisfies (a) and (b). We shall finish by proving 
the following lemma. 


Lemma. [/f f is analytic, any analytic function which takes on a proper 
relative minimum zero on g, is an admissible neighborhood function o. 


Such a function ¢ satisfies (a) and (b). It must then satisfy (c). Forgisa 
set of critical points of ¢, and if @ were not ordinary near g the critical set 
g would be a subset of a larger connected critical set. But on all connected 
critical loci an analytic function is constant. Thus ¢ would be zero at some 
points near g not on g, contrary to the nature of a proper minimum. Thus 
(c) holds. 

Now (d) could fail only at points not on g at which 


(8.1) A(x) = 0, f =0, 


when A(x) is given by (7.1). 
But (8.1) is satisfied on g. Suppose it were satisfied on a larger analytic 
locus y connected with g. Let h# be any regular curve along which (8.1) is 


satisfied. On h, f=0 so that 
dx; 
(8.2) fi = 
I say that on h 
dx; 


This is certainly true on g and follows from A («) =0 for points on / not 
on g. Thus ¢ is constant on / and accordingly on y. It must then be zero on 
y. From (b) we see that y=g. Thus (d) holds. 

The lemma and theorem are thereby proved. 

We return now to the non-analytic case. 

We term a critical set at which f takes on a relative maximum or minimum 
a maximizing or minimizing set respectively. We then state the following 
theorem, an immediate consequence of our definition of a neighborhood func- 
tion ¢. 

THEOREM 6. For a minimizing or maximizing set at which f =0, the func- 
tions f and —f are respectively admissible neighborhood functions. 
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In this connection we note the following. 

If the critical values are isolated there are at most a finite number of mini- 
mizing or maximizing critical sets. 

In fact the number of distinct contour manifolds on f=c cannot vary as 
c approaches a critical value from either side. But the number of minimizing 
sets or maximizing sets cannot exceed the total number of these manifolds, 


and hence is finite. 

There may however be an infinite number of distinct critical sets not 
minimizing or maximizing. 

A neighborhood function ¢ always exists in the non-degenerate case as 
stated in the following theorem. 


THEOREM 7. If (x) =(a) is a non-degenerate critical point of f the function 
(x; — ai)(xi — ai) = 
is an admissible neighborhood function. 
The function clearly satisfies all the requirements, possibly excepting the 
one regarding gradients. 


Suppose (a)=(0). The relations of gradients will be unaltered if we use 
an orthogonal transformation to bring f to the form 


f = +7 (k =1,---,m), 


where X; is a constant not zero, and 7 is of at least the second order with 
respect to the distance p to the origin. 

If we can show that the function (7.4) does not vanish for real points on 
f=0 and for p+0 in some neighborhood of the origin the proof will be com- 


plete. 
Omitting terms of at least the fifth order this function (7.4) is seen to be 


But on f=0 this becomes, up to the terms of at least the fifth order, 
162 EN 


The ratio of the last expression to p‘ is positive and bounded away from zero 
for p~0. 

The function (7.4) is accordingly positive everywhere desired and the 
theorem is proved. 

Tueorem 8. If f is analytic and (x) =(0) is an isolated critical point, the 
function 6 =x,x; is an admissible neighborhood function. 


The theorem follows from the lemma under Theorem 5. 


= 


¢ 
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9. The radial trajectories. We shall now prove the existence of a set of 
trajectories termed radial trajectories. They lead away from g somewhat 
after the fashion of rays emanating from a point. The theorem is 


THEOREM 9. Jf ¢ is a neighborhood function for g, then on the domain 
(9.1) R: 0<¢8r, 
where r is a small positive constant, there exists a radial field of trajectories, 
one through each point of R, satisfying differential equations of the form 


dx; 

B(x), BiB, 0, 

dt 
where the functions B;(x) are of class C’ on R. These trajectories reduce to 
(of) trajectories on f=0. On them t may be taken equal to . As t increases 
they pass out of R only by reaching o=r. 


The ¢ trajectories themselves would do except for the fact that they cross 
{=0 in general. We shall alter the ¢ trajectories neighboring f=0 so that 
they will suffice. 

The (f/¢)-trajectories ¢ emanating from f=0 on R in general form a field 
only for a short distance from f=0 depending upon how near ¢ is to zero. 
We shall be more precise and say that we can determine a negative function 
h(a) of class C’, for 0<a@ <r, such that the field persists on a trajectory ¢ on 
which ¢ =a, and on which f decreases from zero to h(a). 

We can in fact define h(a) successively on the intervals with end points 

r, r/2, r/4,---, 
and so define /(a) on its entire interval. 

Now let M(z) be a function of (z) of class C’ for 20, identically one 
for z>1 and zero for z zero, otherwise positive. 

Our radial trajectories will now be defined by (7.5), except for the above 
points on ¢ where f decreases from zero to h(g). At these points the differ- 
ential equations of the radial trajectories shall have the form 

f(x) 

Xi(«) + Xi(x) | 
where X; and Y; are the functions of (7.2) and (7.5) respectively. 

On f=0 the radial trajectories reduce to the (@f) trajectories (7.2). For 
f =h(@) they take the form (7.5). Moreover on them 


id | 


This shows that we can take /=¢ on the radial trajectories. It also shows 


dx i 


dt 


(9.2) 
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that the right hand members of (9.2) are not all zero at any one point on R. 

The theorem follows at once. 

10. The type numbers in terms of neighborhood functions. By a radi- 
al deformation we shall mean one in which each point moves on a radial 
trajectory, and points for which ¢ is constant are deformed into points for 
which ¢ is constant. 

The domains of points satisfying ¢ =e or 0<¢ Se, where ¢ is a small posi- 
tive constant, less than the constant r of Theorem 9, will be respectively 
denoted by ¢, and ¢?. The points on these same domains at which f <0 will 
be denoted by ¢, and ¢°. 

From the existence of the radial trajectories we infer the following. 

(1) For any two constants e and 7 less than r the domains ¢, and @, are 
homeomorphic. 

(2) If e<n the domain ¢? can be radially deformed onto the domain 
o° leaving $2 fixed and never increasing ¢. 

(3) For any closed point set on ¢ there exists a radial deformation of 
° that leaves ¢, fixed and deforms the point set onto ¢,. 

We can now prove the following theorem. 


THEOREM 10. If a neighborhood function ¢ exists, the sets of cycles (a), and 
(c)x of §3 exist, and are independent of the choices of admissible neighborhoods 
N and N'. 


As a choice of the fixed neighborhood N* of the definition of independence 
of §3 we take the domain ¢<r. If N be any neighborhood on ¢ <r let 7 be a 
positive constant so small that the points on ¢<7 lie on N. Corresponding 
to N a sufficiently small choice of the neighborhood N', as we shall see, will 
be any neighborhood NV! ong@<y. Let e be a positive constant so small that 
the domain ¢ <e consists of points on N!. 

It appears, then, that relative to N and N', the cycles (a), may be taken 
as a complete set on ¢, independent on ¢,., bounding on ¢<Se, while the 
k-cycles (c), may be taken as a complete set on ¢ Se independent on ¢ <e of 
the cycles on ¢,. We have then the following theorem. 


THEOREM 11. The type number M, of a critical set is the number of cycles 
in the following two sets: 


(a) a complete set of (k—1)-cycles on ¢, independent on ¢., bounding on 


ose; 


(b) a complete set of k-cycles on Se independent on Se of the cycles on 


The number of cycles in these sets is independent of the choice of the constant 
e for e positive and sufficiently small. 
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A cycle of any set (a) has been termed linkable if it bounds a chain L; on 
{<0. If it so bounds it must bound outside of ¢<e as well. For the part of 
L, on ¢2 can be radially deformed on ¢2 onto ¢.. 

We summarize and complete these results as follows. 


The linkable (k—1)-cycles are those on $., independent on ¢., bounding on 
¢o<e, and bounding on f <0 outside of d<e. 

The newly bounding (k—1)-cycles are those on . independent on ¢., in- 
dependent on f <0 outside of 6<e, but bounding on o Se. 

The critical k-cycles are the cycles (b). 


The number M,> equals the number of critical 0-cycles. It is one for 
connected minimizing sets, and null for all other connected sets. It is of 
increasing type. The number M, is the number of newly bounding (—1)- 
cycles. This is true if we are operating in euclidean m-space or on a portion, 
not all, of a connected regular m-spread. For there are then no non-bounding 
n-cycles, in particular no linking or critical m-cycles. Unless a connected 
critical set is a maximizing set, M, is null, for there are then no (w—1)-cycles 
in (a). It is obviously one for connected maximizing sets. 

The following corollary of Theorems 8 and 11 brings all of Brown’s results 
on isolated critical points under the results of the present paper. 

CoROLLARY. Suppose (x) =(0) is an isolated critical point in the analytic 
case. Then if we set 6=x;x; the kth type number M;,, for k not zero, is given by 
the formula 


where R, is the kth Betti number of the region on the (n—1)-sphere 6=e on 
which f is negative. In the case of a minimum M,=1. Otherwise Mo is null. 


This follows from Theorem 11, noting that in (a) of Theorem 11 all cycles 
on the (7—1)-sphere ¢ =e are bounding on the interior ¢ Se excepting a point 
0-cycle. From this exception the Kronecker delta 6,* arises. In (b) the com- 
plete set is null except in the case of a minimum, and then the origin may 
serve as a complete 0-set. 

Because of its signal importance we state the following as a separate 
theorem. 


THEOREM 12. In the analytic case Theorem 11 holds without exception with 


o=fifi. 


From Theorems 6 and 11 we have the following theorem, true in the 
most general nen-analytic case. In it we suppose f =O on g. 
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THEOREM 13. For a connected minimizing or maximizing set g, the type 
numbers of g always exist. 

For a minimizing set, M;, is the kth Betti number of the domain f<e, 
neighboring g. 

For a maximizing set, M;, is the number of cycles in the following two sets: 

(a) a complete set of (k—1)-cycles on f = —e, independent on f = —e, bound- 
ing on f= —e, neighboring g; 

(b) a complete set of k-cycles on f= —e independent on the same domain of 
the k-cycles on its boundary. 


Consider a connected maximizing set. 

In euclidean n-space the set (b) isempty. Let the domain f= —e neighbor- 
ing g be denoted by S. If R; and 8; denote Betti numbers of S and its boun- 
dary 8, respectively, we have* 


+ = Bi-1 (i= 


Now there are R,_; independent (i—1)-cycles on the residue of 5 in m-space. 
To add S to its residue is then to diminish the (s—1)st Betti number by 
R,_;. There must then be at least R,_; (i—1)-cycles independent on 8, and 
newly bounding. But there cannot be more than R,_; such cycles inde- 
pendent on 8 bounding on S, since R;_; cycles on 8 do not bound on S. Thus 
M i= 

11. The type number of a non-degenerate critical point. This case is 
the most important in the many geometric applications. 

Suppose (x) =(0) is a non-degenerate critical point at which f=0. Let 
the quadratic form f;;7,«;, in which the partial derivatives are evaluated at 
the origin, be carried by a linear transformation into a form with squared 
terms only. The number of terms with negative coefficients thereby resulting 
is called the index of the critical point. 

We wish to establish anew the results of Morse I. Our problem is pri- 
marily to prove the following theorem. 


THEOREM 14. If k is the index of a non-degenerate critical point, the kth 
type number M;,=1, while all other type numbers are zero. 


It follows from our initial definition of type numbers that such a number, 
if it exists, will be independent of any one-to-one transformation of the 
neighborhood of the critical points of class C’’.. That the type number exists 
in this case is a consequence of the existence of the neighborhood function 
x;x;=, as affirmed in Theorem 7. 


* Apply Alexander’s duality relations to 8 (these Transactions, vol. 23 (1922), p. 348). 
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Now we have shown in Morse I that in the neighborhood of the origin 
the function can be carried by a transformation of the above sort into the 
form 


(11.1) ye + + ye. 


The function y,y; is again an admissible neighborhood function. We 
see from Theorem 13 that the theorem is true if k=0 or n. 

Suppose then that 0<k<n. From Theorem 11 we have the following 
lemma. 


Lemma. The ith type number M; equals the (i—1)st Betti number R;_, of 
the domain 


(11.2) = 1, [<0 (i,j =1,---,m), 
minus one if i=1. 

Our problem is then to determine the Betti numbers of the spherical 
region (11.2). 

We shall prove that the domain (11.2) can be deformed on itself into the 
(k —1)-sphere 
(11.3) ye +--+ + = 1, + = 0, 


by a deformation T that leaves (11.3) fixed. Accordingly the Betti numbers 
of (11.2) will be those of the (k —1)-sphere, and the theorem will follow from 
the lemma. 

The deformation 7 will now be given. 

Corresponding to any point («) =(a) on (11.2) there is a unique angle a 
such that 


(11.4) a?+---+a? =cos*a, afi,+---+ a? = sin’ a, 


and every point (a) satisfying (11.4) is on (11.2). 


Now hold each such point (a) and corresponding @ fast. In the required 
deformation the point (y) shall not move if it is initially on (11.3). If (y) 
is initially at a point (a) not on (11.3) it shall move as follows: 


cos (at) 
yt = aj 
cos 
(11.5) 
sin (at) 
aj (j= k+1,---n), a ¥0, 
sin @ 


as t varies from 1 to zero. 
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It is easily seen that this affords the required deformation except possibly 
for continuity of movement of points near (11.3). But for these points a is 
near zero, and we have from (11.5) that 


Yeu? + + y2 = (al), 


so that for a near zero the variables y;,:, - - - , yn are uniformly near zero. 

Thus the deformation is continuous. 

The theorem now follows from the lemma. 

The principal theorems on type number relations in Morse I now follow. 

12. A justification of the definitions of type numbers. We shall in- 
vestigate how the type numbers of a function change with variation of the 
function. 

Let F(x, u) be a function of (x) and a set of parameters (u), analytic in 
(x) and (u) for (x) on = and (u) neighboring (0), and such that 


f(x) = F(x, 0). 


For (u) sufficiently near (0), F(x, «) will satisfy our boundary conditions and 


possess critical points lying only in arbitrarily small neighborhoods of the 
critical sets of g. 


We state the following lemma. 


Lemma 1. If a and b are any ordinary values of f with a<b, then for (u) 
sufficiently near (0) the domains f <b and F Sb are homeomor phic under a trans- 
formation that makes f <a and F <a correspond. 


The lemma is easily established by using the orthogonal trajectories of f. 
A deformation can be set up along these trajectories which affords the homeo- 
morphism, moving only those points which are very near f=a and f=). See 
Morse I §7. 

We note that to prove this lemma we need only to have F(x, yu) of 
class C’’. 

Let g be a connected critical set of f. Recall that ¢ =/f;f; is a neighborhood 
function for g. We now give a lemma which enables us to avoid critical sets 
with the same critical value. 


Lemma 2. Corresponding to the critical set g of F(x, 0) there exists a func- 
tion W(x) of class C’’ throughout = with the following properties: 


(1) Except when o <e, ¥(x) =0, where e is a small positive constant. 
(2) When o<e1, ¥(x) =p, where p is an arbitrarily small positive constant 
and e, is a positive constant less than e. 


(3) For (u) sufficiently near (0), F+W has no other critical points than 
those of F. 
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Let H(z) be a function of z of class C’’ for z=0, one for z<e, and zero for 
z>e. The function ¥(x) will now be defined as zero except when ¢<e, and 
when ¢<e it will be defined by the equation 


= ph[o(x)]. 


One sees that y has all the required properties, except possibly (3). But 
(3) could fail only when 


(12.1) a<o<e. 


For p=0 and (u) =(0) we have F+yY=f. Moreover F+y is of class C’’ 
in (x), (u), and p. On the domain (12.1) the gradient of f is not null. Accord- 
ingly for p and (yu) sufficiently near p=0 and (u)=(0) respectively, the 
gradient of F+y is not null. 

Thus y satisfies (3) and the lemma is proved. 

Our definition of type numbers is justified by the following theorem. 


THEOREM 15. Jf (u) be sufficiently near (u)=(0), the critical points of 
F(x, «) will appear only in sets arbitrarily near the critical sets of f. Corre- 
sponding to each critical set g of f the critical points of F which lie in g’s neighbor- 
hood have a kth type number sum at least as great as the kth type number of g. 


By virtue of Lemma 2 we will lose no generality if we suppose the critical 
values at the different critical sets of f are all different. The addition of y in 
Lemma 2 did not change the position or type numbers of the critical points 
of F for (u) sufficiently near (0). 

Let g be any critical set of f whose critical value is separated from the 
other critical values of f by constants a and b. Let y be the set of critical 
points of F(x, uw) which lie in the neighborhood of g. Let (u) be taken so 
near (0) that the critical values of F on y lie between a and 3, and so that 
the homeomorphism of Lemma 1 holds. 

The type number M; of the set g relative to f will equal the number NV; 
of newly bounding (k—1)-cycles and new k-cycles in complete sets, relative 
to a change from the domain f<a to f<b. By virtue of the homeomorphism 
of Lemma 1 the number JN; will be the same relative to F. But according 
to Theorem 4 the &th type number sum of the critical points y of F will 
exceed or equal N,;, that is, the type number M, of g. 

The theorem is thereby proved. 

Our work is further justified by the following theorem. 


THEOREM 16. If f is analytic there exists a set of constants (u) arbitrarily 
near (0) such that the critical points of the function 


F(x, = f(x) + 
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are non-degenerate and lie in arbitrarily small neighborhoods of the critical 
points of f. 

Corresponding to each connected critical set g of f the critical points of F(x, u) 
which lie in g’s neighborhood have a kth type number sum at least as great as 
the kth type number of g. 


The condition that F(x, u) have no degenerate critical points is that the 
equations 


fetus =90 


have no solution at which the Hessian of f vanishes. That a choice of the 
constants (4) can be so made arbitrarily near (u) = (0) follows from a general 
theorem formulated by Kellogg.* 

The second statement in the theorem now follows from Theorem 15. 


* Kellogg, Singular manifolds among those of an analytic family, Bulletin of the American Mathe- 
matical Society, vol. 35 (1929), p. 711. 
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A NEW DEFINITION OF GENUS FOR 
TERNARY QUADRATIC FORMS* 


BY 
BURTON W. JONESt 


1. Introduction. The adjoint of the form f=ax?+by?+cz2?+2ryz+ 
2sxz+ 2txy is ¥ = Ax?+ where A is the cofactor 
of a, etc., in the Hessian of f, the Hessian being the determinant of the halves 
of the second derivatives of f. The primitive contravariant or reciprocal 
form F of f is §/Q where Q is the greatest common divisor of the literal 
coefficients of |. The Hessian H = 0A. 

The genus of the form f is defined by H. J. S. Smithf in terms of the 
quadratic character of the integers represented by f and F with respect to 
the odd prime factors of the Hessian, the congruences mod 8 satisfied by the 
odds represented by f and F and, in certain cases, certain so-called “simul- 
taneous characters.” 

The “simultaneous characters” are redundant and L. E. Dickson§ omits 
them in his definition of genus. However, since these additional charac- 
ters used by Smith and known by him to be redundant (see p. 470 of his 
article) are closely linked with the arithmetic progressions associated with 
a form, the author has retained them in his discussion. 

In this paper, Smith’s definition is shown to be equivalent to a new 
definition of genus expressed in terms of the integers represented by the 
form f alone without reference to F. (A more precise phrasing of this state- 
ment will be found in the theorem of this paper.) Furthermore, f may be 
indefinite or positive and the character of the integers represented is shown 
to determine the order (as well as 2 and A) of the form. 

The new definition proved in this paper has immediate application in 
proving the important theorem shortly to be published that the integers 
represented by all the forms of a given genus fall exclusively in certain 
arithmetic progressions. An example of the ease of application of this 
definition to finding the genus of a form is given at the end of the paper. 

Also, it should be noted that this new definition is peculiar to ternary 
quadratic forms, for the genus of a binary form depends on the character 


* Presented to the Society, October 25, 1930; received by the editors in May, 1930. 
t National Research Fellow. 
t Collected Mathematical Papers, vol. 1, pp. 455-509. This article is constantly being referred 


to. 
§ Studies in the Theory of Numbers, p. 52. 
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of the odd integers represented prime to the determinant and many qua- 
ternary forms are universal, i.e. represent all integers, positive if the form is 
positive. 

2. Notations. ¢=ax’?+ fy’, p denotes an odd prime, g a prime, k 
indicates the range of values 0,1, 2,---,and#a=0, +1, +2,---. The form 
f of the introduction is abbreviated by enclosing the coefficients in paren- 
theses: (a, b, c, 2r, 2s, 2¢); in case r=s =t=0 we use the notation f=(a, b, c). 
For any integers a and 3, yu,s is that least positive integer for which a/a, 
is an integer prime to b. Unless otherwise indicated, all letters denote 
integers. The letters f and g with subscripts and superscripts are used to 
denote ternary quadratic forms and (f|p)=(a|p) means that the integers 
prime to p represented by f are all of the same quadratic character mod p 
as a. We use the usual notation [a/b] for the greatest integer in a/b. The 
other notations used in this paper are explained in H. J. S. Smith’s article 
previously referred to. 

3. Lemmas. In this section we shall prove a number of lemmas. 


Lemma 1. ¢=a (mod p), a prime to p, is solvable for all and only the a’s for 
which (a|p)=(a|p) or for all a’s according as a40=8 (mod p) or aB40 
(mod 


If 8=0#a (mod the proof is obvious. Ifa 40 (mod note* that ax? 
and a—y? each take (p+1)/2 incongruent values mod # as the values of 
x and y range over all integers and that therefore, for some value of x and y, 
we have ax*=a—By* (mod p). 

Lemma 2. ¢=a (mod *) is solvable for every a prime to p if a840 (mod p). 


This follows from Lemma 1 by an elementary proof similar to that used 
in the Annals article referred to above. 


1. (mod p't!), r=0, 1, is solvable if 
aaBy #0 (mod p) for we may then take z=1 or p according as r=1 or 0 and 
ax?+By?=ap" — yz? (mod p?) is solvable. 

2. The above corollary holds for all r for f=ap’ (mod 
implies, multiplying the variables by p, that f=ap"** (mod p’+*) solvable, etc. 


Lemma 3. ¢=ap (mod #’) is solvable for every a prime to p or for none 
according as (—aB|p)=1 or —1 and in the latter case 6=0 (mod p) implies 
x=y=0 (mod p). 


Suppose ax?+8y?=0 (mod p) with both x and y prime to p. Choose x’ so 
that xx’ =1 (mod p) and have a= —8(yx’)*(mod p) which implies (—a6 |p) = 1. 


* Cf. Annals of Mathematics, (2), vol. 28 (1927), p. 333. 
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Otherwise one and therefore both of x and y are divisible by . On the other 
hand if (—a@|p) =1 there exists a solution (x1, y1) of ax?+6y?=0 (mod 9) 
with «,y,40 (mod #). Consider the set (x, y;) where i=1, 2,---, p and 
+p (mod p*). Note y? #y? (mod if and see that ax? +By? 
=0 (mod #) takes p incongruent values mod #? one of which must be 
=ap (mod 


CoROLLARY. ¢=ap" (mod p’+!), r=0, 1, is solvable for every a prime to 
if |p) =1. 

LemMaA 4. f=ax?+Sy?+ypz2=a (mod pyap) is solvable for every a if 
|p) =1. 

This is true for a40 (mod p*) with z=0 from the above corollary and thus 
is true, multiplying each variable by », for ap?40 (mod p*). This may be 
continued to prove the lemma. 


Corotiary. If (—By|p)=1 and a40 (mod 
(mod pyap) is solvable if and only if a is not of the form pn+a_1 where 
|p) = —(a|p). 

This follows from Lemmas 1 and 4 if we note that f=0 (mod /) implies 
X= px. 


Lemma 5. (mod ppap), where (mod p) and 
(—aB|p)=—1, is solvable if and only if a is not of the form p*(p'n+py-1) 
where (y-1|p) = —(v|p). 

If a is prime to ~, the proof follows from Lemma 1. Thus Lemma 5 
holds for all ap 40 (mod p+"). On the other hand f=0 (mod #) implies, 
by Lemma 3, «= px1, y=pyi, and f/p=apx? +Bpy? +72?=a, (mod solv- 
able for a; prime to if and only if (a: |p) =(y|p). This proves the lemma for 
a=a,p40 (mod ?). The congruence f=0 (mod p*) implies x=y=pz=0 
(mod p?) and f/p?=apx? +Bpy2? =a2 (mod which is solvable for a2 
prime to p if and only if (a2|p) = (y |p) and so the process may be continued. 


Coroiiary. /f (—By |p) = —1 and (mod f=ax?+Bpy?+yp2=a 
(mod ppap) is solvable if and only if a is not of the form p**(pn+a_:) where 
(a_1 |p) = —(a|p). 

Lemma 6. If aB=1 (mod 4), ¢=2a (mod 16), with a odd, is solvable if 
and only if 24=a+8 (mod 8). 

a+8=a+98 (mod 8) but they are not congruent mod 16. Thus, if 
2a=a+8 (mod 8), one of a+f, a+98 is=2a (mod 16). It is obvious that 
ax?+By2?=a+8+4 (mod 8) is not solvable. 
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Lemma 7. If a8=3 (mod 8), ¢6=4a (mod 32) is solvable for every odd a 
and ¢=0 (mod 8) implies x=y=0 (mod 2). 


The proof is similar to that above. 


Lemma 8. If aB=7 (mod 8), ¢=2"+%a (mod 2°+5), r20, is solvable 
for every odd a. 


For r=1, the proof is similar to the above. ¢=4 (mod 8) implies « =2m,, 
y=2y, and ¢/4=ax? +By? =a (mod 8) is solvable for every odd a. Thus 
¢=4a (mod 32) is solvable for every odd a. 


Lemma 9. f=ax?+By?+yz2=a (mod 8y.2) with aBy=1 (mod 8) ts solv- 
able if and only if a is not of the form 4*(8n+7) or for all a according as 
a=B=7=1 (mod 4) or not. 


If a=2 (mod 4) note that two of a, 8, y are congruent (mod 4) and, 
permuting coefficients if necessary, take a=8 (mod 4). Then a—16y or 
a—4y=a+8 (mod 8) and Lemma 6 applies to complete the proof. If a is 
odd, f=a (mod 8) is solvable unless a=8=~y (mod 4). Then aB=y (mod 8) 
implies 1=a=8=y (mod 4) and f=a (mod 8) is solvable if and only if 
(mod 8). Furthermore, ifa=8=vy (mod 4), 
f=0 (mod 4) implies x=y=z=0 (mod 2) and f represents an integer 4n 
if and only if it represents . 


Lemma 10. f=ax?+y?+2yz2=a (mod 8ya2) is solvable for every a if 
aBy =1 (mod 8) and a+8=6 or 0 (mod 8). 


This is obvious if waz is an even power of 2. Consider a=2 (mod 4). 
Then f=a (mod 16) is solvable from Lemma 8 taking z=1 or Lemma 6 
taking z=0 unless a+8=6 (mod 8) and a=a+8+4=2 (mod 8). Now 
f=2 (mod 8) implies x=22x,, y=2y,, and f=a (mod 16) is solvable for 
a=2 (mod 8) if and only if f/2 =2ax? + 2By2 +y22=a/2 (mod 8) is solvable. 
Now a+6=6 (mod 8) implies a8 =y=1 (mod 4) and thus y and y+2a+28 
=7+4 (mod 8) are =1 and 5 (mod 8) in some order. Thus f/2=a/2 (mod 8) 
is solvable, f=a (mod 16) is solvable for all a=2 (mod 4), and therefore 
f=4*a (mod 4*+) is solvable for all a=2 (mod 4). 


Corotiary. (mod 8ua2), where aBy=1 (mod 8) 
and a+8=6 or 0 (mod 8), is solvable if and only if a is not of the form 8n+3. 


If a is odd, f=7, y +28, y+2a, y+2a+28 (mod 8) is solvable and f=no 
other odd (mod 8) is solvable. If a+8=0 (mod 8), aB=y=7 (mod 8) 
and f#7+4=3 (mod 8). If a+8=6 (mod 8), aB=y=1 (mod 4) and 
f#yv+6a=a(8+6) =a(4—a) =3 (mod 8). f=1, 5, 7 (mod 8) is solvable in 
both cases. f=0 (mod 2) implies z= 22, and the rest follows from Lemma 10. 
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Lemma 11. Jf aBy=1 (mod 8) and a+8=2 or 4 (mod 8), f=ax?+By’ 
+2y2?=a (mod 8,2) is solvable if and only if a is not of the form 4*(16n +14). 

As above we consider a=2 (mod 4). Then f=a (mod 16) is solvable 
from Lemmas 6 and 7 taking z=0 and 1 respectively unless a=6 (mod 8), for 
a+B8=4 (mod 8) implies aB=y=3 (mod 8) and a+8+2y=2 (mod 8). 
Now f=6 (mod 8) implies x=2x,, y=2y, and f/2=2ax?+26y?+y2*. If 
a+f=2 (mod 8), then aB=1=y (mod 4), f/2=y+2a=a(8+2) =3 (mod 8), 
but f/2#y+6a=7 (mod 8). Ifa+8=4 (mod 8), aB=3=y (mod 8) implies 
f/2=3 (mod 8) but#7 (mod 8). Thus f=2a (mod 16) for an odd a if and 
only if a is not of the form 87+7. Noting f=0 (mod 8) implies x=y=z=0 
(mod 2), we see f=8a (mod 64) is solvable for every odd a¥47 (mod 8). So 
the process may be continued. 


Corotiary. If aBy =1 (mod 8) and a+8=2 or 4 (mod 8), f =2ax?+2By? 
+y22=a (mod 8ya2) is solvable if and only if a is not of the form 4*(8n+7). 
The proof is similar to that for the corollary to Lemma 10. 
Lemma 12. For any V7, f and its reciprocal form F are equivalent to a pair 
of forms } and ® satisfying the congruences 
= ax? + BQy? + yQA2? (mod Y), 
= + ayAy*® + afz? (mod Y), 
apy = 1 (mod Y), 
except that 7 must be taken odd if f or F is improperly primitive. 
The proof is given by H. J. S. Smith in the article previously referred to, 
pages 461 and 462. 


Corottary. For any V7, f=(a, b,c, 2r, 2s, 2t), witha prime to 7, and its 
reciprocal form F are equivalent to a pair of forms and ® above except that 7 
must be taken odd if F is improperly primitive. 


This follows from Smith’s proof if we note a prime to VY implies V odd 
if f is improperly primitive. 
Lemma 13. For an improperly primitive form f, its reciprocal form F, and 
V arbitrary (it may be taken even), there exist two forms 
fo = ax® + + (mod Y), 
= ByQAix? + ayAry? + (mod VY), 


where =1 (mod V7), aBQ=3 (mod 4), A:=A/2, the integers represented by 
f are the halves of the integers represented by f, with x=y (mod 2), i.e. the 
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halves of the evens represented by f2, and the integers represented by F are those 
represented by F, with x=y (mod 2). 

Smith’s proof of Lemma 13 carries through for this lemma to the middle 
of page 462, ibid., since f improperly primitive implies F is properly primi- 
tive and if f=(a, a’, 2b, 2b’, 2b’’) we have 
(mod VY’), V7’ being 722A. Now f, is equivalent to a similar form with a=2 
(mod 4), for if a=0=a’+2 (mod 4) we interchange x and y, while if a=a’=0 
(mod 4) the replacement of y by x+y yields a form with leading coefficient 
double an odd, since b”’ is odd. Similar reasoning shows we may consider a/2 
to be prime to Y’ since f; is primitive. Thus let a=2a=2 (mod 4), a’ =2a’, 
and choose a; so that aa:=1 (mod VY’). Then 
— (mod 27’). Now 4aa’—b’2= 2A" =3 (mod 4) where 
A” is defined in Smith’s paper. Set 8=A”a; (mod VY’) and 


2f1 = a(2x + b” ary)? + BQy? + 2yNAz? (mod VY’), 


and double the integers represented by f; are the integers represented by fe 
with x=y (mod 2). Then aBQ8=3 (mod 4) and aBy=1 (mod VY). Now 

OF, = + 2ayQAy? + — xy (mod V’), 

Fy = ByAiQx? + ayAi(2y — + (mod V’/Q), 


and the integers represented by F; are those integers represented by F: with 
x=y (mod 2). 

Lemma 14. Every properly primitive form f for which 2=2" (mod 2'1+*), 
21, is equivalent to a form f,=ax?+2"by?+ (mod 2*) where 
n is arbitrary, a is odd and b is odd or double an odd according as F is properly 
or improperly primitive. In the latter case r is odd and c even. 


This is a corollary of Lemma 12 if F is properly primitive. f represents 
primitively an odd integer a. Transform f by an equivalent transformation 
so that a is the leading coefficient. Then replace x by x+7y+02, choosing 
7 and o so the new coefficients of xy and xz are=0 (mod 2"). We have 
2riyz (mod 2*) and QF, = (b1¢1 —r2)x? + acyy?+ ab,2* 
—2r,ayz (mod 2"). Thus (mod 2"). Now 
(mod 221) implies that not all of b;, c, and 7; are=0 (mod 2''+"), Furthermore, 
both of 6,/2't=b and c,/2*'=c are even if and only if F; is improperly primi- 
tive. In this case r,;/2‘t:=r=1 (mod 2). If b=2 (mod 4) the lemma is proved. 
If c=2=b+2 (mod 4) interchange y and z to prove the lemma. If b=c=0 
(mod 4) replace z by y+z to prove the lemma. 


Lemma 15. If f=ap’(p't) is solvable, where a is prime to p, then, forn 
arbitrary, f=ap’(p") is solvable (r =0). 
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By Lemma 12 we may take f=aix?+6,y?+7i2" (mod p"). Let 
=ap"+kp” where m=r+1. We prove there exists a solution 
x=f+X, of f=ap" (mod if m+1sn. Not all of 
Bin? and ¥:f? are divisible by p"*!. Permute a,£?, Bin? and 7:f? if necessary to 
take a,é?40 (mod p’t'). Let Y=Z=0 and a:=acp', where is 
prime to p and ¢+2s<r. Take X =p”"-*-*X, and have 


f(x, y, 2) = ap” + p™k + + agp?” = ap? + p™(k + X1) 
(mod pt) 


and X, may be chosen so that k+2a¢,:X,=0 (mod p). Thus, by induction, 
we prove the lemma. 


Lemna 16. /f f=2'a(2"+*) is solvable, where a is odd, then, for n arbitrary, 
f=2ra (mod 2") is solvable. 


If f and F are both properly primitive we may by Lemma 12 consider 
f=aix?+B.y?+y12* (mod 2") and proceed as above except that m2=r+3 
and we take X 

If f is improperly primitive we have, by Lemma 13, a form f2=a:x?+/1y? 
+4y.2? (mod 2"*!), ai8:=3 (mod 4) such that the evens represented by 
are twice the integers represented by f. The primitive contravariant of fe 
is properly primitive and thus the reasoning of the first paragraph of this 
proof applies to prove fz=2’+'a (mod 2”) and therefore f=2’a (mod 2”) is 
solvable. 

It remains to consider f properly primitive and F improperly primitive. 
By Lemma 14, we may consider f=ax?+2'+?By?+ 2't2pyz (mod 2”) 
where 2 =2'+!(2'+2), Boa=1 (mod 2) and —1. Choose so that 
(mod 2"). 

First, if (mod 2") where w=2y+ 6.2, 
48 —p?=6 and the integers represented by f are those integers represented by 
fi with w=z (mod 2). We have fi(é, w, ¢)=2"a+2"k, m2r+3 and w= 
(mod 2). Let w=2%w,, where (mod 2), v, and 
Note that not all of 2v, are >r and (mod 2). 
If 2v <r take x and fi (x, w, z) =fi(é, w, +a(2"-"EX 
+ 22m-2»-2 (mod 2”*'), since 2m—2v—2=m+1 and X 
may be chosen so that fi(x, w, 2) =f(x, y, z)=2"a (mod 2”+'). If 2y>r and 
2o+tsr take x=£, (mod 2) and fi(x, w, 2) 
=2'a+2"(k+Pw,W) (mod 2+!) and W may be chosen so that fi(x, w, 2) 
=f(x, y, z)=2"a (mod 2”+'). Proceed similarly if 2» >r,20+t>r and 

Second, if t= —1, f=ax?+2By?+2yz?+2pyz (mod 2") and fe=2f=2ax? 
+6w?+ 6,62? (mod 2"*!) where w and 6 have the same values as for ¢=0, 
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8B8,6=3 (mod 4) and the evens represented by f2 are twice the integers 
represented by f. The proof proceeds in a manner similar to that above. 


Lemma 17. f=a (mod 8hy) implies f=a (mod N) is solvable for N arbi- 
trary, where h is the product of the first powers of the odd prime divisors of H 
and yu is the least integer for which a/p is an integer prime to 2H. 


Let p; be the odd prime factors common to / and N, and 7; their respec- 
tive multiplicities in NV. Then, by Lemma 15, there exist solutions (x;, y;, 2,) 
of f=a (mod #7‘). Also, by Lemma 16, there exists a solution (xo, yo, Zo) 
of f=a (mod 2*) where N=2* (mod 2*+!). Let p/ be the odd prime factors 
of N which are prime to / and s; their respective multiplicities in V. By 
Lemma 12 we may take f=ax?+fQy?+7QAz (mod p;/**), where aByAQ? is 
prime to p/*‘. Thus, by Corollary 2 of Lemma 2 and Lemma 15, there exist 
solutions x’, y/, z/ of f=a (mod p,/**). There exists, by the Chinese Re- 
mainder Theorem, an x, y and z such that x=*;, y=y;, z=2; (mod p;), x=Xo, 
Y=Yo, (mod 2°) and x=x/, y=y/, z=2/ (mod Such an y,z) 
is a solution of f=a (mod N). 


4. THEOREM. With every ternary quadratic form of Hessian H there is 
associated a set of arithmetic progressions: 


(1) 27(8n + a; )p'i(pin > aij) (n 0, = 1, + 2, -) 


such that no integer falling in any one of them is represented by f, and for every 
integer a not falling in any of (1) it is true that f=a (mod 8hyp), and therefore 
(mod N) for N arbitrary, is solvable, where p; are odd prime factors of H, 
a;; are some or all the members of a complete residue system mod pj, r and r; 
range over some or all of the positive integers and zero, a;' are some, none or all 
of 1, 3, 5 and 7, his the product of the first powers of the odd prime factors of H 
and yp is the smallest positive integer for which a/p is an integer prime to 2h. 


The Hessian H and the progressions (1) serve to define the genus and to 
determine the order and invarianis 2 and A of the form: i.e., all forms of 
the same Hessian and having the same progressions (1) associated with 
them are of the same genus and order and have the same invariants 2 and A 
and, conversely, all forms of the same genus and order and having the 
same Hessian, 2 and A, have the same progressions (1). The forms of (1) 
are more precisely given below in the course of the proof. 

I. We first prove, for a given form f, the existence of certain progressions 
(1) having the desired properties and which, together with H, determine by 
their nature the invariants A and Q and whether F and f are properly or 
improperly primitive. 
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For an odd prime factor » of H we use Lemma 12 to see that we may 
take f=ax?+8Qy?+~72Az? (mod p*) where ¢ is the highest power of p in H. 
We shall use the following abbreviations: fNa denotes: f represents no 
integer of the form a; fCa denotes: for every integer of the form a, f=a 
(mod pyuap) is solvable. The above congruential form of f shows, using 
Lemma 1, 


f{C(pn + a), ie. FCp?*(pn + a); a prime to p if 240 (mod ), 
(pn + a1), fC(pn+ an), fCp?*(pn + on), where 
(a_1| p) = —(a| p) and (a|p) = (a| p), if 29=0 (mod 


In the latter case to find the power to which # occurs in Q, we note 
f=0 (mod implies x= px, and f/p = pax? +By*Q/p+yAz?Q/p (mod 
which represents an integer prime to # if and only if 240 (mod #’). If 
2=0 (mod f/p?=ax?2 +By?Q/p?+yA2Q/p? (mod pt”), and f/p?=a_1 
(mod p) if and only if 240 (mod p*). So continuing we have, taking ¢, 
to be the highest power of f in Q, 


_{Np**(pn + a1), s=0,1,---, [(—1)/2]; 
f{C(BQ) and, if is even, fCp*(pn + a). 


This shows the existence of certain progressions (1). Then, given these 
progressions, we can determine ?¢, as follows: find the least odd power 27:+1 
of » such that for some integer } prime to p, p?"'+4b does not occur in (1) 
and the least even power 2s, of p for which p?*!(p2+a_,) does not occur in (1). 
Either 27,+1 or 2s; or both are finite, for if t; is odd, fC(82) and BQ/p" 
is an integer prime to p. ¢, is the lesser of 27,+1 and 2s, for fCp*s(BQ/p*) 
if ¢; is odd. 

To determine the greatest power 4: of 2 occurring in Q as a factor if f is 
properly primitive, we use Lemma 14 and consider f=ax?+2'\by?+ 2'1c2? 
(mod If ¢; 22, f=0 (mod 2) implies x =2x, and f/4=ax? 
(mod 2!+*). So proceeding we have 
fort, even, = ax? + 16by? + 16cz* + 32ryz (mod 128) if = 

f/2%-* = ax® + Aby? + 4c2? + 8ryz (mod 32) if = 
f/2% = ax® + by? + 2? + 2ryz (mod 8); 
for ¢; odd, f/2*-3 = ax® + 8by? + 8c2? + 16ryz (mod 64) if #; = 3, 


= + + 2cz* + 4ryz (mod 16) if #; = 1. 
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Let s; be the least value of s for which f=4*(a+4) (mod 8-4*) is solvable 
and s- the least value of s for which f=4*(a+2) (mod 8-4*) is solvable for 
some integer a represented by f. Inspection of the above, taking into account 
the conditions of Lemma 14, gives the following table: 


t, even, F p.p. treven,Fi.p. todd, F p.p. odd, F 


or =25,=0 2h 


259 => =h 


p-p. and i.p. are abbreviations of “properly primitive” and “improperly 
primitive” respectively. 

The above table shows the existence of certain progressions (1). Given 
the progressions we note that F can be improperly primitive only if A is 
odd, i.e. only if ¢ (the highest power of 2 in H) is even and t;=?t/2. The 
numbers 2s; and 2s2 can be found from progressions (1). 

If 042s,;=2s2 we have only the second and third columns of the table 
to consider and see that 2s.=¢, or t;—1. If t=4s_ then ¢;=2s, and F is im- 
properly primitive, for if 2s,.=?,;—1, 4se=2t,—2<t. If t#4se, F is properly 
primitive and t;—1=2s.. 

If 0+2s,<2s2, we see from the first and fourth columns that 2s;=?t,—2 
or 4,—1. If ¢=4s,+2 then ¢;=2s,+1 and F is improperly primitive, for 
t;—2=2s, implies 4s,+2=2t,—2<?t. If t#4s,+2, F is properly primitive 
and 2s1=t,—2. 

If 2s:=0 note that H40 (mod 4) implies t:=0. We consider below 
only H=0 (mod 4). 

If 2s,=0=2s. and H=0 (mod 4) we have to consider the first and third 
columns, for, if the second held, 0=t,, H=0 (mod 2) and F would be im- 
properly primitive, which is impossible. Thus F is properly primitive, 
0=2,,?,—1, or ¢;—2 and, using Lemma 12, we may take f=ax?+6Qy?+72A2? 
(mod 8) and note that ¢;=0 and H=0 (mod 4) implies A=0 (mod 4). In- 
spection of the three cases gives the following table: 


ty Progressions (1) contain 
4n+2 or 4n+3v but not both 


neither 42+2 nor 4n+3v 
4n+2 and 4n+3p 


where v is an integer such that f=v (mod 4) is solvable. Thus the value of #, 
may be determined from the form of progressions (1). 


=t,-—1 
=h-1 

| 
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If 2s; =0<2s2 and H=0 (mod 4) we have to consider the first and fourth 
columns and see that ¢,;=0 or 2 and F is properly primitive or ¢;=1 and F is 
improperly primitive. If ¢:=2, H=0 (mod 16) while, if ¢;=1 and F is im- 
properly primitive, A is odd and thus H =4 (mod 8). We have the following 
table: 


ty F H Progressions (1) contain 


p-p. =0 (mod 4) 4n+2 or 4n+3v but not both 
p-p. =0 (mod 16) 4n+2 and 4n+3v 
i.p. =4 (mod 8) 4n+2 and 4n+ 3p 


where v is an integer such that f=v (mod 4) is solvable. Thus, in this case, 
the value of ¢, and whether F is properly or improperly primitive may be 
determined from H and the progressions (1). 

f is improperly primitive if and only if 2x+1 occurs in progressions (1). 
Here ¢,=0. 

Thus progressions (1) determine not only ¢,;, the highest power of 2 con- 
tained in 2, but whether F and f are properly or improperly primitive. 

II. After 2 and A have been determined by the above process we must 
exhibit the progressions (1) and show that the genus is determined by them. 
Since, for any odd prime factor p of H, the progressions (1) determine the 
quadratic character with respect to p of the integers represented by the form, 
it remains to show that the progressions (1) involving a particular p de- 
termine the quadratic character with respect to p of the integers represented 
by F. We exhibit the progressions (1) and show their relation to the character 
of the integers represented by F. 

Consider f to be of the form of ¢ in Lemma 12 with V = p*‘+! where ¢ is 
the highest power of » in H. For any a we use a_, to denote any a_, for 
which (a_;|p) = —(a|p) and a is any integer prime to p. 

A. If p is prime to Q, it must divide A. Then from the form of f and 
Lemma 1 we see f=a (mod #) is solvable for every a prime to p and there- 
fore f=ap” (mod p+) is solvable. Let A/pt=A’#0 (mod 6). First if 
(—aBQ|p)=1 the first row in the table below results from Lemma 4 and 
(F|\p)=(e8|p). Second, if (—aB2|p)=—1 we see from Lemma 3 that 
f=0 (mod p) implies «=px,, y=py. and f/p=apx?+Bpy? 
(mod ‘), which represents integers prime to p if and only if A40 (mod #?) 
when we use Lemma 5. If, on the other hand, A=0 (mod p?) we have 
f/pP?=ax? +BQy?2 +yQAz2/p? (mod pt) and f/p?=pa (mod p?) is solvable 
for every a prime to p if and only if A440 (mod p*) from Corollary 1 of 
Lemma 2. This process may be repeated until we have the results below: 


0 
2 
1 
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(—aB2 |p) Progressions (1) involving p (F |p) 


1 none (—Q|p) 
p**ta, r=0, [(¢—2)/2] if #22 —(—2|p) 
and, if is odd, 


where (a; |p) = — (yQA’ |p) = —(aBQA’ |p) =(—A’ |p) and ais prime to p. The 
character of the progressions thus determines (F |?). 

B. If Q=0 (mod fp"), t:>0 and Q/pt:=2’40 (mod p), we have A=0 
(mod and A/p'-*41 =A’ 40 (mod p) where t— 2,20. Now f=0 (mod p) 
implies x = px, and f/p=pax? +By?Q/p+yAzQ/p (mod p*‘) and f/p repre- 
sents integers prime to p if and only if 240 (mod #2). If Q=0 (mod #%), 
f/P?=ax? +B Qy?/p?+7Az2Q/p? (mod pt'). So continuing we have 

if t; is even, f/pt: = ax’? + BQ’ y? + yO’ Az? (mod 


and 
if is odd, = pax’? + BQ'y? + (mod 


First, if t=2t,, (F|p)=+1 and the progressions (1) are p*(pn+a_,), 
p**+1a, where the second progression occurs only if #:>1, where s=0,1,---, 
[(t:—2)/2] and, if t, isodd and (—ByA |p) =(—aA|p) =—1,r=0,1,2,---. 
Otherwise r=0, 1, 2,---, [(t:—1)/2]. 

Second, if ¢>2t, set t2=t—2t,>0. Note that, if ¢, is even and (—a@0’ |p) 


= —1, it is true that f/ptt=0 (mod p) implies x’=px2, y=pye and 
= pax? +BQ’ py? +yA0'2*/p (mod pt"). Also if is odd, f/p't=0 (mod p) 
implies y= py, and py? +y0’/Az?/p (mod So con- 
tinuing we have 

If 4, is even 
(—aBQ’ |p) Progressions (1) involving p (F |p) 


1 (pn+a1), s=0,1,---,h/2-1 (— 2’ |p) 
—1 and if h is odd, p*+(pn+a,) 


where in the second row s=0, 1,--- , [(¢—t:—2)/2] and (a:|p) = —(y’A’) 
=(—A’|p). In both cases r=0, 1, - - - , t:/2—1. It should be noted that the 
progressions in the first and second rows are not the same even if f2 is even 
for t,/2—14(t—t,—2)/2. 
If t, is odd 
Conditions Progressions (1) involving (F |p) 


treven,(—aA’|p)=1 p*(pnta_s), p* +a, —(—aA’Q’ |p) 
tp even, (—aA’|p)=—1 p™*(pn+a_s), (—a,A’2’ |p) 
todd, (—a:A’|p) =1 p*tta, p*+(pnta) —(—ad’Q’ |p) 
todd, (—aA’|p) =—1 p*(pn+a4), p* ta, |p) 
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where r=0, 1,---, [(t—t:—1)/2], s:=0, 1,---, [(¢—-t:-—2)/2] and 
s=0, 1,---, (t:—3)/2, the progressions in s being excluded unless ¢,23, 
|p) = (82 |p) = |p) = (aF 2’ |p), (F |p) is determined from the pro- 
gressions by the above tables. 

III. We find completely the progressions (1) involving 2 and show that 
H, A, Q, together with the progressions (1), determine the complete generic 
character of f. 

If f and F are properly primitive we use Lemma 12 and have 


A’f = ad’x? + BA/Qy? + yQA"2? (mod 82’'A’’), 
= ByAQ" x? + ayAQ’y? + (mod 8A”), 
where (mod 8A”), 0/2", A=A’A”, A” and Q” being the greatest 


powers of 2 dividing A and Q respectively. Let a’ =aA’, 8’ =B8A’0’, and 
yy’ =7 and then replace a’, 8’, y’ by a, B, y respectively to get 


A’f = ax? + BQ" y? + yQ"A"2? (mod 827A”), 
= + BA” y? + aby =1 (mod 8). 
A. If O404A (mod 4), and both f and F are properly primitive, the 
generic character involves a symbol W defined in Smith’s article. In his 
paper the generic character is given for the four cases in terms of this V. 
If H is odd we use Lemma 9 and referring to Smith’s discussion, pages 
465, 466, we have the following table: 
Progressions (1) involving 2 Vv 


None +1 
4*(8n+7A’) —1 


If 2” =2, A’ =1, we abbreviate Smith’s notation (—1)“"-»/8 to read 
(2|f), etc., and see from his case ii, page 466, that f4#3A’ (mod 8) implies 
(2 |f)¥ =(2|A) and f#7A’ (mod 8) implies (2 |f)¥ = —(2|A). Thus, using the 
corollaries to Lemmas 10 and 11, we have the following table: 


Progressions (1) 
B+~7=(mod 8) involving 2 Character 


6 or 0 8n+3A’ (2 |f)¥=(2|A) 
4 or 2 4*(8n+7A’) (2 |f)¥=—(2|A) 


If 2’=1, A” =2, we have similarly 
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Progressions (1) 
a+ 6=(mod 8) involving 2 Character 


6 or 0 None (2 |F)¥ =(2|Q) 
4 or 2 4*(16n-+14A’) (2 = —(2]9) 


for if a+8=0 or 6 (mod 8), QF represents no 8v+3 and if a+8=2 or 4 
(mod 8), QF 47 (mod 8). 


If A” = Q” =2 we note case iv in Smith’s article on pages 465 and 467 
and that A’f=0 (mod 2) implies x = 2x;. We have the following: 


Progressions (1) 
a+y=(mod 8) involving 2 (2|f)(2 |F)(2 |A’)(2 | 


0 or 6 16n+6A’ +1 
2 or 4 4*(16n+14A’) 


This may be deduced as follows: (2 |f)(2|F)(2 |A’)(2 | Q’)W = (2 |fA’)(2 |FQ’)v 
=(—1)’, referring to page 465 of Smith’s article, where v= (A’”m?+ Q”M? 
+20/M = { (A’m+ +1)?—1}/8. Then, taking for 
A’m and ’M the first pair of values given on page 465: a, y, we have 
v={(a+y+1)?—1}/8 (mod 2). 

B. If 2” =1 and A=0 (mod 4) with f properly primitive, using the 
lemmas and the forms given at the beginning of section III for A’f and 0’F, 
we obtain the following table: 


at+B= Q’F =(mod 8) 
a” (mod 8) Progressions (1) involving 2 only 


4 0 or 4 4n+2 3,7 
2 or 6 4n+3aA’ and, if«=1 (mod 4), 
4*(8n+7A’) 
4n+2 
4n+3ah’, 8n+6A’, 4*(167+14A’) 
4n+2, 4*(162+14A’) 
6 4n+3aA’', 8n+2A’ 
8-47,7>0 0 4n+2 
8-4",7>0 2,4,or6 4" times the values given above for 
A’’=8 where r=0,1,---,7 
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If A’ =4-4",7>0, we have the following table: 


Q’F =(mod 8) 
a8 = (mod 8) Progressions (1) involving 2 only 


7 4n+2 7 
5 4'(4n+3ad’), 4*(8n+2aA’) and, if 
a=1 (mod 4), 4*(8”%+7A’) 5 
4"(4n-+2) 3 
4°(4n+3ad’), 4*(8n+6aA’) and, if 
a=1 (mod 4), 4*(8”%+7A’) 1 


where r=0, 1,---,7 and s=0,1,---,7-—1. 

C. If 2” =2 and A=0 (mod 4), f and F are properly primitive. In the 
first line of the table note that a=8 (mod 4) and a=1 or 3 (mod 8) implies 
that 8+y=2 or 4 (mod 8) to find the progressions (1). A similar situation 
exists for the rest of the table. If A’ =4, we have the table following: 


YF= 
Conditions on a and 8 Progressions (1) involving 2. (mod 8) 
only 


a=B (mod 4),a=1o0r3(mod8) 8#+5A’, 4*(8n+7A’) 1,5 
(mod 4),a=S5or7(mod8) 8n+A’,8u+3A’, 1,5 
a=38 (mod 4),a=3o0r5(mod8) 8n+A’, 4*(87+7A’) 
a=38 (mod 4),a=1lor7(mod8) 8n+3A’,8u+5A’, 4(8n+3A’) 3,7 


Thus if f#v or 3v (mod 8) for some odd », only 2’F=1 or 5 (mod 8) is 
solvable, while f#v or 7v (mod 8) implies that only 2’F =3 or 7 (mod 8) is 
solvable. 

If A’’=8, the multiples of 4 in progressions (1) are 4 multiplied by the 
progressions (1) given under the heading 2’. =2=A”. The remainder of the 
progressions are given below: 


0’F =(mod 8) 
aB=(mod 8) Progressions (1)40 (mod 4) but involving 2 only 
27(8n+5ad’), 2"(8n+7ad’),r=0, 1 
8n+5ad’, 8n+3ad’, 16n+2ad’, 16n+14adA’ 
8n-+5aA’, 8n-+7aA’, 16n+2aA’, 16n+60d’ 
27(8n+3aA’), 


Thus the third column is related to the second. 
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If 
A” =0 (mod 16) 


the progressions (1) which are 40 (mod 4) and the corresponding character 
of 2’F are given by the table above for A” =8. If 


A=4-4", r21, 


the progressions (1) involving 2 and divisible by 4 are 4* multipled by the 
odd progressions given in the table above for A” =8, 4°: multiplied by the 
progressions=2 (mod 4) for A” =8, and 4* multiplied by the progressions for 
A” =4 where s=1, 2,---,7, andifr>1, s,=1, 2,---, 7-1. If 


A” =8-4", 


the progressions (1) divisible by 4 are those given above for A” =8 multiplied 
by 4*, s=1, 2,---, 7, together with those for =A’ =2 multiplied by 
D. A” =1, 2=0 (mod 4) and F properly primitive. If 2’’=4, we have 


a=(mod 4) Progressions (1) involving 2 Q’F =(mod 8) only 


1 4n+2,4n+3A’ and, if 8=y=1 (mod 4), 
4*(8n+7A’) B, 58 
4n+2, 4n+A’ 1,3,50r7 


If 2” =8 we have the following table: 


B++y=(mod 8) Progressions (1) involving 2 Q’F =(mod 8) only 


6 4n+2, 4n+3A’, 8n+5ad’, 4(8n+3A’) —(2 |e), —5(2 |a) 
2 4n+2, 4n+3A’, 8n+5ad’, 4*(8n+7A’) (2 |x), 5(2 |e) 
4 4n+2,4n+A’, 4*(8n+7A’) 1,3,50r7 

0 4n+2,4n+A’, 4"(8n+3A’),r=0,1 1,3,50r7 


If Q’’=4-4", r=1, the progressions (1) involving 2 are the above for 
Q’’=4 multiplied by 4", where r=0, 1,---,7, and 4*(8%+5aA’), where 
s=0,1,---,7—1. The character of 2’F is determined as for Q” = 4. 

If 2’’=8-4* the progressions (1) are the above for 2’’=8 multiplied by 
4" where r=0, 1, - - - ,7, and the character of ’F is determined as for 2’ =8. 

E. A’ =2 and 2=0 (mod 4). We have the following table: 
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a= 
a=(mod 8) (mod 4) Progressions (1) involving 2 (mod 8) 
only 


4n+3A’, 4n4+2 5,7 
4n+A’,4n+2 1,7 
4n+3A’, 4n+2, 4*(16n+14A’) 1,3 
4n-+A’, 4n+2, 4*(16n-+14A’) 3, 5 
4n+3A’, 4n+2, 8n+5aA’,4(16n+6A’) Sa, 7a 
4n+A’,4n+2, 8n+5aA’, 4(16n+6A’) a, 7a 
4n+3A’,4n+2, a, 3a 
4n-+A’, 4n+2, 3a, 5a 


6—Bor—B 
6—Bor—B 
2—Bor4—8 
2—Bor4-—8 
6—yor—y 
2—yor4—y 


2—yor4-—y 


If 2=0 (mod 16) the same discussion applies as for case D. 

F. If A” t;>2<ts, the progressions (1) involving 2 are 
47(4n+2), 4°(4n+3ad’), 4*(8n+5aA’) and 4° multiplied by the progressions 
given for A’ = 2't=0 (mod 4) and 2” =1 or 2 according as ?, is odd or even, 
where r=0, 1,---, [(t:—2)/2], r= [t:/2], and s=0, 1,---, [(t:—3)/2], 
the progressions in s being omitted if ¢; =2. 

The character of F is determined as for A” =2*? and 2” =1 or 2 according 
as ft; is odd or even. 

G. Since F has no character with respect to 2 if improperly primitive, 
it remains to consider f improperly primitive but F properly primitive. Now 
f is improperly primitive if and only if 2%+1 occurs in progressions (1). 
Then 2=1#A (mod 2). We use Lemma 13 to obtain 


A’ fe = aA’ x? + BA’Qy? + (mod 8A”), 
QF = ByA,x? -+- ayA,Qy? + aBQs? (mod 8) 
where a8BQ=3 (mod 4) and x=y (mod 2). (A,”=A"/2.) 


Let a’ =a’, =BA’Q, and replace a’, B’, y’ by a, B, y respec- 
tively, and 


A’ fe = ax? + By® + y2? (mod 8A”), 


QF, = x? + y? + y2? (mod 8), 


with x=y (mod 2), a8=3 (mod 4) and aBy=1 (mod 8). From Lemma 13 
the integers represented by A’f are the halves of the evens represented by 
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A’f. with «=y (mod 2) and the integers represented by QF are those repre- 
sented by QF, with x=y (mod 2). 

If t2=1, ie. A/’ =1, no progressions (1) involving 2 occur except 2n+1 
and QF =a (mod 8) is solvable if and only if a=3 (mod 4). 

If ¢,=2, the progressions (1) involving 2 are 2n+1 and, if a8 =3 (mod 8), 
4*(8n+7A’). The congruence QF=a (mod 8) is solvable if and only if 
(mod 8). 

If #2>2 and aB=3 (mod 8) progressions (1) involving 2 are 4*(2n+1) 
and, if is even, 4*(87+7A’),r=0,1,---, [(t—1)/2]. Only =3 (mod 8) 
is solvable. 

If t2>2 and aB=7 (mod 8), the progression in (1) is 27+1 and only 
QF =7 (mod 8) is solvable. 

IV. We have thus found associated with every prime factor of 2H pro- 
gressions (1) such that for every integer a not contained in a progression 
involving an odd prime # it is true that f=a (mod py,,) is solvable and for 
every integer a not contained in a progression involving 2 it is true that 
f=a (mod 82) is solvable. Thus if a is included in none of (1) it is true 
that f=a (mod 8h) is solvable. Also we have shown that these progressions 
determine the invariants A and Q, the order and the genus of the form. 

Conversely the invariants H, A and Q together with order and generic 
character determine the progressions (1). This may be proved by inspection 
of the results listed above or from the theorem proved by Smith (pp. 480 ff.) 
that two forms of the same genus and order and having the same H, 2 andA 
may be transformed one into the other by a rational transformation of 
determinant 1, the denominators of the coefficients being prime to 2H. 

5. Examples. We apply this new definition of genus to the set of re- 
duced properly primitive forms of Hessian 18.* 

Consider the form f=2?+3y?+6z*. Using the corollary of Lemma 4 we 
see the progression (1) involving 3 is 3n+2. From Lemma 11, the progression 
(1) involving 2 is 4*(16”+14). 

Consider the form g = 2x?+3y*+4z?—2yz—2xy. We have 10g = 5(2*—y)? 
+(5y—2z)?+ 362? and the integers represented by 5g are the halves of the 
multiples of 10 represented by g’ =5X?+ Y?+362?, for g’=0 (mod 5) implies 
Y?=42? (mod 5) and the sign of Y may be so chosen that 5y—2z=Y is 
solvable for y while g’=0 (mod 2) implies X = Y (mod 2) and thus 2x—y=X 
is solvable for x. Now, by Lemma 4, no progressions involving 3 occur in (1) 


* See Eisenstein’s table, Journal fiir Mathematik, vol. 41 (1851), p. 170. 
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for g’ and therefore for g. By Lemma 6, no 4n+2 occurs in progressions (1) 
for g’ and therefore no 2m+1 in progressions (1) for g. The condition 
g’=0 (mod 4) implies X =2X,, Y =2V,, and g’/4=5X2+Y2+4+92*, and thus, 
using Lemma 9, g’/4 represents no 4*(167+6)/2 and the progressions (1) for 
g are 4*(16”+14). 

The other forms are similarly dealt with. We have the following table: 


Form Progressions (1) 


(1, 1, 18) On+3, 4*(16n +14) 
(2, 2, 5, 0, —2, 0) On+3, 4*(16n +14) 
(1, 2, 9) 4*(16n+14) 
2.34, -2,6 <2) 4*(16n+14) 

(1, 3, 6) 3n+2, 4*(16n+14) 
(2, 3, 3) 9*(3n +1) 


The first and second forms are of the same genus, also the third and fourth. 
Each of the last two forms represents the only class in its genus. 
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THE REGULARITY OF A GENUS OF POSITIVE 
TERNARY QUADRATIC FORMS* 


BY 
BURTON W. JONESt 


1. Introduction. L. E. Dicksont{ has defined a positive ternary quadratic 
form f to be regular when the integers not represented by the form f coincide 
with certain arithmetic progressions. 

The methods previously used for proving a form regular have been chiefly 
modifications$ of a method used by Dirichlet|| for the form x?+y?+2? to- 
gether with certain elementary methods by which results for one form have 
been derived as corollaries from those of another. Now Dirichlet’s method 
or modifications of it may be applied only when there is but one form in the 
genus or when it can otherwise be proved that all the integers represented by 
the forms of a genus are represented by one form. Heretofore it has been 
necessary to carry out a Dirichlet type of proof for each separate form or very 
restricted set of forms unless the proof could be referred back by elementary 
means to previous results for other forms, that is, with the exception of two 
cases when elliptic functions have been used. 

In this paper it is proved that the integers represented by all of the forms 
of a genus coincide with the positive integers in certain arithmetic progres- 
sions, i.e., a form f of genus G is regular if and only if f represents all the in- 
tegers represented by every form of G. Using this result in the case of any 
form f, in order to prove f regular, it is necessary merely to show that there 
is only one class in the genus of f or that every integer represented by a form 
of the genus is represented by f. Similarly this establishes a new criterion for 
irregularity. Furthermore the form of these progressions in terms of the 
generic invariants is given by the author in his previous paper. 

Examples are given at the end of this paper. Throughout this paper f 


* Presented to the Society, December 30, 1930; received by the editors in July, 1930. 

National Research Fellow. 

t Annals of Mathematics, (2), vol. 28 (1927), pp. 333-341. 

§ See Annals of Mathematics, ibid.; Bulletin of the American Mathematical Society, vol. 33 
(1927), p. 63. 

|| Journal fiir Mathematik, vol. 40 (1850), pp. 228-32. . 

§| For the definition of genus see H. J. S. Smith, Collected Papers, vol. 1, pp. 455-509, and 
A new definition of genus for ternary quadratic forms by the author, in the present number of these 
Transactions, referred to in this article as “the previous paper.” L. E. Dickson in his definition of 
genus (Studies in the Theory of Numbers, p. 52) omits certain of Smith’s generic characters because 
of their redundancy. It is immaterial in this paper whether Dickson’s or Smith’s definition is used. 
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denotes a primitive positive ternary quadratic form. In the opinion of the 
author, this discussion could be easily modified to include indefinite forms, 
also, but he has refrained from doing this in order to avoid possible duplica- 
tion with a paper on indefinite forms by Mr. Arnold Ross soon to appear in 
the Proceedings of the National Academy and Sciences. 

2. Lemmas. We shall first prove some elementary lemmas. 

Lemma 1. If a; is any integer primitively represented by a primitive form 
f=(a, b, c, 2r, 2s, 2t), f =ax?+by?+cz*+ 2rys+ 2sxz+ 2ixy, f is equivalent 
to a form with leading coefficient a. 

This has been proved elsewhere but the proof is so simple that it is given 
here for completeness. 

Suppose a primitive solution of f=4a; is (%1, yi, 2:). Let =g, the 
g.c.d. of x; and y,, and choose integers u and v such that x,.v—y,u=g. Then g 
is prime to 2; since the solution is primitive and there thus exist a k and an n 
such that gk —zi§n=1. Then the transformation 


x= + + xinZ/g, y = yiX + + yimZ/g, = + kZ 


is of determinant 1, has integral coefficients, and takes f into a form with 
leading coefficient a. 


Lemma 2. For any prime q and any positive integer k, the replacement of 2 


by z+71y and then y by y+722 in f = (a1, b, c, 2r, 2s, 2t) yields, for a proper choice 
of and (mod q*), a form 
f’ = (a, c’, 2r’, 2s’, 


with s’=t' (mod q*). 

If we subject f to such a transformation, we see the coefficient of x? re- 
mains unaltered, ¢’ =t+-s7, and s’ =t7r2+s(1+7172) =72(¢+s71) +5. If sis prime 
tog, take (mod g*) and have s’=s (mod q*). Then 7; may be chosen 
(mod g*) so that t’=t+s7,=s (mod q*). If ¢ but not s is prime to qg, proceed 
similarly. If s=0=¢ (mod q) and k>1, replace s, s’ and above by s/q, 
t/q, s'/q, t'/q respectively, and prove in precisely the same manner that 7; and 
may be so chosen that s’/g=t’/qg (mod gq*-!) unlesss=f=0 (2nod g?) and 
k>2. This process may be continued until the proof is complete. 

Consider a form f = (a, 6, c, 27, 2s, 2#). Transform it first by 


(1) y= y, 2 =32, 
and have 
f’ = ayx!? + (ayr? + 2tr + b)y? + (ayo? + 2s0 + + 2(r + aire + to +57) yz 
+ 2(ayo + s)xz + 2(air + 
= + + c's? + 2r' yz + + xy. 
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Let \ =(s’, ¢’) and transform f’ by 
(2) =x’, y=ay’ + Bs’, = yy’ + 52’; 
where 
(3) a=—s/, y=t/n, 
and £6 and 6 are chosen so that 
(4) ad — By = 1. 
This yields 
ayx!? +! y!? + + + where b” = ab! + y2c' + 2r'ay. 


Let 2 denote the g.c.d. of the literal coefficients of the form adjoint to f, i.e. 
the g.c.d. of be—r?, ayc—s?, a,b—t?, st—ayr, rt—bs, rs—ct. Let q be 2 or any 
odd prime factor of the Hessian H of a primitive form f=(a, b, c, 2r, 2s, 2) 
and ¢ the highest power of g occurring as a factor of H. We prove 


Lemma 3. If a:140 (mod g) and Q=0 (mod g*) but 240 (mod g*t?), 
where wis a positive integer or zero, it is true that r, and Tr, in Lemma 2 and r anda 
in (1) may be so chosen modulo q or a power of q that (2) yields a form f” with 
b”’=r'’=0 (mod but b’40 (mod where x =2 or 1 according as q 
zs even or odd. 


First note that 2, being an invariant under transformations (1) and (2), 
is a divisor of a,b’’ and a,r’’, thus showing b’” =r""=0 (mod g*). From Lemma 
2 we may consider the following congruence to hold: #=s (mod qg*+?). Note 
that 2w<e. 

Now if ab4# (mod choose 7 so that (mod 
and so that a0+s=s’40 (mod q). Then y=0 (mod and 6” 
=a?(ay7?+2tr+b) =a2(tr+b) 40 (mod since a;(t7-+b) = 40 
(mod If (mod the proof is similar. 

If ab=a,c=t? (mod zq*t!) and (mod g*t'), choose and so 
t'=s'=0 (mod anday#0 (modq). Then b” =a*(tr+b)+7%(to+c) 
—2(r+sr)ay=—2(r+ir)ay40 (mod 

Finally (mod implies 2=0 (mod g*+') which is 
contrary to hypothesis. 


Lemma 4. Jf a:=0 (mod g*:) where w,=1, 240 (mod q) and q is 2 or 
an odd prime factor of H, then, for the proper choice in (1) of r and o and 7; 
and tT, in Lemma 2 modulo q or a power of q, (2) yields a form f” with b’ 40 
(mod rq*:+!) where x =2 or 1 according as q is even or odd and a,40 (mod g*'*"). 


From Lemma 2 we need consider only s=¢ (mod g**:+*). Then suppose 
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s=t=0 (mod g*:) where w is the greatest integer for which the congruence 
holds. 

First: w.=w,>0. If 640 (mod q) choose 7 and o so that a#0=y¥ 
(mod q). Then b”=a*h40 (mod gq). Proceed similarly if ¢#0 (mod q). 
If b=c=0 (mod q) we know r#0 (mod q), since f is primitive, and, 
choosing thatsoay#0 (mod g) we have =2ray40 (mod gq) unless 
g=2. If b+c=0 (mod 4), choose o and 7 divisible by 4, and so that ay is 
odd, and have b’=b+c+2r=2 (mod 4). If b+c=2 (mod 4) and bd and 
¢ are even, we complete the proof for w,=w,>0 as follows. 

(1) Ift=0=6+2 (mod 4) take 7 so that y=a,:r+t=0 (mod 4) anda 
so that a is odd, and see b’’=tr+b=2 (mod 4). Make y odd and a=0 
(mod 4) ifc¢=2 (mod 4). 

(2) If t=2=a, (mod 4) and b=0 (mod 4), take 7 odd and o even, 
have a odd, y even and b’’=a,=2 (mod 4). Taker even and a odd if c=0 
(mod 4). 

Second: w,=0. Noteay#0 (mod q) and let w; be the greatest integer 
for which b+c—2r=0 (mod g*s). If take r=c=0 (mod g*s+!) so 
thata=—y (mod g*:*!), and have =a*(b+c—2r)40 (mod If 
wi<w3, take (mod g*:*!), and have b” 
+tr)ay (mod g*:+!), Noting y\=t+air and aA=—t (mod q*:*!), where 
is prime to g, we have —tr+2(c—r)} (mod q*:+!) and may 
be chosen prime to g so that #0 (mod 

Third: w,>w2>0. Noteay40 (modq). Ifw;<Swi—w.+7 take r=c=0 
(mod g*:-#:+*), so thata=—y (mod g*:~*:+8), and have 6” =a?(b+c—2r) 
#0 (mod i.e.b’ 40 (mod If w3>wi1—w2+7, note that 
(mod q), since b+c—2r=0 (mod g) and b=r (mod g) would 
imply c—r=be—r?=2=0 (mod q) contrary to hypothesis. Now take o=0 
(mod g*:+*:+%) and have, as in the paragraph above, b’’\?/q?*:=tayr(—ér 
+2 c-r } (mod 

Now if g= an odd prime, the first member on the right of the last con- 
gruence is =2rta,(c—r)/p2*: (mod p*:~*:+!); and the second =0 (mod 
p*:-*2t1) since 2w,—2w2.2w:—w2+1. Thus, taking r40 (mod p) we have 
(mod p*:-*:t'), ie., (mod p+"), 

If g=2 we have c—r=1 (mod 2), and thus b” =A -2¢:7?+ Br-2e:-est! 
+(Cr?-22#:-2#: (mod 2°:+3-«:), where AB is odd and C=c (mod 4). Call 
C=2 (mod 2¢+!), w;=0. Then 7 may be chosen so that b’40 (mod 
as follows. 

(1) If one of w;—w2+1, wi, 20: —2w2+, is less than the other two, r=1 
(mod 2¢:+3-+2), 
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(2) If w:—we+ 1 S 2w; — 7 may be chosen odd so that 7A+B 
=2 (mod 4) or =0 (mod 4) according as 2w:—2w.+w, 2w:+2 or not. 

(3) If — 2we+ws<w1, we have w,=0, = 1+, and choose 
7 odd so that 7(B+Cr)=2 or0 (mod 4) according as w,;2w:—w.+3 or not. 
Now 2a; is impossible since w;—w2+w,21. This com- 
pletes the proof if we note w.+3—w2Sa+2. 


THEOREM 1. Any form f of Hessian H representing primitively an integer 
a, prime to Q is equivalent to a form f=a\x?+by?+cz*?+2ryz+2sxz with 
b=QmB, where m=mymz, m, being prime to Q and a divisor of a, and therefore of 
H, or 2, 8 prime to 2a,H, and c=s=r=0 (mod Q). (Q is defined just 
preceding Lemma 3.) 


Since the choice of 7 and o in Lemmas 3 and 4 and 7; and 72 in Lemma 2 
is purely congruential mod g or powers of g for each q, a choice of 7 and a, 
7, and 72 simultaneously fulfilling the requirements for every q (2 or a prime 
factor of H) is possible in Lemmas 2, 3, and 4, thus proving that we can make 
b=Qm6 as in the theorem. By Lemma 3 we have r=0 (mod Q). To make 
s=0 (mod 2) after the other conditions of the theorem, except for that on 
c, are satisfied, replace x by x+72z, note that the coefficients of x* and of the 
terms in y remain unaltered and that the coefficient of 2xz becomes a;r+s. 
7 may be chosen so that ai37-+s=0 (mod Q). Thus we may consider s in f 
to be =0 (mod Q). Then ac—s?=0 (mod Q) implies c=0 (mod Q) and 
the proof is complete. 

3. Consider the forms f=(a, b, c, 2r, 2s, 0) and f’ =(a’, b’, c’, 2r’, 2s’, 0) 
of the same Hessian H. Let the adjoints of the two forms be $ and $’ and 
the reciprocal forms F = $/Q2 and F’ =5’/ respectively. We prove 


THEOREM 2. Two forms f and f' of Hessian H and having the same properties 
as f in Theorem 1 are of the same genus if a=a’ (mod 8hy), b=)’, c=c’, 
r=r', s=s’ (mod 8hQ), where h is the product of the first powers of the odd 
prime factors of H and p is the smallest integer for which a/p is an integer prime 
to 2h. 


It has been proved by H. J. S. Smith in his article previously referred to, 
that the genus of a form depends solely on the quadratic character of the in- 
tegers represented by f and F with respect to the odd prime factors of the 
Hessian, the congruences mod 8 satisfied by the odds represented by f and F 
and, in certain cases, certain so-called “simultaneous characters.” Two forms 
f and f’ of the same Hessian are obviously of the same character with respect 
to 8hif the respective literal coefficients are =(mod 8h). Now ac—s?=a'c’ —s’? 
(mod 8AQ) since ac/Q=a’'c'/Q (mod 8h). The same is true of the other 
literal coefficients of § and $’. Thus 2’ =Q, since any factor of 2h dividing 
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all the literal coefficients of §/Q divides all the literal coefficients of $’/Q and 

conversely. Thus the literal coefficients of F and F’ are respectively con- 

gruent mod 8h. It is easily seen that this implies that the orders and the 

simultaneous characters of f and f’ are the same and the proof is complete. 
4. We shall prove the following theorem: 


THEOREM 3. For every form f representing primitively an integer a prime to 
Q and any particular integer a’=a (mod 16Hhy), where h and yp are defined 
in Theorem 2, there exists a form of the same Hessian and genus representing 
primitively a’. 


The method of proof here is a kind of generalization of that used by 
Dirichlet, as mentioned in the introduction to this paper. 

We may consider f to be in the form of f in Theorem 1 with a, replaced 
by a. Then H =ai—bs? where 6=bc—r?=Q2dt, b=QmB (see Theorem 1), d 
is a power of 2 and? is odd. Take ¢=¢,t2, where #, is the greatest factor of ¢ 
prime to H. For a’ then we seek integers 6’, c’ and r’ satisfying the conditions 
of Theorem 2 and such that H — where 6’ =b'c’ —r'2=Q2dt', b’ =Qmh,, 
b; prime to 2ha’, and ¢’ is odd. Take t/=r+16hHmt,Qs?k, where 7 is chosen 
so that a’6’=a6 (mod 16HhAQ*t,dums?). This is possible since this congruence 
is implied by a’t’/u=at/u (mod 16Hhtyms?) and a’/y as well as a/p is prime 
to the modulus. (Any factor common to s and a divides H.) Note that this 
congruence implies that ¢’/t,; is an integer prime to h, that t’/t;=t/t, (mod 
16Hh), and thus 6=6’ (mod 

Then —H)/(Qms?*), since H =a’s’—b’s?. In 
view of the choice of 7, 5; is an integer and },=8 (mod 16/2). Now the 
second member on the right of the last equation involving 0; is an integer 
prime to 2H since @ is, and is prime to a’ since any factor common to a’ and 
b; divides H. Thus the second member on the right and the coefficient of k 
are relatively prime, and by a classical theorem in the theory of numbers, 
we may choose k so that b=, a prime not dividing 2H. Also is prime to 6 
since any factor common to 8 and 6 would divide H. For a similar reason p 
is prime to 6’. Since bc—r?=6, (—6|8) =1. 

Now (—8' |p) =(—dt’ |p) =(—d |p) (p |t’)(—1)*, where a= (t/—1)(p—1)/4 
=(t—1)(@—1)/4 (mod 2). Take H=H’H"”, m=m’'m"”, the first 
factor in each equality being the greatest odd factor in the left member. 
Take tj =(t’, H), t=(t, H), t'/t{ =t!, t/ts=t. Then (mod #;)=0 
(mod and t’/ts=t/t; (mod 16Hh). Thus t;=t{ and t{ =t (mod 8Hh). 
Let f3=thstez, where ts is the greatest odd factor of t;. Now, noting that 
Qms*/tj is prime to t, and since H/tj is, and H =a’Q?dt' —Qmps?, we have 
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(— 8'| p) = (— p)({ } | | 2) 
ts )(—1)* 
= (—d| | | { }) (— 1)"; 


where 
y=at (ti — — 1)/4 =at — 1)(A'm'0’ — 1)/4 (mod 2). 
Therefore 


(— p) d| p)({ — | ts)(p| ts) (ta| { H'm'® /t23*}), 
(— = (— d| p)({ | t4)(p| ts)({ | 
(— 1)* = (— 8)(6| 1), 


since being a factor of H. Thus 
=(—6|8) =1. 

Therefore there exists a p such that —é5’=p? (mod p). Choose r’=p 
(mod p) and =r (mod 162%dhH). Then 6+r?=6'+r’? (mod 16HQ), 
showing that 6’+r/2=0 (mod Qm), and we have shown the existence of a 
c’ such that 6’=Qmpc' Noting that 6=Qmc—r?, we have Qmpc’ =QmBc 
(mod 16HhQ?d) and thus pc’=Be (mod 16HhQd/m). Noting that 
(mod m) we have c’=c (mod 8AQ) and the conditions of Theorem 2 that 
the forms f and f’ be of the same genus are satisfied. Since the leading coef- 
ficient of f’ is a’, the representation of a’ by f’ is primitive. 


THEOREM 3a. For every form f representing an integer a prime to Q and any 
particular a’ =a (mod Shy), there exists a form of the same genus and Hessian 
representing a’. 

16Hhp may be replaced by 8hp in the statement of Theorem 3 since 
f=a (mod 16Hhy) solvable implies f=a (mod 8h) solvable and, by 
Lemma 17 of the previous paper* f=a (mod 8hy) solvable implies f=a 
(mod 16H/y) solvable. 

Suppose a=k?a:, where f represents a; primitively and k=hyke, kz being 
the largest factor of k prime to 2. Then a,k,?/y is prime to 2h and f=a,k,? 
(mod 8hu/k:?) is solvable. 

Now since the quadratic characters of a:k;2/u and of a,k,*k.?/u with re- 
spect to the factors of h are the same and since they are congruent mod 8, 
we have, by the lemmas of the previous paper, that f=ai (mod 8hy/k,?) is 
solvable. Then f=aik2? (mod 8hyu/hi*) is solvable primitively, for, since f 
represents a; primitively, we may transform f to a form f; having its leading 
coefficient a; and a primitive solution of fi=aik2? (mod 8hy/k,?) is x=he, 


* See the sixth footnote of the Introduction. 
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y=2=8hp/k,?. Thus, from Theorem 3, there exists a form f’ of the same 
genus representing (mod Thus f’ represents a’. 
5. We need two further lemmas. 


Lemma 5. Any form f with Q=pQ’' 40 (mod p?) and (mod #*), 
i.e., H/Q2=A40 (mod p), is equivalent to a form fi=ax?+b' py?+c’' pz? 
+2r'pyz (mod p*) where (b’c’|p)=—1 and a40 (mod p) (p is an odd 
prime). 

In f= (a, bi, 251, 24:) we may consider a to be prime to p. Replace 
x by x+ry+oz, choosing 7 and a so the coefficients of 2xy and 2xz are =0 
(mod p*), and have f=ax?+by?+cz*+2rzy (mod p*). Now2=0 (mod p) 
implies b= pb’, c=pe', r=pr’ and (mod 
If (b’c’ |p) = —1 the lemma is proved. 

If b’'=c’=0 (mod pf) we know r’40 (mod ), since 240 (mod p?) 
and replacement of z by y+z2 in b’y?+<c’z?+ 2r’yz yields a form with the coef- 
ficient of y? prime to p. This therefore reduces to the case below. 

If b’ orc’ is prime to p, interchange y and z if necessary to have b’, the coef- 
ficient of y?, prime to p. Inf replace y by y+7z and see that the coefficients 
of y?, xy, xz remain unaltered mod ' and that of pz? becomes b’r?+ 2r’r+<¢’. 
To show that we may choose 7 so that b’(b’r?+ 2r’r +c’) = (b’r —r’? 
is a non-residue of #, it is only necessary to show that for any a prime to p 
there exists an x such that «?+<a is a non-residue of p. (b’c’—r’? is prime to p 
since H=p*a(b'c’—r'2) 40 (mod #*).) This is obvious if (a|p)=—1. If 
(a|p) =1 the values 0, 1, - - - , (p—1)/2 of x give (p+1)/2 incongruent values 
ofx?+a (mod ), one of which must be a non-residue, unless, for one of these 
values of x, x?-+a=0 (mod p), and for the other values, x?+a ranges in 
value over all the residues of p. This can happen only if (—a|p) =1, ice. if 
p=1 (mod 4), and if, for every residue R of p, x?+a=—Ra (mod p) is 
solvable for x, — Ra being a residue of p. This is true only if «?= —a(R+1) 
(mod ) is solvable for every R, i.e. if, for every RA—1 (mod pf), R+1 is 
a residue of p. If this were true, since 1 is a residue of p, every positive in- 
teger less than p would be a residue of p which is false. 

Lemma 6. If for a form (a’, b,c, 2r, 2s, 2t), a’ odd, Q2,=2 (mod 4) and 
A,=2, 4 or 6 (mod 8), it is true that fr~fi =a'x?+2B’y?+2Ai7'2?_ (mod 
128 and fi~fi’ (mod 128 where p’B” =1 
+A,8’y’ (mod 8) and a’ prime to 2H. 

Since 2;=A,=0 (mod 2) implies that f; and F; are properly primitive, 
fi~f! above from Lemma 12 in the previous paper, and 6’ =2,8/2, y’ = 7/2, 
where a’By is prime to 29,4;. Thus 6’y’ is odd. The substitution y=y’, 
z=y'+z2’ transforms into 2ry’s’. Let =p’ 
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+Ayy'=1 (mod 2) and replace y’ by y’+72’, choosing 7 so that the coef- 
ficient of 2y’z’ is =O (mod 64A,9,). This does not alter the coefficient of 
y’? and gives f{~f{’ (mod 128A,9,), where =1 
+A,6’y’ (mod8). Now H=4a’B"c’ (mod 128A,9,), i.e., H/(4’) 
(mod 644;) where 2’=9,/2. We have a’B’’/Q’40 (mod A,) and thus 
c’ =H/(4Q’)=0 (mod A,) and the lemma is proved. 

6. We use the following abbreviation throughout the remainder of the 
paper: g=f/n means “the multiples of ” represented by f are multiplied by 
the integers represented by g.” 


THEOREM 4. For any genus G of primitive forms f and Hessian H and any 
prime factor q of Q there exists a genus G, (or G2) of primitive forms f; (or fe) of 
Hessian H/q (or H/q*) such that the multiples of q (or q*) represented by a form 
f of G are q (or gq?) multiplied by the integers represented by a form f; (or fe) of 
G, (or G2). 


Use the part of the theorem in parentheses if 2=0 (mod g*). Further- 
more if 240 (mod g?), %, the Q-factor of fi, is 2 or Q/g according as A=0 
(mod q) or not, i.e. according as H=0 (mod g*) or not. If 2=0 (mod q?), 
Q,=/q?. Note that by the notation explained above f;=f/q and f2=f/q?. 

I. g=p an odd prime. From Lemma 12 of the previous paper we may 
consider f=ax?+fQy?+yQAz? (mod p't') where ¢ is the highest power of 
pin H and aBy=1 (mod p‘t!). Then f=0 (mod implies and, 
making the substitution in f and dividing by p, we have fi=paxi?+6Qy?/p 
+72Az?/p (mod p'). fi=f/p. 

First if 240 (mod p?), fi is primitive since the coefficients are altered 
only by multiples of » or 1/p and Q/p40 (mod p). The Hessian of f; is 
H/p. Take the genus G; to be the genus of f;. Now the progressions (1) of 
the previous paper associated with f; are those obtained by dividing by all 
the multiples of p in the progressions (1) associated with f. By the theorem of 
the previous paper all forms f of genus G have the same progressions (1) 
associated with them. Thus all forms f; obtained by the above process from 
forms f of G have the same progressions (1) associated with them, and, by 
the same theorem, are thus of the same genus G;. Conversely consider any 
form f/ of genus G, and Hessian H/p. Below we prove the existence of a 
form f’ for which f'/p=f{ and the quadratic character of the integers prime 
to p represented by f’ is the same as that of the integers prime to p represented 
by f. This proves that the progressions (1) associated with f’ and f are the 
same and therefore that f and f’ are of the same genus. 

Take f=ax?+fQy?+yQ2Az? (mod p‘t') to be a form of genus G. 

A. Q=Q2=p and A:=A/p=0 (mod p). Then by Lemma 12 of the 
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previous paper, we take f{ =a’x?+’Qy*+~7/QAiz?_ (mod p'). Multiply f/ 
by p, replace py by y and have f’ =a’ px?+p’0’y?+7/QAz?_ (mod p‘+') and 
f'/p=fi. Furthermore (6’0’ |p) =(a|p), for the multiples of p represented 
by fi? and by f; must be of the same character since f/ and f; are of the same 
genus and (mod p*'), while f,/p=ax;? 
+BQy,2+yQAz?/p? (mod p‘-!). Thus the conditions on f’ required above 
are satisfied. 

B. 2Q;,=2=p’ and A,\=A/p40 (mod p). Then, by Lemma 5, we may 
consider f/ =a'x?+b'py?+c’pz?+2r'pyz (mod p*) with (b’c’ |p) = —1. Thus 
we can interchange y and z if necessary to make (b’ |p) =(a|). Then multiply 
fi by p and replace py by y, having f’ =a’ px?+b’y?+c’' pz*+2r'p*yz (mod 
?*), where f’/p=f{ and, as above, is of genus G. 

C. 2:=2/p. Then (mod p?) for 
+aB8Qz? (mod p)andA=0 (mod p) contradicts%:40 (mod p). Thus we 
take (mod Multiply through by 9, replace pz 
by z, and have f’=pa'x?+’Qy?+~7'AQ,z? (mod #*). Now f’/p=fi and 
(y’AQ,; |p) = (|p) for f/ and fi, being of the same genus, have the same pro- 
gressions (1) associated with them, and, by Lemmas 4 and 5 of the previous 
paper, (—ByA |p) = (—a’B’2, |p), i-e. (aA |p) = |p). 

Second, if 2 =0 - (mod p?), fi/p = fe = ami? + BQYy?/p? + yAQz?/p? (mod 
p*-'), where the Hessian of f. is H/p* and 2,=2/p*. Now f/p?=f2 and, as 
above, we define G, to be the genus of fz. All forms fz so obtained from forms 
of genus G are of the same genus G2. Conversely any f? of genus G: may be 
taken f/ (mod pt") where (a’ |p) =(a|p), for 
fi represents some integer a’ prime to 2H for which (a’ |p) = (a |p), thus repre- 
sents some such integer primitively, and, by Lemma 1 of this paper, is equiva- 
lent to a form with leading coefficient a’. Smith’s process (ibid., pp. 460-462) 
by which f’ is reduced to the form above leaves such a leading coefficient un- 
altered as is pointed out in the corollary to Lemma 12 of the previous paper. 
Now multiply the above form of f/ by p and replace px by x having f’ =a’x? 
(mod p‘t'), where f’/p?=f/. f’ represents no multiple of 
~#0 (mod p’), (a’ |p) =(a|p), and therefore the progressions (1) of the pre- 
vious paper associated with f’ and f are the same and f’ and f are of the same 
genus. 

II. g=2.SinceQ=0 (mod 2) we know f is properly primitive. If further 
F is properly primitive we apply Lemma 12 of the previous paper as for g=p 
and have f =ax?+fQy?+yQAz? (mod 23+), f, = 2ax1? + NBy?/2 + yAz?Q/2 
(mod 22+) and f/2=f;. F is properly primitive if A=0 (mod 2). 

First, if 2=2 (mod 4) and F is properly primitive, 2 may be substituted 
for p in the corresponding discussion for g=? if “the quadratic character of 
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an odd integer mod 2” we interpret to mean the congruence satisfied mod 8, 
i.e. a; and az are of the “same quadratic character with respect to 2” if a,;=d2 
(mod 8). 

A. 0;=2=20' and A,=A/2=0 (mod 8). Using Lemma 12 of the previ- 
ous paper we may take f/ (mod Multiply 
by 2, replace 2y by y, and have f’ =2a’x?+’0'y?+4y'0'Aiz?_ (mod 16A;) and 
f'/2=fi. Now the evens represented by f/ and by /; satisfy the same con- 
gruences mod 16. Thus f/ (mod 4A;) and f,/2 
=ax,?+ (mod 4A;) implies that 6’2’ and 2a’ are con- 
gruent (mod 8) in some order to a and a+260’, which proves that the odd 
integers represented by f and f’ satisfy the same congruences mod 8. 

B. Q,=2=20' and A,=A/2=4 (mod 8). Using Lemma 6 we may take 
fil +28’ y?+2Ary’z? (mod 128A)) and also f{ 
(mod 128A,;) where (mod 8). represents primitively an in- 
teger =BQ’ (mod 8), since f; does. Then we may take a’=82’ (mod 8). 
Noting that f{ =a’x?+28’y? (mod 8) and f:=2ax12+f0’y? (mod 8) we see 
thata=’ (mod 4). Replacing f’ by f” if necessary, we have ff =a’x?+ 2by? 
+2Ayy'z? (mod 128A:) with b=a (mod 8) and (mod 8). Multi- 
plying f/ by 2 and replacing 2y by y we have f’ =2a’x?+by?+4Ary's? (mod 
128A), f’/2=fi, and’ is of genus G. 


C. 2,=2=20' and A,=A/2=2 (mod 4). Let A/4=A,/2=A’. Here 
= + 28’ y? + 4y’2? (mod 64), 
A’f = ax? + 2By? + 8y2? (mod 128), 


a’B’y'=1 (mod 8) since 8a’B’y’=A’H,=8 (mod 64). Similarly aBy=1 
(mod 8). Now, since f{ =allodds (mod 8) issolvable, we may consider a’ =8 
(mod 4). Since, by Lemma 6, 8’ may be replaced by 8’”’=36’ (mod 4) and 
a’B’’y"’=1 (mod 8), we have y’"=37’ (mod 4). We therefore can make 
yy’ =a’ or 3a’ (mod 4) according as B=y or 3y (mod 4). Now the mul- 
tiples of 4 represented by A’f/ and by A’f, satisfy the same congruences (mod 
32), ie. the evens represented by A’f{ /2=2a'x?+’y?+2y's? (mod 16) and 
by A’f,/2=ax?+2By?+2yz? (mod 16) satisfy the same congruences mod 16. 
Thus, by the corollaries to Lemmas 10 and 11 of the previous paper, a’ +77/=2 
or4 (mod 8) if and only if8+y=2or4 (mod 8) in some order. If8+y=2 
(mod 8), wesee that8=y (mod 4), and, by the above choice of 7’, a’ +7’ =2 
(mod 4) and therefore a’+y’=2 (mod 8). Similarly for all cases, the above 
choice of 7’ is seen to make a’+y’=8+y (mod 8). 

Now if8+7y=2a (mod 8),a=2a8—1 (mod 8) and the odds represent- 
ed by A’f are exclusively =2a8—1, 28(a+1)—1 (mod 8). Multiply A’f/ by 
2, replace 2y by y, and have A’f’=2a'x?+,’y?+8y'z? (mod 128). A’f’/2 
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= A’/f{, and the odds represented by A’f’ are exclusively =8’ and 8’+2a’ 
(mod 8). B’=2aa’—1=2aB—1 (mod 8) and 6’+2a’=28(a+1)—1 (mod 
8) show that the odds represented by A’f’ and by A’f satisfy the same congru- 
ences (mod 8) and thus /’ and f are of the same genus. 

D. 2,=2=20' and A,=A/2=A’=1 (mod 2). Now/; represents 62’ and 
BQ’ +2a=382'’ (mod 4) and thus from the form of f; in Lemma 14 of the 
previous paper we see this can happen only if /; is properly primitive. Fur- 
thermore for any form f/ of genus G,, F/ is properly primitive since f/ , too, 
must represent integers =1 and 3 (mod 4). Thus only f/ =a’x?+20'p’y? 
+20’A’y'z? (mod 8) need be considered. Multiply by 2, replace 2y by y and 
f =2a’x?+0'B’y?+40'A'z? (mod 16). f’ and f=1, 3,5 or 7 (mod 8) are 
solvable, f’/2 =f, and thus f’ and f are of the same genus. 

E. Q;=Q/2=1 (mod 2) and F properly primitive. Then A,=24=2 
(mod 4) as in the case IC. Here f; represents an odd and thus the genus is 
composed of properly primitive forms. We have 


Af = A’f = ax? + 2By? + 2yz2? (mod 16); 
Af; = 2ax? + By? + y2?, aBy = 1 (mod 8); 
Afi = a’x? + B’y? + 2y'2?, a’p’y’ = 1 (mod 8). 


Since the odds represented by Af; and Af/ satisfy the same congruences mod 


8, we have, from Lemmas 10 and 11 of the previous paper, 8-+y=2 or 4 
(mod 8) if and only if a’+6’=2 or4 (mod 8) in some order. Multiply Af? 
by 2, replace 2z by z, and have Af’ =2a’x?+28’y?+~’'zs? (mod 16), and, by 
virtue of the corollaries to Lemmas 10 and 11 of the previous paper, the odds 
represented by Af’ and Af satisfy the same congruences (mod 8). Af’/2=Af/ 
and thus f’ and f are of the genus G. 

F. Q,=2/2=1 (mod 2) and F improperly primitive. Then, as above, 
A,=2A=2 (mod 4). Using Lemma 14 of the previous paper we take a form 
f of genus G as follows: f=ax?+4by?+4cz?+4ryz (mod 16) with br=1 
(mod 2). f/2=f:=2ax,?+2by?+2cz*+2ryz (mod 8) and the genus G, of fi 
is composed of improperly primitive forms. Now from the proof of Lemma 
13 of the previous paper we may take f{ =2ax?+ 2b” xy+2a’y?+282? (mod 
16), where ab” is odd and 8B=y2,A,/2=1 (mod 2) since 7 is an odd integer. 
Multiply f/ by 2, replace 2z by z and have f’=$z?+4ax?+4b"'xy+4a'y? 
(mod 16), f’//2=f/. Since f’ represents only integers =8 and 8+4a (mod 
8) and multiples of 4, it remains to prove 8=a (mod 4). This is done as 
follows: From the form of f’, H=48(4aa’—b’’?)=128 (mod 16), and like- 
wise for f, H=4a(4bc—r?)=12a (mod 16). Thusa=f8 (mod 4). 

Second: 2=0 (mod 4). Then by Lemma 14 of the previous paper we 
may consider any form f of genus G to be of the form 
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= ax? + 2hby? + 24cz? + ryz (mod 


where 2=2% (mod 2+), b is odd if F is properly primitive and b=c=r+1 
=0 (mod 2) if F is improperly primitive. Now 4:22 and f=0 (mod 2) 
implies x=2x, and (mod 24+), 
H.=H/16, 2,=2/4 and A,=A. Now F, is improperly primitive if and only 
ifb=c=r+1=0 (mod 2), i.e., if and only if F is improperly primitive. De- 
fine the genus G; to be the genus of f2. Take any form f/ of genus G2 and see 
by Lemma 14 of the previous paper that we may take 


fe = + 24-2h’y? + + yz (mod 24+), 


where a’=a_ (mod 8), Bb’ is odd if F:, and therefore F, is properly primitive, 
and b’=c’=r'+1=0 (mod 2) if F:, and therefore F, is improperly primitive. 
Multiply by 4, replace 2x by x, and have 


= ax? + y? + 24's? + yz (mod 2"+%) , 


f'/4 =fi , f’ represents no 4n+2, and is of the same genus as f. 
7. We prove the following theorem: 


THEOREM 5. The integers represented by no primitive form f of a given genus 
G are exclusively those occurring in progressions (1), of the previous paper, as- 
sociated with f. 


Consider any integer a included in none of the progressions (1) associated 
with f. It follows from the theorem of the previous paper that f=a@ (mod 
8hu) is solvable. If a is prime to 2, Theorem 3a applies to prove the theorem 
above. Otherwise we proceed as follows. 

First let g be a prime factor of a which, when squared, divides 2. Then 
a=0 (mod g?) since reference to the proofs of the previous paper shows 
Q2=0 (mod g?) implies that ga occurs in progressions (1). Then there exists 
by Theorem 4 a form with 2, =Q/q? and H,=H/gq* such that =f/q? and 
thus f:=a/q? (mod 8hy/q?). If a/g?=0 (mod q) and 2;=0 (mod g?), we 
have a/g?=0 (mod g?) and the process may be repeated until, after 7 times, 
f,=a/q* (mod 8hp/g?") where 2,=Q/q", f,=f/q", H-=H/q* and either 
a/g*40 (mod qg) or 2,40 (mod g?). If there is another prime factor, 
of a which, when squared, divides Q, it is true that 2Q,=0 (mod q,’) and the 
above process may be applied to f,. So this may be continued until we have 
the case below. 

g=a/p,*=a' (mod 8hy/m,”) where H,=H/u', g=f/m* and 
no prime factor of a’ is, when squared, a factor of 2,. Let q’ be a prime factor 
of a’ dividing 2,. Since 2,40 (mod gq’), there exists a form g:=g/q’ of 
or Q,/g’ according as H,=0 (mod q’*) or not. Then g,=a’/q’ 
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(mod 8hy/ is solvable. If H,=0 (mod q’) and a’/q’=2,=0 (mod 
q’), we repeat the process until after ¢ times we have g,=g/q’' where Qy: 
=2,/q'' or (mod is solvable and either 
a’/q'* or Q, is prime to g’. Then any other factor g/ dividing a’ and Q, 
divides 2,, and the above process may be applied to g;. This may be carried 
through for every factor q’ dividing a’ and Q, until we have a form g’ =f/ { 22} 
=H and a/(u12u2) is prime to 

Then by Theorem 3a there exists a form g’”’ of the same genus and Hessian 
as g’ which represents a/(:2u2). Following through the above process in the 
reverse order, applying the theorem of the previous paper at every step, we 
have the existence of a form f’ of the same genus and Hessian as f such that 
which proves that f’ represents a. 


Coro.iary. A form f of genus G is regular if and only if f represents all the 
integers represented by every form of G. 


For suppose some integer k is not represented by f but is represented by 
some form f’ of G. Then & occurs in no progression (1) and thusf=k (mod 
N) is solvable for N arbitrary, every arithmetic progression containing k con- 
tains an integer represented by f, and therefore, from the definition of regu- 
larity, f is irregular. 

Note. Whenever f is the only reduced form of a genus it is regular, but, 
though most regular forms represent the only class in the genus, this is not 
always the case. See the following. 

8. This section gives three examples. 

I. f=x?+8y?+242? and =8y?+9x?+ 242? 
+8xy+24xz are of the same genus. They are not of the same class since g 
does not represent 1. Every odd integer ” represented by g is represented by 
f, for if (a1, 1, 21) is a solution of g=n, the + sign may be so chosen in 
2yit+a41+(2%+%,)=4Y that the equation is solvable for Y and n=x;? 
+8(2z2+2,F Y)?+24Y*. The evens represented by f and g are obviously the 
same. f is regular since f and g represent the only classes in the genus, but g 
is irregular. 

II. The forms «?+3y?+6z? and 2x?+3y?-+ 32? are regular, for each repre- 
sents the only class in the genus. (See the examples of the previous paper.) 

III. The forms f=(1, 1, 18) and g=(2, 2, 5, 0, —2, 0) are of the same 
genus and both are irregular, for f but not g represents 1 and g but not f 
represents 7. 
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ON PARALLEL DISPLACEMENT IN A 
NON-FINSLER SPACE*} 


BY 
HOMER VINCENT CRAIG 


INTRODUCTION 


Preliminary definitions and concepts.{ In modern geometry any set of 
objects in a one-to-one reciprocal correspondence with the totality of sets 
of ordered numbers x=(«!, x?, - - - , x) is called an m-dimensional space; 
and any particular one-to-one correspondence between the objects and a set 
xis called a codrdinate system. If in addition to a space there is given a 
curvilinear integral, the “arc length,” the space is said to be metric. Thus 
any space can be regarded as the bearer of an indefinite number of metric 
spaces. 

A set of m equations 


yi = yi(x}, x”) 


such that the functions y‘ are single-valued for all points x of our -dimen- 
sional space, and which can be solved so as to yield a set of m equations 


in which the functions x* are single-valued, determines a one-to-one corre- 
spondence between the sets of numbers x and y. Such a set of equations is 
said to define a transformation of coérdinates. 

An object of any sort which is not changed by transformations of coérdi- 
nates is called an invariant. For example any point is an invariant, and 
likewise any point function. In this paper we require that the functions 
which define the transformations involved be analytic and have a non- 
vanishing Jacobian. Invariants of this restricted group of transformations 
are known as differential invariants. An invariant may consist of a single 
function or of a number of functions. In the latter case the individual func- 
tions are called the components of the invariant. An invariant is said to be a 
tensor if its components transform according to equations of the type 


* Presented to the Society, June 20, 1929; received by the editors May 8, 1930. 

ft This paper is a part of a thesis written at the University of Wisconsin under the direction of 
Professor J. H. Taylor. 

} This material is taken from Oswald Veblen, The Invariants of Quadratic Differential Forms, 
Cambridge, 1927. 
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Ox 
dy 


= 


dyic 


The number 1 is called the weight of the tensor, m its order of covariance, 
and g its order of contravariance. 

Notation. Throughout this paper we shall employ letters without indices 
to represent sets; and shall use primes to indicate differentiation with re- 
spect to the parameter which is used to define the curve in question. Thus 
x, x’, x’’, x’’’ shall designate respectively the sets 

ds 

dt dp 
Partial derivatives will be denoted by means of subscripts; thus 
OF (x, x’, 


Ox! 


x; 


Fyo(x, x’, x”) = 


In the case of the functions F, f, and H to be introduced below, this notation 
will be modified by omitting the x from the subscript when the differentiation 
is with respect to the highest derivatives present, i.e. 
OF (x, x’, x’’) 

F,(x, x’, 
(We shall prove later that the quantities Fas.... are the components of a 
covariant tensor.) Finally, summations are to be understood, as in tensor 
analysis, when repeated indices occur. Thus, for example, x’*F, shall desig- 
nate the sum 


+ + 2'"F,. 


Riemannian geometry. If the metric of the space is given by the integral 

of the square root of a quadratic differential form, 

the space is said to be Riemannian; and the theory of such forms is known as 
Riemannian geometry. The coefficients g.3 are the components of a covariant 
tensor, while the quantities g** (the matrix (g**) is the inverse of the matrix 
(gas)) are the components of a contravariant tensor. These two tensors are 
called, respectively, the fundamental covariant tensor, and the fundamental 
contravariant tensor. An invariant of great importance [a@, y]| is derived 
from gas in accordance with the formula 


2 0x8 Ox? 
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The law of transformation of [a8, y] is expressed by the equation 
| 8 0x8 Ox® 2x8 


On multiplying the two members of this relation by the corresponding mem- 
bers of the equality 


which expresses the contravariance of g°’, we obtain 
Ox* 0x8 


ay! 


g'*[ ij, RI— = 
dy! 


This last relationship is known as the fundamental affine connection, while 
the quantities [a8, y] and 


= 


are called, respectively, the Christoffel symbols of the first and second kind. 
The fundamental affine connection enables one to derive tensors from 
tensors by differentiation. Consider, for example, a vector V defined along a 
given curve by means of the parameter ¢. Let us differentiate the equation 
for the transformation of V, i.e., V?=Vidx*/ay‘. We obtain thereby 
and in this, the second derivatives may be eliminated by means of the funda- 
menta! affine connection; thus 


dy’ ij) dy’ aB)dy* dy? 


Transposing the final term, which may be written in the form V«x'#{,°s}, 
we note that 


v's + 6 
las 


is a contravariant vector. If the vector derived from V by this differentiation 
process is zero, then it is said that V “undergoes parallel displacement” or 
that V “remains parallel.” If the tangent vector of a curve satisfies this 
definition of parallel displacement, then the curve is said to be autoparallel. 
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It is a theorem of Riemannian geometry that the magnitude of a vector, 
and the cosine of the angle between vectors, remain unaltered when the 
vectors undergo parallel displacement. The invariants magnitude of a 
vector and cosine of the angle between vectors are defined, respectively by 
the following formulas: 
/?; 
The geometry of paths.* One generalization of Riemannian geometry has 
been obtained by replacing the quantities {.%3} in the affine connection by a 
set of point functions T',. The problem of finding a Riemannian metric 


such that 
fv \ af 
lap 


does not always admit of a solution, and so Riemannian geometry is re- 
garded as a special case of the geometry of paths. The system of curves 
defined by the set of differential equations 


+ = 0 (i =1,2,---,m) 


are regarded as autoparallel and are called the paths. 

Finsler geometry. A second generalization of Riemannian geometry due 
to Emmy Noether,{ Finsler,t and Berwald,§ may be obtained by replacing 
(gagv’*x’8)1/2 by a more general function F(x, x’) of x and x’. The restrictions 
on F are for the most part those needed to insure the regularity of the prob- 
lem of minimizing the integral F(x, x’)dt. A fundamental tensor is derived 
by differentiating }¥? with respect to x«’* and x’®, and the parameter is so 
selected that / maintains the value one along the path of integration. We 
point out that the g.s of Riemannian geometry may be obtained in this way 
from (gasx’*x’)"/2 and that as a consequence of the choice of parameter 
{F?dt=fFdt. The covariant tensor F.s cannot be used as a fundamental 
tensor since its determinant vanishes (due to the conditions imposed on F). 
The invariants 


faskn? ( ! ) 
) (fast*E*) fagn*n®) f 2 


* See Oswald Veblen and L. P. Eisenhart, The Riemannian geometry and its generalization, 
Proceedings of the National Academy of Sciences, vol. 8 (1922), p. 19. 

Emmy Noether, Invarianten beliebiger Differentialausdrucke, Géttinger Nachrichten, Mathe- 
matisch-Physikalische Klasse, 1918, pp. 37-44. 

t P. Finsler, Uber Kurven und Flichen in allgemeinen Réumen, Dissertation, Gottingen, 1918. 

§ L. Berwald, Uber Paralleliibertragung in Riumen mit allgemeiner Massbestimmung, Jabrsbe- 
richt der Deutschen Mathematiker Vereinigung, vol. 34 (1925). 
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are called, respectively, the magnitude of £, and the cosine of the angle be- 
tween & and 7, because of their analogy to the like named Riemannian in- 
variants. J. H. Taylor* and independently J. L. Synge have constructed a 
differentiation process analogous to the one described in the section on 
Riemannian geometry. Their process gives rise to a theory of parallelism 
which has the cardinal properties that the magnitude, and the “direction” 
of vectors undergoing parallel displacement are invariant. 

Purpose of this paper. The principle object of this paper is to develop a 
differentiation process and a theory of parallelism for a space whose metric 
is given by a function F(x, x’, x’’) involving x’’ as well as x’ and x. 

The metric. We shall require that (a), F(x, x’, x’’) be of classt three, 
(b), the classical “F one” functiont associated with the problem of minimizing 
the integral 


te 
J -f F(x, x’, x’’)dt 
ty 


be different from zero, (c), J be independent of the choice of parameter. 
Specifically, (a) and (b) are to hold not merely along a certain curve but 
throughout the region under consideration and for all values of the sets 
x’, x’’ excepting x/1=0; x’? =0; 
(c) is to hold along all regular curves lying in the region for all choices of 
t, and fe. 

It is worthy of note that this invariance of J is equivalent to the condi- 
tion that 


F(x, x’, = I(x, x’, x”) H(x, 2’), 


where J is a function that is invariant in functional form under a change of 
parameter and H is homogeneous of degree plus one in x’. Since the in- 
variance is supposed to hold for all values of ¢; and ¢, within certain limits, it 
is equivalent to the invariance of F(x, x’, x’’)dt,§ that is, 


dX(r) er 


F(x, x’, = F (xo, 


dt(r) 
t = t(r), = r(A); dt = dr 
dr 


* J. H. Taylor, A generalization of Levi-Civita’s parallelism and the Frenet formulas, these Trans- 
actions, vol. 27 (1925). 

t Oscar Bolza, Vorlesungen tiber Variationsrechnung, 1909, p. 13. 

t Oscar Bolza, loc. cit., p. 196. 

§ See Oscar Bolza, loc. cit., p. 193. 
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is the parameter transformation, ¢(r) being an increasing function of class 
C’’, and X(r) =«(¢(r)). Evidently F will have the desired invariance prop- 
erty if it is of the above form, and conversely, if F(x, x’, x’’)dtis invariant, 
then 


F(x, x’, x’")/H(x, x’), H #0, and homogeneous, 


is invariant in functional form under a parameter transformation and 
F=(F/H)H. Because of this fact we shall adopt the view that our space 
was generated from a Finsler space H(x, x’) by a “warping” such that the 
length of each curve element dt of the original space is changed to /Hdt. 
Accordingly, we shall consider that the metric properties of # depend upon 
the Finsler space from which F originated. 

Zermelo has shown that the independence of J upon the parameter im- 
plies the following identities in x, x’, «’’: 


(1) x'*F, = 0, 

(2) pat =F (the range of is 1 to m). 
Evidently, (1) implies 

(3) x'*F 4, = 0, 


and it follows that the determinant |F.3| vanishes. We shall make it a part 
of our hypothesis on F that the rank of this determinant be »—1. 

For use in examining a certain determinant which will appear presently, 
we insert here a few miscellaneous observations. As a consequence of equa- 
tion (3) and the rank of |F.s | the cofactors of the latter satisfy the following 
relations: 


Noting that the quantities F** are symmetric in their indices, these equalities 
are seen to be expressible in the form 


(4) 


where a, 8, y, 6 may each be any number of the set 1, 2, - - - , 7 and no sum- 
mation is to be understood. The reciprocal of the common value of the mem- 
bers of (4) is the F one function of our problem. 

The fundamental tensor. It will be recalled that the fundamental co- 
variant tensor of Finsler geometry was constructed by differentiating }F? 


Fe. 
= 


1931] PARALLEL DISPLACEMENT IN A NON-FINSLER SPACE 131 


with respect to «’. This may be looked upon as a procedure of differentiating, 
with respect to the highest derivatives present, a new function f having 
specific properties which make it equivalent, in some respects, to the original, 
F. The most essential of these properties are the following: (a), the de- 
terminant |f,s| must be different from zero (this implies that f be dependent 
on the parameter); (b), for a certain choice of parameter 


be ty 
f fat = f Fdt. 
t t 


1 1 


We adopt the method outlined above and define our new function f(«, x’, «’’) 
as follows: 


f(x, x’, x”) = { H(x, x’) }3F(x, x’, + 4{ x’)}2,* 


The function H is to be of class three, homogeneous of degree plus one in x’ 
and non-vanishing along all regular curves of our m-space. With these re- 
strictions we may so select the parameter that H will maintain the value 
unity along the curve in question. For such a parameter it is evident that 


ty ts 
f f(x, x’, = F(x, x’, x'")dt. 
ty 


ty 
Furthermore the determinant of the components of the fundamental tensor 
Sas S HF 


is different from zero along all regular curves, since 


faa | | + + Fin MA, Fin 
ap| = = 


+ Fes ++ Helle + | Holly 
Fy HiHe--- Fin Fin 
Fai Fan ++ Fan 

= H,HsF® = Fy «'*x'*HaHs = Fy # 0. 


(Here F,’ represents the F one function, ¢ is the Finsler arc length and 
x'*H,.=H since H is homogeneous of degree +1 in x’.) 

Invariants of F(x, x’, x’’) and H(x, x’). We shall consider F(x, x’, x’’) 
as an absolute scalar invariant (that is a tensor of weight and order zero) 


* Although we find it convenient to select the parameter in a special way it is desirable to have 
the quantities f,, independent of the parameter and it is for this reason that we introduce the factor 
H*. One readily verifies that H*F,, satisfies the set of necessary and sufficient conditions (1), (2) 
and so we conclude that H*F,, has the desired property. Also, we note that H, is homogeneous of 
degree zero in x’. 


132 H. V. CRAIG [January 


and accordingly transform it as below by means of the twice extended point 
transformation 
x7 Ox 


1 


(We note in passing that the x’” are the components of a tensor while the 
x’’y are not.) Thus, the law of transformation of F is expressed by the 
equation 


F(y y’ y’”’) =f (x ox + yy") 


Differentiating this equality with respect to y’’‘, we have 
Ox 


Hence we see that the gth order partial derivatives F.,...4, of a scalar 
F(x, x’, x’’) are the components of a tensor covariant of order gq, and it is 
because of this that we have represented these derivatives in a special way. 
A moment’s consideration of the extended point transformation will show 
that the above statement is true of scalars containing any order derivatives. 
Differentiating the equation of transformation of F, we have 


ax 


Fy = F + 2F a 4, 
Oy'dy? 


dyidy? 


y’; 


and we see that 


Ox* 


— = (Fya — 


and hence the quantities (F,«—2/F) are the components of a covariant ten- 
sor. In some respects this tensor is the analogue of H,. For if the integral 
SH (x, x’)dt is to be independent of the parameter, the following identity must 
hold: 


= H.* 


* Oscar Bolza, loc. cit., p. 193. 


— 
dyidy dy 
|_| 
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The corresponding conditions for F(x, x’, x’’) are 
= 0; pa + 2x""F, = F, 
and since, by the first of these relations, x’’*F, = —x’*F, the last relation 
may be written in the form 
— =F. 


THEOREM. The left members of the Euler equations associated with the integral 
f F(x, x’, x’’)dt 
ty 


are the components of a covariant tensor of order one. 


To prove this we differentiate the equation of transformation of F with 
respect to y‘ and the equations of transformation of F/ and F,y:—2F/, with 
respect to ¢, and combine; thus 


a 2 2 3 
Fi’ pce + oF! ‘i x* + ayliaytk 


dy*dyi dy‘dyi dy‘dyidy* 
— — 2F{') = (Pye — — (Fya— 2F )—— 
dy'dy? 
Fy — Fyi t+ Fi! = (Fiz — Fre t+ 


It is a theorem of the calculus of variations that this tensor contracted with 
x’ is zero. 

If — and 7 are two vectors defined along a regular curve C, we shall call 
the invariants 


fas 
fag) 
(where the arguments of fs are taken along C) the 6 magnitude of £ and the 


6 cosine of the angle between & and 7, with respect to the given curve. 
Likewise, 


fag) 


fap 
will be referred to as the @ scalar product of — and 7 with respect to C. The 
similar quantities obtained by replacing f.s with I*f.s([=F/H) will be 


% 

| 
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designated 7 invariants. In all of the subsequent work the arguments of f 
will be taken along a regular curve and we shall suppose the parameter ¢ to be 
so chosen that H(«, x’) is unity along the curve in question. As a consequence 
of this choice of parameter and the homogeneity of H, it follows that the 
tangent vector x’ of the curve is of @ magnitude unity, for 


fg = 1, 


since 
= 0. 
Likewise the 7 magnitude of dx/ds=x’/I (s=/1,Fdt) is unity. 

The differentiation process. The basis of our differentiation process is a 
relationship analogous to the fundamental affine connection of Riemannian 
geometry. We form this relationship from the equation of transformation of 
the first “Christoffel symbol” of our space by replacing irregular terms with 
quantities having a tensor character. 

The law of transformation of the fundamental covariant tensor fag = H*F ag 
+H,Hz is expressed by the equation 


(S) 9) = fas | x(y), ay” ay”? + y 


dy* ay! 
Differentiating with respect to y* we obtain 

dy'dy® dy? Aydy* 


+ (foros Sosy =) 
dy* dy* dy* 


= fas: ( 


from which the Christoffel symbol [a8,y] is formed in accordance with the 
defining equation 


7] = 3 + — faszr)- 


The law of transformation of these symbols is evidently 


ay! “ay! dy? ay! 
(6) 2 Ldy* dy* dy? dy? dy dy' dy? dy* 
2 Loy! dy* dy? dy* dy? dyt Oy? dy* 
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Multiply both members of (6) by y’/ and sum. The resulting equation with 
the lines somewhat rearranged is 
— 
= fas-——y 
y'oy’ 
Ox’? Ax® 


Certain of these terms will be replaced, presently, by equivalent expressions. 

The last two of the eight terms, however, drop out. In fact we have assumed 

that F satisfies the identity x’*F,=0. Differentiating this with respect to 

x’’8 and x’’7, we obtain x’*F.,,=0. But H(x, x’) does not contain x’ and so 

fopy = H*F.3,. Hence (7) reads 

dy' dy* 

[= 


[ij, Rly’? = fas: 


1 
2 
1 


+— 


2 2" "fags x8 fag ory 


dy* dyi ayi 


We shall now proceed to develop formulas which are to be used, as just 
indicated, to modify the form of the right member of (8). The first six 
formulas listed below are obtained without difficulty from the extended point 
transformation and consequently require no explanation: 


(9) 
(10) 
(11) 


(12) 


1 lef Ox Ox’? 
2 Lday* dy? dy? dy* 
1 lef Ox® 1 Ox* ‘ 
dy? 
Ny liyli oxy Ni | 
x8 
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x7 O2x7 
13 4 re] 


Multiplying (10) by dy*/dx7, summing and changing indices yields 


(14) yi —=— iy’ + 
dytdy* Ox* 


Changing the index j to k, in equation (5) differentiating with respect to 
y’/, and multiplying by y’’’, we obtain the relation 


Ox 
Nj 
dy? ayi 


Ox? 
(15) firyi = + 2fapy: 


Multiplying (14) by fas:7-0x7/dy! and summing j, we have 


Substituting this in (15) and transposing the second term of the right mem- 
ber of (15) we get the relation 


O2x7 0x8 = [ - O2x7 + x! 
(16) dy*dy? dy* dy" dy*dy? 
Ox* _ 
a 
The addition of the identity 
x7 x7 


to (13) and the multiplication of the result by 3f23,(dx*/dy*)(dx*/dy*) yields 
the 


eon 


(17) y? dy*dyrdy? dy*dy? 
x7 Ox* Ax 
By adding 
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and substituting by means of (11) and (16), the relation (17) may be put 
into the form 


dy? dy* ay* 


(18) 


Ox’? 


dy? 


the third and sixth terms of the right member of (18) cancel. Differentiating 
the identity x’8F;=0 we see that «°F age'y = —Fay and 80 fage'y =x 
+3H?H —H*Fa,+HHay, that is, is a sym- 
metric covariant tensor. 

We now express 0x’7/dy‘ by means of Taylor’s differentiation scheme, f 
designating the expression }H? by means of /; thus 


Ox’? Ox 


= 


T = + hy" 
— 

Ta’ = + $x hapsh 


(the I'* being the Christoffel symbols of the second kind associated with the 


Finsler space H(x, x’)). 
Multiplying the above equation for 0x’7/dy' by (x*/dy*) (x’8fagz7) we get 
(19) dy’ dy* dy” 
dy* dy* 


t J. H. Taylor, A generalization of Levi-Civita’s parallelism and the Frenet fomulas, loc. cit., 
p. 255, formula 21. 


Since 
a 
Oy*dy 4 
where 
4 
| 
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Equations (18) and (19) will now be used to modify the form of equation (8). 
In fact we modify the second line of (8) by means of (18) and the third line 
by means of (19), thus 


1 1 1 


Ox* 


dy! ay* 


1 
+ | 
We shall write this last equation symbolically as 


(20) = fas — 


Multiplying both sides of this war by dy*/dx?, we obtain 


Ox* Ox? 


Multiply by f” and note 
Ox? 
op 
Ox? dv! 
The result is 
(20’) k] = + [a, p] fr 
dy'dy! dy 


Application to covariant vectors. Differentiating the equation of trans- 
formation of a covariant vector V, 


with respect to ¢, multiplying (20’) by — V’, and adding, we obtain 


Vi — Vif'*[t, k] = {Vi — 
yi 


Indicating this operation on V; by 6V; we have as a conclusion 


Ox? 
V; = ve 
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If V, is a covariant tensor of rank one, then 0V, is also a covariant tensor of 
rank one. 

A similar process may be applied to contravariant vectors. For, if V7 is a 
contravariant vector, then 


Ve = Vt 
oy* 


Ve = + 
Oy'dy? 


Eliminating the second derivative as before gives the result 
0 


on” 
V2la, p| fr = + V — 
dy! 


Designating this process as before by @ we have 
If V¢ ts a contravariant vector, then 0V° is a contravariant vector. 


In general the @ process, with respect to a given curve, will consist of 
forming the derivative of the tensor X:::, with respect to ¢, and adding 


X¢:::[a, p]f 
for each contravariant index, and subtracting 
X5:::f%[0, p] 
for each covariant index, all arguments being taken along the curve in 
question. 
We next point out that the rule of ordinary calculus for forming the de- 
rivative of a product is conserved. It will suffice for this to examine a special 


case, say that of the product V;V;. By the law of compusition of tensors 
V.V;. is a second-order covariant tensor and so 


Then 


Ox? Ox 
k ViVé V; + V.V;) 
dy? dy* 
aytayi” dy" 


and 

4 

ViVi = V.V; ¢ 

dy* dy* 
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Hence 
Ox” Ox" 
VV. ViV, + V.V;)— 
k = ( + 
Ox* 
fa, olf]. 
Oy? 
Transposing, we get 
ViVi. t+ VVE — ViVif'"[k, m] — ViVi (i, m] 
Ox? Ox 
= K Vi+ VeVi — VeVaf[r, p] — VaV,fe?[o, |= 
dy* dy* 


Rewriting the above we have, for the left member, 


[Vi — Vifim[i, + Vi[VE — Vifim[h, 
that is, 
Vi) = + 
The @ process applied to a scalar expressed as the contraction of tensors 
is equivalent to the ordinary derivative. 


Let us consider, for example, the scalar V,V’. Forming the @ derivative 
of this by the rule just discussed, we have 


= (6V.) V7 + 
that is, 
a(VeV*) = [Ve — + V.[V" + Vela, 
= V"V.+ VeV". 
A most important property of our @ process is expressed by the equation 
Ofay = 0. 
We have 
Ofay = fay — forf” la, — 
= for — — lv, a]. 
One readily verifies that 
[a, + = [[a8, v] + a] + faye’ + 
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Then, since 


_ Ofay 
[o8, + «] ax? 


it follows that 
Ofay = 0. 
If a contravariant vector £*, defined at each point of a curve, satisfies the 
differential equations 


= 0 


along the curve, we shall say the vector remains parallel 6. This parallelism 
reduces to Taylor’s if F.s and F are functions of x and x’ alone and Z is 
chosen as F. 


THEOREM. [f two vectors, — and n, defined along a curve, each remain parallel 
6 along the curve, then the 0 magnitude of the vectors and the 0 cosine of the angle 
between them are constant along the curve. 


Each of the three expressions 
fagn*n®, fast*n? 


is a scalar formed by the contraction of tensors, and so the @ process applied 
to them is equivalent to differentiating them in the ordinary way with re- 
spect to ¢. Thus, we have 


d 
= = [Ofas + 2fas(OE*)E = 0, 


d 
= apt"? = + + fast*(On*) = 0, 


since 6f.3=0, and 6&* = 67° =0 by hypothesis. And so the two cardinal prop- 
erties of parallelism are preserved. 

Of special interest, perhaps, are the curves along which the fundamental 
tensors fas and has(has = HH.s+HaHs) coincide. Let C be one of these curves 
and let us apply the @ process to a vector V’ defined along C; thus 

= V" + Vela, pl 
= + Vat [aB, + + 
— + >} for. 
We have noted that xf,;..= —H*F,,+HH,,, and so the last two terms of 
6V reduce to zero. A moment’s consideration will be sufficient to verify that 


4 
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1 
«'8 p]’ + fap sb 


(The symbol [a8, p|’ appearing above is used to designate the first Christoffel 
symbol of the Finsler space H(x, x’).) Moreover 


fap — Nap = Naps: 


since has =fas. Hence we conclude that, with respect to C, the Taylor-Synge 
derivatives* of V* and are identical. This property is somewhat analogous 
to the defining property of Levi-Civita’s parallelism, namely: A vector W 
defined along a curve K of the surface S is said to remain parallel provided it 
remains parallel when K is considered as belonging to the developable surface 
tangent to S along K. 

A second differentiation process, which we shall call the 7 process, may 
be obtained by multiplying (20) by 7* and adding JI’ to both members. 
Evidently 7(J?f.3) =0 and consequently the “r magnitude” and the “r direc- 
tion” of vectors undergoing a displacement parallel (7) are unaltered. 


AN EXAMPLE 


7 — 
T= E +> (x"2 + | H = + 
ax!” (x’? + y’?)5/2 ay” (x!? + y’2)5/2 


ax’dx' + aylay’ — + y/2)8/2 

We note that / is independent of the parameter, the determinant Fg is of 
rank n—1, the F one function is not zero, and fag =/as(fas =H*F as t+H 
hog =HH.g3+H.HH). The geometry of this space is very similar to euclidean 
geometry. The measurement of angles, magnitude of vectors and parallel 
displacement of vectors are the same as in the euclidean plane. In particular 
the autoparallel curves of both spaces are straight lines and the two metrics 


F and H coincide along straight lines. 


* See J. H. Taylor, loc. cit., p. 255. 
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ON THE MAXIMUM ABSOLUTE VALUE 
OF THE DERIVATIVE OF e*’P, (x)* 


BY 
W. E. MILNE 


A remarkable theorem due to S. Bernsteinf asserts that if LZ is the 
maximum absolute value of an arbitrary polynomial P,,(x) of degree in the 
interval (a, b) then the maximum absolute value of the derivative P,’ (x) 
does not exceed nL[(b—x)(x—a)]—? on (a, b). A related theorem for 
trigonometric sums states that if L is the maximum of the absolute value of 
a trigonometric sum of order m, then the maximum absolute value of its 
derivative does not exceed nL.f 

A similar theorem is here given for the function e~“P,,(x), where P,,(x) 
is an arbitrary polynomial of degree n. 


TueoreM. Jf L is the maximum absolute value of e~**P,,(x) in the interval 
—°0<x<a, then the maximum absolute value of the derivative is less than 
n'/2L[1.0951+O(n-) | in the infinite interval. 

It is convenient to establish the corresponding result for functions of the 
form f,(x) =e-*"/4P,,(x) and then to obtain the stated theorem by the change 
of variable x =2x’. The proof follows the line of attack adopted by de la 
Vallée Poussin, and is accomplished with the aid of the following proposi- 
tions. 


I. If fc (x) attains its maximum absolute value at xo, then 
xe < 2k(n + 1), 
where k is a constant which may be taken as 3.69264. 


II. There exists an analytic function ~»(x), where 4m+2>2k(n+1), such 
that 

(a) Wal (x) has an extremum equal to f, (xo) at x =xXo; 

(b) Wm(x) becomes infinite at —©, at +, and has m+1 extrema, with 
alternating signs at these m+3 points (counting +); 

(c) the least extremum of ~m(x) is greater in absolute value than 


* Presented to the Society, June 20, 1930; received by the editors March 24, 1930. 

¢ S. Bernstein, Sur l’ordre de la meilleure approximation des fonctions continues par des polynomes 
de degré donné, Mémoire Couronné, Brussels, 1912. 

t de la Vallée Poussin, Sur le maximum du module de la dérivée d’une expression trigonométrique 
d’ordre et de module bornés, Comptes Rendus, vol. 166 (1918), pp. 843-846. 
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Ill. If 
R(x) = — fa(x), 


then 


(a) R’(x) has a double root at x =%9; 
(b) R’(x) has not more than m+1 roots in the interval —~ <x<@, 


Before demonstrating these propositions let us show how they establish 
the theorem. Let the maximum of |f,(x)| and of |f,(«)| be L and M 
respectively, and suppose if possible that the least maximum of |y,,(x) | is 
greater than L. Then R(x) has the sign of y,,(x) at —%, at +0 andatm+1 
intermediate points. Because of the alternation of signs at these m+3 
points, R(x) has at least m+2 distinct roots and R’(x) has at least m+1 
distinct roots. Therefore, by III(a), R’(x) has at least m+2 roots. But this 
contradicts III(b), and hence LZ cannot be less than the least maximum of 
lYm(x) |. Consequently, by II(c), 


L> M[m +3 — x@/4]!/4[m + 3]-*/4[1 + O(m-)]. 


Now, x? <2k(n+1), and we shall choose m as an integer in such a manner 


that 
m = 3kn[1 + O(n-)]. 


With this value of m and the value of & given in I the inequality 


M < n'/2L[2.19018 + O(n-)] 


follows, from which the inequality of the theorem is derived by the change of 
variable x = 2x’. 

We turn now to the proof of I. If Z denotes the maximum of |e-*"4P,,(x) , 
then in the interval where x? <2n 


| Pa(x) | < Len/?. 
Hence by a theorem* due to Tchebycheff we have 
| P.(x)| < L| 2ex?/n|*/2, 


and consequently 


| (x) | < L(2e/n)”!?| x 


for x?>2n. When x>(2n)"/? the function e-*"/4x» is decreasing, so that when 
x?>2kn we merely strengthen the inequality in replacing x* on the right 


* For statement and proof see S. Bernstein, Lecons sur les Propriétés Extrémales et la Meilleure 
Approximation des Fonctions Analytiques d’une Variable Réelle, Paris, 1926, pp. 7-8. 
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hand side by 2kn. We then find upon calculating the value of the right hand 
expression with the given value of & that 

| (x) | <L 


when x?>2kn. Since the derivative of e-*"/*P,,(x) is e~*"4 times a polynomial 
of degree +1, the proof of I is completed. 
To establish II we let w; and wz be two solutions of 


(1) d?w/dx? + [m +34 — x*/4]w = 0, 
with the initial values 


(m+ We = 0, 


w,;’ = 0, we = (m+ 
at x =0, and express the solution of (1) in the form 
(2) Wm(x) = + cos [¥(x) — 4], 


where 


Wa) = [ [we + w2 Par. 
As @ increases the extrema of w,,(x) move continuously to the right* in the 
interval —(4m+2)?<x<(4m+2)"?, so that if we select m as an integer 
such that 


(3) 4m + 2 > 2k(n + 1) 


it is clearly possible to choose @ so that an extremum of w,,(x) occurs at x =o, 
since, by I, |xo|<(2km)"/. 

Corresponding to a given integral value of m there is a single critical 
value of 0, 0<0<7, for which w,,(x) vanishes at +, while for all other 
values of 0, wm(x) becomes infinite at +«.¢ We desire to construct a 
function that will always become infinite at + and therefore, if the 6 
chosen above should prove to be critical, we shall take a new m equal to the 
original m increased by unity. Since the critical function is 


(x), 
where H,,(x) is an Hermitian polynomial, we see from the known properties 


of H,,(x) and Hm4+1(x) that if 0 is critical for m it will not be so for m+1. By 
this arrangement we are sure that w,,(x) will always become infinite at + ©. 


* The proof is similar to that for the behavior of the roots. See W. E. Milne, these Transactions, 
vol. 30 (1928), pp. 797-802, especially p. 800, formula (16). 
t Cf. W. E. Milne, loc. cit., pp. 799-800. 
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The function y,,(x) is now defined as follows: 


in which a denotes the abscissa of the extremum of w,,(x) nearest the origin 
(or one of the two nearest). It is clear from (4) that II(a) and III(a) are 
verified. 

Next consider the roots of w»(x). When @ is critical w,,(x) becomes 
Ce-**71,,(x) and is known to have exactly m real distinct roots. As @ in- 
creases each root moves continuously to the right, no root is gained or lost 
in the finite interval, but a new root appears at — «©. Hence, for non-critical 
values of 6, w,(x) has exactly m+1 real distinct roots. Therefore y,,(x) 
has m+1 distinct extrema, and obviously becomes infinite at +. 

Finally it is known that the amplitudes of the oscillations and the inter- 
vals between the roots of w,(x) increase as x recedes from the origin, so 
that the areas bounded by the successive arches increase. This assures us of 
the alternation in sign of y,,(x) at the extrema and at + ©, and completes 
the proof of II(b). 

The proof of II(c) is easily effected with the aid of (2) and (4) and certain 
inequalities previously established.* 

Finally, to prove III(b) we note that 


/4R'(x) = vm(x) + Pi (x) — xP, (x)/2, 
where ?,,(x) is a solution of the differential equation 


” 


v’ — xv +mv=0. 


Differentiating this equation m times we get 


+1) 
y(mt2) 0, 


whence 
= Ce2*/2, 


The value C =0 gives the critical solution, hence C#0. Therefore in view of 
the fact that m>n-+1 because of (3) 

= 0, 
which shows that R’(x) has not more than m+1 roots. 


* W. E. Milne, these Transactions, vol. 31, pp. 907-918. See pp. 909-910, formulas (8) to (15). 


UNIVERSITY OF OREGON, 
EUGENE, ORE. 


THE TRANSFORMATION E OF NETS* 


BY 
V. G. GROVE 


1. INTRODUCTION 


Let there be given a surface S in euclidean space of three dimensions. 
Suppose that on S there are two one-parameter families of curves such that 
through each point on S there passes one curve of each family, the two tan- 
gents being distinct. We have called such a set of curves a net. Suppose 
that through each point of S there passes a line g of a congruence G, such 
that the developables of the congruence G intersect S in the curves of the 
given net N. Let S be another surface in the same space and in one-to-one 
point correspondence with S, corresponding points lying on the lines of G. 
The developables of G intersect S in a net WV. If neither S nor S is a focal 
surface of G, N and W are said to be in relation C, or to be C transforms.{ If 
N and NW are conjugate nets in relation C, they are in the relation of a trans- 
formationt F. 

In this paper we extend the notion of the transformation of Ribaucour to 
nets not necessarily the lines of curvature on the sustaining surfaces. Two 
nets in relation C will be said to be in relation E or to be E transforms if and 
only if every point on the line of intersection of corresponding tangent planes 
to the sustaining surfaces is equally distant from the corresponding points P 
and P. If N and N are the lines of curvature of S and S, the transformation 
E is a transformation of Ribaucour. 

We also extend the notion of semi-parallel nets in relation F to nets in 
relation C. We shall say that two nets N and W are semi-parallel if the tan- 
gents to one and only one of the families of curves of N are parallel to the 
tangents to the corresponding curves of W at corresponding points. If the 
tangents to both families of curves of N are parallel to the corresponding tan- 
gents of the curves of WV, the nets N and WN are parallel nets. If N and W are 
parallel nets they are conjugate nets. 

Let the Cartesian codrdinates of the point P of S be (x, x2, x3), the direc- 
tion cosines of the normal to S at P be (X,, X2, X3), and the direction cosines 
of g be (Ai, Xs, As). The corresponding quantities for S will be denoted by 

* Presented to the Society, December 30, 1930; received by the editors July 10, 1930. 

+ V. G. Grove, Transformations of nets, these Transactions, vol. 30 (1928), p. 483. Hereafter 


referred to as Grove, Transformations. 
tL. P. Eisenhart, Transformations of Surfaces, Princeton University Press, 1923, p. 34. 
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barred letters. Let the parametric equations of S be x;=x;(u, v), i=1, 2, 3. 
The three pairs of functions (x, \) satisfy a system of differential equations 
of the form 


= ax, + Bx, + Dd, 

= ax, + bx, + Md, 

(1) = + dx, + 
MXy + SX» + AX, 


tx, + nx, + Br, 
wherein 


(2a) L=Dsec¢, M=D'secd¢, N =D" secd, 
D, D’, D’’ being the second fundamental coefficients of S, and ¢ the angle 


between the line g and the normal to S at P. The remaining coefficients are 
obtained by solving the equations 


aE + BF = — Lcos@™, 


(2b) 
aF + 6G = F, — 3E, — Lcos@™; 


aE + bF = 3E, — M coso™, 


(2c) 
aF + bG = 3G, — M cos @™); 


+ 6G = 1G, — N 


(2d) 
vyE + 6F =F, — 4G, — N cos@™; 


mE'!? cos + sG'/? + A = 0, 
(2e) mE + sF + cos@™ = 
mF + sG + cos = 


tE'!/2 cos + nG'/? cosa + B 
(2f) tF + nG + BG'!? cos = 
tE + nF + cos9™ = 


wherein E, F, G are the first fundamental coefficients of S; @™, 0 the angles 


between g and the tangents to »=const., and “=const. respectively, and 
where 


e= f= f= g= 


The codrdinates of the point P of S corresponding to P of S are of the form 
=x+dd, 


E 
0 
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where d is a scalar function of u, ». We may readily verify that the three 
pairs of functions (x, ) are solutions of the following system of differential 
equations: 


Luu = + Bx, — Lx/d + Lz/d, 
= aX, + bx, — Mx/d + MZ/d, 
Lov = t bx, — Nx/d + NZ/d, 
Ey = (1 + md)x, + sdx, — (Ad + d,)x/d + (Ad + d,)z#/d, 
EZ, = tdx, + (1 + nd)x, — (Bd + d,)x/d + (Bd + d,)#/d. 
The parametric nets on S and S are therefore in relation* C if and only if 
s=t=0. We shall hereafter assume that the parametric nets are in relation C. 
The first fundamental coefficients of S may be written in the form 
E = (1 + md)?E + (Ad + d,)[2(1 + md)E"!? cos 9 + Ad + dy], 
F = (1 + md)(1 + nd)F + (1 + md)(Bd + d,)E"? cos 9™ 
+ (Ad + d,)(Bd + d,) + (1 + nd)(Ad + d,)G"/? cos 6, 
G = (1 + nd)%G + (Bd + d,)[2(1 + nd)G'/? cos 0°) + Bd + d,]. 
From (2e) and (2f) we find readily that 
(5) f—f' = — n) [cos — cos cos | 
where w is the angle between the parametric tangents on S. 
The focal points of g are defined by the expressions 
(6) y=x—d/m, =x—d/n. 
We shall call the surfaces generated by these points the first and second focal 
surfaces respectively. The parametric curves on these surfaces are conjugate. 


They will be also orthogonal if the functions F,, F, defined below are respec- 
tively zero: 


F, = (m, — Am) [mG"/2(m — n) cos 0 + m, — Bm]/m', 


(7) = (n, — Bn) [nE'/2(n — m) coso™ + n, — An|/n'. 


By means of the integrability conditions} of system (1), we may write the 
expressions for F; and F, as follows: 
F, = (m — n)(m, — Am)(nG'!? cos — a)/m4, 


F. = (n — m)(n, — Bn)(nE'!? cos — 


(8) 


* Grove, Transformations, p. 484. 
{ G. M. Green, Memoir on the general theory of surfaces and rectilinear congruences, these Transac- 
tions, vol. 20 (1919), p. 150. Hereafter referred to as Green, Surfaces. 
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From (8) we derive the fact that a normal congruence G is a congruence of 
Guichard if, and only, if the congruence in Green’s relation R to G with re- 
spect to the net in which the developables of G intersect any surface to which 
G is normal, consists of the rulings of the ruled plane at infinity. This theorem 
may readily be proved from geometrical considerations. 


2. THE TRANSFORMATION E 


We shall say that the nets N and NW in relation C are E transforms or in 
relation E if and only if every point on the line / of intersection of correspond- 
ing tangent planes is equidistant from P and P. We may readily show that 
these conditions may be written in the following form: 

(0) 2(1 + md) E'!? + Ad+d, = 0, 
2(1 + nd)G'/? cos 0) + Bd +d, =0. 


Under conditions (9) formulas (4) may be reduced to the following form: 


(10) E = (1+ md)*E, F = (1 + md)(1 + nd)F, G = (1 + nd)’G. 


Hence if a net N is orthogonal, any E transform of N is orthogonal. From (10) 
we find that the cross ratio* of the corresponding points P and P and the 
focal points on g in the proper order is defined by 


(11) R? = EG/(GE). 


Hence if one of two nets in relation E is isothermally orthogonal, the other will 
be isothermally orthogonal if and only if the nets are Kr transforms.t 

From (10) we observe that S is mapped conformally on S by a transforma- 
tion E of non-radial nets N and N if and only if N and N are orthogonal nets 
in relation 

We may readily prove that the nets which are the spherical representa- 
tions of the normal congruences of the sustaining surfaces of nets N and V 
in relation E are in relation C if and only if N and WN are in the relation of a 
transformation of Ribaucour. 

We have said that nets N and W are L transformst if they are in relation 
C, and if the developables of the congruence of lines of intersection of corre- 
sponding tangent planes correspond to the curves of the nets. In our present 
notation NW and W are L transforms if and only if ‘ 


(12) LM(1 + md) — ML(1 + nd) = NM(1 + nd) — MN(1 + md) = 0. 


* Grove, Transformations, p. 493. 
t Ibid., p. 493. 
t Ibid., p. 487. 
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If we use formulas (10), (11), and (12), we may prove the following theorems: 


(a) If the asymptotic nets N and N are E transforms, the lines of curvature 
on S and S correspond if N and N are radial transforms or K_, transforms. 

(b) If the non-conjugate, non-asymptotic nets N and N are E transforms in 
the relation of a transformation L, the lines of curvature on S and S correspond 
if and only if N and N are radial. 

(c) Let N and N be two non-conjugate, non-asymptotic nets in relation E and 
also L. If one of the sustaining surfaces is minimal (developable) the other is also 
minimal (developable). 

(d) A necessary condition that two orthogonal nets N and N in relation E be 
isothermally orthogonal is that they shall also be in relation Kr. 

(e) Let N and N be orthogonal non-radial nets in relation E. A necessary 
and sufficient condition that N be an isometrical map of N on S is that E be also 


3. SEMI-PARALLEL NETS IN RELATION C 


Suppose that NV and W are semi-parallel nets in relation C. Let the paral- 
lel tangents be the tangents to the curves v=const. of N and WV. It follows 
from (3) that 


(13) Ad + dy =0, Bd+d, #0. 


If N is orthogonal, it follows from (4) that W will be orthogonal if and only 
if cos 0“ =0. From (2e), (2f) and (13), we observe that 


if N and W are orthogonal semi-parallel nets in relation C. Hence if one of 
two semi-parallel nets in relation C by means of a congruence G is orthogonal, the 
other will be orthogonal if and only if the lines of G are orthogonal to the parallel 
tangents at corresponding points. The congruence G is moreover a normal con- 
gruence. The curves of the nets with parallel tangents are parallel curves. If 
through the origin are drawn lines parallel to the lines of G, there is obtained 
on the unit sphere a net N’, the spherical indicatrix of the congruence G. 
If f=f’ =0, the tangents to the curves »=const. (w=const.) of N’ are per- 
pendicular to the curves u=const. (v=const.) of N and W; N’ is also an 
orthogonal net. Suppose that the curves v=const. on S and S are parallel 
curves. In that case we may show that 


D' = cos @[M(1 + md) — bR(Bd + d,)]. 


It follows also from (2e) that cos 6 =0, and from (8) that F.=0. We may 
state our results in the following way: If N and WN are in relation C and the 
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curves of one pair of the two families composing the nets are parallel curves, the 
nets are also in relation F if and only if the line in Green’s relation R to N (and 
consequently N) is parallel to the parallel tangents. Moreover the developables 
of the congruence G intersect the focal surface corresponding to the parallel curves 
in its lines of curvature. The congruence G will be a normal congruence if and 


only if N (N) is orthogonal. 
We see readily that the two semi-parallel nets (with the tangents to 


v=const. parallel) are in relation Z if and only if 
cos 6) = Ad+d, = 0, 
2(1 + md)G'/? cos + Bd+d, = 0. 
If use be made of equations (2), these conditions may be written 
cosé™) =A =d,=0, 
(14) 
B(2 + nd) — nd, = 0. 
If we differentiate the second of (14) with respect to « and use the inte- 
grability* conditions of system (1), we obtain 
Mn(2 + nd) — 26B = 0. 


Hence if the nets N and N are semi-parallel nets in relation E, and if one of the 


nets is conjugate, the other is conjugate, and the rays of the points P and P with 
respect to N and N respectively are parallel to the parallel tangents of the curves 


of the nets. 


* Green, Surfaces, p. 150. 
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THE CHARACTERISTIC NUMBER OF A SEQUENCE 
OF INTEGERS SATISFYING A LINEAR 
RECURSION RELATION* 


BY 
MORGAN WARD 


1. Introduction. Let 

denote a sequence of integers satisfying the linear difference equation of 
order r=3 
(1.1) Qnis = PQn+2 + RO, R 0, 
where P, 0, R, Wo, W:, W: are fixed integers,t and let m>1 be any positive 
integer. If 

Wa =An (mod m;0 < A, Sm—1;n=0,1,---) 

we shall call (A), the reduced sequence corresponding to (W), modulo m. 

If after s terms in the reduced sequence, a cycle of ¢ terms keeps repeating 
itself indefinitely, (W), will be said to admit the period t, modulo m. The 
least period that (W), admits (modulo m) is called its characteristic number.t 


In this paper, I give a number of new results on the form of the charac- 
teristic number of a sequence. The principal result is the following: 


If m=p:1--- pit is the resolution of m into its prime factors, then the 
characteristic number of any sequence modulo m is the least common multiple 
of its characteristic numbers modulis , 


The restriction to the case of a difference equation of order 3 is mainly 
for convenience of notation and ease of illustration. The theorems in the 
first seven sections of the paper, which include my main result, may be 
immediately extended to the general case of a difference equation of order r. 


* Presented to the Society, November 29, 1929; received by the editors in January, 1930. 

t The arithmetical properties of such sequences do not seem to have been extensively investi- 
gated. Besides the references in Dickson’s History, there is an important paper by Carmichael on 
the linear recursion relation (1.1) for general r (Quarterly Journal of Mathematics, vol. 48 (1920), 
pp. 343-372). We shall refer to this paper as Carmichael I, giving page reference. Many of Carmi- 
chael’s results are summarized in a more recent paper (American Mathematical Monthly, vol. 36 
(1929), pp. 132-143). Draeger (Ueber rekurrente Reihen von hiherer, inbesondere von der dritten 
Ordnung, Dissertation, Jena, 1919) has discussed (1.1) in detail and given some arithmetical results 
for the cases m=2, 3 and P=0 (mod m). 

¢ Carmichael I, p. 345. We shall omit the phrase “modulo m” when no confusion can arise. 


153 


| 
‘ 


154 MORGAN WARD 


2. Periodicity of sequences. We shall employ the notation 
Ao, Ay-13 Ay, Ajit, 
for a reduced sequence (A), having \ non-repeating terms Ao, A1,--- , An-1 
and yw repeating terms* Aj, Ayi1,---, If (W), is said to be 
purely periodic modulo m. 
If » is the characteristic number of (W),, then a necessary and sufficient 
condition that (W), admit the period r is thatt u |r. 


THEOREM 2.1. Every sequence (W), becomes periodic,t modulo m. More- 
over, if wu is the characteristic number of (W), and X the maximum number of 
non-repeating terms in the reduced sequence (A), corresponding to (W)n, then 


Call an ordered set of three consecutive elements of (A), a triad. Then 
the first m*+3 terms of (A), contain the m?+1 triads 
(2.1) Ao, Ai, Ao; Aj, Ao, A3; ~ An', A A 


of which at most are distinct, since 0<A,<m—1. Hence if X, are the 
least values of s, ¢ such that 


A, = Agyt, Asti = Aspe = 


in (2.1), the first part of the theorem follows from the linearity of (1.1). 
The remainder of the theorem follows from the inequalities 


m*+2. 


3. Reduction to prime powers. We shall now show that there is no loss 
of generality in supposing that m is a power of a prime. 


THEOREM 3.1. Let (W), be any particular solution of the difference equation 
(1.1), and assume that m=a-b where (a, b) =1;.a,b>1. Then the characteristic 
number of (W), modulo m is the L.C.M. of its characteristic numbers modulis 
a and b. 


Let u(x) =u, denote the characteristic number of (W), modulo x, and 
let x denote the L.C.M. of u. and yw» where, by hypothesis, a-b =m; (a, b) =1. 

(W), admits the period modulis a and b; therefore | tm, SO 
that « | 


* It is understood that A is the greatest number of non-repeating terms, and yu the smallest num- 
ber of repeating terms in the reduced sequence. 

t We use the customary abbreviations (a, b) for the greatest common divisor of the integers 
aand 5, al b for a divides 6, and L.C.M. of a and 6 for the least common multiple of a and b. 

t For another proof, see Carmichael I, p. 344. 
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(W), also admits the period x modulis a and 6; therefore 
(3.1) — Wrin = 0 (mod a), — Wrin = 0 (mod 8) (xn = 0, 1, -- 


where X is the number of non-repeating terms in the reduced sequence (A), 
corresponding to (W), modulo m=a-b. 
Since (a, b) =i, (3.1) implies that 


— = 0 (mod m; 2 = 0,1,---). 


Hence (W), admits the period modulo m and pm |x. Since |um, 
The following fundamental result is a direct corollary of this theorem. 


THEOREM 3.11. Let (W), be any particular solution of the difference 
equation (1.1) and let 


m= 
be the resolution of m into its prime factors. Then the characteristic number of 
(W), modulo m is the L.C.M. of its characteristic numbers modulis p:,--- , 
To illustrate this theorem, consider the difference equation 
= OQn+2 + Qn41 + 
with the particular solution (U), whose first few terms are 
1, 0, 0, 1, 1, 2, 4, 7, 13, 24, 44, 81, 149, 274, 504, 927, - - 


Let u(m) denote the characteristic number of (U),, modulo m. Taking (U), 
modulis 2, 3, 4, 5, 6, 7, 9, 42, we find that u(2)=4, u(3) =13, u(4) =8, u(6) = 
52, u(7) =48, u(9) =39, and =624. Thus u(42), for example, equals 
3-13-16 which is the L.C.M. of u(2), u(3) and u(7); and u(6) is the L.C.M. 
of u(2) and u(3). 

4, Purely periodic sequences. We shall now give some conditions that a 
sequence (W), be purely periodic, modulo m. It is easily shown that a 
sufficient condition* that the sequence (W), be purely periodic is that 
(R, m)=1. This condition is not, however, a necessary one. On the other 
hand, we shall prove 


THEOREM 4.1. A mecessary condition that the sequence (W), be purely 
periodic modulo m is that 


(4. 1) We PW, (mod d), 


where d is the greatest common divisor of R and m. 


* Carmichael, I, p. 344, §2. 
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Assume that (W), is purely periodic modulo m, and has the characteristic 
number yu. Then if (m, R) =d, d|m and d|R, so that 


= — OW, + = — OW; (mod d), 


giving (4.1) immediately. 
Unfortunately, this condition is not sufficient for pure periodicity. 
Consider for example the difference equation 


= 22,42 Qn41 32,, with m = 9. 


Here d=3, and if we take W»>=0, W,=0, W2=3, then W2=2Wi+Wo 
(mod 3). Nevertheless, in this case (A), is 0;0, 3, 6, 6, 0, 6, 3, 3. 

We can, however, prove as in Theorem 3.1 that if (W), is purely periodic 
modulis a and b, where (a, 6) =1, then (W), is purely periodic modulo a-b. 
Consequently, we have the following criterion for pure periodicity: 


THEOREM 4.2. If m=p,"--- pi is the decomposition of m into its 
prime factors, then a necessary and sufficient condition that (W), be purely 
periodic modulo m is that it be purely periodic modulis pi, - - - , px. 


We shall consider henceforth only purely periodic solutions of (1.1). 
5. Singular and’ non-singular sequences. Let (W), stand as usual for a 
particular solution of (1.1), and let D=D(W) denote the determinant 
Wo, Wi, Ws 
W1, We Ws 
W:, Ws, We 
The solution (W),, is said to be non-singular (modulo m) if (D, m) =1 and 
singular if (D, m) =d>1. 


THEOREM 5.1. All purely periodic non-singular sequences satisfying (1.1) 
have the same characteristic number, tr, modulo m. Moreover, the characteristic 
number modulo m of any singular sequence is a divisor of r. 


Let (W), be any solution of (1.1), and (7), any non-singular solution, 
and let the characteristic numbers of (W), and (J), modulo m be yp and r 
respectively. Then we can determine integers Ko, K1, K2 such that 


(5.1) Wn = KoTn + KiTngi + KeT nie (mod m; n = 0, 1,---) 
where 


(5.2) 0< Kg, Keim-—1. 
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For on account of the linearity of (1.2), (5.1) will be true provided that it 
is true for m=0, 1, and 2. 
But a sufficient condition that the congruences 


Wi = KoTi t+ + KeTize (mod m; i = 0, 1, 2) 


have a solution satisfying the conditions (5.2) is that (D(T), m) =1. 

From (5.1), we see that (W), admits all the periods of (7),, so that 
be |r. If (W), is also non-singular, a repetition of the argument shows that 
7 so that 7=y. 

The characteristic number 7 is called the principal period of (1.1) modulo 
m. 

It is easily shown that if (m, c)=1, the sequences (W), and cWo, cW,, 
-- or for short c(W),, have the same characteristic number* modulo m. 
If (m, c) >1, this is not usually the case. 

For instance, consider the difference equation and particular solution 
given to illustrate Theorem 3.11. The characteristic number of (U),, modulo 
6 is 52. Nevertheless, the characteristic number of 3(U),, modulo 6 is only 4.f 
Now 4 is the characteristic number of (U),, modulo 2=6/3. We have here an 
illustration of the following theorem: 


THeoreM 5.2. If (W), is any particular solution of (1.1) and c is any 


integer, the characteristic number of c(W), modulo m equals the characteristic 
number of (W), modulo m/d, where d is the greatest common divisor of m and c. 


Let c=c’-d, m=m’-d; (m’, c’)=1. From the congruences 
CWass = CPWase — + CRW, (mod m), 
we obtain 
(5.3) Wats = PWase — + c’RW, (mod m’;n = 0,1,---). 


Since (c’, m’)=1, the characteristic number of c’(W), modulo m’ is the 
same as the characteristic number, x, of (W), modulo m’. Let u denote the 
characteristic number of c(W), modulo m. From (4.3), (W), admits the period 
modulo m’, so that « 

But we also have 


Wire =O (mod m’;k=0,1,---). 
Hence (mod m’), (mod m), so that c(W), 
admits the period x, modulo m. Thus u Ik, so that u=k. 


* If the periodic parts of (A), and c(A)p, are merely cyclic permutations of each other, ¢ is called 
a multiplier of (W)n. The theory of the multipliers of a sequence is considered in §9, for m a prime p. 
t Note that D(3U) =27, which is not prime to the modulus 6. 
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We can derive the following important consequence from Theorem 5.2. 


THEOREM 5.3. Let (S), be any singular solution of (1.1) and let d be the 
greatest common divisor of D(S) and m. Then the characteristic number of (S)n 
modulo m is a multiple of the principal period of (1.1) modulo m/d.* 


If (7), is any non-singular solution and if (D(S), m) =d, then it is easily 
shown that we can determine constants Ko, K,, Kz such that 

aT, = KoSn + + (mod m; n = 0,1,---), 

where 0< Ko, Ki, K2Sm—1. Hence d(T), admits the periods of (S),. The 

theorem now follows immediately from Theorem 5.2, since (7), is also a 


non-singular solution of (1.1) modulo m/d. 
6. The binomial congruence. Consider the binomial congruence 


(6.1) x" =1 (modd m, F(x)) 
where it should be noted that 
F(x) = 23 — Px? ++Qx—R 
is the characteristic function of the difference equation (1.1). 
The problem which immediately suggests itself is to find those values of 


for which (6.1) is an identity in x. We shall see that they are the periods of 


the non-singular sequences of (1.1), modulo m. 
If 


denotes that particular solution of 
(1. 1) Qn+s3 = + RQ,, R 0, 


with the initial values U)»=1/R, U,=0, U.2=0, then it may be shown by 
induction that 


(6.2) = Unix? + (Un+e PU + RU, + Q,(x)F (x), 


where 


=0; Qala) = 


r=1 


Suppose that 
U, = A, (mod m;0 < 
* One might conjecture from Theorem 4.3 that all singular solutions (S), for which the greatest 


common divisor of D(S) and m has the same value would have the same characteristic number, but it 
is easy to construct examples showing that this is not the case. 
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(6.2) then gives us the fundamental formula 
x” = + (Annie — + RH, (modd m, F(x)). 


Hence x*=1 (modd m, F(x)) identically in « when and only when U,4:= 
U42=0 (mod m) and RU,=1 (mod m). Thus we have the following theorem: 


THEOREM 6.1. Necessary and sufficient conditions that (6.1) hold identically 
in x for n=p are that R be prime to m, and that the sequence (U),, admit the 
period modulo m. 


We shall assume henceforth that (R, m) =1. Since 
R-, 0, 0 
D(U) =| 0, O, 1 = 
0, 1, P 
the characteristic number of (U), is the principal period 7 of (1.2) modulo m. 
It then follows from Theorem 6.1 that the least value of for which (6.1) is 
an identity in x is r.* 
If we put «=a in the identity (6.2), where a is a root of F(x) =0, we have 
the congruence 
(mod m). 


Thus 7 is divisible by the exponent to which a belongs modulo m, which 


gives us the following theorem: 


THEOREM 6.2. The principal period of (1.1) modulo m is divisible by the 
L.C.M. of the exponents to which the roots of F(x) =0 belong, modulo m. 


7. Characteristic number for powers of a prime. Assume now that 


m =p‘ (t=1) is a power of a prime, p. 


THEOREM 7.1. Jf (W), is any solution of (1.1) and pw =y(p*), u=p(p) the 
characteristic numbers of (W), modulo m=‘ and modulo p respectively, then 


wheret OSbSt—-1. 
By Theorem 6.1, x*°=1 (modd p', F(x)), so that 2*°=1 (modd 4, 
F(x)) and Also, 


* Compare the relationship between the binomial congruence x"=1 (mod m) and the difference 
equation Qn41= RO, (mod m); (R, m)=1. The characteristic number of any solution of the difference 
equation is an admissible value of m for the congruence. 

¢ Carmichael (I, p. 352) gives the limits O<b<¢# for b. 
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(7.2) x = 1+ pP(x) + F(2)Q(x) 


where P(x) and Q(x) are polynomials in x with integral coefficients. On 
raising both sides of (7.2) to the p*"' power, we see that x*”**=1 (modd *, 
F(x)). By Theorem 6.1, since (7.1) follows. 

For illustrations of this theorem, see the examples following Theorem 

By the same method of proof used in Theorem 7.1, we can establish the 
following result: 


THEOREM 7.2. If and x*‘»)=1 (modd p’, F(x)) but A1 (modd 
F(x)), then 


u(p) =u(p) if 
u(p!) = if 


The problem of determining the exponent b in (7.1) is thus a generaliza- 
tion of Abel’s famous problem of finding the highest power of » which will 
divide a?-!—1. 

8. Characteristic number for prime modulus. Assume now that m is a 
prime, p. The factorization of F(x) modulo p may be described by a partition 
of three; for example, if F(x) is irreducible, we shall say it is of “type [3]”, 


if it can be factored into an irreducible quadratic factor and a linear factor, 
we shall say that it is of “type [2, 1]” andsoon. In any case, the factorization 
is unique; denote the roots which correspond to linear factors by small italic 
letters a, b, c and the roots which correspond to irreducible quadratic or 
cubic factors by small greek letters a, 8, y. 

Let L(a); L(a) denote the exponents to which the roots a; a belong 
modulo p and L(a, b); L(a, B, c), etc., the L.C.M. of the exponents to which 
a, b; a, B, c etc. belong modulo p. 

Finally, let A denote the discriminant of F(x), and W the matrix 


Wo, Wi, Ws 
( Wi, Ws, 
W2, Ws, 


Then it is easily shown from the known algebraic theory of (1.1) that the 
characteristic number of (W), is given by the following table: 


* b in (7.2) may be zero; for example, take F(x) =x*—2x*+«—1 and p=2. The first few terms 
of (U), are 1, 0, 0, 1, 2,3, 5, 9, 16, 28, - - - . Taking the sequence modulo 2 and modulo 4, we obtain 
1, 0, 0, 1, 0, 1, 1, and 1, 0, 0, 1, 2, 3, 1 so that (2?) =u(2) =7. 

t Crelle’s Journal, vol. 3 (1828), p. 212. See also Dickson’s History, Chapter IV. 
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CHARACTERISTIC NUMBERS MODULO p 


Algebraic form of 
Case Typeof Quadratic W,, in terms of 
F(x) character* of roots of 
A modulo p F(x) =0(mod 


Characteristic 
number 


I [3] +1 Aa*+BB*+Cy" 


II [2,1] —1 BB"+Cy" 
Aa*+ Bp" 

Cc” 

III [1, 1, 1] +1 Aa*+ Bb"+Cc" 
Aa"+Bb" 
Bb*+Cc" 
Aa"; Bb"; Cc” 


Iv [12,1] 0 


(A 
PQ-9R#0 


Bna*+Cc" 


(A+Bn)a* 
Aa*+Cc" 
Aa"; Cc" 


L(a, 6), 
c), 


L(a) =L(8) =L(y). 
L(a, c)=L{B, ¢), 
L(a) =L(8), 
L(W,/W>). 

L(a, b, c), 


L(, a), 
L(W,/W>). 


pL(a, c), 


L(a, ¢), 
L(Wi/W). 


0 
PQ-9R=0 


(A+Bn+Cn?)a* 
(Bn+Cn?)a" 
(A+Cn?)a" 
Cn?a" 

(A+Bn)a" 2 pL(a), 
Aa" 1 L(W;/W,). 


The problem of determining the characteristic number for a prime 
modulus is thus equivalent to the problem of determining the exponent to 
which a given element in a Galois field of order *, p? or p belongs.t 


* There exists no convenient criterion for distinguishing the cases when F(x) is of type [3], and 
of type [1, 1, 1]. See Dickson’s History, vol. I, pp. 252-256. 

+ If we call a difference equation primitive (modulo p) when there is only one sequence belonging 
to it, then, just as in the allied theory of primitive marks in a Galois field, or primitive roots of p", 
we can show that for every prime #, there exist primitive difference equations of any order r. 


1931] 161 
of W 
3 
2 qd 
1 
3 
1 
2 pL(a), 
1 


162 MORGAN WARD [January 


We shall devote the concluding two sections of the paper to studying 
case I. The characteristic number modulo of all sequences satisfying (1.1) 
is then the same, and equals the exponent to which any root of F(x) =0 
belongs in the Galois field [p*] associated with F(x). We shall call this 
number the period of F(x), and denote it by r. It is of course a divisor of 


If a, B, y are the roots of F(x) =0, and S, =a*+6*+-y", then* 


(8.1) B=a?, y =a”; R= alt’; §, = a®+ + ar, 
9. Multipliers of cycles. If (A), is any reduced sequence of residues, so 
that 
Ants = — + RAn (OZ A,5p-—1,n=0,+1,---) 
the 7 residues Ao, - - - , A;_; are said to form a cycle (A) belonging to F(x). 
Two such cycles are said to be equal if either can be obtained from the other 
by a cyclic permutation of its elements. 


Let L be any residue. If the cycle LAo, -- - , LA,—-1 equals the cycle (A), 
then L is called a multiplier of (A); we have 


(9.1) LAn = (n =0,---,7—1). 


Since any other cycle (B) of F(x) may be expressed in the form 


By, = KoAn + KiAnyi + 1)» 
where Ko, Ki, Ke are residues, the following theorem is apparent: 


THEOREM 9.1. Jf L is a multiplier of one cycle of F(x), it is a multiplier of 
all the cycles of F(x), and the integer 1 in equation (9.1) does not depend on the 
particular cycle (A) used in defining L. 

We shall call / the span of L. 

The following three theorems are easily established: 


THEOREM 9.2. The multipliers of the cycles of F(x) form a group with respect 
to multiplication modulo p. 


THEOREM 9.3. Two multipliers with the same span are identical modulo p. 


THeorREM 9.4. The group of the multipliers of the cycles of F(x) is cyclic, 
and a generator is the unique multiplier of least span. 
Let M denote this unique multiplier. From Theorem 9.4, there follows: 


* It is understood that all congruences in which the modulus is not indicated are to be taken to 
the modulus over the field of the p residues 0, 1,-- +, p—1. For the properties of Galois fields 
which are assumed, see Dickson, work cited. 


1931] A SEQUENCE OF INTEGERS 163 


THEOREM 9.41. The span of M divides the span of every other multiplier. 
THEOREM 9.5. If p?++1=7 (mod 7), then R is a multiplier of span zx. 
Since p?=1 (mod 7), 
par =pr=r (mod r). 
By (8.1), 
= a? + + = 4 4 = 


Hence by Theorem 9.1, R is a multiplier of span 7. 
As an immediate consequence of these theorems, we see that R is con- 
gruent to a power of M, modulo #, and that the span of M divides r. 


THEOREM 9.6. If €(M) is the exponent to which the multiplier M belongs 
modulo p, and if pu is its span, then 


(9.2) tT = 


where r is the period of F(x).* 
for if r=su+t (0S¢Sp—1), then by (9.1) 


M**An = Ant = Ante = 


so that u|t;#=0. Similarly, e(M) |r so that e«(M)-u|yr where y = (e(M), = 
3or1. But 


A,= = Ante(M)yu (n 0, 1). 


Hence r le(M)u, so that either r=e(M)y or 37 =€(M)y. 
The latter case can occur only when (e(/), u) =3; but then 


Ante An 18. 4, 


so that contradicting the definition of 
We shall call u the restricted period of F(x); since it is a divisor of p?+p+1, 
we may write 


(9.3) 
We easily find that 
(9.31) M*=R, M*= R’, 


* (9.2) is a special case of a theorem given in Carmichael I, p. 355. Carmichael calls u the re- 
stricted period of the sequence whose characteristic number is 7. 


= 
y 
= 
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so that 
(9.32) e(R) | e(M) | 3e(R), 


where e(R) is the exponent to which R belongs, modulo p. 

If p=2 (mod 3), then p?++1=1 (mod 3) and it follows from Theorem 
9.6 and equation (9.32) that r=«(R)y where w|p?+p+1 and (u, 3)=1. The 
concluding section of the paper is devoted to the more interesting case when 
p=1 (mod 3). 

10. Period for primes of form 3m+1. We shall assume throughout this 
section that 


(10.1) p = 3'n +41, (m, 3) =1; k 21. 
Then #?++1=0 (mod 3), 40 (mod 9), and from (9.3), 
(10.2) xu/3 =1 (mod e(M)) =1 (mod e(R)). 

THEOREM 10.1. Jf p is of the form 3*n+-1, and pw denotes the restricted 


period of F(x), then h=0 (mod 3) when and only when e(R) =0 (mod 3+). 
If this last condition holds, then 


(10.3) M = Rl (mod 


Let w=3u’. Then (u’, 3)=1, (x, 3)=1, and from (10.2) xu’=1 (mod 
e(M)). From (9.31), R=M*(mod p) and 


(10.31) M = (mod 
Hence by (9.32), =e(R). Assume that 
e(M) = 3*-o, (c,3) =1; k; 
then by (9.2), 7 =3*t!7’; 
(7,3) = 1. 


Now it is easily seen that a” is a primitive 3+ root of unity, modulo 9, 
and hence a residue of p if and only if s<k. Assume that s<k. Then if a’’ 
=0, a?’ =(, so that by (8.1), 


QS, Sate’, 


and by Theorem 9.1, Q is a multiplier. By Theorem 9.4, 3*+!=«€(Q); but 
e(Q) |e(M). Hence s=k and 


(10.32) e(R) = =0 (mod 3*). 
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Conversely, if «(R)=0 (mod 3*), then (10.32) follows from (9.32). If 
u#0 (mod 3), then x=0 (mod 3), and (9.32) gives 


= 1 = Re(M)/3 = Re(R)/3 (mod 9), 


contrary to the definition of e(R). Equation (10.3) now follows from Theorem 
9.6, (10.32) and (10.31). 


THEOREM 10.2. Jf e(R) =0 (mod 3), 40 (mod 3+), then r=3e(R)y, where 

The last part of the theorem follows immediately from Theorem 10.1, 
so that it is sufficient, in view of Theorem 9.6, to prove that e(M/) =3e(R). 
But this equality follows from (9.31), (9.32), since (u, e(R)) =1. 


THEOREM 10.21. Jf R is not a cubic residue of p, r is of the form 3«(R)o, 
where o |(p?+p+1)/3. 

If R is not a cubic residue of p, e(R) =0 (mod 3), and the theorem follows 
from Theorems 10.1 and 10.2. 

If e(R)40 (mod 3), then (u, 3)=1, but I have not found a criterion to 
distinguish whether 7 = 3€(R)u or r=€(R)y. The discovery of such a criterion 
would fill a serious lacuna in the theory. To illustrate the two cases possible, 
take p=7. Then p?+$+1=57=3-19, so that w=19. For the irreducible 


polynomial modulo 7, F(x)=x3+x—1, e(R)=1 and we find by direct 
computation that the period 7 is 57 =3«(R)y. However, for x*—3a?+4«—1, 
the period is only 19=e€(R)y. 

Finally, the case p=3 may be easily treated by a direct enumeration of 
the possible cases.* 


* Draeger’s Thesis contains such an enumeration for certain forms of F(x). 
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THE DISTRIBUTION OF RESIDUES IN A SEQUENCE 
SATISFYING A LINEAR RECURSION RELATION* 


BY 
MORGAN WARD 


I. INTRODUCTION 
1. Statement of problem. Let 
(W)n: Wo, W1,°°+, 


denote a sequence of integers satisfying the linear difference equation of order 
r=3, 


(1.1) = — + R #0, 


where P, QO, R, Wo, Wi, W: are fixed integers. 
If m is a positive integer, and if 


W, =A, modm, 0S m-—1, 
we shall call 
(A) a: Ao, Ai, Ay, 


the reduced sequence corresponding to (W),, modulo m. 

It is easily shown the (A), is periodic; following Carmichael,{ we shall 
call its smallest period, 7, the characteristic number of (W), modulo m. 

The object of this memoir is to attack the following fundamental distri- 
bution problem :§ 

Given the numerical values of the integers P, 0, R, Wo, Wi, W2, m and 7, to 
determine the distribution of the residues 0, 1, 2, - - - , m—1 among any r terms 
of the reduced sequence (A)n. 

There are really two distinct problems involved here: the determination 
of the particular place a given residue occurs in (A), and the determination 
of the number of times a given residue occurs in any 7 terms of (A),. Both 


* Presented to the Society, November 29, 1929; received by the editors in January, 1930. 

{ For references to investigations of (1.1) see Dickson’s History, vol. 1, chapter 17. For a general 
discussion of the problems in number theory connected with (1.1), see Carmichael, American Mathe- 
matical Monthly, vol. 36 (1929), pp. 132-143. 

¢ Carmichael, Quarterly Journal of Mathematics, vol. 48 (1920), pp. 344-345. 

§ As far as I am aware, this problem has not been explicitly considered for difference equations 
of order greater than two. In a paper which has already appeared in these Transactions I have con- 
sidered the problem of determining 7, given P, Q, R, Wo, Wi, W2 and m. 
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problems may be readily solved in particular cases. Consider for example the 
difference equation = with W W, = 1, = 2. But 
the general solution of either problem presents considerable difficulties.* 

I shall confine myself here almost entirely to the second, simpler, distri- 
bution problem for the special case when m is a prime p and the character- 
istic function of (1.1), 


(1.2) F(x) = x — Px? ++ Qx — R, 


is irreducible modulo ~. A discussion of this case is a necessary preliminary 
to the more complicated cases when m is composite or when the character- 
istic function (1.2) is reducible modulo p. 

2. Plan of paper and principal results. Let k(i) =k; denote the number 
of times the least positive residue 7 (mod #) occurs in the first t terms 


(A): Ao, 


of any reduced sequence (A), (mod #).¢ Regarding &; as a function of 7, we 
shall speak of it as the distribution function for the cycle (A) of F(x) associated 
with (A), and (W)n. 

If we know the distribution function for the cycle (A), then we will know 
it for the cycle (B) if the three initial values Bo, Bi, B. of (B) happen to be 


three consecutive elements of (A). It is thus important to be able to tell 
from the initial values of two sequences whether or not their cycles are dis- 
tinct. This problem is dealt with in §§6 and 7, where it is reduced to the 
problem cf determining whether or not any given three consecutive residues 
appear in a fixed cycle (K) of F(x). The preliminary definitions and results 
needed there and in the body of the paper are developed in §§3, 4, and 5. 
In §8 I digress slightly to give some results connected with the first distribu- 
tion problem. 

In §9 I prove that the number of zeros that can occur in each cycle of 
F(x) are not independent of one another, but must satisfy two simple di- 
ophantine equations. In §10, I apply this result to determine completely the 
number of zeros which can occur in any cycle of F(x) when tr = (p?+p+1)/3. 
In §11 I prove that if r=p?+ +41, then every residue occurs in every cycle 
at least once. 

In §12 it is proved that the distribution problem is essentially the same 
for all difference equations (1.1) with the same characteristic number + 

* In connection with the first problem, probably the best known result is that if Wo=3, Wi=P, 
W.=P?—2Q and # is a prime, then Wna=Wnap=Wrg: mod p. In §8 of this paper I shall give several 


new results of a similar character. 
T We shall omit the words “modulo p” when no confusion can arise. 
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modulo p, and that it can be reduced to the case when 7 divides p?+p+1 
and is prime to 3. 

In §13, I show that the distribution function k(m) for any cycle (A) is 
known as soon as we know the least positive residues of k; modulis p and 3. 
In particular, ko is known as soon as its residue modulo is known. 

In §15, I give an explicit formula which determines k; modulo p as the 
residue of a summation taken over the solutions of a certain diophantine 
system. This system is discussed fully in §14, and a general method of solving 
it is given. I have been unable to determine the residue of k; modulo 3 save 
in special cases. 

In §16, I apply my results to various special cases, obtaining theorems 
like the following: 

If p=3N+1, 3r=p?+p+1, and ko is the number of terms divisible by p 
in the first r terms of (S)n, where So=3, Si=P, Sp=P?—20, then ko is the least 
positive residue modulo p of (2N+1)(1+3N!/(N!)*). 

Finally in §17, I give a method for obtaining an upper limit to the size 
of k; for any (A) andr. 

3. Preliminary definitions. Triads. Let the roots of F(x)=0 in the 
Galois field of order p* associated with F(x) be denoted by* a, a, a", and 
suppose that 


9-1, ) 
n=0,+1,4+2,---/ 


at*tarmtaqrn=S, mod p ( 


Then 
S, = P, =Q, R mod p. 


We shall refer to the » numbers 
0,1,2,---,p—1 


which form a sub-field in the Galois field as residues. The characteristic num- 
ber 7 is simply the exponent to which a belongs in the Galois field; we shall 
also refer to it as the period of F(x) (modulo 9). 

The 7 residues Ao, Ai, - - - , Ay-1 of any reduced sequence (A), will be 
said to form a cycle belonging to F(x). The cycle (S), where S, is defined above, 
will be called the principal cycle of F(x). 

An ordered set of three residues (or more generally, of three rational in- 
tegers) A’, B’, C’ will be called a triad, and denoted by [A’, B’, C’]. Ther 
triads 

[Ao, A], As, As], [Ay-2, A,-1, Aol], [A,-1, Ao, 
will be called the triads belonging to the cycle (A). 


* For the properties of Galois fields which are assumed here, see Dickson, Linear Groups, 
Leipzig, 1901. 
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Two triads are equal when and only when they are identical modulo 9; 
two cycles are equal if one may be derived from the other by a cyclic permu- 
tation of its elements. It is clear that any cycle is completely specified by 
any one of its triads; furthermore, two given cycles have either all or none 
of their triads in common. 

The cycles whose initial triads are [1, 0, 0], [0, 1, 0], and [0, 0, 1] will be 
denoted by (X), (Y), and (Z) respectively.* 

4. Multipliers and blocks. If Z is any residue such that the cycles 


LA, LA,-1 and Ag, A, Ans 


are equal (modulo 9), L is called a multiplier of (A). 

In the paper previously referred to, I have shown that every cycle of F(x) 
has the same multipliers, and that there exists a unique “basic multiplier” M@ 
such that every other multiplier is congruent to some power of M. 

It follows that if e=e(M) denotes the exponent to which M belongs 
modulo #, then there are exactly e distinct multipliers. e moreover divides r 
and the quotient divides p?+p+1. If we write 7=e(M)y, u|p?+p+1, then 
u is called the restricted period} of F(x). 

Let 

éd@=p—1, 
Then there are exactly ¢ distinct cycles modulo p among the p—1 cycles 
XAo, (X = 1,2,---,p— 1). 


These ¢ cycles will be said to form a block of cycles. There are in all exactly 
x distinct blocks of cycles; we shall denote them by the capital German 
letters Bo, ---, By. 

In particular, it will be understood that %; is the block containing the 
principal cycle (S). 

The number of times a given residue appears in a given block is given by 
the following easily established theorem. 


THEOREM 4.1. If bo denotes the number of times the residue 0 appears in 
the first u terms of any cycle of a given block 8, then every residue other than zero 
appears in B exactly u—bo times, while the residue zero appears (p—1)bo times. 


5. Illustration. In order to clarify the definitions of the preceding two 
sections, we give all the cycles of F(x) =x*+3x?+4«+1 for p=7, and a list 
of the notations introduced. 


* For a number of algebraic properties of the associated sequences, see Bell, Téhoku Mathe- 
matical Journal, vol. 24 (1924), pp. 169-184. The terms of the principal cycle (S) and (X), (Y), (Z) 
are connected by the simple relation S,=Xn+ Vn4itZn42 mod p. 

¢ This term is due to Carmichael, who uses it in a slightly more general sense. See Quarterly 
Journal paper, p. 354. 
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COMPLETE CYCLES, GROUPED BY BLOCKS 


3, w=19, 


6, e=2, t= 


=6, p?+p+1=57, M= 


For this case, p—1 
38 and in Si, bo 


=3. 


T 


LIST OF NOTATION 
Number of cycles 


Triad: [U, V, W] 


period of F(x) m in a block: ¢ 


Characteristic number 
Number of elements or 


Cycle: (A) 
Block: 


Number of blocks: « 


triads in a cycle 


° 
° 
= 
8 
Ry 
o 
3) 
n 


= 
= 
=) 
iS) 


belongs modulo p: e =«(M). 


Exponent to which M 
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Bi 
4 4, 1, 6, 2, 4, 2, 4, 4, 3, 0, 4, 4, 0, 5, 0, 3, 4, 4, 
4, 3, 6, 1, 5, 3, 5, 3, 3, 2, 0, 3, 3, 0, 6, 0, 4, 3, 3. 
(6, 1, 2, 5, 4, a 4, 1, ‘, 3, 0, 1, i. 0, 2, 0, 6, 1, 1, 
Uu, 6, 5, 2, 3, 6 3, 6 6, 4, 0, 6, 6, 0, 5, 0, 1, 6, 6. 
$, 3, 4, 6, 6, 3, 5, 0, 5, 5, 0, 3, 0, 2, 

B. 
0, 0, 1, 4, 5, 3, 2, 5, 2, 0, 5 2, 4, 0, 3, i, 6, 3, 1, 
0, 0, 6, 3, 2, 4, 5, 2, 5, 0, 6, 5, 3, 0, 4, 6, 1, 4, 6. 
0, 0, 2, 1, 3, 6, 4, 3, 4, 0, yA 4, 1, 0, 6, 2, 5, 6, 2, 
0, 0, 5, 6, 4, 1, 3, 4, 3, 0, 5, 3, 6 0, 1, 5, 2, 1, 5. 
0, 0, 3, 5, 1, p 6, a, 6, 0, 3, 6, 5, 0, 2 3, 4, 2, 3, 
0, 0, 4, 2, 6, 5, 1, 6 1, 0, 4, 1, 2, 0, 5, 4, 3, 5, 4. 

Bs 
0, 1, 3, 1, $, 6, 3, 4, 5, 1, 1, ae 3, 3, 5, $, 4, 4, 6, 
0, 6, 4, 6 2, 1, 4, 3, 2, 6, 6, 5, 4, 4, 2, 2, 3, 2, 1. 
c 2, 6, 2, 3, 5, 6, 1, 3, 2, 2, 4, 6, 6, 3, 3, 1, 3, 5, 
0, 5, 1, 5, 4, 2, 1, 6, 4, 5, 5, 5, 3, 1, 4, 4, 6, 4, 2. 
{0, SRE & & 
0, 4, 5, 4, 6, 3, 5, 2, 6, 4, 4, 1, 5, 5, 6, 6, 2, 6, 3. 

| 
ux=p?+p+1, 
et=p—1, 
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II. THE DISTRIBUTION OF TRIADS 


6. Invariant of a cycle. Let us assume that we know the distribution 
functions of the cycles (U), (V), - - - , (W) and that we are given the initial 
values Ayp=K, A1=L, A2=M of some cycle (A). Then if the triad [K, L, M] 
occurs in one of the cycles (U), (V), - - -, (W), the distribution function of (A) 
is alsoknown. We are thus led to consider the problem of determining to what 
cycle any given triad belongs. In this section we shall restrict ourselves to the 
simplest case, when we know beforehand that the triad belongs to a certain 
block. 

First, if a, 8, y are the roots of 


(6.1) F(x) = x8 — Px?+Qx—-R=0 


and 
Wa = Do(Ko + Kia + 


(a) 


is the general term of any sequence (W), satisfying (1.1), then it is easily 
shown that the determinant 


| Wa, Was, Ware | 
D,(W) = W nti, Wats 


Wa+2; Wats, Wat 
has the value 
(6.11) D,(W) = R*AN(w), 


where R is the constant term of the characteristic equation (6.1), A is the dis- 
criminant of F(x), and N(w) the norm of the algebraic number w= K,»+Kia 
+K 

Consequently, if e(R) denotes the exponent to which R belongs modulo 9, 
and if (A) is the cycle corresponding to (W), modulo #, then the value of 


J(A) = [A,(A)]}* mod p 


is independent of m. We shall call this residue the invariant of the cycle (A). 
By means of (1.1), we can express the determinant A,(W) as a polynomial 
in Wa, Wasi, Ways. If we define A(K, L, M) for all values of its arguments 
to be the polynomial 
A(K, L, M) = — R°K* + 20RK°L — PRK*M — (PR+)KL? 
+ (PQ + 3R)KLM — QKM? + (PO — R)L* — (P?+Q)L°M 
+ 2PLM? — M3, 
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then 
(6. 12) A,(W) A(W,, Wn+1; Wn+2)- 


Thus if Ao, Ai, Az are the initial values of any cycle (A), the invariant 
J(A) is determined by the congruence 


J(A) = [A(Ao, Ai, Az) mod 


Now if L is any constant residue, A,(L-W)=L°A,(W). Hence if (L-A) 
denotes the cycle LAo, LAi, 


(6.2) J(L-A) = L*®J(A) mod p. 


In the work previously referred to, I have shown that either e(M) =e(R) 
or e(M) =3e(R), where it will be recalled that e(M) is the exponent to which 
the basic multiplier M belongs modulo p. If p=2 mod 3, then e(M) neces- 
sarily equals e(R). Moreover, L**“ =1 mod p when and only when L*“™ =1 
mod ; hence, from (6.2) J(L-A)=J(A) mod p when and only when L is a 
multiplier of (A). A precisely similar result holds if p=1 mod 3 and e(M) 
= 3e(R).* 

It follows that in these two cases if (A‘), - - - , (A) are the ¢ distinct 
cycles of a given block %, the invariants J(A“), - - - , J(A“®) are all incon- 
gruent to one another modulo p. We thus obtain the following theorem. 


THEOREM 6.1. Jf p=2 mod 3 or p=1 mod 3, and e(M) =3e(R), and if 
[K, L, M] is any triad of the block B, then a necessary and sufficient condition 
that [K, L, M] belong to the cycle (A) of B is that 


(6.3) {A(K, L, M)}*®) = J(A) mod p. 
If p=1 mod 3 and e(M) =e(R) (which implies that e(//) 40 mod 3), we 


cannot go quite so far. For if w is a primitive cube root of unity modulo 9, 
then 


An(w:A) = w*A,(A) = A,(A) mod p. 


Consequently, since w is not a multiplier, the three cycles (A), (w-A), 
(w?-A) are distinct, and will have the same invariant. (6.3) must then be 
replaced by 


{A(K, L, M)}*® = J(A) = J(w-A) = J(w?-A), 


and for any given triad [K, L, M] of the block %, we can ascertain merely 
that it must be in one of three cycles of 8. 


* If p=3'N-+1 sufficient conditions for e(M) =3«(R) are e(R)=0 mod 3, 40 mod 3*; or R nota 
cubic residue of p. 
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7. Distribution of triads in cycles. Let 
(K): Ko, Ki,- ++, 


denote a fixed cycle of F(x). We shall show that we can determine whether or 
not two triads [A, B, C] and [A’, B’, C’] belong to the same cycle if we know 
all the triads which belong to (K). 
If Lo, Li, Lz are determined by the congruences 
A =1oKo+ 
(7. 1) B= 1oKi + L1K2 + LoKs, 
C = LoK2 + L1K3 + L2K,, 
then a necessary and sufficient condition that[A’, B’, C’] should belong to 


the same cycle as [A, B, C] is that for some value of m there should exist con- 
gruences of the form 


A’ => LoKm + Li K m41 L2K m+2, 
(7.2) B= LoK + + L2K mys, 
C’= LoK + LiK + L2K mys. 


Now, by means of the difference equation (1.1), we can express K »43 and 
K m4 in (7.2) linearly in terms of Km, Km4i, Write A”, B’, C” for Km, 
Km+i, Km42. Then if we introduce the abbreviations [LU]; (U=X, Y, Z;, 
i=1, 2, 3) for the sums LoU;+LiU i41+L2Ui42, the equations (7.2) give the 


wr, 


following values for A”, B”’, C 


| 4’, aan [LZ]»| 
(7.3) A" = rie 


etc. , 


where |A’, [LY ]:, [LZ].| stands for the determinant 
A’, [LY]o, [LZ]o 
B’, [LY [ZZ], 
C’, [LY], [LZ]: 


and so on. 
If we treat (7.1) in a similar manner, letting {KX}; stand for the sum 
KoX:i+ KiY KZ; (i=0, 1, 2, 3, 4) we find that 
| A, {KX}2, {KX}. 


where |A, {KX}2, {KX},| stands for the determinant 
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A, {KX}:, {KX}. 
B, {KX}, {KX}s 
C, {KX}s, {KX}, 
and so on. 
We thus obtain the following theorem. 
THEOREM 7.1. A necessary and sufficient condition that the triads [A, B, C] 
and [A’, B’, C’] should belong to the same cycle is that the triad [A"’, B’, C’’] 
determined by (7.3) and (7.4) should belong to the cycle (K). 


We have thus reduced the problem of determining to what cycle any triad 
belongs to the problem of determining whether or not a triad belongs to some 
fixed cycle, say the principal cycle of F(x). 

8. The distribution of zeros in a cycle. We shall assume in this section 
that the cycles of F(x) have no multiplier other than the trivial multiplier 
unity which implies that 7 divides p+ +1. The distribution of zeros in an 
arbitrary cycle (U) of F(x) then depends in a remarkable manner upon the 
distribution of residues in the principal cycle (S), as is shown by the following 
theorem: 


THEOREM 8.1. Let (U) denote a definite cycle of F(x) in which it is known 
that 


(8.1) U,= U,=0 modp (a b). 
Then a necessary and sufficient condition that U.=0 mod p is that* 
(8.2) Sapoptep = Satbprep mod p. 
Let 
(8.3) Un = KoSn + KiSnsi + KoSnye mod p. 
Then (8.1) gives 
Sap1, Saye Sate, Sa | Sa, 
Soi, Soto Soy2, So So, 
Hence by (8.3) 
U, = LD(a, b, n) mod , 


where D(a, b, n) denotes the determinant 
Sa; Sa+1) Sa+2 


So, Sore 
Sos Sn+2 
and L is a constant residue. 


* In numerical cases the subscripts of the S are reduced modulo r. 
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On expanding this determinant and substituting for S., Ss, etc., 


at + are + 4 etc., 


we find that 
D(a, b, m) = — Sapdptnp mod p, 
so that 
(8.31) (n =0,1,---,7—1). 
This proof would fail if 
San Sate, Sa Sa, Sati 
Soya, Sel’ | Se, Sous 


should all be congruent to zero modulo p. But in this case 
Sa = MS», Sari = MSo41, = 
where M is a constant residue. Since the only multiplier of (S) is unity, M=1 


and a=6 contrary to hypothesis. 
The following two theorems are direct corollaries of Theorem 8.1. 


THeEoreEM 8.11. Jf (Z) denotes the cycle 0,0, 1,-+-- , then a necessary and 
sufficient condition that Z,=0 mod p is that Sn4p>=Sn4 1 mod p. 
THEOREM 8.12. If (Y) denotes the cycle 0, 1,0,-- +, then a necessary and 


sufficient condition that Y,=0 mod p is that Sn42>=Sn42)* mod p. 


We have several times used the fact that if (S) is the principal cycle, 
Sn=Snp=Snpmod p. The following limited converse of this result is a direct 
consequence of Theorem 8.1. 


THEOREM 8.2. Let (U) be any cycle of F(x). If for any m0 itis known that 
U m= U mod then U,=KS, (n=0, 1,--+,7—1). 
The following congruences, which are all special cases of the easily estab- 
lished general formula 
Untm + Unipm + = UnSm mod 
give some curious arithmetical properties of cycles: 
Un + Ugn + = UdSa, 
Uo + + = 
Sntm + Sntpm + = SnSm, 
Xn + + = Sn, 
Y,+ = 0, 
Zn + Zon + Zon = mod p. 


(8.4) 
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From Theorem 8.2, we see that it is impossible for Y,, Vpn, Yp%, or Zn, 
Zn, Zpn to be all congruent to zero modulo p simultaneously. From the last 
two formulas of (8.4), we see that it is also impossible for Y, and Y,, or Z, 
and Z,, to be congruent to zero simultaneously. In the succeeding section we 
shall prove a much more precise result of this character, which will enable us 
to obtain valuable information about the number of zeros in any cycle. 

9. Diophantine relations for the number of zeros in a cycle. If the cycles 
of F(x) have no multiplier save unity, each block of cycles contains p—1 
distinct cycles. Let B,, B2, - - - , B, be the separate blocks, and let (p—1)d; 
be the number of zeros in %;, so that each cycle of B; contains 6; zeros. 
Clearly, = p?—1; hence 


(9.1) 
In this section I shall establish the additional formula 
(9.2) bf + Of +--- +52 + p. 


THEOREM 9.1. Let a, b be any two distinct numbers =0, <r. Then there 
exists a cycle Uo, Ui, - , such that 
U,= U,=0 mod 
The 7 residues 
U, Sa+1; So41 
Sn+25 Sat2, mod p 
clearly form a cycle satisfying the conditions of the theorem. 


THEOREM 9.2. Let (U), (V) be any two cycles of F(x), in which it is known 
that 


U.=U,=0, V.=Ve=0 mod p. 


Then a sufficient condition that (U) and (V) should belong to the same block is 
that a—b=c—d mod r. 


Let Vn=Wase-e (n=0,1,---,7-—1). ThenW,=W,=0 mod p. Hence if 
Un = KoSn + KiSn41 + KoSn2, Wa = LoSn + LiSagi + 


then 
KoSa + KySa41 + KS a+2 = 0, + + LoS a+2 = 0, 
+ + = 0, + + = 0. 
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Hence* Lo:L;:L2=Ko: Ki: Ke, so that 
Vate-w = Wi, = MU, mod p -+-,7—1), 
and (V) and (W) belong to the same block. 

THEOREM 9.3. If the cycle (U) has no multiplier save unity, and if Ua,, 
U.,,:- +, Ua, are the b residues of (U) congruent to zero modulo p, then the 
b(b—1) differences a;—a,(i, 7 =1, -- - , b;i47) are all incongruent modulo r. 

If a;—a;=a,—a, mod 7, then, by the previous theorem, 

MU, (n =0,1,---,7r—1). 
Hence M =1 and a;—a,=0 mod 7;i=hk, 7 =1. 


THEOREM 9.4. Let (U“),---, (U“) be x cycles belonging to the blocks 
Bi,---, Bx, respectively, so that (U™) contains exactly b; zeros. Then 


(9.21) -1)=7r-1. 


If 6;<2, 6:(b;—1)=0. If 6;=2, then as in Theorem 9.3 the cycle (U“) 
furnishes };(b;—1) differences a;—a; which are all incongruent modulo 7. 
But by Theorems 9.1 and 9.2, to each of the r—1 distinct differences a,—a, 
modulo 7 there corresponds exactly one block such that for every cycle (U) of 
this block U,,=U,,=0 mod p. Hence (9.21) follows. 

Formula (9.2) now follows from (9.21) and (9.1) by addition. 

10. Application to the case r= (p?++1)/3. We shall now apply the 
formulas of §9 to the case when p=3N +1 and when the characteristic num- 
ber 7 equals (#?++1)/3. There are then only three blocks of cycles and no 
multipliers, so that (9.1) and (9.2) become 


b? + b? + b? = (p? + 4p + 1)/3. 
Moreover, since %; contains the principal cycle (S), 6,=0 mod 3; for 


S,=0 mod p implies that S,,=5S,,:=0 mod p. Thus we have the additional 
restrictions 


(10.1) b; = Omod 3, OS di, be, 


(10) 


The theory of the diophantine system (10) and (10.1) is a special case of a 
theory of simultaneous quadratic and linear representation given by Dr. 
Gordon Pall in a forthcoming paper. I am indebted to Dr. Pall for the 
following result: 


* It is impossible for the ratios to be indeterminate; see the proof of Theorem 8.1. 
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The system (10), (10.1) always has a unique solution in positive integers. 
If (&, n) is that solution of &+-3n?=p satisfying the condition =2 mod 3, then 
the solution of (10) is given by 


bh =N+2E+1), 2), 2). 


It should be noted that b, and b; are both congruent to 1 modulo 3, and 
distinct. 

In §17, we shall return to this case and obtain the values of bi, be, bs by 
quite a different method. 

The next simplest case is when r= (?++1)/7. Pall’s theory allows us 
to reduce the solution of (9.1) and (9.2) to a single equation in six variables, 
but unfortunately this new equation has a large number of possible solu- 
tions. 

11. Minimum number of residues of a cycle. I shall conclude this part 
of the paper by proving the following theorem: 


THEOREM. If the characteristic number r equals p?+ p+1, then every residue 
appears in every cycle of F(x) at least once. 


Under the hypothesis of the theorem, there are p—1 cycles grouped in a 
single block %; hence it is sufficient to prove that every residue appears in 
the cycle (S) at least once. 

Consider the (p—1)*—1 triads which do not contain a particular residue 
K. If U, V, W stand for distinct residues, these triads may be grouped into 
five classes; namely, 


m, = (p — 1)(p — 2)(p — 3) triads of type [U, V, W]; 
mz = (p — 1)(p — 2) ’ [U, V, U]; 
ms = (p — 1)(p — 2) 5 [U, U,V]; 
ms = (p — 1)(p — 2) [U, Vv, V]; 
ms = (p — 2) [U, U, 


Let yu; be the number of triads of type i which appear in (S). To each 
triad of type 1 there correspond p—4 distinct triads of type 1 in the block of 
cycles L(S); namely, those for which 

LU#K, LV#K, LW#K modp (L=1,2,---,p—1). 
Therefore, 
(p — 4)u1 S m, or wi < (p — 1)(p — 2). 
Similarly, 


be 1; w<p—1; w<p—1; ws <1. 
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Accordingly, if the residue K does not appear in (S), 


=p tee tustustus 39-1) +1 = 


giving a contradiction. 


III. DETERMINATION OF DISTRIBUTION FUNCTION 


12. Reduction to the case when 7 is prime to 3 and divides p?+ +1. We 
shall now show that it is sufficient to determine the distribution functions for 
difference equations whose characteristic number is prime to 3 and divides 

Let F(x) and F’(x) be two irreducible cubics modulo p with the periods + 
and 7’, where F’(x) is so chosen that r’ divides r. Write 
(12.1) r=7k’. 

Let the roots of F(x) =0 and F’(x) =0 be denoted by a, B, y; a’, B’, 7’ 
respectively. We then have in the Galois field associated with F(x) a con- 
gruence of the form 
(12.2) a’ =ak’s mod 


s here is a fixed integer prime to r depending on our choice of F’(x). 
Now let (U’) be any cycle of F’(x). Then 


UL = + Kiel! + 7/—1). 
(a’) 


Hence by (12.2) 


Us = + Lia + 
(a) 
where 
Lo = XoKo + + Li = VoKo + + 


(12.3) 
Le = ZoKo + + 


Lo, L1, Lz cannot moreover all be congruent to zero modulo 9, for if A and A’ 
are the discriminants of F(x) and F’(x), 


Xo, Xie, 
Yo, Vive, Von's => A’/A x 0 
Zo; Z's; Lok's 


A = + + L282, 
B= + LiS2 + L2S3, 
C = + LiS3 + 
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Then A, B, C are the initial values of the sequence (U) where 
Un = Lia + (n =0,1,---,7 — 1) 


(a) 
and we have the formula 


(12.4) Ul = Uses modp (n=0,1,---,7’—1). 
The process by which we obtained (U) from (U’) fixed the initial elements 
of (U); if we remove this restriction, then if we are given (U), 7’ and s, by 
letting [A, B, C] in (12.31) equal successively the triads [Uo, Ui, Us], 
[U,, U2, Us], [Uw—1, Ko, K,, Ke are obtained from (12.3), 
so that (U’) is known, and (12.4) is replaced by the more general relation 


Since ms in (12.4) or (12.41) runs through a complete residue system 
modulo 7’, the result we have obtained may be formulated as follows: 


THEOREM 12.1. Any cycle (U’) of F’(x) can be obtained from some cycle (U) 
of F(x) by selecting from (U) terms whose subscripts lie in an arithmetical pro- 
gression of constant difference k', and arranging them in a suitable order. 


A cycle (U’) obtained in this manner from some cycle (U) of #(x) will be 
called a derived cycle of (U). On taking 7’ =r, we obtain the following: 


THEOREM 12.2. If F(x) and F’(x) are two irreducible cubics modulo p with 
the same characteristic number 7, and if (U’) is any cycle of F’(x), then there 
exists a cycle (U) of F(x) with the same distribution function as (U’). 


Thus in a certain sense the distribution function of a cycle is independent 
of the characteristic function to which the cycle belongs. For example, the 
distribution functions of the derived cycles (U’) of (U) defined in (12.41) are 
independent of the value of s, provided only that s is prime to r. 

Now let us take* 7 =eu where e denotes as usual the period modulo p of 
the basic multiplier, and take r’=yu. We shall show that the distribution 
function of any cycle (U) of F(x) is determined if we know the distribution 
function for a single one of its derived cycles (U’) of period yu. 

Let 

aoM, aoM?, ---, aoM®; 


4M, a,M?, 


aiM, a.1M?, 


* It can be shown that (e, 4) =1 save when p=3*N-+1, e(R)=0 mod 3*. We shall exclude this 
case from consideration here. 
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represent the separation of the multiplicative group {1, 2, --- , p—1} of the 
p—1 non-zero residues of p into co-sets with respect to its cyclic sub-group 
{M}. Then if k(n) is the distribution function of (U), and I(m) the distribu- 
tion function of the first » terms of (U), 


k(a;M*) = [1(a;M) + l(a;M?) +---+ | 
(i 0,1,---,7;s = 1,2,---,¢). 


Now let k’(m) be the distribution function of any derived cycle (U’) of 
(U) with the period uy. From the properties of multipliers, it is evident that 
if mod yp, then mod the exponent o depending of course 
on our choice of U, and U,. Now the subscript mx’s+r(x’=e) of (U) in 
(12.41) runs through a complete residue system modulo y, for (e, u) =1; hence 
to each term U,’ of (U’) there corresponds a unique term U; in the first yu 
terms of (U) such that 

Us = MU, mod p. 


Consequently, U,’ and U, always lie in the same co-set, and 


k'(a;M) + k’(a;M*) + = + Ua;M*) + --- + 


Thus we have the formula 


k(a;M*) = [k’(a;M) + k'(a;M*) + --- + k'(aiM*)] 


(¢=0,1,---,7;s =90,1,- 
In a similar manner, we find that 
k(O) = ek’(0). 


These two formulas express the distribution function of (U) in terms of 
the distribution function of any one of its derived cycles (U’) of period yp. 
It can be readily shown that u divides p?+ +1 and is prime to 3. 

If we assume that the period r of F(x) is p?+p+1 while the period 7’ of 
F’(x) is a divisor of p+ +1, we can deduce the following important result 
from Theorem 12.1. 


THEOREM 12.3. If 7 divides p*?+p+1, then no residue can appear in any 
cycle of period r more times than it appears in any cycle of period p*>+p-+1. 


13. Reduction to determination of residues modulis P and 3} Consider 
an irreducible cubic F(x) =x*—Px?+Qx—R with the period +1, 
modulo 9, so that its cycles are grouped into a single block %, and let k, =k() 
be the distribution function of the principal cycle (S). 

Then since 
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we see that if p=3N +2, then 
= ¥ 3),k3 =1 mod 3. 
If p=3N +1, it is easily verified that pr/3=7/3 mod r. Furthermore, if 
w denotes a primitive cube root of unity modulo 9, 


So = 3, 3u, Sor/3 = 3w? mod p. 


Hence 
k;=0 mod 3 (i 3, 3w, 3w?), 


ks = ky = haw = 1 mod 3. 
Consequently, 
kg = 3); 3), ks = 3l3+1, p = 3N +2, 
(13.1) ky = 31; (i ¥ 3, 3w, 3w?), 
= + 1 (a = 0, 1, 2), +1. 


Now all of the cubics 


T 2 
x? — O<n<r = it p= +1) 


are irreducible modulo p and have periods which divide 7; thus J, is the num- 
ber of irreducible cubics modulo » among the ,cubics 


x? — ix?+ux—1 (u=0,1,---,p—1). 

Hence 
for the cubics —ix?+ix—1, x8 —ix*—(i+2)x—1 are obviously reducible for 
any p. 

Consequently, for p>3, k; is completely determined if we know its resi- 
dues modulis p and 3. 

Since the other cycles of F(x) are obtained simply by multiplying the 
cycle (S) by some constant residue, their distribution functions are merely 
permutations of the distribution function of (S), so that (13.2) holds for all 
the cycles of F(x). 

Now let F’(x) be any other irreducible cubic with the period 7’, a divisor 
of p?+p+1, and let k’(m) be the distribution function of some cycle (U’) of 
F'(x). If k(n) is the distribution function of the cycle (U) of F(x) from which 
(U’) is derived in accordance with Theorem 12.1, then by Theorem 12.2, 


< k(n) (n 
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We thus have the following important result. 


THEOREM 13.1. If k(n) is the distribution function of any cycle (U) whose 
characteristic number divides p?+ p+1, then k(n) is completely determined if we 
know its residues modulo p and modulo 3. 


Since by (9.1), (0) <Sp+1, we merely need to know the residue of (0) 
modulo p. 
14. Digression on diophantine systems. The diophantine system 


(D) =m, 1+ pret prs = 57, 


where the integers m, p, r are given, plays such an important part in the de- 
velopments which are to follow, that it is necessary to discuss its solution 
rather fully. 

The parameters # and 7 are defined as follows. Let x be any fixed integer 
of the sequences 1, 3, 7, 13, 19, 21, 31, 39, - - - , of all possible divisors of the 
form x?+x-+1, and let p be a prime such that p?+ +1 is exactly divisible 
by x. 

If p=kx+p, 1<p<kx, then p is zero if ex=1 and unity if x=3. In all 
other cases, p is a primitive cube root of unity modulo x. # is thus restricted 
to certain linear forms nx+p. 

7 is defined to be the quotient obtained by dividing #*+ +1 by x. If 
p?+p+1=orx, then 


(14.1) r=k(ke+p)+(o+)Dk +o, 0< (p+ 1)k+o < 2p. 


Finally m is restricted to be less than p, and the solutions 7:1, r2, 73 must all 
be 20. There are no restrictions on s other than that it be an integer. 

Since mod if r1:=u, r2=2, r3=w, or for short (u, v, w) is a solution 
of (D), (v, w, u) and (w, u, v) are also solutions. We can accordingly restrict 
ourselves to finding those solutions of (D) for which 7311, re. 

Now 


11+ prot prs — = (ke + p)(re — + — = O 
Thus if we let = 51, = 52, we obtain 
(14. 2) (ke + p)sitse= ur (s1,5,,420; OFS 51,52 < p). 
Moreover, it is easily shown that 0<u<k, si+52<p, and 
(14.21) m= + m= 5, + Se mod 3. 


The method for solving (D) is then as follows: For a given value of x, p 
and g are determined, so that 7 is known as a function of k from (14.1). For 
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each value of w between 0 and x—1 we can determine from (14.2) a pair of 
values for s; and se in terms of k. We reject all solutions of (14.2) for which 
Sits2=p. (14.21) then gives the restrictions upon m, and the corresponding 
solution of (D) is 
m + 25, — Se 
3 , 3 , 3 . 
The following theorems for the cases kx=1 and x=3 will serve to illus- 
trate the method. 
THeorEM 14.1. If «=1, there is no solution of (D) unless m=0 mod 3. 
If m=3M, there is the single solution (M, M, M). 
We have p=0, p=k, so that (14.5) becomes 
psi + So = u(p? + p+ 1); uw = O giving s;=s2.=0, m=0 mod 3; 
(ri, 72, 73) = (M, M, M). 


THEOREM 14.2. If x=3, there is no solution of (D) unless p=1, m=0 
mod 3. If m=3M, there is the single solution (M, M, M). 


Since p?+9+1=0 mod 3, p=1 mod 3. Let p=3k+1. Then r=hk(3k+1) 
+2k+1, and (14.2) becomes 


(3k + 1)s; + so = uk(3k + 1) + u(2k + 1) (u = 0, 1, 2). 


Case (i) 7=0. We have s;=s:=0, so that from (14.2), m=3M, giving the 
solution (M, M, M). 

Case (ii) w=1. Then s,;=k, ss=2k+1 so that s:+s2= and there is no 
solution. 

Case (iii) w=2. From (14.5) ss=4k+2=k+1 mod p. Since s2<p, 
S2=k-+1 and consequently s:=2k+1. Hence s:+52>p and there is no solu- 
tion. 

In general, if p=1 mod 3, we see from (14.2) and (14.21) that m=r=0 
mod 3. 

When x =7, which requires that p be of the form 7n+2 or 7n+4, we find 
by the same method the following solutions of (D). 


SOLUTIONS FOR 4 mod 7, 77=7?+p+1 


Form of  Formof Restriction Solution 
p m onm _ 
3M 20 «- (M,M,M) 
3M+1 212Z+14 (M+5L+1, M—L, M—4L) 
3M+2 (M+L+1, M+4L+1, M—SL) 
3M >18L+3 (M-—3L, M+9L+1, M—6L—-1) 
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SOLUTIONS FOR p=2, 4 mod 7, 77=p?+p+1 (continued) 
Form of Formof_ Restriction Solution 

p m on m 
3M 20 (M, M, M) 
3M =12L+9 (M+5L+4, M—L-—1, M—4L-3) 
3M 2152412 (M+L+1,M+4L+3, M—SL-4) 
3M >18L+15 (M—3L—2,M+9L+7, M—6L-S) 
3M >0 (M, M, M) 
3M >12L4+3  (M—L,M+5L+1, M—4L-1) 
3M 215L+3 (M+4L+1, M+L, M—SL—-1) 
3M =18L+3 (M+9L+2, M—3L—1, M—6L—1) 
3M =0 (M, M, M) 
3M+1 =12L+5 (M-—L, M+5L+3, M—4L—2) 
3M+2 2=15L+8 (M+4L+3, M+L+1, M—5L—2) 
3M >18L+9 (M+9L+5, M—3L—2, M—6L—3) 


21L+16 


21L+11 


For other small values of k the explicit solution of (D) may be obtained 
in a similar manner without undue labor. 

15. Determination of distribution function modulo p. Let k(n) =k, be the 
distribution function modulo # of any cycle (U) whose characteristic number 
7 divides p?++1. We shall determine the residue of k, modulo p. 


Let 7 be any residue of p. Then by Fermat’s theorem 
(U,—i)?!=1 modp, U,F i; 
=0 modp, U, =i. 


t1 
~(U,- =r—k modp (i=0,1,---,p—1). 


n=0 


On expanding (U,—i)?— by the binomial theorem, we obtain after a few 
easy reductions 


r—1 p-l r—1 


(15.1) k= — ko = DU mod p. 


n=0 m=0 n=0 
Suppose that 
U, = Aa® + BB" + Cy”, 
where A = K,)+K.ia+K:22?, etc., so that 
N(u) = ABC = N(Ko + Kia + Ka?) 


Then by the multinomial theorem 


185 

4 
Hence 

mod p. 


MORGAN WARD 


m! 
= > AnBr: (rit erst 
(r) 1 !ro!rg! 


= 0 mod if r does not divide R, 


n=0 


=r mod p if r divides R, 
we obtain, on substituting in (15.1), the fundamental formulas 


 AnBrCrs 


m=1 (r) !ro!rs! 


ABC's 
r(it > mod 


(r) 


(15.2) 


where in the expression for k; the summation variables satisfy the conditions 
(D) rtr+rs =m, p'r3 = 0 mod 7, 
while in the expression for ho, 


n+ prt =0 mod 


For the principal cycle (S), A =B=C =1 and the formulas (15.2) assume 


the simpler form 
m! 
ks =7 >) mod 


m=1 (r) 11 !rolrgia™ 


1 
) mod p. 


(r) !ro!rs! 


(15.3) 


The problem of determining the residue of k; modulo 3 offers very serious 
difficulties, principally because Uo, Ui, - - - , U;-1 do not satisfy a difference 
equation when taken modulo 3. The only cases in which I have succeeded in 
determining the residue are given in the formulas (13.1) for the distribution 
function of the principal cycle (S), and their obvious extension to the remain- 
ing cycles of the block %: to which (S) belongs. 

16. Applications. By applying the results of §14 on the solutions of the 
diophantine equations (D) to formulas (15.2) and (15.3), we obtain a number 
of interesting special cases. Throughout this section, (U) denotes a fixed 
cycle of F(x) whose general term is U, =Aa"+BB"+Cy" mod p, A=Ko+Kia 
+ etc., and whose distribution function is k(7). 

From formulas (6.11), (6.13), 


(16.1) ABC = A(Up, Ui, U2)/A mod 
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where A is the polynomial defined in formula (6.12), and A is the discriminant 
of F(x). 

If p=2 mod 3 and r=p?+ +1, then by Theorem 14.1 formulas (15.2) 
become 


mod: 


kj =1 mod p. 


Since in this case the residues of k; modulo 3 are known, these formulas 
determine the distribution function k() completely. 

If p=1 mod 3 andr=(p?+p+1)/3, then on writing p=3N+1, r=2N+1 
mod p, and by Theorem 14.2, formulas (15.2) become 


( Ais ) 


od p, 
n=1 (n!)3 


(16.2) 
mod p. 


(A(Uo, Ui, 


= + 1)(14 


These formulas will determine the distribution function k() for any cycle 
(U) belonging to the block &, since the residues of k; modulo 3 are known. 
For the other blocks, the residues of k;,:modulo 3 are unknown. 

Formula (16.2) has some important consequences. We have seen in §10 
that if ko, ko®, ko are the number of zeros in three cycles (U™), (U), 
(U®) belonging to the blocks $1, B2, 83 respectively, then ho, ho, ho 
are all distinct from one another. Hence if (U) is allowed to range over all 
the cycles of F(x), we see from (16.1), (16.2) that (ABC)* must take three 
distinct values modulo p. 

Since (A BC)*” =1 mod (A BC)* =w* mod p where w is a primitive cube 
root of unity modulo #, and the exponent a of w depends on the block to which 
(U) belongs. In particular, for (S), ABC =1 so that a=0. We thus obtain 
from (16.1) and formulas (6.11), (6.12) the following simple criterion to de- 
cide whether or not two triads belong to the same block. 


THEOREM 16.1. If [A’, B’, C’] and [A”, B”’, C’’] are any two triads of F(x) 
and if F(x) has the period (p?+ p+1)/3, then a necessary and sufficient condition 
that [A’, B’, C’] and [A”’, B”’’, C’’] belong to the same block is that A(A’, B’, C’) 
and A(A”, have the same cubic character modulo p. 

For the cycle (Z): 0, 0, 1, - - - , ABC=(—1/A) mod p. Hence (Z) lies in 
%, when and only when A” =1 mod p. But obviously (Z) lies in 8: when and 


i] 
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only when the cycle (S) contains two consecutive zeros; we thus obtain the 
following interesting theorem: 


THEOREM 16.2. If p=1 mod 3 and F(x) is any irreducible cubic with the 
period r =(p?+ p+1)/3 mod fp, then the sequence (S), of F(x) will contain pairs 
of consecutive elements divisible by p when and oniy when the discriminant of 
F(x) is a cubic residue of p. 

Formulas (15.1) serve to determine the distribution function for all the 
cycles of %., regardless of the value of 7, but if the period 7 is less than 
(p?+p+1)/3, they become increasingly complicated as 7 is taken smaller. 
The table at the close of §14 allows us to give explicit formulas for the residues 
of k(n) modulo p when r= (p?+ +1)/7. The simplest of these results is con- 
tained in the following theorem. 


THEOREM 16.3. If r=(p?+p+1)/7, p=2 mod 3 and if by denotes the num- 
ber of zeros in the principal cycle (S), then 


mod p 


b = (9L +1 (1 
+ Gon + 


3 
by = (ISL +8) (1+ mod p 


(6L + 3)1(12L + 6)'(3Z + 1) 
according as p is of the form 21L+2 or 21L+11. 


17. Determination of upper limit to distribution function. On account 
of the great increase in complexity in the formulas (15.2) as 7 is taken smaller, 
it is desirable to have an upper limit to the number of times a given residue 
can appear in a given cycle. The results I have obtained in this connection 
are incomplete in the same sense as those I have obtained to determine k(m); 
it is necessary to know this upper limit modulis p and 3, whereas I have de- 
termined it only modulo p. They suffice nevertheless to give an upper limit 
to the number of times the residue zero can appear in any cycle, and the num- 
ber of times any residue can appear in the principal cycle. 

We have seen, in §13, that if (U’) is any sequence of F’(x) of period 7’, 
where 7’x’ =r, the period of F(x), then the terms of (U’) consist of the rth, 
(x’+r)th, (2«’+r)th, - - -, ((r’—1)«’+r)th terms of some definite sequence (U) 
of F(x) written usually in a different order. We shall now regard (U), 7, andr 
as given, but r’ as unknown, and endeavor to obtain an upper limit to k’(m), 
the distribution function of (U’). Let us take U,, U++4:, U,+2 as the initial 
values of (U), which amounts to replacing (U) by the cycle (W), where 


Wa = Unter 1,--+,¢ 


or 
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This change does not affect the distribution function k() of (U). Then if m; 
denotes the number of times the residue 7 appears in those terms of (U) whose 
indices are prime to 7, it is apparent that 


(17.1) ki Ski — m; (¢ = 0,1,---,p—1). 


m; is determined if we know its residues modulis / and 3, in particular, 
my is determined if we know its residue modulo p. Moreover, it is easily shown 
that if (W) belongs to the block of the principal cycle, m;=0 mod 3. We shall 
now determine m; modulo p. 

By Fermat’s theorem, we have the fundamental formula 


(n,r)=1 
where the summation extends over all the terms of (W) whose subscripts are 
prime to 7, and ¢(r7) denotes as usual the totient of r. 
On proceeding as in §17, we find that, if 70, 
(n,r)=1 (n,t)=1 m=0 
where 7:+72+7;=m and W,=Aa"+B6"+Cy" mod p. 
Now if u(z) denotes Mobius’ function, it is easily shown that 
> a®*=n(r) mod doesnot divide R, 
(n,7)=1 


= ¢(r) 7 divides R. 
Hence after a slight Mecgperoneiag we find that 


o(r) — m; = u(r) > AnB:C's 


m=0 (r) 11!%2!r3! 


m=0 (r) 
where in the first summation r:+72+7r;=m, but in the second summation 
(D) prs =O modt, n+tretrs =m. 
By the multinomial theorem, the first sum is found to be congruent 
modulo to u(r) [Wo(Wo—2) 
Referring back to the formulas (15.2), the second sum is congruent to 


(¢(r) —u(r))(1—k,/7). Thus using the fact that «r= p?+p+1=1 mod we 
obtain 


{ 
| 
| 
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(17.2) m; = K(o(r — w(r)) + 


where —1, if ori, e=0, otherwise. 
In a similar manner, we find that 


(17.3) mo = «(¢(r) — u(r))ko + e'u(r) 


where =1, W)=0, =0 otherwise. 
Thus if 7 has a square factor, we have the simple formula* 


m; = xo(r)h; mod p (¢=0,1,---,p—1). 


For r=p?+p+1 or (~?++1)/3, these formulas give a practicable de- 
termination of m; for any given p. 


* It is perhaps worth noting that p never divides ¢(7). 
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ON LINEAR CONNECTIONS* 


BY 
J. H. C. WHITEHEAD 


With the introduction of infinitesimal parallelism, by T. Levi-Civitaf in 
1917, and independently by J. A. Schoutenf in 1918, tangent spaces began 
to play a leading rdéle in differential geometry. The tangent space at a point, 
x, is the totality of all contravariant vectors, or differentials, associated 
with that point. By means of an affine connection§$ the tangent spaces at 
any two points on a curve are related by an affine transformation, which will 
in general depend on the curve. 

Linear connections of another kind were defined by R. Kénig,|| who as- 
sociated with each point of a given m-dimensional manifold a space of m 
dimensions. A linear connection arises in differential equations of the form 


(0.1) dZ* + ZLgidx' = 0, 


by means of which the associated spaces at different points are related to 
each other, and which are said to define a linear displacement. 

Even if m=n, a linear connection of the Kénig type has nothing to do 
with an affine connection** unless we require explicitly that the associated 
space at each point is the tangent space of differentials at that point. 

Schouten has proposed the use of linear connections in handling a schemef Tt 
by which differential geometry is based on group theory, in the spirit of 
Klein’s Erlanger Program. The associated spaces are to be the spaces, ac- 
cording to Klein, of some group, and are related through linear displacement 


* Presented to the Society, December 30, 1930; received by the editors June 8, 1930. 

t Rendiconti del Circolo Matematico di Palermo, vol. 42 (1917), pp. 173-205. 

¢ Proceedings, Koninklijke Akademie van Wetenschappen, Amsterdam, vol. 21 (1918), pp. 
607-613. 

§ H. Weyl, Mathematische Zeitschrift, vol. 2 (1918), pp. 384-411. See also G. Hessenberg, 
Mathematische Annalen, vol. 78 (1918), p. 199. 

{| Jahresbericht der Deutschen Mathematiker Vereinigung, vol. 28 (1919), pp. 213-228. 

|| Greek letters, used as indices, will take on the values 1, - - - , m, and italic letters the values 
1,--+,n(m >nor <n). 

** T mean by an affine connection any invariant with the transformation law 

“agi az* aziaz*/) axe 

Tt Rendiconti del Circolo Matematico di Palermo, vol. 50 (1926), pp. 142-169. In particular 
Schouten has applied linear connections to the non-holonomic projective (m=n-+1) and conformal 
(m=n+2) geometries. 
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by transformations of this group.* The general problem of imposing con- 
ditions upon the associated spaces, in order that they may be suitably re- 
lated to the underlying manifold, has been discussed by Weylt who solved 
the problem for the projective group. 

Without touching on the questions which arise out of this scheme, there 
is a definite field for research in studying invariant properties of the dif- 
ferential equations (0.1) under transformations of the form (4.1). L. Schles- 
ingert has gone some distance in this direction, and we adopt this point of 
view in the present paper. Though most of our results refer to linear con- 
nections of the Kénig type, they can all be interpreted in terms of affine 
connections and arbitrary m-uples. Given any affine connection we take 
m=n, and the associated spaces as the tangent spaces of differentials. In 
order to have a theory in which transformations of the form (4.1) are allow- 
able, where (4.1a) is independant of (4.1b), we take 


(0.2) = 


where “; are the covariant vectors of any n-uple, and y%, are the scalar 
functions§$ analogous to Ricci’s coefficients of rotation. The equations (4.1a) 
will define a change over from one n-uple to another. 

In §1 we give a geometrical proof of a theorem established by B. V. 
Williams)! and the author, in which we showed how to obtain an integrable 
connection which osculates (see §1 of this paper) a given linear connection. 
In §2 we prove a theorem about affine connections, which bears a formal re- 


* This idea is mainly due to E. Cartan and is formulated by him in a paper (Bulletin de la Société 
Physico-Mathématique de Kazan, (2), vol. 3 (1927)), where he discusses Schouten’s plan. 

¢ Bulletin of the American Mathematical Society, vol. 35 (1929), pp. 716-725. Immediately 
preceding this, O. Veblen (Journal of the London Mathematical Society, vol. 4 (1929), pp. 140-160) 
had dealt with projective displacement from a different point of view. He showed how the space of 
projective vectors at any point, which plays the part of the associated space, is related to the space 
of differentials. 

t Mathematische Annalen, vol. 99 (1928), pp. 413-434. 

§ L. P. Eisenhart, Non-Riemannian Geometry, p.47. These scalars are given by 


a tj 
YBa = 
where the semi-colon denotes covariant differentiation with respect to the affine connection, and 
¥ are the contravariant vectors of the m-uple. In his treatment of non-holonomic affine spaces 
Cartan (Annales de |’Ecole Normale Supérieure, 1923) uses n?+-n Pfaffian forms, w* and wg. The 
former give the codrdinates of a point in each tangent space, and the latter define the affine connec- 
tion. According to (0.2) these forms are given by 
= wg = 


|| Annals of Mathematics, vol. 31 (1930), pp. 151-157. This paper wil! be referred to as T. L. C 


1931] ON LINEAR CONNECTIONS 193 


semblance to, but which differs essentially from either of those proved in T. 
L. C. We define a family of codrdinate systems, which, like normal co- 
ordinate systems, have the property that each of them is uniquely determined 
by an affine connection, a point, and a giver codrdinate system. In §3 we 
show how the theorems of §§1 and 2 can be applied simultaneously to the 
theory of a linear connection together with an affine connection. In §4 we 
pass on to the study of invariants under transformations of the form (4.1). 
We prove a theorem for linear connections, and show that a similar theorem is 
true for symmetric affine connections. In the case of the latter this amounts 
to expressing 
Ts 


in terms of T’ and the curvature tensor. In §5 we return to the study of a 
linear connection together with an affine connection, and show how a com- 
plete set of invariants may be obtained which are closely analogous to affine 
normal tensors. Dynamical systems with non-holonomic constraints provide 
a field of application for this theory, as we show briefly in §6. In §7 we apply 
the existing theory of Pfaffian forms to the equations for linear displacement, 
and show how the theorem in §1 is relevant to the study of integral sub- 
spaces. 

As in T. L. C. we follow Schlesinger in his use of matrices. Instead of 
(0.1) we deal with the equations 


dZ3 + = 0, 


which we write as one equation 
dZ + ZL dx‘ = 0, 


with a matrix for the unknown. This equation is completely integrable if, 
and only if, it is satisfied by a non-singular (i.e., with non-zero determinant) 
matrix V(x). In this case we have 

L; 
where we use the comma to denote partial differentiation. 

1. Osculating connections. The necessary and sufficient conditions that 

the equation 

dZ + ZLidx* = 0 
is completely integrable are that* 

= Lyi + = 0. 


* We follow J. A. Schouten in writing p!A[i...:)) for the alternating sum of the quantities 


4 
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In this case the connection L,and the displacement defined by this connection, 
are said to be integrable. 
Williams and I showed that, given any linear connection L, and a co- 
ordinate system, x, there exists a unique integrable connection I such that 


= for = 0, 


(1.1) T,=L, for -=a"= 0, 


rT, = for = 0. 


We shall refer to this as Theorem C. Since the connection T is completely 
determined by these conditions we shall say that it osculates the connection 
L, in the manner described by (1.1). Notice that T is determined not by L 
alone, but by L together with the series of subspaces, each contained in the 


next, on which the components I, Ts, - - - agree with Ly, Le, - - - 
We shall give another proof of this theorem. Let P,=(x', - - - , x") be any 
point in the neighborhood of the point P,)=(0, - - - , 0), and let 
P, be the point (x', 0,--- , 0), 
x2,0,---,0), 
(1.2) 
P, * (z!,---, 27,0,---,90), 
P. “ “ “ P, = (x',---, x"). 


There is a unique curve, PoP, - - - P:, joining Po to each point P, in the 
neighborhood of P». Each of these curves is analytic except at a finite num- 


ber of points. 
P; 


P, 
Po P2 
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Let Vo be any non-singular matrix. Then at each point, x, is defined a 
non-singular matrix, V(x), by the linear displacement of Vo from P, to P:, 
along the curve PoP; -- - P,. Along this curve we shall have 


(1.3) dV + VL dx‘ = 0. 
By repeated applications of the theorem that a solution of 
dy* 


) 


where ¢* are analytic in all their arguments, is itself analytic in ¢ and 
a!,---, a, we see that V is an analytic function of x. We can, therefore, 
define an integrable connection by the equations 


(1.4) - VV 

and, from (1.3) and (1.4), we have 

(1.5) (T; — L,)dx* = 

along each curve PoP; - - - P,. On the segment P,_:P, we have 
(1.6) T, = L, for s71=---= 4% =0, 


and by giving p the values* 1, - - - , we have the relations (1.1), and the 
theorem is established. 

2. A theorem on affine connections. In this section we shall prove the 
following 

THEOREM. Let D be any affine connection (not necessarily symmetric). Then 
there exist coérdinate systems in which the components, D},, of D satisfy the 
following conditions: 


Din = 0; 


Dn-1i=90, p2n—1, for y= 


= ?, for yrtt 


Dyn =0, j =1,---, 0, for y? y* = 0. 


Any such coérdinate system is uniquely determined by a point and n independent 
contravariant vectors associated with that point. 


* When p=n we have simply 'n=Ln. 


Dip = 0, = y" = 0; 
; 
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By taking these as the unit vectors tangent to the coédrdinate lines, in 
any codrdinate system, we can associate, with each codrdinate system and 
each point, a unique coérdinate system in which (2.1) are satisfied. We shall 
thus have a class of coérdinate systems, the totality of which will be an in- 
variant of the affine connection D. 

An essential difference between this theorem and those proved in T. L. C. 
is that it is concerned with the affine connection itself, and not with the affine 
connection together with a given system of curves and surfaces. 

Let P be any point in the space bearing the affine connection D. Let fp. 
be ” independent contravariant vectors associated with Py». A coérdinate 
system may be constructed by the following procedure. The coédrdinates 
of Py are to be (0,---,0). Let C, be the path which passes through P» in 
the direction determined by the vector ~;. Move the matrix (p)) by parallel 
displacement along C; from Po to a point P;. The coérdinates of P; are to 
be (y!, 0,---, 0). Let v,(y', 0,---, 0) be the components of the vectors 
thus obtained, and let C, be the path through P; in the direction v7. Then 
move the matrix v by parallel displacement along C; from P; to a point Pe, 
whose codrdinates are to be y?, 0,--- , 0). Repeating* this process we 
shall eventually reach a point P,, whose codrdinates are to be (y!, --- , v*). 

The proof that this process gives an allowable coérdinate system (i.e., a 
coérdinate system obtained by an analytic transformation from a given 
coérdinate system) is of the same nature as that required in §1. 

Let Hj, be the components of D in a codrdinate system x, in which the 
equations to C, are x‘=¢‘(y'). The components of the -uple at P,, are 
given by those sets of solutions to 


(2.2) 


which reduce to pi, for y'=0. The equations to the path C, are given by 
those solutions, ¢)(y', 4), to the equations 
d*x* dx? dx* 


ik 


dt dt 


which satisfy the initial conditions 


0) = 


(2.3) 
(=) = 0, 0). 


dt 


* At the rth step we shall move the matrix along the path C,, which passes through P,_, in the 
direction from P,., to a point P,, whose codrdinates are to be (y!,- +--+, 


i do* 
dxi 
dy' 
| 
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The components 7, at P, are given by the sets of solutions to the equations 


dot 
5x; di = 0 


dt 


which reduce to 2/(y', 0, - - -, 0) fort=0. If we put y?=¢ the coérdinates of 
P., and the components of v;, at this point, will be given by 

ot y’), 
(2.4) 

vd = vd (y', 0, , 0). 


Since ¢(y') and Hix are analytic functions of y! and x respectively, ¢; and v, 
given by (2.4), will be analytic functions of y! and y?. Proceeding in this way 
we shall eventually obtain, for the codrdinates of P,, 


xt = xi(y!, y"), 
and for the components of v, at this point, 
vd (y', 


where x‘ and vj are analytic functions of y. The process given above in de- 

scriptive terms does, therefore, give an allowable codrdinate system, and an 

n-uple of contravariant vectors whose components are analytic functions of y. 
From the construction for v', it follows that 


= 6, 


= for = 0, 


These equations may be concentrated into 
= 63,p 2 p, for y?t! = 


Let 


= Ss. 
Then from (2.5) we have 


(2.6) ue = = ytt=---=y 


| 
vp = 6; for yPti=.--= 0, 
vf = for y?=--- = y*=0. 
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By an argument used in §1 we have 


Din = Ein, 
(2.7) Dip = for = = 0, 
Dis = En for y? = --- = y" =0, 


where E}, =0,U5 a, and Di are the components, in y, of the given connection. 
From (2.6) we have 


(2.8) =0,p 2p, = 0 (p=1,---,n), 


which, combined with (2.7), give (2.1). The codrdinate system is uniquely 
determined by the point Py and the matrix (9). The theorem is therefore 
established. 

We shall give another proof that (2.1) hold, which will bring out their 
geometrical significance. The curves of the congruence defined by v,(=6:) 
are paths. Hence 


i 


Dan = 90. 


The curves of the congruence defined by 2,1, which lie in the hypersurface 
»=(), are paths. Since for y*=0, we have 


= 0 for y" = 0. 
But the vectors 2, are parallel at different points of these curves. Hence 
ao = 0 for y* = 0. 
The remaining conditions may be obtained by a repetition of this argument. 
In case D is symmetric all its components figure in the equations 
Ds» = 0, p= for y*! = = y"=0 (p =1,---,%), 


which may be written 


(2.9) = Ofor yt! = --- = y" = 0,5 = min (f, g) (p,q =1,---,m). 


3. Linear connections together with affine connections. The theorem 
proved in §1 belongs to the combined theory of a linear connection and an 
affine connection, for it refers to the connection Z and the sub-spaces given 
in the coérdinate system x by x?= --- =x*=0,x3= --- =x"=0, and soon. 
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These loci are flat sub-spaces, defined by a flat affine connection for which x 
is a cartesian codrdinate system. If we are concerned with the general theory 
of a linear connection L, and an affine connection D, we can construct a co- 
ordinate system y and an n-uple v), by the process given in §2. Theorem C, 
referred to the codrdinate system y, will belong to the combined theory of L 
and D. In place of (1.1) we can write the relations 


(3.1) (T; — = 0 for ytt=---=y*= (p =1,---,n). 


The methods of §1 can be used to give other osculating integrable con- 
nections. The simplest of these is constructed by taking normal coérdinates, 
y, for D at any point Po, and considering the matrix function, V, given by 
the linear displacement of a non-singular matrix, Vo, from P» to any point 
y along the path joining these points. The equations giving V are 


(3.2) dV + VL dx‘ = 0, 
or 
(3.3) (A; — L,)dy* = 0, 


where A is the integrable connection given by 


(3.4) Vi + VA; = 0. 


Since yt are normal codrdinates, and (3.3) refer to displacement along 
paths through the origin, we have 


(3.5) (A; — Li)y' = 0. 


As in §1 the connection A is uniquely determined by this condition. 

4. Invariant theory. In this section we take up the invariant theory of 
a linear connection under transformations of the form 

(b) £*(x), 

where || #5|| is a non-singular matrix depending on x only. A coédrdinate 
system for the underlying manifold, together with a frame of reference in 
each of the associated spaces, will be called a representation; and a transforma- 
tion of the form (4.1) will be called a change of representation. On this basis 
an invariant may be defined in terms of its transformation law* under changes 
of representation. We shall deal only with linear connections, and with 
tensors having m?n? components which obey the transformation law 


* Schlesinger, loc. cit., p. 423. 
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= Pel nay? 
where the symbol (7) stands for any number of italic indices, and Paps = 95. 
The transformation law for a linear connection is given by 


Lg; = + Palyi)pr—»> 
Oz? 
and we shall write these formulas* 
(a) = PL (a) 
(4.2) 
(b) L;P = (Ps + PL;)— 
Ox? 


From (4.2b) we see that there exist representations in which all the com- 
ponents of an integrable connection vanish. For if I is an integrable connec- 
tion, there will be a non-singular matrix-function V, such that 


Vi VI; = 0, 


and the components of I will vanish in the representation given by 


N 
Rg 
ll 


a 
zi = xi, 


where U=V~-'. All representations in which the components of the con- 
nection vanish are related by equations of the form (4.1), where p is a con- 
stant matrix. 

An operation analogous to covariant differentiation arises from the fol- 
lowing considerations. Let V be a matrix which satisfies the equation 


(4.3) dV + VL dx‘ = 0 


* Since the transformations (4.1a) and (4.1b) are independent, it might, for some purposes, be 
desirable to borrow from group-theory the notion of conjugacy. Two tensors K and H may be de- 
scribed as conjugate if there exists a non-singular matrix, V, such that 

= VA q. 
The set of all tensors conjugate to a given tensor may be called the class of that tensor. Similarly 
two linear connections are in the same class if there exists a non-singular matrix, V, such that 
MV =Vi+ VX. 
All tensors or linear connections belonging to the same class are seen to be equivalent under trans- 
formations of the form (4.1a). 
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along a curve C. It follows that 
(4.4) dV-! — L,V—dx*t = 0. 
Let 7, be a given tensor and let 
Avy = 
Differentiating along C we have, from (4.3) and (4.4), 
dA (iy = VT iV, 
where* 
(4.5) = Toye + Tale — 
Direct calculation shows that 
(4.6) 2T = Tey Riz — 
Let 


(4.7) (TR). = Rix, Ri x TwR 


Rigkys 


and let an operator, a, be defined by the equation 
a(TR), = (TR)e41- 


We can describe a as an operator which moves T one place to the right in 
any expression such as (4.7), without respect to particular values of s and p 
(p>s). We can write (4.6) as 


T = — a) Tay Rix. 
In T. L. C. (p. 154) it was shown that 


Rix = 0. 
Hence 


and, in general, 


1 


* We cannot derive tensors from a given tensor by repeated applications of this operation, as 
there is no way of eliminating the second derivatives 


i] 
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Similar identities will occur in the theory of a symmetric affine connection. 
For if m=n and L is an affine connection such that 


a a 
Lsi = Lis, 
we have 


a a 
Tati = Tati, 


where the semi-colon denotes ordinary covariant differentiation, and T%%,; 
means the same as before. The relation (4.8) was obtained by purely formal 
methods, and we have, therefore, 


1 
(4.9) T (is = > a)?T Rj, kp) 


5. Normal representations. In the theory of a linear connection together 
with an affine connection, the comma on the right hand side of (4.5) can be 
taken to define covariant differentiation with respect to the latter. If, for 
example, C}, are the components of the affine connection, we shall have* 


OT; a 
Ti; = T.Ci; TiL; L;T;. 


xi 
It will then be possible to obtain successive tensor invariants from a given 
tensor. 

Let y be the normal coérdinate system at a point q for the affine connec- 
tion and the codrdinate system, x, in some given representation. There will 
be representations in which the components of the integrable connection A, 
defined by (3.4) and (3.5), are zero. There is just one of these representations, 
the normal coérdinate system, y, being retained throughout, which deter- 
mines in the associated space at g the same frame of reference as the given 
representation. This is obtained by imposing the initial conditions 


(VS) y-0= 
in the equations (3.4), and may be called the normal representation at q for 


the linear connection together with the affine connection, and for the given 
representation. In this representation we have 


(5.1) Liy' = 0, 


and 


* This is a simple application of a scheme introduced by A. W. Tucker in a paper which will 
shortly appear in the Annals of Mathematics. 
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p=1 p! 

where 

(5.3) ( ) 

From (5.1) and (5.2) it follows that 
(5.4) H; + Ay, i-+-k, = 0. 
Let Hix, , Hicw,, be the quantities obtained in the same way 


as Hi%),, at the same point, but starting with a different representation. Just 
as in the affine theory, it follows that Hi», and Hi), are related by the trans- 
formation law for a tensor. Hence a sequence of tensors, 


analogous to affine normal tensors, is defined by the condition that the’com- 
ponents of Hi), at each point g, shall be given by (5.3). These, together 
with the normal tensors for the affine connection, constitute a complete set 
of invariants for the linear connection together with the affine connection. 
This may be proved by methods similar to those used in proving the analo- 
gous theorem for affine connections.* ; 

6. Application to dynamics. The mathematical machinery used by G. 
Vranceanuf in his treatment of dynamical systems with non-holonomic con- 
straints, may be regarded as the combined theory of a linear connection and 
a Riemannian metric. The metric g;,dx‘dx‘ represents the kinetic energy, and 
the constraints can be represented by m unit orthogonal vectors &,,---, &m 
(msn). If ys, are the rotation functions, given by 


Yao = 


where é;, is the intrinsic derivative of £3, a linear connection is defined by 


Lai = 
We should limit (4.1a) to orthogonal transformations by imposing the con- 
dition 
Paps = Sas. 
* T. Y. Thomas, Mathematische Zeitschrift, vol. 25 (1926), pp. 723-733. Thomas was consider- 


ing a special type of affine connection, but the method is general. 
t Comptes Rendus, vol. 183 (1926), p. 852, also p. 1083. 
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The associated space at each point can be identified with the sub-space 
spanned in the tangent space by the vectors &, but the essential feature 
which distinguishes the theory of a linear connection from that of an affine 
connection is retained: namely that the frame of reference may be changed 
in each associated space independently of coérdinate transformations. 

7. Integral sub-spaces. In this section we shall show how some of the 
general ideas in the theory of Pfaffian forms* can be interpreted in terms of 
linear displacement, when considering the equations 


(7.1) dZ* + = 0. 


It will be convenient to say that a set of numbers (x!, - - - , x"; Z!,---,Z™) 
determine, on the one hand a point x in the underlying manifold V,, together 
with a point Z in the linear space associated with x, and on the other hand a 
point in a space of m+n dimensions, which we shall denote by S,;m. We shall 
discuss some of the simpler properties of the integral sub-spaces, in Sym, of 
the equations (7.1). 

Let R;; be the curvature tensor derived from the linear connection L. We 
shall say that any two vectors ~ and 7 which satisfy the condition 


(7.2) R;;t'n? = 0 
are in involution{ with respect to L. Any two vectors linearly dependent on 
£ and 7 will also satisfy (5.2). Let a set of vectors £, - - - , &), such that 
(7.3) — = Cubs =1,---, p), 
be mutually in involution with respect to L. In virtue of (7.3) we can find a 
set of vectors Xi, --- , Xp, linearly dependent on &, - - - , &,, and such that 
the equations 

(7.4) x} (A =1,---, p) 
are completely integrable. The vectors Xi, --- , X, will, therefore, define a 


congruencet of p-spaces given by 


* All these ideas are to be found in Goursat’s Lecons sur le Probléme de Pfaff, especially in 
chapters VI and VIII. The latter chapter is mainly an exposition of Cartan’s work. 

t This is not the same as saying that £ and 7 are in involution with respect to the equations 
(7.1), the conditions for which are 

= 0 

We require that ¢' and 7‘ shall not depend on Z, in which case these equations imply (7.2). 

¢ By a congruence we mean a family of p-spaces such that one and only one passes through each 
point of some given -cell in Vy. 
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(7.5) xi — xf = x0), 


where x‘(t!,--- , 29) satisfy (7.4). Since the vectors X;,---, Xp» are 
mutually in involution with respect to L, we shall have 


(7.6) 


and so the equations 
(7.7) 
will be completely integrable. On each p-space of the congruence given by 


(7.5) the connection L determines, therefore, an integrable displacement. 
Any solution to (7.7) is of the form 


Z" = Zobs(t!, , x0), 


where Z* are arbitrary constants. 
In terms of the space S,;m we say that the equations 


Z = x0), 


7.8 
at = af + x0) 


define a congruence of integral p-spaces (in S,:m) with respect to the equa- 
tions (7.1). Such a family of integrals is called generic, since (7.4) and (7.7) 
are completely integrable at a “typical point” of S,4m. 

It may happen that there are singular* integral sub-spaces in Sn4m. 
Singular integrals arise in any of the three following cases: 

(1) The equations (7.6) are satisfied by a complete system of vectors 
Xi, - ++, Xp, but only on some sub-space of V, (i.e. subject to certain con- 
ditions, ¢(x)=0, =0,-- - ). 

(2) The equations (7.4) admit solutions, but are not completely inte- 
grable. 

(3) The equations (7.7) admit solutions, but are not completely inte- 
grable. In the third case let (7.7) admit a complete set of g independent 
solutions U;,---,U,,q<m. Then a*U,, s=1,---,9q, where a* are con- 
stants, will also be a solution, and so, for x =const., the totality of solutions 
to (7.7) will be the linear space spanned by U,,---,U,. In terms of the 
linear connection L we have an integrable displacement of linear g-spaces in 


* An integral sub-space is called singular if it does not belong to a congruence, but to a family 
which is entirely contained in some sub-space of higher dimensionality. 


R Ox* dx? 9 
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the associated spaces.* Since the matrix (U7), a=1,---,m,s=1,---,4q, 
is of rank g we may assume that the determinant | U!|, s,#=1,--- , q, does 
not vanish. Apply the change of representation given by 
=Z'U,+Z 4%, 
z= x’. 


Then the linear g-spaces in question are given, in the new representation, by 
Z’=0. Since the equations (7.1) are invariant in form under all changes of 
representation, it follows that 


(7.9) = 0 


for values of dx tangent to any sub-space on which (7.7) admit the solutions 
+++, 

In the remainder of this section we shall suppose that (7.7) either admit 
no solutions, or else are completely integrable, in which case the vectors 
Xi, X, are mutually in involution with respect to Z. Singular integrals 
will occur, therefore, only in the event of (1) or (2) arising, and we shall 
combine these into the case where V,, admits a family of sub-spaces, on each 
of which LZ defines an integrable displacement, and which, in a suitable co- 
ordinate system, are defined by equations of the form 


(7.10) = cptl,... = = 0, n>q>hb, 


where c?+!,---,c* are arbitrary constants. If g=m this family is a con- 
gruence, and the corresponding integrals generic. We shall show how Theo- 
rem C is relevant to this simplified theory of integral sub-spaces, and to the 
study of the characteristics. A vector £ will be described as a characteristic of 
the connection L if it is in involution, with respect to L, with every other 
vector. The necessary and sufficient conditions for this to be the case are 


(7.11) R;,¢? = 0. 


Let £,,9=p+1,---, m, be a complete set of solutions to these equations. 
Differentiating 


= 0, 


* If L were an affine connection U;, - - - , U, would be parallel fields of contravariant vectors, 
defined on some sub-space in Vy. 
¢ A vector é is a characteristic for the Pfaffian system (7.1) if 


DP Rue = 0, 
and we can only deduce (7.11) from these equations when ¢ are independent of Z. 
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we can write the result in the forms 
+ Risto = 0, 
k 
Rin + = 0, 
+ = 0, 
k 
+ Ryrée = 0. 
Multiplying these equations by - and respectively, adding 
them together, and taking into account the relations R,;;;,;=0 and (7.11), 
we obtain 
= 0, 
where 
tne = bp ibe- 
Since £, form a complete set of solutions to (7.11) we have,* from these equa- 
tions, 


(7.12) = Cooke 
There exists, therefore, a codrdinate system x, in which 5 form a complete 
set of solutions to (7.11), and in this codrdinate system, 

(7.13) Ri, = 0. 


The vectors 5 define the congruence of (n—)-spaces given by 


where c!,- - - are arbitrary constants. This will be called the congruence 
of characteristic sub-spaces for the connection ZL. Applying Theorem C to 
the connection L, in.the codrdinate system x, and choosing a representation 
in which the components of the integrable connection I' vanish, we have 


(dn) L, = 0; 
(Gn—1) | = for 


(az) L,=0 for 


(a) L, =0 for = 


* The linear elements, in Snym, given by (¢!, —Z*L@:ti), do not necessarily define the charac- 
teristic manifolds (in Sn;m) for the equations (7.1). The relations (7.12) do not, therefore, follow 
from the general theory of Pfaffian systems. 
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From (7.13) and (7.14¢,) we have, if p<n, 

= 0. 
The condition x, =0 may, therefore, be discarded in all the relations (7.14). 
We have, therefore, L,1=0, and from (7.13), if p<n—1, 

| == 0. 


Hence the condition x*-!=0 may also be discarded in (7.14). Repeating this 
argument we can replace (7.14) by the relations 
L,=0,p=pt+i,---,m; 
L, = 0; 
L,1=0 for «x? =0; 


L,=0 for = =, 


with the condition L;,,=0, p=p+1,---,m. The study of the connection L 
may, therefore, be confined to its behavior on the sub-space V,, of V,, given 
by x?+!= --- =x"=0. The number # may be called the class of the con- 
nection* L. 

Let us suppose the class to be m, and consider the equations (7.14). The 


equations (7.14a,,) assert that the connection L defines an integrable displace- 
ment along the curves of parameter x". If ZL defines an integrable dis- 
placement on each surface of the congruence given by 


(a=1,---,n— 2), 
where c* are arbitrary constants, we can discard the condition x*=0 in 
(7.14a,_1), and conversely. In this case the surfaces in S,im, given by 

where c and A are arbitrary constants, belong to a generic family of integrals 


with respect to the equations (7.1). 
In order that the surfaces in S,,m given by 


* If p is the class of a linear connection L, the tensor (see §4) whose components are 
Rie, Rie 
will vanish for 2g>p. This follows from the existence of codrdinate systems in which R,,=0, for 
p>p. 
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shall be a generic family of integrals, it is necessary and sufficient that 
L,=--- =L,=0. 
Starting from the other end, the sub-space in S,4m, given by 


= x7 = 0, Z= Ae, 


will be a singular integral if, and only if, Zi= --- =Z,=0 for x7+!=..-.- 
=x,=0. The connection L will then define an integrable displacement over 
the p-space in V,, given by x?+!= --- =a"=0. 

In general let af, n>q> p, stand for the condition x*=0 which is imposed 
in (7 14a,). If the connection L is such that any given set of these conditions, 
a’',--+, a/*, can be discarded, there will be a family of integrals, whose 
equations will be apparent from (7.14). If, for example, the conditions 


a, _, are unnecessary, the surfaces in given by 
= = Ja = Aa, 
will be generic integrals, and those given by 
= = Ze = Ae 
singular integrals. 
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ON SEQUENCES DEFINED BY LINEAR 
RECURRENCE RELATIONS* 


BY 
H. T. ENGSTROM{ 


I. INTRODUCTION 
A sequence of rational integers 

(1) Uo, U1, U2,* 

is defined in terms of an initial set mo, #1, - - - , 44-1 by the recurrence relation 
(2) + + + = a, 0, 

where 4, 41, d2,---, @% are given rational integers. The purpose of this 
paper is to investigate the periodicity of such sequences with respect to a 
rational integral modulus m. Carmichaelf has studied the period for a 
modulus m whose prime divisors exceed k and are prime to a;. In this paper, 
I give a solution to the problem without restriction on m. If m is prime to a; 


the sequence (1) is periodic from the start; otherwise, it is periodic after a 
definite number of initial terms. 


DEFINITION 1. We say that x is a general period of the recurrence (2) for 
the modulus m if every sequence of rational integers satisfying (2) has the 
period 7 (mod m). 


THEOREM 1. The minimum period up (mod m) of a sequence (1) satisfying 
(2) is a divisor of any general period 7 (mod m) of (2). 

For, since (1) has the period 7, r=yu. Suppose pu does not divide z, that 
is, t=qu+p, where O0<p<yp. Then (mod m), that is, 
(mod m) and (1) has the period p, which is contradictory. 

The algebraic equation 


(3) F(x) = x* + a,x*14---+a,=0 
is said to be associated with the recurrence (2). We obtain general periods 


(mod m) of (2) in terms of the decompositions 


(4) F(x) = $1(x)*p2(x)* - (mod 


* Presented to the Society, September 11, 1930; received by the editors in August, 1930. 

t National Research Fellow, California Institute of Technology. 

¢ R. D. Carmichael, On sequences of integers defined by recurrence relations, Quarterly Journal of 
Mathematics, vol. 41 (1920), pp. 343-372. 
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for the prime divisors p of m, where the ¢;(x) are prime functions (mod p) 
whose degrees we denote by ;. 

For the case of periodicity (mod #) it is shown in Section II that we may 
choose a polynomial f(x) =F (x) (mod f) so that # is not a divisor of the index* 
of f(x) and hence, by the theorem of Dedekind, (4) implies a corresponding 
prime ideal decomposition of p in the field generated by a root of f(x) =0. 
General periods of (2) (mod #) are obtained directly from the general solution 
of (2) by use of the theorem of Fermat in an algebraic field. 

The results for the prime power modulus /* are obtained directly from 
those (mod p) by the theorem of Section IV. In Section V the solution for a 
composite modulus m is expressed in terms of the solutions for the prime 
divisors of m. 

The theorems obtained include those given by Carmichael for primes 
greater than k. The methods may be readily extended to the study of peri- 
odicity for an ideal modulus of algebraic sequences defined by linear recur- 
rence relations. 


II. Pertopicity (mod 


2.1. It is seen that any change of F(x) (mod #) such that the new poly- 
nomial is of degree k with leading coefficient unity does not change the 
associated sequences (mod p). We prove the following lemma: 


Lemma 1. We may choose a polynomial f(x)=F(x) (mod p) with the 
following properties: 

(i) f(x) is irreducible of degree k with leading coefficient unity. 

(ii) p does not divide the index of f(x). 

(iii) If 6 is a root of f(x) =0 and p contains precisely the ath power of a prime 
ideal » in K(6), then f'(@) contains precisely p*-'+* where p=1 or 0 according 
as a is or is not divisible by p. 

(iv) 1—@40 (mod p?) for any prime ideal divisor » of p in K(@). 

If, in (4), e;>1, we write 


(5) = + + 
If e;=1 we write 


(6) = oi(x) + 


The discriminant of the product 


* If 6 is any root of the irreducible equation f(x) =0, d the discriminant of the field K(6), and D 
the discriminant of f(x), then D=«*d, where « is a rational integer which is called the index of 6 
or of f(x). 


H. T. ENGSTROM 


P(x) = 


is not zero. For the discriminant of each f;(x) is not zero since the f;(x) are 
algebraically irreducible* and the resultant of f;(x) and f;(x) is not zero for 
ij. Suppose the discriminant of P(x) contains precisely p*. We set 


(7) f(x) = P(x) + p***R(x), 
where R(x) is a polynomial of degree k—1 chosen so that f(x) satisfies the 
Eisenstein irreducibility criterion for another prime g. Then f(x) is irreducible 
and of degree k with leading coefficient unity. 

Since 
(8) f(x) = - + pM(x), 
where M(x) 40 (modd #, ¢:(x)), i=1, 2,---,7, it follows by the criterion of 


Dedekind that p is not a divisor of the index of f(x). 
Hence, by the theorem of Dedekind, (4) implies the prime ideal decom- 


position 


in the field defined by m root 6 of f(x) =0. Furthermore, 

(10) pi = (P, $:(8)) 

From (10), f;(@) is prime to p; for i#j. Hence, from (7), since f(@)=0, 
f:(0) =0 (mod p,****”), and 

(11) f'(®) = fi (mod 


where ((@) is prime to p;. Hence f’(@) contains the same power of p; as f;’ (6). 
If e;=1, fi (0) =¢/ (0) is prime to p;. If e;>1, 


Si) = + plo! (6). 


But since ¢;(x) is a prime function (mod #), ¢,’ (6) is prime to p;. Hence 
f’(0) contains or p;* ' according as e; is or is not divisible by and (iii) 
is proved. 

If F(1)=0 (mod p) we choose ¢:(x)=x—1. Then, from (8), f(1)40 
(mod p?). Suppose 1—4#=0 (mod p,*) for some 7. We have the contradiction 
N(1—6) =f(1) =0 (mod p*). Hence (iv) is proved. Furthermore, by (10), the 
only prime ideal divisor of p which divides 1—@ is the ideal p=(p, @—1). 


* Cf. O. Ore, Zur Theorie der Irreduzibilitatskriterien, Mathematische Zeitschrift, vol. 18 (1923), 
p. 287. 
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2.2. We shall consider the sequence 
(12) 


associated with f(x) such that v;=u;, 7=0, 1, 2,---, R-1. Then v;=u; 
(mod f) for all z. If 61, 02, - - - , 0, are the roots of f(x) =0, the general term 
of the sequence (12) is given by 


a 
(13) Vn Fa) + 60% + +---+ 6.62, 


where the §; are algebraic constants, that is, independent of m. If we set 
n=0, 1, 2,---,—1 and insert the initial values 2, 21, - - - , 2-1, on solving 
for the 6; we obtain 


Lemma 2. The general term of the sequence (12) is given by (13), where 
_ 4 a6 ; 
(1 6) f'(6;) 


and ;, 5; are integers in K(6;). 


(14) B; 


2.3. We shall develop some modifications of the theorem of Fermat. Let p 
have the decomposition (9) in K(6). If w is an integer of K(@) prime to p, 
and P;=p*‘—1, then by the theorem of Fermat 


(15) wPi=1 (mod (4 = 1, r), 


or 
= 1+7, 


where z is an integer in K(@) divisible by p;. Taking the pth power we have 
(16) = 1 (mod p;***") or (mod p,?) 


according as p>e; or pXe;. Suppose pi <e;< Taking successive pth 
powers of (15) and writing £;= *', we obtain 


= 1 (mod p*'), 
and hence, if w is prime to #, 
(18) wPEiPi = (mod or (mod p?*') 
according as or 
2.4. From (4) and Lemma 1, p has the prime ideal decomposition 
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in the field K(0;). Let G denote the Galois field formed by composition of the 
fields K(0;), 7=1,2,---,k—1. We have 

Lemma 3. The ideals []:1pi;, 7=1, 2,---, k, have a common ideal 
divisor [3 in G. 

For if $ is a prime ideal divisor of p in G, then for each j there exists an 7 
such that p,; is divisible by $. 

2.5. Let e denote the maximum e; in (4) and / the least common multiple 
of p**—1,i=1,2,---,7. Weconsider first the case p) =1, a=0 (mod 
Then the roots 0; are prime to p. If e=1, the denominators in (14) are prime 
to p by Lemma 1. Hence, by (15), 


= 1 | mod 
i=1 


and, by Lemma 3, 
= Un (mod (n = 0,1,2,---). 
Since the 7; are rational integers and congruent (mod #) to the ;, we have 


= (mod (n = 0,1,2,---), 


and hence obtain 

TueoreM 2. If (ax, p) =1, a=0 (mod p) in (2) and e=1 in (4), then (2) 
has the general period 1, where e=max e; in (4) and 1 is the least common multi- 
ple of p**—1, 1=1, 2,---,7. 

Consider the case (ax, p) =1, a=0 (mod pf) and e>1. From (18) we have 
(19) = 1 (mod 


Since the denominators in (14) contain at most p,;** we have the following 
theorem: 

THEOREM 3. If (ax, p)=1, a=0 (mod p), ptSe<pst', then (2) 
has the general period p**4l. 

2.6. We shall now consider the periodicity in the non-homogeneous case 
a#0 (mod p). If F(1)40 (mod p) as in Lemma |, it is seen that 1—6;is 
prime to p,7=1,2,---,k. Hence, as above, we have the following theorem: 

TueoreM 4. If (ax, p)=1, a40 (mod p) and F(1)40 (mod p), then if 
e=1, the recurrence (2) has the period 1; if e>1, the recurrence (2) has the period 
pr. 

Suppose a40 (mod p) and F(1)=0 (mod p). Let ¢:(x) =~x—1 and hence 
pis=(p, 0;-1), 7=1, 2,---, Suppose ptSe<p*t', e=max e;, «20. If 
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(e, p)=1, the denominators in (14) contain at most p,,*‘, i=1, 2,---,r. 
Hence it follows from (19) that (2) has the period p*+/. If p divides e:, then 
e=1 and p*t'>e,+2. Hence (18) gives 


gp = (mod 


while (19) holds for i#1. But the denominators in (14) contain at most 
pi;** for 71 and p;;"*'. Hence we have the following theorem: 


THeorem 5. Jf (ax, p)=1, a40 (mod p) and ptSe<p*', then (2) has 
the general period p*t'l (mod p) where e=max e; in (4) and | is the least common 
multiple of p**—1,7=1,2,---,r. 

We state a corollary of these theorems: 


Corotiary. If (ax, p)=1 and p>e then (2) has the general period | (mod p) 
when e=1 and F(1) #40 (mod 9), otherwise it has the gen-ral period pl (mod ). 


The results of Carmichael for > are contained in Theorems 1 to 4. 

2.7. We now consider the case where p divides a;, that is, f(x) contains the 
factor x (mod p). Suppose that f(x) contains precisely x* (mod 9), that is, 
(mod p), i=0, 1,---, e2—1 and ax_.,40 (mod p). We may write 
pes=(p, 0;), 7=1, 2,---, k. Then (p.;, for i~2. Hence 0f=0; 
(mod p2;*?) for all 8>e2 while the results of §2.5 hold for the ideals p;;, 7#2. 
Furthermore 1—6; is not divisible by p2; and the denominators in (14) con- 
tain at most p2;*. Hence we have the following theorem: 


THEOREM 6. If p divides a, and the last s coefficients of (2) are divisible by p, 
a,-,4#0 (mod p), the sequence (1) is periodic (mod p) except for the initial 
terms Uo, U1, ** * , Us—1, and (2) has the general period given by Theorems 2 to 5 
inclusive. 


III. PErropiciry (mod A SECOND METHOD 


3.1. We consider again in this section the periodicity of (2) (mod p) 
for (a, p)=1 and a=0 and obtain an improved result for the case e=. 
Instead of the f(x) of II we consider the associate polynomial 


(20) r(x) = 


i=] 


Let p:;,7=1, 2,---, k:, be the roots of ¢;()=0. Then the general solution 
of a homogeneous recurrence associated with (20) is given by 
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If we set n=0, 1,---, R—1 and insert the initial terms vo, 01, --- , ve-1, 
it is seen that the determinant A of the coefficients of the c’s is precisely a 
determinant of Bonolis* whose value is 


(22) A=+ | | T] (eas — 

ii 
where the second product extends over all differences of distinct roots p,;, 
only one permutation of a given pair being included. We prove 

Lemna 4. If (ax, p) =1, then A is prime to p. 

For since (a, p) =1, the roots p;; are all prime to p. If avy, since the 
resultant of ¢.(x) and ¢,(x) is prime to #, the differences pag—pys are prime 
to p. Ifa=y the differences p2s— pas are prime to p since the discriminant of 
a prime function ¢.(x) is prime to p. 

By the theorem of Dedekind, p is a prime ideal of degree &; in the fields 
K(pi;), 7=1, 2,---,k. Hence by the theorem of Fermat 


(23) = 1 (mod 


where P;=p*i—1. We obtain the following theorem directly from (2) since 
the denominators of the c’s are prime to p by Lemma 4. 


THEOREM 7. If p >e and (ax, p) =1, a=0, then (2) has the general period | 


or pl (mod p) according as e=1 or e>1. 

The period given by Theorem 7 is less than that of II for the single case 
p=e. The denominators in (21) contain, in general, a higher power of p 
than those in (14). It is possible, however, that the results of II may be ob- 
tained from (21) by an analysis of the minors of A. 

IV. Perropicity (mod p) 

4.1. In this section we prove a theorem which gives a general period of 
(2) (mod *) directly from the results already obtained (mod p). Let us 
first consider the case (ax, p)=1. We prove the following lemmas: 

Lemma 5. If a non-homogeneous recurrence (2) has the general period 
(mod m), then x is a period (mod m) of the corresponding homogeneous re- 
currence. 

For if [u;] is a sequence satisfying (2) for a~0, then [w;] has the period x 
(mod m). If [v;] is any sequence satisfying (2) for a=0, then [u;—2;] is a 
sequence satisfying (2) for a~0. Hence [u;—v,;]=[w,;] has the period r 
(mod m). It follows that [u;—w;]= [v;] has the period (mod m). 
~ * A. Bonolis, Sviluppi di alcuni determinanti, Giornale di Matematiche, vol. 15 (1877), p. 133. 
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Lemma 6. If the recurrence (2) has the general period + (mod p*) then 
it has the period px (mod p*t'), B21. 
For, replacing by n+7 in (2) and subtracting (2), we obtain 


(24) — Untk) + — + — Un) = 0. 
Hence, since z is a period of (2) (mod ’*), 
(25) U;= (tite — ui)/p® i= 


is a sequence of integers satisfying (2) with a=0. By Lemma 5, (25) has the 
period z (mod *). Consider the subsequence U;,;, where is fixed but arbi- 
trary and j has the range 0, 1, 2,---. The first differences of this subse- 
quence and hence the (p—1)th differences are divisible by p°. If Aj” denotes 
the yth difference for variable 7, we have 


(26) Aj? je = A =0 (mod p*). 


Hence 
[A ;?ui+ je] ino = 0 (mod p*), 


that is, 


(27) 


If p is odd we may group the terms in (27) and obtain 


(28) + (, — =O (mod p*), 


But the differences on the left are divisible by p*, and the binomial coefficients 

are divisible by ». Hence 

(29) — =0 (mod 
If p=2, (27) becomes 


Uiter — + = 0 (mod p*), 
or 
(Uizer — Ui) — 2(Uire — Ui) = 0 (mod 2%), 
Hence (29) follows for p=2 and the lemma is proved. 
The following theorem is obtained directly from Lemma 6 and is sufficient 
to determine a period (mod p2) of (2) from the results (mod #) of IT. 
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TuHEorEM 8.* If (ax, p)=1, and the recurrence (2) has the general period 
a (mod p), then it has the general period p*-'m (mod p*). 

Let e=max e; in (4) and / the least common multiple of p**—1, 7=1, 2, 
We state an immediate corollary: 


Corotiary. If p>e, then (2) has the general period or pl (mod 
according as e=1 or e>1. 


4.2. Suppose (ax, p) #1 and F(x) =x*F,(x) (mod p), where F,(x) does not 
contain x (mod p). We have shown in §2.7 that (1) is periodic (mod p) after 
s terms. We shall show by induction that (1) is periodic (mod p2) after as 
terms. For suppose (2) has the general period 7 (mod *) after Bs terms, 821. 
Then (25) defines a sequence of integers for i=8s; namely, Ug., Ugs+1, - 
This sequence has the period 7 (mod #) after s terms, that is, for i= (6+1)s. 
Hence we obtain the congruence (27) for the modulus p*+! for i= (8+1)s 
and as above 

Uitpr — = (mod p**'), i = (8 + 1I)s. 
By induction we obtain the following theorem: 


TuHeorEM 9. [If the last s coefficients of (2) are divisible by p, ax_,4#0 
(mod p), then (1) is periodic (mod p2) after as terms and a period (mod p*) is 
determined by Theorem 8. 


V. (mod m) 


Fo: the general rational integral modulus m the following theorem 
suffices for obtaining a general period of (2) (mod m) from the previous 
results. 


THEOREM 10. Jf m=pi"%p.@--- p,.% the least common multiple L of a 
set of general periods d; of (2) (mod p;*‘),i=1, 2,--- ,t, is a general period of 
(2) (mod m). 

For p;%), i=1, 2,---, t, and hence (mod m). 

We have obtained in this paper general periods of the recurrence (2), 
that is, periods of (1) for arbitrary initial values. Whether or not there exists 
a set of initial values for which the sequence has the general period obtained 
has not been discussed. Furthermore, it is possible that improved results 
may be obtained for sequences with special initial values such as the funda- 
mental sequences of Lucas. 


* For e=1, (ax, p)=1, F(1)#0 (mod 9), this theorem gives the period p*-7(mod p*). The 
period obtained by Carmichael for the same case with p>k is pl. 
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ON DIRECT PRODUCTS, CYCLIC DIVISION ALGEBRAS, 
AND PURE RIEMANN MATRICES* 


BY 
A. ADRIAN ALBERT 


1. Introduction. The present paper is the result of a consideration of 
several related topics in the theory of linear associative algebras and the ap- 
plication of the results obtained to the theory of Riemann matrices. We first 
consider a linear algebra problem of great importance in its application to 
Riemann matrix theory, the question as to when a normal division algebra of 
order n? over F is representable by an algebra of m-rowed square matrices 
with elements in F. It is shown that this is possible if and only if ? divides m 
and this is applied to prove that. 


The multiplication index h of a pure Riemann matrix of genus p is a divisor} 
of 2p. 

The algebras called cyclic (Dickson) algebras are the simplest normal 
division algebras structurally. J. H. M. Wedderburn has given sufficient 
conditions that constructed cyclic algebras be division algebras but it seems 
to have been overlooked that these conditions have not been shown to be 
necessary. In the fundamental problem of the construction of all such divi- 
sion algebras necessary and sufficient conditions are of course needed. The 
question of the necessity of the Wedderburn conditions is considered here and 
the results applied to obtain what seems a remarkable restriction on the types 
of algebras which may be the multiplication algebras of pure Riemann ma- 
trices. Also certain general theorems on direct products of normal simple 
algebras are proved and the conclusions used to reduce the problem of the 
construction of cyclic division algebras to the case where the order of the al- 
gebra is a power of a single prime. 

2. Results presupposed and elementary theorems. We shall assume that 
F is any non-modular field and shall use the definitions of direct product, 
division algebras, and other terms as in L. E. Dickson’s Algebren und ihre 
Zahlentheorie. We shall assume 


THEOREM 1. The direct product A of two total matric algebras B and C of 
orders n? and m? respectively is a total matric algebra of order (nm)*. 


* Presented to the Society, April 18, 1930; received by the editors in June, 1930. 
ft It was merely known until now that 4S2%, a very much milder condition. 
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THEOREM 2. Every simple algebra over F, which is not a zero algebra of 
order one, is expressible as a direct product of a division algebra B over F and a 
total matric algebra M over F in one and only one way in the sense of equivalence. 
Conversely every such direct product is simple. 


We shall henceforth restrict the algebras of this paper to be not zero 
algebras when they are simple. Moreover we shall study only associative 
algebras. If A is the direct product of B and C where B and C are simple, 
then, by the operation of passing to algebras equivalent to B and C, we may 
assume that the moduli of A, B, and C are all the same quantity and similarly 
for the zero quantities. We shall assume this operation performed in all 
cases and that X is the notation for direct product, while if M and P are linear 
sets that MP is their product. 

Definition. An algebra A with a modulus ¢ over a field F is called normal 
if the only quantities of A commutative with all quantities of A are multiples 
of e by scalars in F. 


THEOREM 3. Let A be a normal simple algebra. Then A is the direct product 
of a normal division algebra and a total matric algebra and conversely. 


For A is the direct product of a total matric algebra M and a division 
algebra B. If B were not normal then there would be a quantity x in B such 
that x is not a scalar multiple of the modulus e of A and yet xb = bx for every 
bof B. But xm=mx for every m of M since A=BXM. The quantities of A 
are sums of multiples of quantities of B by quantities of M so that xa =ax for 
every a of A, a contradiction of the hypothesis that A is normal. 

Conversely if B is a normal division algebra and M is a total matric al- 
gebra, then A=BXM is simple. Let M =(ei;), 
Then if 


x= in B) 
t.7 


is commutative with all of the quantities of A we have 
i i 


for all & and ¢. It follows from the definition of direct product that 6;;=0 
(i¥7), bis =b11, and that x isin B. But the only quantities of B commutative 
with all quantities of B are scalar multiples of its modulus, the modulus of A, 
so that x is a multiple of the modulus by a scalar of F and A is normal. 


THEOREM 4, Let A=BXC where B and C are normal simple algebras over 
F. Then A is a normal simple algebra over F. 


For by adjoining a scalar ¢ to F, the algebra B, with the same basal units 
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and constants of multiplication as B but over F(¢) =F’ is a total matric al- 
gebra. Also — may be so chosen that C simultaneously reduces to a total 
matric algebra by the well known theorem on the adjunction of a finite num- 
ber of scalars to a nonmodular field being equivalent to the adjunction of a 
single scalar. But A’ over F’ is a total matric algebra. By Theorem 3, A’ is 
normal and if A were not normal obviously neither would be A’, having the 
same basis and constants of multiplication as A. Hence A is normal. More- 
over by a known* theorem A’ is semi-simple if and only if A is simple. If A 
were reducible then so obviously would be A’ so that, since A’ is simple and 
not reducible, A is not reducible. A semi-simple algebra which is not reducible 
is simple and A is thus a normal simple algebra. 
We shall assume a theorem} of J. H. M. Wedderburn. 


THEOREM 5. Let A be a linear associative algebra over a non-modular field 
F. Let e be the modulus of A and suppose that B, a normal simple sub-algebra of 
A, has the same modulus e as A. Then A is the direct product of B and another 
algebra C with the same modulus e. 


We also have for A an algebra with modulus the same as that of B, Ci, C 


THEOREM 6. Let A=BXC=BX(Ci, where B is a normal simple algebra. 
Then = 


For let c, bein C;. Then c, isin A and is necessarily expressible in the form 


i 


where b; are in B and the wu; are a basis of C, with u,=e, the modulus of A. 
But if d is any quantity of B, then 


bey = = bey — = (bib — 


By the definition of direct product this implies that b;b= 0b; for all 6’s of B, 
so that the 0; are in F and the quantities of C,; are in C. Similarly the quan- 
tities of C are in C; and C=C. 


THEOREM 7. Let A=BXC where A is a normal simple algebra. Then both 
B and C are normal simple algebras. 


For it evidently suffices to prove the above true for C. Suppose that C 
were not simple so that C would contain an invariant proper sub-algebra NV. 
Then NCSN,CNSN. But if P=BXN, then AP=(BXC) (BXN)=B 
X(CN) <P, while PA =(BXN) (BXC)=B*Xx(NC)SP, so that A would 


* Dickson (loc. cit.) p. 110, Corollary to Theorem 18. 
f Proceedings of the Edinburgh Mathematical Society, vol. 25 (1906-1907), pp. 1-3. 
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have the invariant proper sub-algebra P contrary to the hypothesis that A 
is simple. If C were not normal, then there would exist an x in C such that 
xc =cx for every c of C while x is not a multiple of the modulus of C by a 
quantity of F. But then evidently xa=ax for every a of A contrary to the 
hypothesis that A is a normal algebra. It follows that C is a normal simple 
algebra. 


THEOREM 8. Let A=BXC where A and B are total matric algebras. Then 
C is a total matric algebra. 


For A is a normal simple algebra, so that, by Theorem 7, so is C. Hence 
C=MxD where M is a total matric algebra and D is a normal division 
algebra. It follows that A=BXC=(BXM)xXD, where, by Theorem 1, 
BxXM is a total matric algebra. By the uniqueness in Theorem 2 and the 
fact that A is a total matric algebra, algebra D has order one and C=M isa 
total matric algebra. 

3. On direct products of normal division algebras. The theory of the 
complex multiplications of pure Riemann matrices has been studied in detail 
by various authors.* Of utmost importance in this theory is the question as 
to what are necessary and sufficient conditions that a division algebra B of 
order h over F be expressible as an algebra of m-rowed square matrices with 
elements in F. The author has reduced this question to the case where B is a 


normal division algebra over F.} Using this reduction, and by a consideration 
of certain theorems on direct products of normal division algebras, we shall 
completely answer the above question. We shall also obtain a theorem on the . 
direct products of normal division algebras of relatively prime orders for use 
in the next section. 


THEOREM 9. Let B be a normal division algebra of order n* over F. Then there 
exists a normal simple algebra B, of order n? over F such that A=BXB, is a 
total matric algebra over F. 


For it is well known that every linear associative algebra with a modulus 
and having order ¢ over F is equivalent to an algebra of ¢-rowed square ma- 
trices. Hence B is equivalent to an algebra C of m?-rowed square matrices 
with elements in F and, if M is the algebra of all n?-rowed square matrices 
with elements in F, then by Theorem 5, M=C XC, where C; is a normal 
simple algebra. Let B, be an abstract algebra defined so that it is equivalent 


* For references see the Bulletin of the National Research Council, No. 63, Selected Topics in 
Algebraic Geometry, chapters 15, 16, 17, 1928. 

¢ In a paper On the structure of pure Riemann matrices with non-commutative multiplication alge- 
bras, to be published in the Rendiconti dz] Circolo Matematico di Palermo, probably in January, 
1931. 
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to C;. Since M has order mu‘ and C has order n?, algebra C, has order n?. 
Hence B, has order n? and is a normal simple algebra. Let A be the direct 
product of B and B;. Evidently A is equivalent to M and is a total matric 
algebra over F. 


THEOREM 10. Let M=BXC be a total matric algebra over F, where B and C 
are normal division algebras. Then B and C have the same order. 


For if the order of B is n? and that of C is 7’, then, without loss of general- 
ity, we may take <r. Let B; be the algebra of Theorem 9 such that A =B 
XB, is a total matric algebra. By the associative law and A =B,XB, the 
algebra G=B,XM may also be written G=A XC. Now B1=D XT where D 
is a normal division algebra of order #?<n? and T is a total matric algebra. 
Hence G= B,XM =D X(T XM), where T XM is a total matric algebra. But, 
by Theorem 2, G is simple, G= Dx (T XM) =C XA, and C is equivalent to D. 
Hencet=r. ButiSn&r. It follows that r =m as desired. 

We are now in a position to prove the fundamental theorem on the 
representation of a normal division algebra over F as an algebra of matrices 
with elements in F. 


THEOREM 11. A normal division algebra B of order n? over F is expressible 
as a sub-algebra of the algebra of all m-rowed square matrices with elements in F 
if and only if m is divisible by n?. 

For if m=n*t then B can be expressed first as a sub-algebra of H, the 
algebra of all n?-rowed square matrices with elements in F. Then if 7 is 
a t-rowed total matric algebra, the algebra M =H XT is an m-rowed total 
matric algebra by Theorem 1. Evidently B is a sub-algebra of M and its 
representation in M provides an expression for B as a sub-algebra of the al- 
gebra of all m-rowed square matrices with elements in F which is equivalent 
to M. 

Conversely let B be a sub-algebra of M, an m-rowed total matric algebra 
over F. Then M=BX(DXT) by Theorem 5, where D is a normal division 
algebra and T is a total matric algebra, so that m =ndt where d? is the order of 
D and # the order of T. By Theorem 8 the algebra BXD is a total matric 
algebra, so that, by Theorem 10, d=n, and m=n’t. 

As a corollary we have 


THEOREM 12. The algebra B, of Theorem 9 is a normal division algebra. 


For let B:=D XT, where T is a total matric algebra and D a normal 
division algebra. Then A = BX B,=(BXD) XT, so that, by Theorems 8 and 
10, D has order n?. But B; has order n?. It follows that B, is D and is a normal 
division algebra. 
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We shall finally prove 


THEOREM 13. Let A=BXC where B and C are normal division algebras 
whose orders m? and n? respectively are relatively prime. Then A is a normal 
division algebra. 


For by Theorem 4 algebra A is a normal simple algebra and A=HXD 
where H is a total matric algebra of order h? and D a normal division algebra 
of order d?. Hence mn =hd. Let B, be the normal division algebra of Theorems 
9 and 12 so that BX B, isa total matric algebra. The direct product Bix D 
is a normal simple algebra by Theorem 4, and B;\KD=Q XP where Q is a 
total matric algebra and P a normal division algebra. But G=B,XA=B,X 
(H xD) =(H XQ) XP=(BiXB)xC. It follows 
that H XQ is equivalent to B, x B from the uniqueness in Theorem 2. Hence 
if Q has order g?, then hg =m?. By forming the direct product C, XA we prove 
similarly that h divides n?. Hence all prime factors of / are factors of both m 
and ”. But m and are relatively prime so that =1 and A =D is a division 
algebra. 

4. Cyclic normal division algebras. Let x satisfy an equation $(¢) =0 
of degree n, with leading coefficient unity and further coefficients in F, and 
with the cyclic group with respect to F. Then there exists a polynomial (x) 
such that if we define its iteratives 07(x) 0°(x) =x(r=0,1,---), 
then 6"(x) =x and ¢[6"(x)]=0. The algebra D with the basis 

(r,s = 0,1,---,2— 1) 
and the multiplication table 


for every f(x) of F(x), where y is in F, is an associative normal algebra over 
F. For every f =f(x) in F(x) we write 
N(f) = flor-(x)] - - - f[6(x)]-f(), 

a quantity in F, and call N(f) the norm of f. J. H. M. Wedderburn has 
proved* 

THEOREM 14. Algebra D is a division algebra if no power y’(r <n) is the 
norm of any f in F(x). 

The above condition is a sufficient condition that D be a division algebra 


but is not known to be necessary. For »=2, 3 the above condition is also 
necessary but may be replaced by the simpler condition that y~N(f) for 


* These Transactions, vol. 15 (1914), pp. 162-160. 
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any f of F(x). We shall show that a like result holds for n any prime and shall 
reduce the problem of constructing all cyclic algebras to the case n a power of 
a prime. 


THEOREM 15. Let F(x) be a cyclic field of order r=nm where n and m are 
relatively prime integers. Then F(x) is the direct product of two cyclic fields of 
orders m and n respectively, and conversely. 


For let G be the cyclic substitution group of order r which is the Galois 
group of the minimum equation of x. Then G will consist of the powers of 
a single substitution P such that P’=/, the identity substitution. Since m 
and m are relatively prime there exist integers g and # such that 1=gm-+hn. 
Then for every a<r we have ga=6(mod m) and ha=é6(mod m), where 
0<8<nand0<é<m. But then 


Pe = (P™) 02. (Pn) = Pms. 


since P’=I. Hence every substitution of G is expressible as a product of 
substitutions of the groupsG:=(P”*) and G.=(P"*). It follows that G is the 
direct product of G; and G2. It is known that there exists a quantity @ in 
F(x), which belongs to the group G2 and hence has grade with respect to 
F and G, as a representation of the Galois group of its minimum equation. 
Then this equation has the cyclic group with respect to F. Similarly there 
exists a quantity b in F(x), which belongs to G; and has grade m with respect 
to F and G, as a representation of the Galois group of its minimum equation. 
The field F(a, b) contains F(a) and F(b) as sub-fields and hence its order is 
divisible by both m and n. But m and 7 are relatively prime so that the order 
of F(a, b) is divisible by mn. The order of F(a, 6), a sub-field of F(x) of order 
mn, is at most mn, so that F(a, b) has order mn and F(a, b) =F (x). But when 
F(a, b) has order mn, the product of the orders of F(a) and F(d), it is the direct 
product of F(a) and F(6) by the definition of direct product. It follows that 
F(x) is the direct product of the two cyclic fields F(a) and F(6). 

Conversely let X be the direct product of two cyclic fields F(a) and F(6) 
of relatively prime orders m and m respectively. Let & be a scalar root of the 
minimum equation of a and let 7 be a scalar root of the minimum equation of 
b. The field F(é, 7) has F(£) and F(n) as sub-fields and hence has order mn. 
It follows that F(é, n) is the direct product of F(£) and F(n) and is equivalent 
to X. Thus X=F(a, b) is a commutative division algebra or field. Let x 
generate X so that X =F (x), x =Q(a, b), a polynomial in a and b with coeffi- 
cients in F. Let the roots of the minimum equation of a which are in F(a) be 
denoted by \*(a), (8=0, 1, - - - ,w—1), and the roots of the minimum equa- 
tion of b in F(b) by u*(b), (6=0, 1, - - - , m—1). If K=F(6) then any rational 
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function of the \*(a) with coefficients in K which is symmetric in the \4(q) is 
in K, since the minimum equation of a with respect to K is the same as its 
minimum equation with respect to F. The polynomial 


= — Q[M(a); 


has coefficients in K since they are symmetric in the \*(a). But they are 
symmetric in the u°(b), so they are in F. The equation ¢(w) =0 has degree mn. 
It has leading coefficient unity, further coefficients in F and ¢(«)=0. Hence 
¢(w) =0 is the minimum equation of x since x has grade mn. We may choose 
integers g and h such that 


gm+hn=1, ge=B (modn), ha=6 (modm), 
so that every integer less than mm is expressible in the form 
a=pBm+in+amn (0S 


Now if S is the substitution replacing a by (a) and T is the substitution re- 
placing } by u(b) then the substitution P which is the substitution replacing 
x by 


A(x) = Q[A(x), u(x)] 
is equivalent to the substitution product S-T. Hence P< replaces x by 
= Q[M(x), w(x)] (a =0,1,---,r—- 1), 


with 8 and 6 determined as above. It follows that the Galois group of the 
minimum equation of x has a cyclic sub-group of order mn. But since the 
roots in F(x) of the minimum equation of x are mn in number the group of 
this equation is actually the above cyclic group 


(P*) (a2 = 0,1,---,7—1),7r = mn. 


THEOREM 16. Let A be a cyclic normal division algebra of order r* over F, 
and r=mn where m and n are relatively prime integers. Then A is the direct 
product of a cyclic normal division algebra B of order n? and a cyclic normal 
division algebra C of order m*, each having the same y as A. Conversely the direct 
product A of two cyclic normal division algebras B and C of relatively prime 
orders n® and m? respectively is a cyclic normal division algebra whose y may be 
taken to be the y of Band C. 

Let A be a cyclic algebra of order r? over F so that A contains a quantity 
x whose minimum equation with respect to F has degree r=mn and roots 
6«(x) in F(x). Moreover, A contains a quantity y such that 
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y*f(x) = fl6(x)]y*, = yinF. 


Let A be a normal division algebra. Let a and b be defined as in the proof of 
Theorem 15 so that a is unaltered by the substitutions of the group G:= (P) 
where P generates the Galois group of the minimum equation of x, and 
G,=(P) is a representation of the Galois group of the minimum equation 
of a. Then evidently y*a=ay", while (y")"=~y, y"*a=)*(a)y™*. Similarly 
(y")™=~, =by™®, =y5(b)y"*. Let B be the algebra with the basis 


(g,8 = 0,1,---,"— 1), 
and C be the algebra with the basis 
bhyns (h,6 = 0,1,---,m— 1). 


The algebras B and C are cyclic algebras with the same y as A. Moreover 
every quantity of B is commutative with every quantity of C. Every quan- 
tity of A is expressible in the form 


[fe(x) in F(x)]. 


a=0 

But any such quantity has the form 
since we may find integers 8, 6 for which 

and express each f.(x) in the form gz,(a, b)-y~*: since F(x) is the direct pro- 
duct of F(a) and F(b). Hence the set A is a set whose quantities are sums of 
products of quantities of B and quantities of C and is contained in the set 
BC. But BC is a sub-set of A so that A is equal to BC. Since the quantities 
of B are commutative with the quantities of C, A is the direct product of B 
and C. 

Conversely let B be a cyclic normal division algebra over F and have 
order n? so that B contains a quantity a such that the minimum equation of 
a with respect to F is cyclic with respect to F and with polynomial roots 
(B=0, 1, - - - , such that \°(a) =A(a) =a. Then B contains also 
a quantity y; such that 


= in F, g[d9(a) Jy? (6 0, 1, 1), 


for every g(a) in F(a). Similarly let C have order m? where m and are rela- 
tively prime, contain the cyclic m-ic field F(b), and contain the quantity y2 
such that 
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in F, g[u*(d) (6 = 0, 1, 1). 


If A is the direct product of B and C then A is a normal division algebra by 
Theorem 13. Moreover the direct product of F(a) and F(b) is a cyclic field 
F(«) whose polynomial roots are 


6*(x) = 


and if we let y=y1y2 then y*x =6*(x)y* with 6 and 6 properly chosen integers 
such that a=8m+én+aymn. We thus have 


and A is a cyclic algebra whose y is yi"y2". If we let yi1=y2¥1", Yoo = 192", 
then 


yu” = = 7, Yo" = = 7; 


and we may replace ¥, in the basis of B by y11, y2 in the basis of C by yoo, and 
each of these algebras will have the same y as A. In fact since m and m are 
relatively prime we may choose an integer s such that ms=1 (mod 2), so 
that yi: isa constant multiple of y; and we have a basis of B when we replace 
by Yu. 

As an immediate corollary we have 

THEOREM 17. Let r=py%:- pitt where the p; are distinct primes. 
Every cyclic algebra of order r? over F which is a division algebra is a direct pro- 
duct of t cyclic division algebras of order p*, and conversely all such direct 
products are cyclic division algebras. 

We have thus reduced the problem of constructing all cyclic division al- 
gebras to the case where the order is a power 2e of a prime p. This latter 
problem is of great difficulty even in the case where p=2, e=2. When e=1 
we may make a simple discussion as follows. 

THEOREM 18. A cyclic algebra A of order p* over F, p a prime, is a division 
algebra if and only if y is not the norm of any polynomial in x. 

For suppose that y be not the norm of any polynomial in x but that A 
were not a division algebra. By the sufficient condition of Theorem 14 there 
must exist an integer a< such that 


y= N(g), gin F(x). 


Since # is a prime there exists an integer o such that ca=1 (mod ). Let then 
ca=1+tp, so that 


= = [N(g)]* = N(g"). 
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If y=0 then y= N(0), a contradiction. Hence 
y = = N(g*7~'), 


a contradiction. 

Conversely let y= N(f), where f is in F(x). If f=0 then y?=0 which is 
impossible in a division algebra when y¥0. But 1, y, - - - , y?~! are linearly 
independent with respect to F so that y is not zero and f is not zero. Then f 
has an inverse in F(x), and if / is this inverse we have (hy)? = N (hf) =1. But 
if y;=/y then 1, 1, yi’, - - - , y1?~! are linearly independent with respect to 
F, since the quantities xy’ (r, s=0, 1,---, p—1) are linearly independent 
with respect to F. It follows that y,—1+0, and y'!+y,??+ --- +41 
+10. But y,?—1 is the product of the two aforesaid non-zero quantities 
and is zero, which is impossible in a division algebra. 

We shall now obtain some simple but interesting limitations on the order 
of a cyclic division algebra A when the sufficient condition of Theorem 14 is 
not satisfied. 

THEOREM 19. Let A be a cyclic division algebra of order r? where r= py" 


-po®- - - pet and the p; are distinct prime integers. Then if y* is the norm of a 
polynomial in x, the integer s is divisible by pi-po-- - pr. 


For suppose that s were not divisible by ~, a factor of r. Then there 


would exist an integer a such that as=1 (mod p*). Let as=1+tp* and r= pem, 
so that we can express A as the direct product of a cyclic division algebra B 
of order p” and a cyclic division algebra C of order m? by Theorem 16. The 
norm of any polynomial in x may be written as the norm of a polynomial in 
a where a is the cyclic quantity of Theorem 16 for the algebra B. We have 
then that 


= N.(c) 
where c is a polynomial in a so that 
y= = N.(c), y = Na(cy~). 
If y, is the y of algebra B we have 
(y1)” = Na(c), —1=0, 


from which, as in the proof of Theorem 18, it quickly follows that B is not a 
division algebra. But this is impossible since B is a sub-algebra of the di- 
vision algebra A. 

As a corollary we have 
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THEOREM 20. Let A be a cyclic division algebra of order r?. Then if pis a 
prime and yy” is the norm of a polynomial in x, the integer r is a power of p. 


For ifr were not a power of p then it would contain a factor not dividing p. 

For the case where B is a cyclic algebra of order p?, p a prime, we may 
explicitly determine the structure of algebra B, of Theorem 9. We showed 
that B, was a normal division algebra of order p? in Theorem 12. We shall 
now prove 


THEOREM 21. A direct product A=BXC of a cyclic division algebra B of 
order p?, p a prime, and a normal division algebra C of order p* is a total matric 
algebra if and only if C is equivalent to B. 


We use the form of the multiplication table of B which is reciprocal to 
our previous form, assuming that 


(r,s =0,1,---,p— 1) 
are a basis of B and that 
yr=y, sy = y'O(x) =0,1,---,p— 1). 
Assume first that C is equivalent to B and let X in C correspond to x inB 
and Y inC to y of B. Consider the quantities 
(x — X1)(x — X2)-- + — — -- (% — 
(Xi — Xi)(Xi — Xe) (Ki — — Kins) - (Xi — Xp) 


= 


= ye, = —y?t (¢ = 2,---, p), 
Y 


Cig F (i, j =1,--- ?), 


where X;=6‘(X). Then Wedderburn has shown* that, with the agreement 
that we have 


eny* = DX eu; 
i 


for all integer values of & and 7. In particular e;y-!=y~e_1,:-1. Since 
XiY = Y Xi: we have obviously from the form of the e;; that e:;,¥ = Yeis1,i+1. 
Hence if Z=Yy- then e;,Z=Ze;;. Also since A=C XB we have Zy*=y'Z 
whence from the definitions of the e;;, Ze;; =e;;Z. Wedderburn has also shown 
that the e;; form a basis of an algebra M which is a total matric algebra of 
order p?. The linear set M,=(Z*X") (r, s=0, 1, - - -, p—1) is an algebra with 


* These Transactions, vol. 15 (1914), pp. 162-166. 
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the multiplication table given by XZ*=Z*0'(X), Z?=YVy-?=yy"'=1. 
Since the quantities of M are commutative with those of M, and since both 
sets are algebras, the set MM, is an algebra. But MM, is contained in A. 
Also the quantities x, y, X, Y are all in MM, by the above displayed equa- 
tions and hence all of the quantities of A are in MM,. It follows that 
A=MM,, and since the quantities of M are commutative with those of M,, 
A=MxXM,. Algebra A=BXC is a normal simple algebra by Theorem 4. 
Hence algebra M;, is a normal simple algebra by Theorem 7. But algebra A 
has order p* and M has order p so that M, has order p?. Since p is a prime, 
M, is either a normal division algebra or a total matric algebra. But Z?=1 
which is impossible in a normal division algebra when 1, Z, Z?, - - - , Z?-! are 
linearly independent with respect to F. By our choice of the basis of M, and 
the fact that the order of M; is p? we have the independence of the above 
quantities so that M;, is a total matric algebra. By Theorem 1, A is a total 
matric algebra. 

Conversely let A =B XC be a total matric algebra, where B is a cyclic 
algebra of order p?, p a prime. If B,; is equivalent to B we have already shown 
that G=BXB, is a total matric algebra. Consider the algebra H=B,XA 
=GXC. Now A and G are total matric algebras and B, and C are normal 
division algebras, so that, by Theorem 2, B, is equivalent to C. It follows 
that C is equivalent to B. 


5. Applications to the theory of pure Riemann matrices. Let w be a pure 
Riemann matrix over a real field K. It is known that the algebra of multi- 
plications of w is a division algebra D of order h<2p over K and that D has 
a representation as an algebra of 2p-rowed square matrices with elements in 
K. Let D be expressed as an algebra which is a normal division algebra of 
order m? over its central field K(q) of order ¢, so that h=n*t. The minimum 
equation of q is irreducible in K since D is a division algebra and there exists 
a representation of g as a 2p-rowed square matrix whose elements on the 
diagonal are the same t-rowed square matrix Q with elements in F and whose 
elements off the diagonal are zero matrices, while 2=mt. Any two repre- 
sentations of g as a 2p-rowed square matrix with elements in K are similar 
in K so that we may take the representation of D such that g has the above 
representation. It follows that D has a representation as an algebra of m- 
rowed square matrices with elements in K(Q), and by applying Theorem 11, 
with F=K(Q), we have immediately m divisible by n?. This gives m=n’*r, 
2p=hr, and 


THEOREM 22. The multiplication index h of a pure Riemann matrix w of 
genus p over a real field K is a divisor of 2p. 
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The only normal division algebras of order n? which are known are the 
so-called algebras of type R,. By this we mean that the algebra A which is a 
normal division algebra in m? units over F contains a quantity @ whose mini- 
mum equation ¢(¢) =0 with respect to F has degree m and roots 6;(a), where 
6,(a) =a, 0;(a) is in F(a). Also 0;{@,(a)] is a root of ¢(€)=0 so that there 
exists a set of integers ¢;,, such that 

6;[0.(a) ] Gj; k= 1, n). 
Algebra A has a basis 
ai-ly, (j, k= 1, n), 


where y:=1 and 


with the g;,. in F(a). The author has studied the case where such algebras 
A are the multiplication algebras of pure Riemann matrices of genus p over 
a real field F in great detail. Assume first that the equation ¢(¢) =0 has a 
real root a; so that all of its roots are real when F is a real field. The author 
has shown (loc. cit. On the structure of pure Riemann matrices with non- 
commutative multiplication algebras) that there must necessarily exist m num- 
bers 8 ;(a1) in F(a:) and positive, such that if a;=0;(a:), then 


We shall assume that ” has an odd prime factor p. Then, since the Galois 
group of ¢(£) =0 has order , it contains at least one substitution of order , 
since it is known that if a prime divides the order of a group there is a sub- 
group G;, of order the prime in the original group. This sub-group of order p 
is necessarily cyclical and generated by a single substitution of order p. 
Without loss of generality we may take @.(a) to be the quantity by which a 
is replaced by the above substitution, so that y.’a=0."(a)y." (r=0, 1,---, 
p—1), and we may take y,,1=y2" (r=0, 1,---, p—1), vo?=g(a). Letv bea 
polynomial in a belonging to the sub-group G;. Then A contains a cyclic 
sub-algebra 


H = (a’ye*) (r,s =0,1,---,p— 1) 


over the field F(v) and, since g(a) is a power of ye, therefore commutative 
with y2, therefore unaltered when we replace a by 62(a), g(a) is in F(v). As- 
sume now that ai, a root of the minimum equation of a, is real. Since F(a) 
and F(a;) are equivalent and a;=6;(a:) there must exist polynomials 8;(a) 
in F(a) such that 
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B;[6x(a) |Bx(a) = [g;,x(a) 
We have taken 
oF (a) x41(@), yt = Vr+1 (k = 0, 1, 1) 


whence 
gi2@) >), (G=2,---,p—1), 


Bi(a) = tp2 = 1, gp2 = g(a). 
But then if 6(a) =6.(a) 


;[6(a) ]82(a) = Bj+1(a) 
so that 


B3(a) = B2[0(a) ]82(a), 
B,(a) = B3[6(a) ]B2(a) = Be [0(a) ]62(a), 


B,(a) = By-1[0(a) ]B2(a) = B2[6?-*(a)] - - - 82 [6(a) ]2(a), 
and we obtain 
B,[0(a)]-B2(a) = Nu[B2(a)] = [g(a)]?-1 


where N|82(a)] is the norm in the cyclic algebra H of the polynomial .(a). 
But g(a) is the y of Theorem 20 and is not a power of 2, a contradiction. 
Hence ” contains no odd prime factor p and is a power of 2. 

The only other case where it is possible to make a detailed study of the 
structure of the Riemann matrices is the case where the minimum equation 
of a has all imaginary roots but now such that the unique substitution re- 
placing each root by its complex conjugate is commutative with all of the 
substitutions of the Galois group of this minimum equation. Let P, be this 
unique substitution, and as before assume that m has an odd prime factor p 
so that the Galois group G of the minimum equation ¢(£) =0 of a has a cyclic 
substitution P of order p. Now PP, =P,P and P2=PP, obviously generates 
a cyclic substitution of order 2p such that P2?=P >. We may rearrange the 
roots of ¢(£) =0 so that 62(a) is the polynomial into which a is carried by P2, 


gi2(@2) =1 G< 2p), ty2=fti G=2,---,2p-—1). 
The author has shown that there exist positive numbers 8; (a:) such that 


if a: is an ordinary complex root of ¢(¢)=0 and a;=0;(a:), then 8, =8:(a1) 
in F(a:) and n=2n,, 


= gjx(a1) (a1). 
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The above equations were proved true under the assumptions that 
= Bj = = 8; J, 


but, since they hold for any subscripts, they will hold after our permutation 
of the subscripts which makes 62*(@) (k=0, 1,--- , 2p—1). Now 
62?(a;) =a; and we have, from the correspondence between F(a) and F(a), 


B;[6.(a) ]8x(a) = (j,k =0,1,---,m). 


But g(a) =y.?” is unaltered by transforming by the quantity y2’, so that 
g(a) =g[@.7(a)| and the above equations make the square of g(a), as for the 
case of real a, but with p now replaced by 2), equal to the norm, with respect 
to the substitution P2, of a polynomial in a. As before this would make a 
division sub-algebra of A not a division algebra unless 2p is a power of two. 
This contradicts our hypothesis that p is odd and we have 


THEOREM 23. Let w be a pure Riemann matrix over a real field F and with 
D its multiplication algebra. Let D be a normal division algebra in n? units over 
F, and suppose that D contains a quantity a whose minimum equation has degree 
n, n complex roots all polynomials in one of them with coefficients in F, and the 
property that these roots are all real, or all imaginary such that the substitution 
carrying each root to its complex conjugate is commutative with all of the substitu- 
tions of the Galois group of the equation. Then n is a power of two. 
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ON NORMAL DIVISION ALGEBRAS OF TYPE R 
IN THIRTY-SIX UNITS* 


BY 
A. ADRIAN ALBERT 


1. Introduction. A normal division algebra in m? units over a non- 
modular field F is of type R if it contains a quantity « whose minimum 
equation with respect to F, ¢(w) =0, has degree m and m distinct roots which 
are polynomials in 7 with coefficients in F. Algebras of type R occupy a cen- 
tral position in the theory of division algebras as they are the only normal 
division algebras whose structure is known, and all division algebras of order 
less than twenty-five are expressible as algebras of type R. 

The normal division algebras D whose structure is the simplest are those 
for the case where ¢(w) =0 has the cyclic group with respect to F. When 
is six and ¢(w) =0 is cyclic, D is expressible as the direct product of a general- 
ized quaternion division algebra and a cyclic division algebra of order nine, 
while conversely every such direct product is a cyclic division algebra of order 
thirty-six. The group of ¢(w)=0 is evidently regular and hence the only 
other type of equation to be considered for algebras of order thirty-six and 
type R is one which has the single non-cyclic, non-abelian regular group on 
six letters, a case giving a very complicated algebra. 

It has never been demonstrated that there exist normal division algebras 
which are not cyclic algebras. The author showed, in a recent paper, that 
the algebras which had been constructed by F. Cecioni{t and which were 
based on a non-cyclic quartic were cyclic algebras. We show here that all 
normal division algebras of type R in thirty-six units are cyclic algebras. 

2. Algebras based on a non-cyclic sextic with regular group. Let D be 
an associative normal division algebra of order thirty-six and type R, and let 
i be the quantity of D which defines the type of D. If ¢(w) =0, the minimum 
equation of 7, is a cyclic sextic, D is called a cyclic algebra. There remains to 
be considered the case where the group of ¢(w) =0 is non-cyclic. The author 
has shown|| that ¢(w) may be taken to have only even powers of the in- 
determinate w and that there exists a polynomial 6(z) in F(z) such that 


* Presented to the Society, October 25, 1930; received by the editors in August, 1930. 

{ These Transactions, vol. 32 (1930), pp. 171-195. 

t Rendiconti del Circolo Matematico di Palermo, vol. 47 (1923), pp. 209-254. 

|| See Theorem 12 of the author’s paper, American Journal of Mathematics, vol. 52 (1930), 
pp. 283-292. 
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(1)  $(w) = [w + 6°(i)][w — 6°(2)] [w + 0(4)][w — + — 9), 

while for the non-cyclic case 

(2) = i, O(— = — i) = — 

Evidently i? satisfies a cubic equation irreducible in F, and F(i?) is a cubic 


field over F. The set of all quantities in F(z) which are symmetric in i, (i), 
62(i), form a quadratic sub-field 


(3) K =F(v), 2% =p in F, 


of F(i). A cubic field contains no quadratic sub-field so v is not in F(?). 
Hence 1, are linearly independent with respect to F(i?), and every quantity 
in F(z) is expressible in the form 


(4) a = a(i) = a, + a (a; and a in F(i*)). 
But then 
t= pit po 
with p and f; in F(i*), so that 
= (p? + + 2pipo, 0 = (p? + — + 2pipv. 


It follows that 2p:p=0. If p were zero then i would be in F(i?), a cubic field, 
contrary to the fact that F(z) is a field of order six. Hence p, is zero and 


(5) i = pr, pin F(i*). 
It is known* that D has a basis 
(6) (s = 0,1,---,5;¢ = 0,1, 2), 
and a multiplication table 
¢(i) = 0, j'a = a[6'(i) (¢=0,1,---), 
(7) sa(i) = a(— i)z, 2j = aj%z, = ac[6*(i) |gjz, 


for every a in F(i) where g, a, y are in F(i). Since zz? =2°g we have y = y(—i) 
is in F(i?). Similarly jg =gj gives g=g|0(i)| isin F(v). Write 


Y= 114+ + (v1, Y2, in F), 


and suppose that y;~0. We can then define scalars y;, ys in F by y1=‘s7s, 
= and 


*See L. E. Dickson, Algebren und ihre Zahlentheorie, pp. 75-79, where gq=2, z=j,, j=, 
6,(i) = —i, 0,(i) =0(i). 
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= va(i* + + ve? + — ve) = + v6)? + — vée)- 
Consider the quantity 
i, = (i? + 
Since v#0 we have v?=p 0 in a division algebra and 
i? = (i? + y6)*p = pit + 2pi*ve + pve 


is in F(z?) but not in F, since in particular the coefficient of 7‘ is not zero. But 
F(i*) has no proper sub-field other than F, so that F(i,?)=F(i?). The quan- 
tities 


(7? + 6), (7? + Y6)2, [0(i)? + vel, 
— [6?(i)? + ye]v, [62(i)? + [0(i)? + velo 


(8) 


are transforms 
of i; and are roots of its minimum equation. If they were not distinct, two of 
+ +0), + +6], + + 


would be equal, which is impossible since those with plus signs are the 
distinct roots of the irreducible cubic minimum equation of 7?+ 6, while this 
cubic has not the negative of any one of its roots as a root since it has not even 
powers only. The minimum equation of i; has thus six distinct roots in F (i) 
so that its degree is six, F(i;) contained in F(z) has order six, and F(i,) = F(i). 
Evidently 2i,;= —i:z, while 7 transforms i, into a quantity in F(i,), that is 
a polynomial in 7;. We may thus replace 7 by 7, in the basis of D without 
loss of generality, and, since y = (y39~!)i1?-+-y3(¥s— 6”), for this new i we have 
expressed as a linear combination with coefficients in F of 1 and 7?. When 
‘Yz=0 we also have immediately such an expression, so that we have proved 


Lemma 1. The quantity i may be so chosen that, without altering any other 
property of D, 
(9) + and y2 in F). 
We shall utilize the notations 
(10) a’ = a(— i), ap = a[0(i)], ao = 
so that from (2) we immediately have 
(a’)’ =a, = 


(a’)o = (ag0)’, (a’)oo = (a0)’, 


(11) 


hi 
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for every a of F(i). Also 
(12) ja = aj, j?a = anj?, za = a’z, 
from (7), while 
(13) #=—i, =—v, = g = go = Y= 7’. 
Consider the quantities 
(14) d = Ai + Agi, € = + 
where 
(15) =1+71, We =1—71, As =1+ 72, =1—4:, 
so that Ai, --- , Ay are in F, \y?—d.? Then 
dd’ — ee’ = dr? — — (AZ — AZ?) = + 27? 
But y=7’ and if we put f=dy-', h=ey—", we have 
— = (dd’ — = 1, 

and obtain 

Lemma 2. There exist polynomials f and h in F(i) such that 
(16) ff = 1. 

Let now r and s be defined by 
(17) r=af, s = ah, 


where a@ is the quantity of (7) such that 2j =aj*z and @ is in F(i). Then and 
s are in F(z), and 


(18) (rr’ — ss’)y(a™)(a-!)’ = 1. 
But if 6 = (jz)? then 59 =j(jz)*j-! = = 
= = = so that (18) gives 
Lemma 3. There exist quantities r and s in F(i) such that, if 
(19) 5 = (jz)? = aegy, 
then 
(20) (rr’ — ss’)bo 
If a and b are defined by 
(21) “1 b = re, 
so that bg=r, then 
(22) Q = [be(be)’ — aaa’a’|, = 1. 


[January 


1931] ON NORMAL DIVISION ALGEBRAS OF TYPE R 239 


3. The cyclic property. We shall now proceed to prove that D is a cyclic 
algebra by the use of our fundamental existence theorem, Lemma 3. Consider 
the quantity 
(23) X =at dj + 
where we take a and b to be the polynomials of Lemma 3 which satisfy (22) 
and where c will be chosen to be a polynomial in 7 with coefficients in F. For 
every c in F(z), we have 


(24) 2X27! = X’ = a’ + c'aawgj + b’aj?, 

so that 

(25) XX' = (a+ bj + cj*)(a’ + c’acsogj + b’aj?) = A + Bj + Ej’, 
where A is a polynomial in 7 and 

(26) B = ac'aawg + b(a’)o + c(b’a)oog = Re + Sc’ + T, 

(27) E = + + c(a’)oo = Ge + + K. 


The quantities B and E are polynomials in i and we have defined above 


(28) R = (b'a)oog = S = aaawg, T = b(a’)o = b(a00)’, 
(29) G = = H = K = 
all in F(i). Now 
(30) (g’)o = (goo)’ = g’, = [(g’)o]o = (g’)e = 
Transforming B by z we have 
(31) B= 
whence 
(32) R'B — SB’ = R'Re + R’'Sc’ + R'T — SR'c’ — SS'c — ST’ 
= (RR’ — SS’')c — (ST' — R'T). 
But 
(33) RR’ — SS’ = — cx’ 
= gg’ [be(be)’ — acca’a’] = gg’ 
From (19) 59=asegye, so that, utilizing the relation Q5s=1, we have 
(34) RR’ — SS!’ = gg’ = (ve)? ¥ 0, 


since g, a and y¥ are all not zero in a division algebra. Hence RR’—SS’ has 
an inverse (RR’ —SS’)- in F(i), and if we define the quantity c by 


t 
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(35) = (ST’ — R'T)(RR’ — SS')-, 

then 

(36) R'B — SB’ = (ST’ — R'T) — (ST’ — R'T) = 0. 

We shall henceforth consider the quantity X as completely defined in (23) with 


the a and b of Lemma 3 and the c of (35), so that (36) is satisfied. Transforming 
(36) by z we have 


(37) RB’ — BS' = 0, 
whence 
(38) R(R'B — SB’) + S(— BS’ + RB’) = B(RR’ — SS’) = 0. 
But RR’ —SS' has an inverse in F(z), whence B=0. 
We consider now the polynomial E. We first compute 
(39) ST’ — R'T = age — be( cee)’ g’b( aoe)’. 
Next 
(40) — (G’)oK = — 
= — [aaageb’ — |, 
so that 
(41) — avg|H(K")e — (G’)oK | = — (aee)' 


But j*=g, g’ =2gs-! = = = (aj?) = 
and we have the relations 


(42) = 
(43) g = a’ = 
Substituting (42) in (41) and comparing with (39) we write immediately 
(44) ST’ — R'T = — amg[H(K’)s — 
We also have, by the use of (11), [(as)’]o=[(a’)os]e=a’, and 
(45) — H(H')» = (ae)’aee — . 
But then 
(46) — — 
= ong’ ]b(b’)o — 
which by (42) and (43) has the value 
(47) g[b(b’)e — | 
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But if 

(48) Q = be(be)’ — aaa’a’ = — aaa’a’, 

then from (22), 6Q=1, 

(49) Qeo = b(b’)e — 

Hence 

(50) — [G(G’)o — H(H’)o] = ¥ 0, 

so that 

H(K')o — G)oK _ — [H(K')o — G')oK] )oo[ST’ — R'T] | 


— H(H’)o — — H(H’)s] Joo 


(51) 


From (22) we have 6,0 =1, so that 

(S2) = 1 = = 500, 
whence 

_ 


Yo ve 


(53) 


Now 6=-yaeg from (19), while 6= (jz)? is commutative with jz and equals its 
transform by jz, the quantity (5’)». Hence 

6 500 
(54) g*f, ag= 

ve 


and 
(55) (500)’ 
since y=’. Equation (53) becomes 
(56) = 
From (43) g=a’(a’)o(a’)o0(g’)?, so that’ 
and 
It follows now that 
(58) £ = gg’ = RR’ — SS’, 
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by (33). Using (35) and (51) we have 
(59) ¢ = (ST’ — R'T)(RR’ — SS’) = [H(K’)o — — H(A’) 
We have now demonstrated that 
(60) IGG’), — — [H(K")e — G’)oK] = 0, 
a relation very similar to (36). In fact, since E is given by (27), and [(c’)«]’ 
= Co, (coo)o=C, 
(61) (E’)o = + + 
so that, by (60), 
— = (G’)hGe + (G’)oH (c’)o + G’)oK 
(62) — H(G')o(c’)e — H(H')oc — H(K’)o 
IG.G’)s — H(H’)elc — [H(K")s — G’)oK] = 0. 


Transforming (62) by jz we have 
(63) G(E’)s — (H’)sE = 0, 


and 
(64) 0 — H(E’)o| + H|G(E’)s — = [GG’)o — H(A’) JE = 0. 


It follows from (50) that E=0 and that (25) becomes 


(65) XX’ =A inF(i). 
But then 
(66) (Xz)? = X2X2 = XX’y = Ay =tinF(i), 


since y is in F(z), and X’ was defined so that 2X = X’z in (24). 
Let first b and a be both not zero, so that since Xz is commutative with 


its square, 
tXz = (ta + tj + = Xst = (a + bj + 


Hence 
ta + thj + tcj? = t'a + (t’)obj + (t’)oocj?, 
and since (6) are a basis of D, ta=t'a, th=(t’)b. Since a is not zero, t=?’ is 


in F(i?). Since also b is not zero, t=(t’)»=¢) is in F. It follows that when 
ab ~0 we have shown that there exists a quantity X in the algebra 


= (i*j") (s = 0,1,---,5;7 = 0,1, 2), 


ix 
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such that X ~0 and 
(67) (Xz)? =X inF. 


Suppose next that a were zero so that from its origin (21) we have s=0 
and h=0 in (17). Then (16) becomes 


ff'y = (fz)? = 1, 


while then obviously f cannot be zero and f=a-'r =a~"by is in F(z) and in 2. 
Again we have (67) for X~0in 2. Finally the only remaining case is 6 zero. 
Then r¢=0 so that r=0 in (17), and hence the quantity f is zero. Equation 
(16) now becomes hh'y = (hz)?= —1, and since then h=a-'s=a in F(i) can- 
not be zero when (hz)? = —1, we have again proved the existence of X <0 in 
> and satisfying (67). Hence in all cases we have 


Lemma 4. There exists a quantity X in = such that X ¥0, and if y= Xz then 


(68) mF, 


The quantities 1, v, y, vy are linearly independent with respect to F, for 
otherwise (6) could not be a basis of D when X~0. A relation of the form 


+ + + = 0, 


with £1, &, &, & not all zero and in F, would then evidently express z as a 
quantity of 2. Also v?=p, y?=A, yo=X2v= —Xvz= —vXz= —vy, since v, a 
polynomial in 7 commutative with 7, is commutative with X. But the linear 


set 
r = (1, 2, y, vy) 


is evidently a generalized quaternion algebra over F, and is a normal division 
cyclic algebra over F. Hence D, containing I, is the direct product* of T 
and another algebra & of order nine over F. Since D is a normal algebra, so 
is necessarily Q,f so that Q is a cyclic algebrat of order nine. Hence D, the 
direct product of algebra I and algebra Q, is a cyclic algebra. 


THEOREM. Every normal division algebra of type R in thirty-six units is a 
cyclic algebra. 


* A theorem of Wedderburn; cf. Algebras and their Arithmetics, p. 237. 

t For the first and second of the above references respectively see Theorems 7 and 16 of the 
author’s paper, On direct products, cyclic division algebras, and pure Riemann matrices, which appears 
in the present number of these Transactions. 

¢ A theorem of Wedderburn, these Transactions, vol. 22 (1921), pp. 129-135. 
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INTEGRALS WHOSE EXTREMALS ARE A GIVEN 
2n-PARAMETER FAMILY OF CURVES* 


BY 
DAVID R. DAVIS 


INTRODUCTION 


It has previously been shown that a necessary{ and sufficient{ condition 
for a system of second-order differential equations of the form H;(x, y;, y}, 
y}’)=0 (i, 7=1, - - - , m) to be the Euler equations of an integral 


is that the equations of variation of the system H;=0 form a self-adjoint sys- 
tem along every curve y;=y;(x). 

The possibility of determining an integral of the above form when given 
a 2n-parameter family of curves as its extremal arcs is here discussed. An 
example illustrating the method of procedure is also given. 


I. PROPERTIES OF GIVEN EQUATIONS 
Consider the 2m-parameter family of arcs 
(2) Yi = Wil, , Any di, , bn) (i =1,---,n) 
which have the derivatives 
Yi = Yis(X, Gi, On, da), 


If a;,---,@n, b:,---, 6, are eliminated from these equations we obtain n 
equations of the form 

The general solution of this system is the system (2) where ai, --- , dn, 
bi, --- , 6, are arbitrary constants of integration. 


* Presented to the Society, August 29, 1929; received by the editors in May, 1929, and May, 
1930. 

t For the necessity of this condition see The inverse problem of the calculus of variations in higher 
space, by the author, these Transactions, October, 1928. Also J. Hadamard, Lecons sur le Calcul 
des Variations, p. 156. 

t The sufliciency of this condition ‘s proved in The inverse problem of the calculus of variations 
in a space of (n+1) dimensions, Bulletin of the American Mathematical Society, May-June, 1929. 
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If the equations (3) are to represent the extremal arcs of an integral J of 
the form (1), then, by the necessary condition stated in the Introduction, the 
functions F; of (3) must be the solutions for y/’ of a system of equations 

Vis yi’) = 0 
whose equations of variation are self-adjoint. Hence, there must exist a set 
of multipliers P;; of non-zero determinant such that* 


(4) H; = Piyj’ — Fj) =0 (i,j = 


where the H; have the form indicated in the following theorem. 


THEOREM. If a system of equations H (x, Yn; 
to have equations of variation 
+ + =0 (i,j = 
which are self-adjoint along every curve y;= (x), then it must have the form 
where the functions M; and P;; satisfy the following relations identically in x, y;, 
(5) Miyy + Miyy = + Pity, ve), 
M jy; M iy; ivy Miy;') + 3(M iy, M iy;) y, 

From the first two of (5) it follows that the expression P;,,,, remains 
unchanged for all permutations of the indices 7, 7, k. 

By comparing expressions (4) and (4a), it is evident from the form of (4a) 
that the desired multipliers have P;;=P;, and consequently, that the first 
two of relations (5) remain the same, namely, 

(6) Pip = Piz, = Pik 
There is also 
M;= — PiFi, 
the substitution of which in (53) with the aid of (62) gives 
(7) Piiz + + Fk iF ky," + PiF ky). 


* In this and following notation where the indices in two factors of a term of the form P;; F; 
are alike it represents a sum with respect to the repeated index. 

t See Theorem I of The inverse problem of the calculus of variations in a space of (n+1) dimen- 
sions, loc. cit. 
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From the last of the self-adjoint relations (5), one obtains 

= 2(PiuP ivy — 

+ 3( ey; P iF ivy) 

As a consequence of relations (7) and (62) we have 

which may be readily verified by writing system (7) with subscripts 7, 7, k 
replaced first by i, k, a, secondly by 7, k, a respectively; then, after dif- 
ferentiating the first system with respect to y/ and the second with respect 
to y/ and subtracting, the result readily reduces to the above system. The 


expressions on the left are now replaced by those on the right in the first mem- 
ber of (8), which with the use of (6) readily reduces to 


(9) Pia(Fay; + 'F ky;' P ja(Fay; +> 'F = ay;') = 0, 


(8) 


where it is understood that 
= + + Fay;'y, Fr; 
Fay = + + 
The above results may be summarized in the following theorem: 
TueorEM I. [f the solutions y;=y;(x) of the differential equations 


are to be the totality of extremal arcs for an integral of the form (1), then there 
must exist a set of multipliers P;; of non-zero determinant which are functions 
of Vip Vn Such that the functions 


H; = Pi(yj' — Fj) 
have expressions of variation which are self-adjoint along every arc yi=yi(x). 
Necessary and sufficient conditions for such multipliers to exist are 
Piz = = 
(10) + + Piivy Pe = — ayy + avy), 
Pia(Fay; + — — + — Fav) = 0, 
which must be identities in x, , Yn) 


For a given set of functions F; of the form indicated in the above theorem 
the theory of partial differential equations assures us that there exist solu- 
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tions of the system (10;). Hence, if these solutions P;;(i, 7=1,---,) are 
such that they satisfy the remaining self-adjoint relations, namely, the first 
two and the last of (10), then the primitives of the given equations give the 
extremal arcs for an integral J of the form (1). 

In order to obtain the solutions of the system (10,) let us introduce the 
new variables x, a1, Gn, bi, ---, 5, in place of x, yi, Yn, Vn 
by means of the equations 
(11) = Wil, a1, On, bi,- ++, bn), 


yf = On, ++, dn); 
which have solutions of the form 

Since each of these functions is a solution of the homogeneous equation 
Az+Ay,ye + Ay Fi = 0, 


it follows that every set of functions P;;(x, a1,---, dn, b1,- ++, b,) which 
satisfy the system (10;) when a,---, dn, bi,---, 6, are replaced by the 
expressions (12) must satisfy the equations 


d 1 
(13) = — —(PiP + ev’), 
dx 2 


where the variables x, y1,---, Yn, Yi,***,¥n Which occur in the expres- 
sions on the right are everywhere to be replaced by x, a1, , dn, On 
by means of equations (11). 

The form of the second members of (13) shows that there are only 
4n(n+1) distinct equations and that we shall have P;;=P;;. 

According to the theory of ordinary differential equations, if P;;“(¢<j, 
r=1, 2,---,4n(n+1)) are a set of 4u(m+1) independent particular solu- 
tions of the system (13), then every solution can be expressed in the form 


(14) Dore = P;;(x, @1,°°** , Qn, bi, dn) 
(iS j,r=1,-++, 1), 


where the C, are arbitrary functions of a:,--- , dn, b1,---, b,. If the C, are 
determined in any manner, and the functions a, - - - , dn, b1,--- , b, are re- 
placed by their respective values given in (12), the resulting expressions for 
the P;; are solutions of the system (103). Conversely, every solution of the 
system (103) can be so obtained. 
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It now remains to determine the functions C, so that the relations (10.) 
and (10,) are satisfied. The possibility of doing this depends upon the nature 
of the given functions F; which we have not been able to define completely. 
The following example, however, will illustrate the above theory and also a 
successful method of procedure that may be applied to special problems. 


II. INTEGRALS WHOSE EXTREMALS ARE LINEAR FUNCTIONS OF 
ONE INDEPENDENT VARIABLE 
Consider the system of linear functions 
(15) yi = + (¢=1,---,*), 
which are the primitives of the differential equations 
yi’ =0. 
If these are the respective solutions for y/’ of m equations of the form 
then, according to the above theory, there exist a set of multipliers P;; such 
that the functions H; take the form 
(16) H; = 0. 
The self-adjoint relations enumerated in Theorem I when applied to this 
system, since the F;=0, become 
Pi; = P ji, P = Pixy;'; 


(17) 
Pijz + Piiny,! =0 (i, j 1, n), 


which must be identities in x, yi1,---, Yn, ¥i,°°*,¥n- If from the partial 
derivative of the last system of equations (17;) with respect to y/ we sub- 
tract its partial derivative with respect to y/, we obtain the additional rela- 
tions 
(18) Pity, = 

From the given functions (15) and their first derivatives with respect to 
x are obtained the following values of the 2m parameters a; and );: 
(19) yi; = yin. 


The corresponding total differential equations for the system (173) are 


—Pi; 0, 


d 


1931] INTEGRALS WITH A GIVEN FAMILY OF EXTREMALS 


whose solutions are arbitrary functions of a;, b;, namely, 
Pi; = SJ =1,---,m). 
Therefore, necessary and sufficient conditions for the system (16) to have 
self-adjoint equations of variations are 
Pip = Pj, = Piky,’, 


(20) 
Piz = Pijlai,- ++ , dn, b1,° bn), 


where the P;; are arbitrary functions of the 2” parameters which have the 
values given in (19). 

It will now be shown that the functions P;; can be so chosen that relations 
(202) can be satisfied. Let the P;; be differentiated with respect to ai, - - - , dn, 
bi, --- , 6, and these in turn with respect to y/ and y/ as indicated in (20,); 
we thus obtain 


P — = Piza; — 
Since these equations are identities in x, we must have 
(21) P P P ja; 


This system of partial differential equations of the first order is compatible 
and its general solution will be of the form 


(22) Pi; = Pij(ai,- dn, +, On). 


With the use of the expressions (22) for the P;; we find a function 
g(x, V1, which will be a solution of the system 


(23) ™ Pi(yi, n= yi x, ‘Yn x). 


The required conditions of integrability for this system are the first two sets 
of relations (20). The value of g is given by the integral 


Lidy{ + Ledyg +---+Lidys, 


If g is a particular solution of (23) then the most general solution is given 
by the formula 


249 
i 
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Vio’ 
where 
L,= Pady{ + Padyd +--+ + Pindys G@=1,---,m). 
Vio’ 
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where A, B,,---, B, are arbitrary functions of x, y1,--- , Yn. 
Relations (18) applied to the above integrals give 


(24) 


(25) = 


The Euler-Lagrange conditions are now applied to the above value of f and 
the condition imposed that the resulting expressions be identically equal to 
the functions (16). With the aid of relations (18) and the fact that the given 
functions F; of (3) in this particular case are each equal to zero we readily 
find that the functions A, B,, - - - , B, of (24) must satisfy the following con- 
ditions :* 

Biy, — = 9, 


(26) ' 
Biz — Ay; = Sus — — Ve 


Due to relations (25) the second member of the last of these equations is 
identically zero. For we have 


— — = f Liydyi + Leydy? +--+ + Laydyn 
Vio’ 
Ui) Un’ 
-f Pasdy! + +++ + Pasdys 
Vio’ Uno’ 
— | Piydy! +--+ + Piny,dyn - 
Poe’ voces Yno’ 


But the second integral of this equation by means of equations (17;) may be 
replaced by the integral 


J (Piaydyi +--+ + Piny dyn 
Vio’ seers 
Wa’ veces Un’ 
f Pandy! +--+ + Pandyd 
Vio’ 
Uy! Va Yn 
-f f (Pan dyl + 
Pre’ veces Yno Yio’ Uno’ 


* Cf. Equations (19), The inverse problem of the calculus of variations in as pace of (n+-1) dimen- 
sions, loc. cit. 
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When this value is substituted in the previous equation we see that because 
of relations (18) the second member vanishes identically in x, y1,--- , Vn, 
yi,*-+*,%n. Hence, equations (26) may be written 


Biy; — Biy; = 0, Ay; — Bye = 0, 
which are necessary and sufficient conditions for the expression 
A+Brye 
to be the total derivative of a function ¢(x, y;,---, Ya). 


THEOREM II. The most general integral whose extremals are the 2n-parameter 
family of arcs 


= ax t+ dD; 


has an integrand f of the form 
f = g(x, yn) + (d/dx)t(x, *** 


where g is a particular solution of the system (23) and t is an arbitrary function 
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ON THE REGULAR POINTS OF A CONTINUUM* 


BY 
W. L. AYRES 


I. INTRODUCTION 


1. We consider a compact, connected metric space M which we shall 
call the continuum M. A point p of M is said to be a regular point if for each 
¢>0 there exists a neighborhood U, of # (i.e., an open subset of M containing 
p) such that d(U,)<e and F(U,) consists of a finite number of points. The 
point p is said to be a point of order a if (1) for each e>O there exists a 
neighborhood U, such that d(U,) <e and the cardinal number of F(U,) Sa, 
and (2) @ is the smallest cardinal number for which (1) is true. Regular 
points of no finite order are called points of order w. Let M< denote the set 
of all points of M of order a. Then 


M = M'+ M?+.---+M*+M™%+ 


These definitions were introduced by Urysohn and Mengerj{ several years 
ago and since that time have been studied in a number of papers. 

One of the interesting studies in this theory is that of the distribution 
and structure of the various sets M«. It is of course quite obvious that M 
may be composed entirely of points of order 2 or entirely of points of order c. 
Urysohn{ has given examples to show that M may be composed entirely 
of points of order w or entirely of points of order No. Except for these four 
orders this is not possible, a consequence of a theorem proved independently 
by Urysohn,§ G. T. Whyburn!| and H. Kiinneth§ that if all points of M are 
of order <n, then the points of order <3u+1 are dense in M. 

Since M#M*(n#2), it would be interesting to know more of the distri- 
bution of the points of M*. Whyburn** has shown that M” is punctiform and 
has raised the question as to whether it is of dimension zero. In the present 

* Presented to the Society, September 9, 1930; received by the editors September 9, 1930. 


{ P. Urysohn, Comptes Rendus, vol. 175 (1922), pp. 481-483; and K. Menger, Monatshefte fiir 
Mathematik und Physik, vol. 33 (1923), pp. 148-160. 

t Mémoire sur les multiplicités cantoriennes, 2eme Partie, Verhandelingen, Akademie van 
Wetenschappen, Amsterdam, vol. 13 (1927), No. 4, pp. 109-115. 

§ Ibid., pp. 105-9. 

|| On regular points of continua etc., Bulletin of the American Mathematical Society, vol. 35 
(1929), pp. 218-224. 

| Ein Theorem der Kurventheorie, Monatshefte fiir Mathematik und Physik, vol. 36 (1929), 
pp. 149-152. 

* Lee. cit. 
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paper we will answer this question in the affirmative as a special case of our 
theorem that M*+M*+!+ ---+M"-3 is a set of dimension zero. As 
corollaries of this theorem we obtain most of the previously known results 
concerning the distribution of the points of finite orders. In the last section 
of the paper we complete our study of the structure of the sets of various finite 
orders by examining the set M*. Here we prove that M? is composed of a set 
of dimension zero plus a countable set of arcs. 

2. Notation. Capitals will denote sets, lower case letters denote indi- 
vidual elements which are either points or numbers. The usual notation of 
the theory of sets will be employed. Below we will list some special notation 
which, while not new, is not universally employed by writers in this field and 
thus needs definition. 

pEN => is an element of the set N. 

p non-EN =? is not an element of the set NV. 

p(p, g)=distance between the points p and q. 

p(M, N)=greatest lower bound of p(p, g) for pEM and gEN. 

d(M)=diameter of M=least upper bound of p(p, q) for p+qeM. 

S(p, n)=set of all points g such that p(p, q) <7. 

@(p, N)=component of set N containing the point p. 

F(N)=N-(M—N)+M-—N-N=tfrontier or boundary of NV. 

C(N)=M—N=complement of N. 

dim, E, order, E=dimension of set E at p, order of E at p. 


II. THE STRUCTURE OF M", n#2 


3. THEOREM. For any integer n>2, the set of all-points p of a continuum M 
such that n <order, M <2n—3 is a zero-dimensional set (or vacuous).* 


Let E denote the set of points p such that <order, M<2n—3. Given 
e>0O and p€E, we shall show the existence of a neighborhood U,¢ S(p, ¢) 
such that F(U,)-E=0, i.e., dim E=0. If p is a point of order m, by an order 
neighborhood of p we shall mean a neighborhood of » whose boundary consists 
of exactly m points. 

Let Z,¢ S(p, 4) be an order neighborhood of p. If E-F(Z:) =0, our proof 
is complete. If not, let E-F(Z:)=qitqet+ +9s, (sis2n—3). Let Ux be 
an order neighborhood of g,(1<k<s:) such that U,¢ S(gx, rx), where rz is 
the smaller of the numbers ¢/4 and 3p(q:, F(Z:)+p—q:). We see that 
U;-U;=0 if ixj. Let and Since q.€E, F(U:) 


* Professor K. Menger has called attention to the fact that no use is made of the condition 
that M be connected and compact in the proof of this theorem. Hence the theorem is true for 
any metric space M. 
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consists of <2n—3 points. And since F(V,)+F(W.)=F(Ui)+q. and 
F(V,)-F(Wx) =q:, either or F(W;) consists of points. Let J; 
. be the set of all integers 7 such that F(W;) consists of <”—1 points, and let 
J, be the set of all integers 1<j<s, not in J,;. Let X;, be an order neighbor- 
hood of g; such that X,¢ U;,. Now let 


DXi DXi, 


where the first summation extends over J; and the second over J;. 

If F(Z,.)-E=0, then Z, is the desired neighborhood U,. If not, we have 
point gim(iEI;), let Uim be an order neighborhood of gim such that U;me W; 
-S(qim, fim), Where rim is the smaller of the numbers ¢€/8 and 3p(qim, F(X;) 
—Qim). For each point gjm(jEJi), let Ujm be an order neighborhood of gjm 
such that Ujme¢ Vim-S(qjm; Yim), Where rjm is the smaller of the numbers 
and 4p(qim, F(X;)—qim). We see that unless ki=he, 
Let Vim=Ze-Uim and Wim=C(Z2)-Uim. Since gimEE, F(Uim) 
consists of <2n—3 points. Then either F(Wim) or F(Vim) consists of 
<n-—1 points. Let J, be the set of all pairs (k, m) such that F(Wim) consists 
of <n—1 points. Let J: be the set of all pairs (k, m) for which Ui.m is defined 
that are not in J; Let Xim be an order neighborhood of gim such that 
XimC Uim. Now let 


Z3 =Zet+ Xim — 


where in the first summation (k, m)EJ_ and in the second (k, m)EJ2. 

If F(Z;)-E=0, Z; is the desired neighborhood U,. If not, we repeat this 
process on the points of F(Z;)-E=F(Z;)-E->),>_,F(Xim). Continuing this 
process, at some stage we reach a neighborhood Z; such that F(Z;)-E=0 or 
the process continues indefinitely. 

In case the process continues indefinitely, we define a monotonic increas- 
ing sequence of neighborhoods of # as follows: 


81 82k 


Ye=Z2— DS em, 


k=1 k=1 


and similarly we define Y, for each positive integer ¢. Now let 


U,= Dd 
t=1 
Since U,¢Z,+>-.U.¢S(p, €), then U, is the desired neighborhood if 
F(U,)-E=0. Every point of F(Z,) not belonging to E is a point of F(Y,) 
and of every F(Y,) for s=¢. Then the points of F(U,) are of two classes: 


4 
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(a) points which belong to F(Y,) for every s greater than some fixed integer, 
and (b) II2.,(/(U,)—F(Y.)). Just above it was seen that no point of the 
class (a) is a point of E. Now as 


we have that every point of /(U,) of class (b) belongs to the set 
H= DU 
t=1 


Now consider any point y of H. Each neighborhood U;.m is a subset of V; 
or W, according as kEJ, or J;, i.e. Um is a subset of a neighborhood of the 
first stage whose boundary contains <”—1 points. Similarly for the neigh- 
borhoods U;,.,.,:-- .,0f any stage. Then at each stage y belongs to a neighbor- 
hood whose boundary contains <—1 points. And as the diameters of the 
neighborhoods approach zero, it follows that order, @@<n—1. Hence y 
non-€E£. Then U, is the desired neighborhood of p as 


U, ¢ S(p, and F(U,)-E = 0. 
4. This section proves corollaries to the preceding theorem. 


Coroirary 1. For each positive integer n¥2, the set of all points of M of 
order n is zero-dimensional (or vacuous). 


Since a subset of a vacuous or zero-dimensional set is necessarily of the 
same type, for 7 >2 this follows from our theorem. That the set M' is of this 
type has been shown by Menger and Urysohn.* 

Coroiiary 2.} There exists no continuum all of whose points are of order 
n# 2. 

If M is a continuum, dim M21. Hence M—M*+0 for any n#2. 

CoroLttary 3. The simple closed curve is the only (compact) continuum 
all of whose points are of the same finite order. 

Coro.iary 4. If the order of every point of the continuum M is <m, then 
the points of order <}m-+1 are dense in M. 

From our theorem it follows that the set of all points p such that 
3m+1<order, M <m is zero-dimensional. Hence it contains no open subset 


and the remaining points are dense in M. 
5. Remarks. It may be noticed in the proof of the preceding theorem 


* K. Menger, Mathematische Annalen, vol. 95 (1925), p. 293; and P. Urysohn, Second refer- 
ence, p. 79. 
+ The corollaries 2, 3 and 4 are all known results. See the papers cited in the Introduction. 
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that, while at each stage the neighborhoods have only finite boundaries, the 
final neighborhood U, may have an infinite boundary. This raises the ques- 
tion as to whether it is possible to select U, with only a finite boundary. 
This is not always true. If we join two of the Sierpinski triangle curves* 
at the vertices we have a continuum containing only points of orders 3 and 4. 
Now if we take  =4 the only neighborhoods U, such that F(U,)-E=0 have 
infinite boundaries. 

We have seen that dim M*=0 for »>2. It would be interesting now to 
determine the conditions under which dim M" =0. 

Urysohn has constructed very interesting examples of continua con- 
taining points of orders m and 2n—2 only for any »>2. This should lead to a 
study of continua containing points of orders m and n only (m>n>2). 
From our theorem or Corollary 4, it follows that such a continuum can exist 
only if m=2n—2. It would be interesting to determine whether it can exist 
if m~k(n—1). Also it seems likely that in such a continuum the points of 
order m are countable. 


III. THE STRUCTURE OF M? 


6. Lemma. If pis a point of M? and a cut point im kleinen of M and dim, 
M?>0, then M contains an arc one of whose end points is p such that the arc- 
segment} is an open subset of M. 

As p is a cut point im kleinen of M, there is a neighborhood Z, such that 
@(p, Zp) =R+S, where R and S are continua and R-S=p. Then either 
dim, R-M?>0 or dim, S-M*>0 and we suppose the former. There exists 
a neighborhood U, such that if the neighborhood V,¢ U,, then 


F(V,):M?-R # 0. 


As pEM? there is a neighborhood W, such that W,c U, and F(W,)-R isa 
single point r and R-W,0. Let G=W,-R. As r€M? and R—W,<0, the 
point r€G', i.e. the points of G of order 1 with respect to G. As p&G' and 
M?.G=G*+p-+17,we will complete our proof by establishing the next lemma. 


7. Lemma. If G is a continuum and (a) p and r are end points of G, and 
(b) for any neighborhood U, such that r non-EU >, the set F(U,)-G?0, then 
G is an arc with end points p and r. 


Let Q denote the set consisting of p+7+those points of G? which separate 
pandrinG. We shall prove that Q is a closed set. Let [g;] be a sequence of 
* Comptes Rendus, vol. 160 (1915), pp. 302-5; and Prace Matematyczno-Fizyczne, vol. 27 


(1915), pp. 77-86. 
t By the arc-segment is meant the arc minus its end points. 
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distinct points of Q such that lim g;=g. We shall show that g&Q. This is 
true if p=q orr=q. If p¥q#r, there are two cases: 
Case I. There is an infinite subsequence [9;,] such that 


G qi, Gox + Gres Gon Gre + = 0, 
PEG, q + Gipsy + re G,x. 


Since 9;,EG?, G,, and G,, are connected and Let 


ae = Gor- 
k=1 

The set X, is a neighborhood of p* and g non-EX,. Suppose F(X,) > tEG?+r, 
tq. Let [t,] be a sequence such that lim t,=t. As it follows 
that if V is any subcontinuum of G containing ¢ and ¢,, then g;,EN for j2n. 
Then N contains g. For this reason G is not locally connected at ¢. But 
t€G?+r and a continuum is locally connected at every point of finite order. 
Hence / cannot exist. By condition (b), F(X,)-G?#0. Then g&G?. 

Suppose there exists a neighborhood U, of g such that both p and r belong 
to one component L of G—U,. Then L>)°qi,. But as lim q:,=gq, for k 
sufficiently large q:,¢ U,. But this is absurd as L-U,=0. Hence, for any 
neighborhood U, such that p+r¢G—U,, p and r belong to different com- 
ponents of G—U,. Now let [U,] be a set of neighborhoods of g such that 
Unsie Un, d(U,)<1/n, F(U,) consists of two points, G—U,> p+r. It is 
easily seen that 

G— U, = C(p,G — U,) + C(r,G — U,); 


and thus 
C(p,G — Unis) > C(p,G — U,), 
C(r,G — Unys) > C(r,G — U;). 
Then 
Hence g€0. 


Case II. There is an infinite subsequence [9;,] such that 


G— qi, + = 0, 


+ q + Gor; r€G,x. 
Let 


P= 


k=l 


* For this lemma we consider G as our space. Relative to G alone, the set Xp is open and hence 
is a neighborhood. 


| 
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Exactly as in Case I we may show that if F(P) >t€G?+ p, tq, then G is not 
locally connected at ¢. We have thus 


(1) F(P)-G? — q+ p) =0. 


The set G—P is a neighborhood of p, and r non-EF(G—P). We have 
F(G—P)cF(P). From (1) then, 


FG — P)-G@ — q) = 0; 


and, from condition (b), we must have g&G?. As in Case I we may show that 
q separates p and r in G. 

We have shown that the set Q is closed. Let H be a subcontinuum of G 
irreducible between p and r. Suppose there exists a point x€H —Q, and let 
G.=((x, H—Q). Let yEG.-0. Since p€G', there is a neighborhood Z, such 
that F(Z,) =u (a single point) and (x+r)-Z,=0. The point u separates p 
and r, and u€Q from condition (b). Then G.cG—Z, and hence yp. 
Similarly y~r. Let U, be a neighborhood of y such that (x +p+r)-U,=0. 
As y€G? there is a neighborhood V,¢ U, such that F(V,)=mu+. From 
the fact that H is an irreducible continuum it follows that both m and m 
separate p andr in G. Then there exists a neighborhood Y,; (i=1, 2) of p 
such that F(Y,;) =u; and thus u,€Q from (b). The connected set G, contains 
a point in V, and a point x non-EV,, so either u; or wu belongs to G;. But 
G.-Q=0 and u,EQ. This is a contradiction and hence H—Q=0. 

From this it follows that H=Q=G. Then p+r=G' and G—p—r=G’. 
By a result due to Urysohn and Menger* the set G is an arc with end points 
p and r. 


8. Lemma. If p€M? and dim, M? >0, then p is a cut point im kleinen of M. 
There exists a neighborhood U, such that if V,¢U, then _ 

(2) F(V,)-M? 0, 

and 

(3) F(V,) > at least two points. 


There exists a sequence of neighborhoods Vi, V2, - - - of p such that V;c U,, 
¢ Vi, <1/i, F(V;) =u;+2;. Consider the set Vi1—V;. Obviously 
the set Let Then @(x, 
—V,)-G0, for otherwise there would be a separation of V;1.—V; into 
mutually separated sets containing @(x, Vi1—V;) and G respectively. But 
this separation would effect a separation of M, which was connected. Then 


Vi—V; contains at most four components. But @(w:, Vii—V;) must con- 


* P. Urysohn, loc. cit., and K. Menger, loc. cit., p. 303. 
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tain u;_; or for otherwise V;+ @(u:, Vi—V;) is a neighborhood V,¢ U,, 
but F(V,) =2; contrary to (3). Similarly for @(v;, Vii—V;). Also @(ui-1, 
40, for otherwise Vis—(@(ui+, Vii—V;) is a neighbor- 
hood V, and (3) is not true. Similarly for @(v:1, Vii—V;). Thus Vi1—V; 
has at most two components and each contains a point of u;+2; and a point of 
U;.1+0;-1. From (2) we have that u;EM? or 7,EM?. Further at least one of 
these points is a point of M? and is such that dim M?- (Vii-—V;)>0 at the 
point. For suppose u;+2;¢ M*, dim M?- (Vii-—V;)=0 at both points. 
There exists a neighborhood U,,, ¢ such that =0, 
and similarly a neighborhood U,,¢ V;_,. Then W,=V;+U.,+U,, is a neigh- 
borhood of » such that W, ¢ U, and F(W,)-M*=0 contrary to (2). In case 
v; non-EM?, dim,, M?-(V:1—V;) =0, we define W,=V;+U,,. The 
only other possibilities are the interchange of u; and 2;. 

Case I. Suppose (a) #;EM?, (b) dim,, M?-(Vi1—V.) >0, (c) 0; non-EM?. 
Since u;EM? there is a neighborhood U,,¢ Vir—Visi—2; such that 
F(U,;)=x+y. Since there is a component of Vi--Views containing u; and a 
point of #;,:+2:+4:, either x or y, let us suppose y, belongs to Vi— Viz. Then 
xEM?, since dim,, M?-(Vi1—Vi)>0. And @(x, Us,-(Vii—Vi)) =H is a 
continuum such that u;+*¢H'. Now if W,, is any neighborhood of u; such 
that x non-EW,,, then W,,-U.,; is a neighborhood such that F(W.,-U.,;) 
-(Vii—Vi) ¢F(W,,)-H. Then from (b) we have that F(W,,)-H-M?+0. 
Thus by the lemma of §7 the continuum J is an arc from x to u;. Now let 
N; denote wu; plus all points of V;i1—V; that can be joined to u; by an open 
arc-segment of V;_,—Vi, ie., a point s€V;_,—V; is a point of N; if there is 
an arc Ac V;_,—V; with end points z and «; such that M—A+u;+z is 
closed. Evidently H ¢ N;. Since u; is a point of order 1 of Vir—Vi, we see 
that NV; is an arc or homeomorphic with an arc minus one end point. Con- 
sider the second possibility. As V;+ JN; is a neighborhood of # contained in 
U,, it follows from (2) and (c) that one point of W;—N; is a point gEM?. 
Since M is locally connected at g we have that q is the only point of W;— Nj. 
Then N;+g is an arc and q may be joined to u; by the open arc-segment 
N,—u;. Thus g€N; which is a contradiction. Hence N; is an arc and let u; 
and g be its end points. As V;+N;—q is a neighborhood of p, g&M? from 
(2) and (c). If non-Eu;_:+2,-1, there exists a neighborhood U, ¢ V;1—V;i 
such that F(U,) consists of just two points. Then just as was the case with 
H, we may show that U,—N;+4 is an arc by using the lemma of §7. Then 
any point of this new arc belongs to N; by definition, a contradiction. 

Hence g€u;1+2:1, say g=u:1. As g€&M? and q is a limit point of 
M—Vi-1, g=4;-1 is a point of order 1 of V;i.1—V;. Hence N; is a component 
of Vi—V; and Vi1—V;:—N; is closed. Then 
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My, 
where M; is a continuum containing 2; and 2;-1. 

Case II. Suppose (a) M?, (b) dim,, (c) 
M?-(V:1:—V;)=0. From (c) there exists a neighborhood U,, such that 
Uy, ¢ and The proof in Case II 
is exactly the same as Case I except that where a neighborhood of p is formed 
by taking V; plus some open set, we take V;+U,, plus the open set. 

Case III. Suppose (a) u;+2;¢M?, (b) dim,, M®-(Vii1—Vi)>0, (c) 
dim,, M?-(Vii1—V:)>0. Let N., and N,, denote the sets consisting of ; 
and 2; respectively together with all points of V;_1—V; that can be joined to 
u; or v;, as the case may be, by an arc of V;_1—V; such that the arc-segment 
is an open subset of M. The sets V,; and N,, are either arcs or homeomorphic 
with an arc minus one end point. Either N,,; or N,, is an arc, for otherwise 
Vi+N.;+N>,; is a neighborhood of » and we have a contradiction exactly 
as in Case I. Also we may prove, similar to the proof of Case I, that one of 
these must be an arc with w;_; or v;_-1 as one end point and this arc is a com- 
ponent of V;_1—V; and also an open subset of it. Hence 


Vii -Vi=Ni+ Mi, Ni-M; =0, 


where each is a continuum joining a point of u;+2; to a point of #;1+9;-1. 

Thus we have seen in any case that each set V;_1— V; consists of two com- 
ponents N; and M;, and suppose the components are so lettered that 
Ni- M;- Mins. Then 


(>+ om.) + (>+ 
t=2 
is the sum of two continua having only in common. Hence # is a cut point 
im kleinen of M. 


9. THEorEM. If M is any continuum, then M?=H+K, where (a) H is 
vacuous or dim H=0, (b) if pEH then dim, M?=0, (c) K is vacuous or a 
countable set of arcs A;, (d) each arc-segment A; is an open subset of M, (e) 
A;-A;=0, A;cA;j, or A;cAj. 

Let K denote the set of all points p such that pEM? and dim, M*>0. 
Then if g€M?—K, dim, M?=0. Then as H=M?—KcM?, dim, H=0 for 
each gEH. Now let pEK. By the lemmas of §§6 and 8, there is an arc B, 
one of whose end points is » such that B,¢ M? and <B,>, i.e. B, minus 
its end points, is an open subset of M. And the arcs B, may be chosen so 
that if x is any point of an open arc-segment of M, there is some point pEK 


1931] 261 


262 W. L. AYRES 


such that x€<B,>. Then the set [<B,>] for all points pEK is a set of 
open subsets of M covering all points of open arc-segments of M. By the 
Lindeléf property there is a countable subset, <B,>, <B,>,---, which 
covers the same set. Since each B; ¢ M? it follows that if the sum of any finite 
number of the B,’s is connected, then it is an arc. From this we find that 


N= 


consists of a countable number of maximal connected subsets, Ni, No, ---, 
each of which is homeomorphic with a closed, half-open, or an open interval. 
Take the interval (0, 1) and let ®; be the homeomorphism which carries this 
interval (closed, half-open, or open) into V;. There are three cases. 

Case I. N; is homeomorphic with the closed interval. In this case N; is 
an arc and let =N;, Aij=0 for 7 >1. 

Case II. N; is homeomorphic with the half-open interval (0,1>. In 
case lim,.., ®i(n/(n+1)) exists and is a point x;EM?, then N;+2; is an arc 
c M? and we define Ai, =N;+%;, Ai;=0 for7>1. In case the limit does not 
exist or x; non-EM?, we define A;;= ®,(I;), where J; is the closed interval 
(0, 7/G+1)). 

Case III. N; is homeomorphic with the open interval <0,1>. Suppose 
(a) lim,.. ®;(1/m) exists and is a point (b) lim,... &i(n/(n+1)) 
exists and is a point y\EM*. Then N;+2;+¥4; is an arc ¢ M? and we define 
Aun=Ni+«:+4;:, Aij=0 for 7>1. If (a) is true and (b) false, we define 
A,;=2x;+%,(1;), where J; is the half-open interval <0, 7/(j+1)). If (b) is 
true and (a) false, we define Ai;=yi+:(J;), where J; is the half-open 
interval (1/(j+1),1>. If both (a) and (b) are false, we define Ai;= ®,(J;), 
where J; is the closed interval (1/(j+2), (7+1)/(j+2)). 

We shall show now that [A,;;] is the required countable set of arcs, i.e., 
for every i and j, Ai;¢ K, and if pEK, then p&A,; for some i andj. The first 
part is obvious from the definition of A;;. Now if p€K, there is an arc 
B,¢ M? with # as one end point such that <B,> is an open subset of M. 
Now as [B,] covers all such open subsets, there exists an integer i such that 
<B,>c¢N;. If pEN;, then pEA;; for some j. If p non-EN,, since p is an end 
point of B,, it follows that either lim, .., ®;(1/m) or lim,... ®:(a/(n+1)) exists 
and is the point p. In this case pEA js. 
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SOLUTION OF THE PROBLEM OF PLATEAU* 


BY 
JESSE DOUGLAS 


1. Introduction. The problem of Plateau is to prove the existence of a 
minimal surface bounded by a given contour. This memoir presents the first 
solution of this problem for the most general kind of contour: an arbitrary 
Jordan curve in n-dimensional euclidean space. Topological complications in 
the contour, as well as the dimensionality m of the containing space, are with- 
out consequence for either method or result. Naturally, an arrangement of 
knots in the contour will produce corresponding complications in the minimal 
surface, such as self-intersections and branch points. 

The method used is entirely novel, representing a complete departure 
from the classical modes of attack hitherto employed. In this introduction 
we shall outline three of the classic methods (wherein is always 3) and, 
fourth, the method of the present paper, which we believe to furnish the 
key to the problem. That this is the fact will become even clearer when, in 
future papers, we apply this method to the case of several contours and of 
various topological structures of the minimal surface,{ for instance, a Mébius 
leaf with a prescribed boundary. 

It is to be signalized that the solution here given is strictly elementary, 
employing only the most simple and usual parts of analysis, and that the 
presentation is self-sufficient, requiring no special preliminary knowledge. 

(1) First to be considered, in this introductory survey, is the method 
based on the ideas of Riemann, Weierstrass and Schwarz.{ Here the given 

* This work, in successive stages of its development, was presented to the Society at various 
meetings from December, 1926, to December, 1929. Abstracts appear in the Bulletin of the American 
Mathematical Society as follows: vol. 33 (1927), pp. 143, 259; vol. 34 (1928), p. 405; vol. 35 (1929), 
p. 292; vol. 36 (1930), pp. 49-50, 189-190. Received by the editors, Parts I-IV in August and Part 
V in December, 1930. 

Various phases of the work were also presented in the seminars of Hadamard at Paris (January 
18 and December 17, 1929), Courant and Herglotz at Gottingen (June 4, 11, 18; 1929), and Blaschke 
at Hamburg (July 26, 1929). The second presentation in Hadamard’s seminar was in the present 
form. 
t See the abstract A general formulation of the problem of Plateau, Bulletin of the American 
Mathematical Society, vol. 36 (1930), p. 50, which gives methods adequate to solve this most general 
form of the problem. The cases of two contours, a Mobius leaf, and three contours have already been 
worked out by the author and the results presented to this Society; abstracts are in the Bulletin of 
the American Mathematical Society, vol. 36 (1930), p. 797, and vol. 37 (1931). 

¢ Riemann, Werke, Leipzig, 1892, pp. 301-337, 445-454; Weierstrass, Werke, Berlin, 1903, vol. 
3, pp. 39-52, 219-220, 221-238; Schwarz, Gesammelte Mathematische Abhandlungen, Berlin, 1890, 
vol, 1. See also Darboux, Théorie des Surfaces (2d edition, Paris, 1914), pp. 490-601. 
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contour is a polygonII. The problem is made to depend on a linear differen- 
tial equation of second order 

dé 
(1.1) 
where the coefficients p, g are rational functions of the complex variable w 
with, at first, undetermined coefficients. The monodromy group G of this 
equation (this is the group of linear transformations undergone by a funda- 
mental set of solutions 6;(w), 0.(w) when w performs circuits about the singu- 
lar points of the equation) is known as soon as the polygonal contour is given. 
The monodromy group problem of Riemann is to determine the coefficients 
in p, g so that (1.1) shall have the prescribed monodromy group G. But the 
solution of this problem is not all that is required, for that gives only a mini- 
mal surface whose polygonal boundary II; has its sides parallel to those of II. 
It remains further to arrange that the sides of II, shall have the same lengths 
as those of II. All this is reduceu by Riemann and Weierstrass to a complicated 
system of transcendental equations in the coefficients of », g, which they and 
Schwarz succeed in solving only in special cases. 

To these ideas attaches the solution given by R. Garnier for the problem 
of Plateau. In a preliminary memoir* he first gives his form of solution 
of the Riemann monodromy group problem, previously solved by Hilbert, 
Plemelj and Birkhoff. In a following memoirt hedeals with thesupplementary 
conditions relating to lengths of sides of the polygonal boundary, and con- 
cludes the existence of a solution of the above mentioned system of transcen- 
dental equations. The Plateau problem being thus solved for a polygon, 
Garnier passes to the case of a more general contour I by regarding T as a 
limit of polygons II]. He shows that the solution of the Riemann group prob- 
lem with the supplementary conditions varies continuously with the data, so 
that the minimal surface determined by II approaches to a minimal surface 
bounded by I’. To insure the validity of the limit process, I is restricted to 
have bounded curvature by segments. 

Subsequent to the presentation by the present writer to this Society of 
a series of papers containing the substance of the memoir at hand, T. Radé 
published a note§ showing how the part of Garnier’s work concerned with the 
passage from polygons to more general contours could be materially simpli- 


* Annales Scientifiques de |’Ecole Normale Supérieure, (3), vol. 43 (1926), pp. 177-307. 
+ Le probléme de Plateau, ibid., vo!. 45 (1928), pp. 53-144. 

t Annual meeting, at Bethlehem, Pa., December 27, 1929. 

§ Proceedings of the National Academy of Sciences, vol. 16 (1930), pp. 242-248. 
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fied, and rendering the restriction on I less stringent by requiring only recti- 
fiability. 

*(1’) Later, after the dispatch to the editors of this journal of the manu- 
script of the present paper, two other papers by Rad6f appeared in which he 
gives a solution of the Plateau problem, in the first for a rectifiable contour, 
and in the second for any contour capable of spanning a finite area (three- 
dimensional space). As its author states, this work is a continuation of the 
classic ideas, being based on the least-area characterization of a minimal sur- 
face and the theory of conformal mapping, especially the Koebe theory— 
relating to abstract Riemann manifolds—in the form of the theorem that it 
is possible to map any simply-connected polyhedral surface conformally on the 
interior of a circle, the map remaining one-one and continuous as between the 
boundary of the polyhedral surface and the circumference of the circle. 

The present work, on the other hand, apart from its advantage of com- 
plete generality of the contour, breaks completely with the hitherto classic 
methods, replacing the area functional by an entirely new and much simpler 
functional, and carrying through the existence proof without assuming any of 
the theory of conformal mapping even for ordinary plane regions; on the con- 
trary, in Part IV our results are applied to give new proofs of the classic 
theorems concerning conformal mapping essentially simpler than the classic 
proofs, a demonstration of the superior fundamental character of the present 
mode of attack. 

In Part V, after the existence of the minimal surface has been established, 
the Koebe mapping theorem plays a réle beside the formulas of Part III in a 
brief proof of the least-area property. However, we regard this treatment 
only as a stop-gap, having under development a disposal of the least-area 
part of the problem not using the Koebe or any other conformal mapping 
theorem. Such an independent treatment is desirable because the Koebe 
theory of conformal mapping is comparable in difficulty with the Plateau 
problem. The avoidance of the former will bring the solution of the least area 
problem to rest directly on the axioms of analysis, as has already been done 
in this paper with the proof of the existence of the minimal surface. 


(2) A second class of methods is based on the partial differential equation 
of minimal surfaces (Lagrange) 


(1.2) (1 + — 2pgs + (1 + pe = 0. 
* Article (1’) added in proof. 


¢ Annals of Mathematics, (2), vol. 31 (1930), pp. 457-469. Mathematische Zeitschrift, vol. 32 
(1930), pp. 762-796. 
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Here belongs the work of S. Bernstein* and Ch. H. Miintz.t The surface is 
assumed in the restricted form z=f(x, y), and the problem is regarded as a 
generalized Dirichlet problem, with (1.2) replacing Laplace’s equation. Be- 
sides the restriction on the representation of the surface, it is assumed that 
the contour has a convex projection on the xy-plane. The work of Miintz has 
been criticized by Radé.t 

(3) Minimal surfaces first presented themselves in mathematics, and were 
named, by their property of having least area among all surfaces bounded by 
a given contour: 


(1.3) f (1 + p? + g?)!*dxdy = minimum. 


It is in this way that minimal surfaces appear in the pioneer memoir of 
Lagrange§ on the calculus of variations for double integrals. 

In recent years A. Haar|! has treated the Plateau problem from this point 
of view, using the direct methods of the calculus of variations introduced by 
Hilbert. Haar assumes the surface in the form z=f(x, y) and the contour 
subject to the following restriction: any plane containing three points of the 
contour has a slope with respect to the «y-plane that is less than a fixed finite 
upper bound, an assumption occurring first in the work of Lebesgue.{ 

(4) The method of the present memoir is as follows. The contourT being 
taken as any Jordan curve in euclidean space of m dimensions, we consider 
the class of all possible ways of representing I as topological image of the 
unit circle C: 


= gi(0) (i= 1,2,---,m). 


This class forms an L-set in the sense of Fréchet’s thesis,** and is compact and 
closed after “improper” topological representations of F have been adjoined: 
these are limits of proper ones and cause arcs of I to correspond to single 
points of C, or vice-versa (§3). The principal idea is then to introduce the 
functional (§5) 


* Mathematische Annalen, vol. 69 (1910), pp. 82-136, especially § 18. 

+ Mathematische Annalen, vol. 94 (1925), pp. 53-96. 

¢ Mathematische Annalen, vol. 96 (1927), pp. 587-596. 

§ Miscellanea Taurinensia, vol. 2 (1760-61); also Oeuvres, vol. 1, p. 335. 

|| Ueber das Plateausche Problem, Mathematische Annalen, vol. 97 (1927), pp. 124-158. 

q Intégrale, longueur, aire, Annali di Matematica, (3), vol. 7, pp. 231-359; see chapter VI, es- 
pecially p. 348. 

** Sur quelques points du calcul fonctionne!, Rendiconti del Circolo Matematico di Palermo, vol. 


22 (1906), pp. 1-74. 
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2 — gi(¢)}? 
(1.4) f 


where the integrand has the following simple geometric interpretation: square 
of chord 6f contour divided by square of corresponding chord of the unit 
circle. This improper double integral has a determinate positive value, finite 
or +, for every representation g. It is readily shown (§9) that A(g) is 
lower semi-continuous; therefore, by a theorem of Fréchetf to the effect that 
a lower semi-continuous functional on a compact closed set attains its mini- 
mum value, the minimum of A(g) is attained for a certain representation 
x=gi*(0). If 


(1.41) x; = Hiu,v) = RFi(w) (w = u + iv) 


are the harmonic functions in the interior of the unit circle determined ac- 
cording to Poisson’s integral by the boundary functions 


(1.42) x: = gi*(0) 
it is then proved (§§11-16) that 


n 


(1.43) LF i? (w) = 0; 
i=1 

briefly speaking, this condition expresses that the first variation of A(g) 
vanishes for the minimizing g=g*. According to the formulas of Weierstrass, 
the condition (1.4;) expresses that (1.4:) defines a minimal surface. After it 
has been shown (§§17, 18) that g* is a proper representation of I’, it follows 
that this minimal surface is bounded by IT, since by the properties of Poisson’s 
integral the functions (1.4;) then attach continuously to the boundary values 
(1.42). 

One consideration is necessary to validate the preceding argument: we 
must be sure that A(g) is not identically =+ ©, that it takes a finite value 
for some g. This is what makes it necessary to divide the discussion into two 
parts. In Part I we assume that there exists a parametric representation g of 
the given contour such that A(g) is finite. It will be seen from Parts III and 
V that this means, more concretely, that it is possible to span some surface 
of finite area in the given contour. A sufficient condition for the property 
“there exists a g for which A (g) is finite” (which, in anticipation of the discus- 
sion of Parts III and V, we will call the finite-area-spanning property) is that 


T Loc. cit., §11, p. 9. 
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the contour be rectifiable. For if the contour have length Z, and we choose 
as parameter 0=27s/L, s being arc-length reckoned from any fixed initial 
point, then it will be readily seen from the fact that a chord is not greater 
than its arc that the integrand in A (g) stays bounded, hence A (g) is finite for 
this parameter. In particular, every polygon has the finite-area-spanning 
property. That, however, a finite-area-spanning contour is superior in gen- 
erality to a rectifiable contour may be seen by taking any simply-tonnected 
portion of a surface, having finite area, and drawing upon it any non-rectifi- 
able Jordan curve (e.g., a non-rectifiable Jordan curve on a sphere). 

Part II deals with the case of an arbitrary Jordan contour, where gener- 
ally A(g)=+ ©, meaning that no finite area whatever can be spanned in the 
given contour; an example of such a contour is given in §27. The existence 
theorem is extended to a contour of this type by an easy limit process, where- 
in the given contour is regarded as a limit of polygons. In this case the mini- 
mal surface can be defined only by the Weierstrass equations, the least-area 
characterization becoming meaningless. f 

The distinctive feature of the present work is the determination of the 
minimal surface by the minimizing of the functional A(g), decidedly simpler 
of treatment than the classic area functional. A(g) has a simple relation to 
the area functional, dealt with in Part III. If S(g) denote the area of the sur- 
face x; = H,(u, v), these being the harmonic functions in u?+v? <1 determined 
by the boundary functions x;=g;(@), then A(g)=S(g), and the relation of 
equality holds when and only when the surface is minimal. Thus A(g), not 
equal to area in general, is capable of giving information about area in the 
case of a minimal surface. Part III, moreover, provides the basis for the easy 
proof in Part V that the minimal surface whose existence is proved in Parts I 
and II has the least area of any surface bounded by I. 

An interesting and important consideration, unremarked before the 
writer’s work, is that the Riemann conformal mapping problem is included as 
the special case n=2 in the problem of Plateau. The Riemann mapping 
theorem relating to the interiors of two Jordan regions is supplemented by 
the theorem of Osgoodt and Carathéodory§ to the effect that the conformal 
correspondence between the interiors induces a topological correspondence 
between the boundaries. In Part IV a proof is given of the combined theorems 
of Riemann and Osgood-Carathéodory, independent of any previous treat- 
ment, and more elementary and perspicuous. 


+ But see the footnote at the end of this paper. 

t Osgood and E. H. Taylor, Conformal transformations on the boundaries of their regions of defini- 
tion, these Transactions, vol. 14 (1913), pp. 277-298. 

§ Carathéodory, Ueber die gegenseitige Besiehung der Rinder bei der konformen Abbildung des 
Innern einer Jordanschen Kurve auf einen Kreis, Mathematische Annalen, vol. 73 (1913), pp. 305-320. 


1931] THE PROBLEM OF PLATEAU 269 


Examples show that the solution of the Plateau problem may not be 
unique.t The question of the degree of multiplicity of the solution is not 
dealt with here. As indicated above, the minimal surface whose existence is 
here assured is the one which furnishes an absolute minimum for the area. 

2. Formulation. For definition of a minimal surface we adopt the for- 
mulas given, for 7=3, by Weierstrass: 


(2.1) = RF(w) 


with 


(2.2) SF = 0. 


i=1 


The problem of Plateau may then be formulated precisely as follows. 


Given any contour T in the form of a Jordan curve in euclidean space of n 
dimensions. To prove the existence of n functions Fy, F2,--- , F, of the complex 
variable w, holomorphic in the interior of the unit circle C, satisfying there the 
condition 


n 


DF /?(w) = 0 


i=1 
identically, and whose real parts 
x; = 
attach continuously to boundary values on C 
xi = gi(6) 
which represent T as a topological image of C. 


As defined by (2.1), (2.2), the minimal surface appears in a representation 
on the circular region |w|<1 which is conformal except at those (necessarily 
isolated) points where simultaneously 


F{(w) = 0, Fd(w) =0, ---, =0. 


+ The following example was communicated to the writer by N. Wiener. Two co-axial circles 
may be so placed that the area of the catenoidal segment determined by them is greater than the sum 
of the areas of the two circles (Goldschmidt discontinuous solution). Consider the contour formed 
by two meridians of the catenoid, very close together, and the arcs remaining on the circles after the 
small arcs intercepted between the meridians have been removed. One solution of the Plateau prob- 
lem for this contour is the intercepted part of the catenoid. But the surface formed of the two circles 
and the narrow catenoida] strip between the meridians has a smaller area. Consequently, there will 
be a second minimal surface bounded by the given contour, varying slightly from the surface just 
described: this second surface will have the absolutely least area. 


(¢ = 1,2,---,m) 
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On this remark is based the inclusion of the Riemann mapping problem in the 
Plateau problem as the special case »=2. We show that for m=2 the con- 
formality is free of singular points, but for »>2 their absence cannot be 
guaranteed. 


I. A FINITE-AREA-SPANNING CONTOUR 


Hypothesis. Part I is based on the hypothesis that there exists a para- 
metric representation g of the given contour for which A (g) is finite. 
3. Topological correspondences between I and C. I’ may be supposed 


o” 


E 


D 


-Fic. 1. Torus of representation R=TC 


given in some initial representation x;=f;(¢), from which its most general rep- 
resentation may be derived by a relation t=#(@) defining a one-one continuous 
transformation of C into itself. The two-dimensional manifold (¢, 6) of pairs 
of points one on I’, one on C, forms a torus 'C, which will be called the torus 
of representation and denoted by R. This torus is depicted in the annexed 
figure as a square where points opposite one another on parallel sides, such as 
A and A’, B and B’, are to be regarded as identical. Rectilinear transversals 
of the square parallel to C will be termed parallels, those parallel to T merid- 
ians. A topological correspondence between I and C is represented by a con- 
tinuous closed curve, such as A BB’ A’, which is intersected in one and only one 
point by each parallel and by each meridian; such a curve may be described 
as cyclically monotonic. We will denote by § the totality of these curves, 
which, we will say, represent proper topological correspondences between I 
and C. In the corresponding equations x;=g,(@) of I’ the functions g; are 
continuous, and are not all constant on any arc of C. 

Example: 1 =Rw*, | w| <1. This is a minimal surface 
bounded by the contour x;=cos 20, x2=sin 20, xs=cos 30, x,=sin 30. Neither the minimal surface 


nor the contour is self-intersecting. The representation on | w| <1 is conformal except at the origin, 
where angles are multiplied by 2. 
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A disadvantage in dealing with § is that it is not a closed set: a sequence 
of curves of $ may converge toa limit not belonging to %. For instance, we 
may obtain as limit of curves of $ a curve such as ODEFGO” , containing a 
segment of meridian DE or a segment of parallel FG, as well as properly 
monotonic arcs. An extreme case is that indicated by the dotted curve, where 
the limit is OO’O”’, consisting of a parallel together with a meridian. 

A correspondence between I and C whose graph contains, besides properly 
monotonic arcs, a meridian-segment less than an entire meridian, or a paral- 
lel-segment less than an entire parallel, will be called an improper topological 
correspondence. 

In the graph ODEFGO”, the meridian-segment DE represents an arc 
Q’Q” of T which corresponds to a single point P of C. In the corresponding 
equations of I, the functions g; have one-sided limits at P equal respectively 
to the codrdinates of Q’ and Q”; and at least one of these functions is dis- 
continuous (the vector g is discontinuous) since, ! having by hypothesis no 
double points, Q’ and Q” are distinct. A monotonic function has at most a 
denumerable infinity of discontinuities, each in the form of distinct one-sided 
limits; therefore in an improper representation the functions g; have at most 
a denumerable infinity of discontinuities, all of the so-called first kind, that is, 
where one-sided limits exist but are unequal. This observation will assure us 
in §5 of the existence for an improper representation of the Riemann inte- 
grals used in defining A (g). 

The parallel-segment FG represents an arc P’P” of C which corresponds 
to a single point Q of [. The functions g; are constant on the arc P’P”’, where 
they are equal to the coérdinates of Q. 

The class of all improper representations of I' will be denoted by 3%, and 
will be divided according to the above description into the two sub-classes 
$1 and Se, not mutually exclusive: 

31, improper representations of the first kind, in which an arc of T less than 
all of ! corresponds to a single point of C. 

Se, improper representations of the second kind, in which an arc of C less 
than all of C corresponds to a single point of I’. 

Special attention must now be given to the correspondences between I 
and C whose graph consists of a parallel together with a meridian, such as 
O00’O”. Here the whole of I corresponds to a single point of C, and the whole 
of C to a single point of . Such a representation will be termed degenerate; 
there are evidently ©? degenerate representations, obtained by varying the 
distinguished points on I and C. In the corresponding equations of I the 
functions g; reduce to constants. The functional A(g) will not be defined for 
the degenerate representations. 
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Three fixed points. After having established in §6 a certain invariance 
property of A(g), we shall be led to consider the class of those proper or im- 
proper representations of I wherein three distinct fixed points P;, Ps, P3, of C, 
correspond to three distinct fixed points Q;, Q2, 03, of !. These representations 
are pictured on the torus R=[C by proper or improper cyclically monotonic 
curves passing through three fixed points no two of which lie on the same 
parallel or the same meridian. 

The preceding discussion leads us to distinguish the following classes of 
representations of I on C. 

(1) The class of all representations: proper, improper, and degenerate, 


R= 
(2) The class of all proper and improper representations: 
M= 


This is not a closed set, since a sequence of representations of 22 may tend to 
a degenerate representation as limit. 9t will serve as the range of the argu- 
ment in the functional A (g). 

(3) The class of all proper and improper representations whereby three 
distinct fixed points of I correspond to three distinct fixed points of C: 


It is important to observe the following two properties of QM’: it is closed; it 
does not contain any degenerate representation. 

4. Harmonic surfaces. Each representation x;=g;(0) of I deter- 
mines a surface x;= RF ;(w), where the harmonic functions RF ;(w) are those 
defined by Poisson’s integral based on the respective boundary functions 
gi(@). We will refer to this surface as the harmonic surface determined by the 
representation g. 

The limit of Poisson’s integral when w approaches to a point @ of C where 
g:(@) is continuous is g;(@). If g:(@) has unequal one-sided limits at the point 
6, then the limiting value of Poisson’s integral in the approach of w to @ varies 
between these one-sided limits in a manner that depends linearly on the angle 
made by the direction of approach with the radius to the point 6.7 

It follows that the harmonic surface determined by any proper represen- 
tation of I is bounded by I. For an improper representation of the first kind, 
where the point P of C corresponds to the arc Q’Q” of I’, it is evident that the 
boundary points of the harmonic surface obtained by allowing w to approach 


t A result due to Schwarz; cf. Picard, Traité d’Analyse, vol. 1 (3d edition, Paris, 1922), pp. 
315-319. 
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to P in all the possible directions form the chord Q’Q”. In an improper repre- 
sentation of the second kind, the point w approaching to any point of an arc 
P’P" of C gives the same boundary point Q for the harmonic surface. 

It is to be observed from this that in the case of an improper representa- 
tion of the first kind the corresponding harmonic surface will not be bounded 
by I, but by a curve derived from I by replacing certain of its arcs (at most a 
denumerable infinity) by their chords, which chords will correspond to single 
points of C. In the case of an improper representation of the second kind, the 
boundary point corresponding to each arc P’P” lies on T’, but then I is not in 
one-one relation with C. 

Example 1. The graph of the correspondence between I and C may con- 
sist of k parallel-segments alternating with k meridian-segments. The bound- 
ary of the corresponding harmonic surface is a polygon of k sides and k ver- 
tices inscribed in IT. The sides of the polygon correspond respectively to k 
points of C, and the vertices to the & arcs into which these points divide C. 
If k=2, the harmonic surface reduces to a chord of f. If k=1, the case of a 
degenerate representation, the harmonic surface reduces to a point of I’. 

Example 2. The correspondence ¢ =¢(@) between I and C may be defined 
by the frequently cited monotonic function based on Cantor’s perfect set. 
Here the boundary of the harmonic surface consists of a denumerable in- 
finity of chords of I together with the nowhere-dense perfect set of points of T 
which remain after the arcs of these chords have been removed. On C we 
have an everywhere-dense denumerable infinity of points of discontinuity of 
x;=g(0), corresponding respectively to the above-mentioned chords of I. 

It will be seen from these examples that the harmonic surface determined 
by a given representation of I cannot be regarded as bounded by I unless this 
representation is proper. It is for this reason that after establishing the ex- 
istence of a representation «;=g;*(@) such that the corresponding harmonic 
surface obeys the condition >>j_,F/2(w) =0, it is necessary (as is done in 
§§17, 18) to prove that the representation g* is proper before we can say we 
have a minimal surface bounded by I. 

5. The fundamental functional A(g). The functional A(g) is defined on 
the set M=$+ 3 of all proper and improper representations of I by the 
formula 


ip 


sin? 


{ See Carathéodory, Vorlesungen iiber reelle Funktionen, Leipzig, 1918, §156, p. 159. 
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The domain of integration CC is a torus, which will be denoted by T. This 
torus of integration is to be carefully distinguished from the torus of representa- 
tion R of §3. 

The integrand is defined everywhere on T except on the diagonal 0=¢, 
where it takes the indeterminate form 0/0. Let us isolate the diagonal from 
the rest of the torus by means of two regular curves{ symmetrically disposed 


AsA:z ar A, Ase 
Fic. 2. Torus of integration T=CC 


on either side of it, enclosing a region 7, which we delete from the torus, 


leaving 7;=7T— 11. 

In case g is proper, or improper only of the second kind, the integrand of 
(5.1) is defined and continuous on 7}. 

If g is improper of the first kind, the integrand is discontinuous at the 
points of certain parallels and meridians, symmetrically disposed with respect 
to the diagonal, and at most denumerably infinite in number. At a point 
belonging to a parallel but not to a meridian of discontinuity (or vice-versa), 
the discontinuity is in the form of distinct limitst according as the point is 
approached from one side or the other of the parallel (or meridian). At a 
point of intersection of a parallel of discontinuity with a meridian of dis- 
continuity, there are four distinct limitst according to the quadrant within 
which the point is approached. 

In any event, the discontinuities of the integrand in 7; form at most a set 
of zero measure. 

Let d denote the diameter (greatest chord) of [', and 6>0 the smallest 
value of |@—¢@| in 7; then the integrand of (5.1) is bounded on 7;, being 


+ The only curves which will come into consideration in this connection will be straight lines 
parallel to the diagonal and images of them by the regular analytic transformations (6.1), (12.1). 
t Some of these may accidentally be equal. 
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sin? — 


These two remarks insure the existence of the Riemann integral taken 
over 7; of the integrand of (5.1). 
Imagine now an infinite sequence of regions 


each contained in the preceding and shrinking to the diagonal as limit, so 
that the complementary regions 


swell continually and tend to the entire torus T as limit. Then, because 
every element of the integral (5.1) is positive (wide sense) the proper Riemann 


integrals ff ff 


form a continually increasing} sequence of positive} numbers. Hence they 
approach either to a finite positive limit or to +; and this limit is by 
definition A(g), which thus appears as an improper integral. The same fact 
of the positivity of each element proves easily that the value obtained for 
A(g) is independent of the particular sequence of regions 7 used in its defini- 
tion; in fact, A(g) may be defined uniquely as the upper bound of the integral 
over any region of T to which the diagonal is exterior. 

A(g) as an infinite series. For greater definiteness in determining A (g), we 
proceed to divide the torus T into an infinite number of strips (Fig. 2) by 
means of the lines 


= 


r 


The region defined by the inequality 


(5.2) 


+ That “increasing” and “positive” may here be taken in the strict sense follows by the same 
proof given a little later on to show that A,(g) is strictly positive. The only assumption to be made 
is that g is not a degenerate representation. 

tf By |e—¢| we shall understand the minor arc intercepted between the points @ and ¢ on the 
unit circle C. 
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consisting of a pair of strips symmetric with respect to the diagonal, will be 
denoted by A,. We then define the functional 


(0) — gi 


sin? 


This is a proper Riemann integral since the integrand stays bounded on 


A,, being 
d 


2(r + 1) 


[Certainly A,(g)=0; but it is interesting (though not necessary for the 
sequel) to prove the strict inequality A,(g) >0. 

First we see that we could have A,(g)=0 only by having >>}_,[¢;(0) 
—gi(p)]? identically zero in A,. For if ]?=p>0 at some 
interior point} of A,, it would be >//2 in at least a sufficiently small square 
in the corner of one of the quadrants about this point; therefore this square 
makes a contribution >0 to the value of the integral, which cannot be 


neutralized by the non-negative contribution of the other elements; hence 
A,(g) >0, contrary to the hypothesis A,(g) =0. 

Thus A,(g) =0 implies g;(0) =g:i(@) (i=1, 2,--- , for all (0, obeying 
(5.2). Now it is easy to see that, for every ¢1, ¢2 such that 


| | < 

a 6 exists such that (8, ¢:) and (0, ¢2) obey (5.2). On account of the transitivity 
of the relation g,(@) =g;(@), it follows that A,(g) =0 implies g;(¢:) =gi(¢2) for 
all (¢1, 2) obeying (5.4). 

Now any two points whatever 6, ¢ of C can be made the first and last of a 
finite sequence 9, $1, $2, dm, @ any two consecutive terms of which obey 
(5.4). Consequently A,(g)=0 implies g;(0)=g;:() for all 6, ¢; but then g 
would be a degenerate representation; however, such are excluded from the 
range of the argument in A (g).] 

The functional A (g) may now be defined as the finite or positively infinite 
sum of the infinite series of positive terms 


7 At a point of discontinuity this will mean that one of the two or four limiting values is equal 
to p 


2 
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(S.5) A(g) = Ar(g) + Ac(g) +---+A(g)+---. 


6. The invariance of A(g). This section is devoted to proving the im- 
portant observation that A(g) is invariant under the transformation 


6 
+b 
(6.1) ean baie (a, b, c, d real; ad — bc ¥ 0) 
+d 


of the circumference of the unit circle into itself. 
In the expression (5.1) for A(g) make the substitution 


6 


We have 


sin — cos — — cos— sin — 
2 2 2 2 


6 
sec? —d@-sec? —do 
2 2 4dxdy 


6 
( tan— — tan *) ») 
2 2 


When @ and ¢ vary independently over C from —7z to +7, x and y vary in- 
dependently from — © to +; so that, denoting by /;(x), 4:(y) the functions 
which result from g;(6), gi(@) by the substitutions inverse to (6.2): 


h(x) = g(2arctan x), hy) = g(2 arc tan y), 
we have as transformed expression for A (g): 
1 +00 +o dxdy 
(6.3) A(g) = f h(x) — hi(y) ———_ - 
2! 
In terms of the variables (6.2), the transformation (6.1) is 


ax+b 
(6.4) i= A 
cx +d cy+d 


{ This may be interpreted as replacing the unit circle by a half-plane, its circumference by the 
edge of the half-plane. 
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Let 2:(8), 4:(#) be the functions that result from g;(@), h:(x) by the re- 

spective transformations (6.1), (6.4); then 
dzdy 

6.5) =— f h{Z) — hil 5) 
The domain of integration in (6.3) is the entire real plane (x, y), and the entire 
real plane (#, 9) is the domain of integration in (6.5), because (6.4) sets up a 
one-one correspondence between all finite and infinite real values of x and of 
%, and the same for y and 9. 

The following simple calculations now lead to the desired result: 
ad — be ad — be 
Of 
(cx + d)? (cy + d)? 
(ad — bc)(x — 
(cx + d)(cy +d)’ 


d= = 


dxdy 
(¢-— 9)? 
Therefore, by comparison of (6.5) with (6.3), 


A(g) = A(g). 


Equivalent representations. Three fixed points. Let us designate as equiva- 
lent any two representations g, which are related to one another by a trans- 
formation (6.1). On account of the presence of three essential parameters in 
the transformation, it is possible to find for every non-degenerate representa- 
tion g an equivalent Z which causes any chosen three distinct points of C to 
correspond to any chosen three distinct points of . In the notation of §3: 
every element of Mt has an equivalent in M’. 

Since A(g) has the same value for two equivalent g’s, it follows that the 
lower bound M of A(g) on M is equal to the lower bound M’ of A(g) on MN’; 
and if we can prove that M’ is attained for a certain Z, then obviously M is 
attained for every g equivalent to z. As already pointed out, the advantage 
of referring from 2 to M’ is that the latter is a closed set not containing 
any degenerate representation, while the former is an open set, having the 
degenerate representations among its limit elements. 

7. Fréchet’s thesis; compact closed sets. We now have the problem of 
proving that A(g) attains its minimum on’. This will be accomplished by 
means of the simple and general ideas of Fréchet’s thesis, which concerns 
real-valued functions on sets of a very general nature. 


T For reference, see the Introduction. 
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Suppose we have a set % of elements a of any nature. Fréchet terms this 
an L-set under the following conditions. Every infinite sequence 


of elements of & is definitely designated as convergent or divergent, and with 
each convergent sequence there is associated a unique element of % called the 
limit of the sequence. Every sub-sequence of a convergent sequence must 
itself be convergent and have the same limit as the original sequence. Every 
infinite sequence all of whose elements are identical with the same element of 
% is convergent and has this element for limit. 

An L-set is termed compact if it obeys the Bolzano-Weierstrass theorem: 
every infinite sub-set of the given set contains a convergent sequence of dis- 
tinct elements, or has a limit element. 

An L-set is termed closed provided every limit of an infinite sequence of 
elements of the set belongs to the set. Evidently the notion of closure has 
meaning only when the given set is considered as part of a larger set. 

An L-set both compact and closed is termed by Fréchet an exiremal set, 
because the fundamental theorem of Weierstrass that a continuous function 
on a closed interval in the ordinary real domain attains its extreme values, 
maximum and minimum, applies to such a set. This is easily proved in the 
cited thesis after the following definition of continuous function on an L-set 
has been given. 

A real-valued function U(a) of the elements of a set Y is termed continuous 
if whenever the sequence of elements 


@1, °° 
converges to the element a as limit, then the sequence of functional values 
U(a), U(az), U(am), 


converges in the ordinary sense to the value U(a). This means, of course, that 
for every e>0 there is an index m, such that, for every m>m,, 


U(a) — € < U(am) < U(a) +. 


If we require only the first of these two inequalities, we have the notion of 
lower semi-continuity: a function U(a) is lower semi-continuous if, with the 
conventions of the preceding paragraph, we have 


(7.1) U(am) > U(a) —« 


for m>m,. 
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An alternative statement is: 
(7.2) if @1, 4, 
and U(a), U(a2), U(am), 
then U(a) SL, 
a condition also expressed in the form 
U(a) S lim inf U(a,,). 
It is shown by Fréchet? that a lower semi-continuous function on a com- 
pact closed L-set attains its minimum value. Our proof that A(g) attains its 
minimum will be a particular application of this general theorem. However, 
for the sake of completeness, we will not assume this easily proved theorem, 
but shall establish it in §10 with the actual set Mt’ and functional A(g) here 
under consideration. 
8. The topological correspondences between I' and C as an L-set. With 
a natural definition of limit, the set ® of all (proper, improper, and degener- 
ate) representations of I as topological image of C is an L-set, as are also its 
sub-sets It and M’. We will say, namely, that a sequence of representations 


g™, g®, cee 


converges to a certain representation g as limit when the graphs of g“, 
g®,--.,g™,... on the torus R=IC (Fig. 1) converge in the ordinary 
sense to the graph of g; this will mean that if R, denote the region covered by 
a circle of radius e whose center describes the graph of g, then for all suffi- 
ciently large values of m the graph of g‘” lies within R,. 

The L-set R (and, automatically, its sub-sets M and Mt’) has the impor- 
tant property of compactness, the proof of which results directly from the 
following theorem: 

An infinite set of curves contained in a finite domain is compact if the curves 
are rectifiable and their lengths less than a fixed finite upper bound. 

The torus R which contains all the graphs of § is a finite domain. 

Suppose a rectilinear polygon inscribed in the graph of any representation 
g. Then, resolving each side into its projections along a parallel and along a 
meridian, and adding, we obtain 


length of inscribed polygon < length of parallel+length of meridian, 


where the cyclically monotonic character of the graph insures that each pro- 
jection is counted once and only once. It follows from this inequality that each 


Tt Loc. cit., §11, p. 9. 
t Fréchet, loc. cit., p. 65. 
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curve of ®t is rectifiable and has a length<the finite upper bound: length 
of parallel+length of meridian. 

Thus & obeys all the conditions of the above theorem, and is compact. 

MM’ is an extremal set: compact and closed. 

9. The lower semi-continuity of A(g). In (5.5) we have expressed A (g) 
as the sum of an infinite series of positive terms. Defining the partial sums 


(9.1) Ag(g) = + As(g) = — f dodd, 


167 


sin? 


where 7, denotes the domain 


“_<|e-¢|\< 


we may also express A (g) as the limit of the sequence 
Ax(g), A2(g), A,(g), 


which, since each A,(g) >0, is continually increasing: 
Ai(g) < Ax(g) <--- < Ar(g) 
It is easily seen that each A ,(g) is a continuous functional of g: if a sequence 
of representations 
g,g®, g™, eee 
tends to g as limit, then 
tends to A,(g). For the integrand in (9.1) is uniformly bounded, being 
a2 


sin? 
2(r + 1) 


where d is the diameter of I’, and under this condition it is permissible to pass 
to the limit under the sign of integration. 

The lower semi-continuity of A(g) now results from the following general 
theorem. 
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THEOREM. If a sequence of continuous{ functions on an L-set tend, in 
increasing (wide sense), to a limit function (finite or infinite valued), then this 
limit function is lower semi-continuous. 


Let a denote an arbitrary element of the L-set, and 
(9.2) Ui(a) S$ S$ ---S Ua) S::-, 
the increasing sequence of functions tending to the limit U(a). Let 
be any sequence of elements converging to a as limit. 


Case 1: U(a) finite. If €>0 be assigned arbitrarily, there exists an 7, such 
that for r>r, 


(9.3) U,(a) > U(a) — ¢/2- 

We suppose that in this inequality r has a fixed value >r,, for instance, 
r=r.+1. 

By hypothesis, the function U, is continuous; this implies the existence 
of an m, such that for m>m, 


(9.4) U(am) > U,(a) — - 


Combining the inequalities (9.3) and (9.4), we have 


(9.5) U(am) U(a) 
form>m,. 
Now, by (9.2), each of the functions U, is, for any fixed value of the 
argument, not greater than the limit function U; thus 
(9.6) U(am) = U,(am) 


for every m, in particular for m >m,. 
From (9.5) and (9.6) it follows that 


U(am) > U(a) 


for m>m,; but this is the definition of lower semi-continuity, according to 
(7.1). 

Case 2: U(a)=+. Here lower semi-continuity becomes identical with 
continuity: if a1, d2,---,@m,--- is any sequence of elements converging to 
a, then 

U(a), U(a2), U(am), 
tends to +. 
+ The theorem still remains valid if the functions of the sequence are merely lower semi-con- 


tinuous. Cf. Carathéodory, Vorlesungen uber reelle Funktionen, Leipzig, 1918, p. 175, where this 
theorem is proved for functions of n real variables. 
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For the proof, let G be an arbitrarily assigned finite positive number; then 
since by hypothesis 


lim U,(a) = + ©, 


an index r exists such that 
(9.7) U,(a) > 2G. 


Because of the continuity of the function U,, there exists an index mg 
such that for m>mg¢ 


(9.8) U,(dm) > —G. 
Combining (9.7) and (9.8), we have 
U(am) >G 
for m>mg. From this and (9.6), it follows that 
U(am) >G 


for m> meg, that is, 
lim U(am) = + ©, 


which was to be proved. 

Since A(g) obeys all the conditions of the theorem just proved, its lower 
semi-continuity is established. 

10. A(g) attains its minimum. In this section we prove that A(g), as a 
lower semi-continuous function on the compact closed set Mt’, must attain 
its minimum value on J’. 

Since the values of A(g) are all positive, and some are finite, they have a 
finite lower bound M=0.{ By definition of lower bound, A(g) cannot take 
any value less than M, but can approach to M from above as closely as we 
please. On this basis we can construct a minimizing sequence 


that is, one such that 
(10.2) A(g), A(g), A(g‘™), 


tends to the limit M; the construction of such a sequence is the first step in 
the direct treatment of any calculus of variations problem. 


{ It is easy to prove that by making g approach suitably to g®°, any number whatever = A (g°) 
(including + ©) can be made the limit of A(g). 
t After it has been proved that M is attained, it results that M>0. 
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Now the sequence (10.1) may not converge to a limit, but since the set 
M’ is compact, we can select a sub-sequence 


(10. 1’) gim), gmk)... 


which converges to a limit g*; on account of the closure of M’, g* belongs to 
MM’. The sequence of corresponding functional values 


(10. 2’) A(gi™)), A(g6m)),-- +, A(gi™), 


being a sub-sequence of (10.2) with the limit M, must tend to the same limit 
. Using the lower semi-continuity of A (g) as expressed in (7.2), we therefore 
have 
A(g*) M; 
but the definition of lower bound makes A (g*) <M impossible, consequently 
A(g*) = M, 


that is: the minimum of A(g) on M’ is attained for g*. 

By the discussion at the end of §6, it follows that the minimum of A(g) 
on ¥t is attained for g* and all its equivalents. 

11. Calculation of the power series }>?_,F;/*(w). The rest of our argu- 
ment is concerned with showing that the harmonic surface 


x, = RF(w) 


determined by the minimizing representation g* is minimal: 


DF? (w) = 0. 


This will be done by showing that, in a sense whose precise meaning appears 
in the sequel, the last condition expresses the vanishing of the first variation 
of A(g) for g=g*. 
The functions F{w) determined by the representation 
xi = gi(8) 
of I’ are given by the power series, convergent (at least) in the interior of the 
unit circle C, 
a; 


(11.1) = + — ib,,)w?,t 


+ Throughout, the symbol i will be used in two senses: 7 the index running from 1 to n, and 
the square root of —1. This notation should not lead to any confusion. 
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where @;p, are the Fourier coefficients of g;(6): 


1 1 
(11.2) tip = — fs cos bip = sin 
Cc Cc 


Instead of >>j_,F/2(w) we shall find it more convenient to work with 
w*),?_,F/2(w); it will be easy to dispose of the factor w* when we wish. The 
latter expression is representable in the interior of C by a power series, deriva- 
ble from (11.1) by performing formally the operations indicated: 


(11.3) w? (w) = — 


The special object of this section is to calculate the coefficients Am, Bm; the re- 
sults appear in (11.15). 

Since the power series (11.1) is convergent in the interior of C, we may 
differentiate termwise, and find 


(11.4) wF!(w) = >> p(aip — idip) w?. 
p=1 

Rewriting this as 

(11.4’) wF!(w) = Diq(aig — idig)w*, 
q=1 


we obtain, on multiplying together (11.4) and (11.4’) and summing as to 
i from 1 to m, the formula (11.3) with 


(11.5) Am — 1Bm = LP — — tibia) 
i=l p.@ 
where the range of the summation indices 9, q is 
(11.6) p+q=m. 
From (11.2), 


1 1 
diy — = — f — ig = — f 
Cc Cc 


The product of the two parts of this formula, after multiplying the first by , 
the second by qg, may be expressed as a double integral: 


(11.7) P( dip — ibip) -q( aig — 
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We have obviously 


(11.8) f f dads = f =0 
c c Cc Cc 


since the second factor vanishes; and similarly 
(11.8’) f fe - - - = 0. 
ce Yc 


By the last three equations we may write 
P(Gip — ibip)-q(aig — 


11.9 1 


for, on expanding the bracket squared, this reduces to (11.7) when account 
is taken of (11.8), (11.8’). 
Substituting (11.9) in (11.5), we have 


1 . n 
(11.10) A, — iB, = — — | f — gle) ]?- 
Cc Cc 


i=1 
Accordingly, we have to calculate 


(11.11) ge-aie 


P.@ 


where the range of #, g is as defined in (11.6). Let 
(11.12) =f, civ =z, 
so that (11.11) becomes 
-get = (m — + (m — 2st + --- 


P.@ 


(11.11’) 2¢2-(m 2)2™-2 + o-(m 1)z"-!, 


The value of the last expression can be found by starting with the geo- 
metric progression 
= gmtl 


—2 
Applying to this the operator 


0fdz 


[January 
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we get 
(11.13) Di = (m+ + — — — — 


The calculation of the first and second terms of this expression is as 
follows. 
First term. Let 


(11.14) 


Then 
= 
(cos m@ + cos md) — i(sin + sin 
= 2 cos mo cos m6 — 21 sin mo cos mé 
= 2 cos 
= (cos @ — cos ¢) — i(sin#@ — sin ¢) 


= — 2sinosin6é — 2icosa sind 


= — 2isin 
1 
2)? 
4 sin? 6 
(m + 1) cos mé AP 


2 sin? 6 


First term 


Second term. 
= 
— = — Qisin (m + 
found from the above formula for ¢ —z by replacing 0,¢ by (m+1)0, (m+1)¢; 


sin (m + 1)6 
Second term = 
2 sin* 6 
Substituting these results in (11.13), we obtain 
P.@ 


2 sin? 6 2 sin? 6 
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The bracket is equal to 
— (m + 1)-2 cos mé sin 5 + 2 sin (m + 1)6 


4 sin* 6 
— (m+ 1) {sin (m + 1)6 — sin (m — 1)5} + 2sin (m + 1)é6 
4 sin’ 6 
(m — 1) sin (m + 1)6 — (m + 1) sin (m — 1)5 


4 sin® 6 


so that, referring to the notation (11.12), we have finally for the expression 
(11.11): 


(m — 1) sin (m + 1)5 — (m + 1) sin (m — 1)5 | 


4 6 


mio 


pe-?#- 
P.@ 
Substituting this in (11.10), we get 


1 n 
Ye 
— 1) si 1)6 — 1) si — 1)6 
= ) sin (m + 1) , (m + 1) sin (m rn 
sin? 6 


Writing e~”** = cos mo —i sin mo, separating the real and imaginary parts, 
and referring to the notation (11.14), we arrive at the final expressions for 
he, Bui 
(11.15) 

1 n 
An = Delo) — gi(o)]? 


C i=l 


(m—1) sin [ ] —(m-+1) sin | — 


0 
cos [ 
2 


sin? 
— 


6 
sin [m déd¢. 
2 


sin® 
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It may be observed that these are proper Riemann integrals, for the 
fraction, which takes for 6=¢ the indeterminate form 0/0, has the limiting 
value — (2/3)m(m?—1). 

12. The functions Cm(A), Sm(A); Cmr(A), Smr(A). Hypothesis. The work 
of §§12-15 is valid on the sole hypothesis that g is a fixed representation 
for which the functional A(g) has a finite value.t In particular, we may 
put g=g*, the minimizing representation of A(g), since A (g*) is finite. 

Consider the transformations 
(12.1) 6=6+ cos md = c(0), 6+ Asin = s(6), 

m any fixed positive integer, 
of the unit circle C into itself C. If \ is a real parameter restricted to the 
interval 


1 1 
(12.2) —-—<ra<—) 
m m 
then each of these transformations is one-one and continuous. This results 
from the fact that the respective derivatives 
d6 
— =1-—mxsinmé, — = 1+ m)\cosmé 
dé dé 


are positive for all @ under the condition (12.2). Consequently the trans- 
formations (12.1) have one-one continuous inverses 

(12. 1’) = s*(8), 

and applying these to the representation g, we get the family of representa- 


tions g(c-1(8)), g(s-*(@)), depending on the parameter X. 
The values of A(g) for these representations are respectively 


t=1 


7-3 
sin? 


g(s@)) 


1 

— déd¢, 

SJ, 
2 


sin? 


{ It will follow from §17 that, in particular, g cannot be improper of the first kind. 
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where the torus J=CC corresponds to the torus T=CC by the equations 
(12.1). Making the change of variables (12.1) in these double integrals, we 
obtain two functions of \, which we will denote respectively by Cm(A), Sm(A): 


sin m0)(1 — md sin mo). 


1 
sin? +A 
2 2 
(12.3) 


1 (1 + md cos mO)(1 + md cos md) 
T i=l 6—¢ m@ — sin 


sin? 
2 
These are improper Riemann integrals (singular locus 6=¢). 
As in §5, we express the torus T as the sum of an infinite number of strips: 


defined by (5.2). Replacing the domain of integration T in (12.3) by A,, we 
derive the functions 


1 — md sin m@)(1 — mX sin mo) 


in —¢ cosmé — cosm@ 
sin? ( +r ) 


2 
(12.4) 


1 ¢ (1 + md cos mé)(1 + md cos md) 
16x Be —¢ 4 sin m6 — 
sin 


2 


These are proper Riemann integrals since the domain A, does not contain any 
singular points 0=¢, 
In this way we have for definition of C,.(A), Sm(A) the infinite series 
Cm(A) = Cmi(A) + C me(A) + + Cmr(A) + 
Sm(A) Smi(d) + Sma(d) + + Smr(d) + 
Complex values of \. We shall wish to make use of certain classic con- 


vergence theorems valid only in the complex domain; for this reason we now 
allow \ to be a complex variable: 


(12.5) 


=yp+ v1, 


subject to the restriction 


(12.6) |r| <1/m- 


déd¢, 
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The (open) circle in the complex plane defined by this inequality will be 
denoted by @m. Evidently @m contains the real interval (12.2). 

The expressions (12.4) are still proper Riemann integrals defining the 
now complex-valued functions Cmr(A), Smr(A). To be assured of this, we must 
show that the denominators of the respective integrands do not vanish in 
the domain A,. These denominators are 


27 


2 2 
sin — sin md _ sin mé — sin 
sin? ( 


cos — cosmo _ cos — cosmd 
sin? ( ), 


iv 
2 

Since the function sin? (z/2) vanishes when and only when z=2k7 (k=0, 

+1, +2,---), itis evident that for these expressions to vanish we must have 

respectively 


6+ . 


(12.7) 
6+ usinmédé = usin md (mod 27). 


But |u|< |A|<1/m, and under this condition on the real parameter pw the 
equations (12.1), with w in place of \, define a one-one transformation. Hence 
each equation (12.7) implies 


6=¢ (mod 27); 


but this condition is never satisfied in the domain A,. 

The proof is thus complete that Cmr(A), Smr(A) are well-defined by the 
formulas (12.4) for all values of \ in the interior of the circle @n. 

We now define Cn(A), Sm(A) for complex d by the infinite series (12.5) 
provided these series are absolutely convergent. We shall prove that the 
series in question are indeed absolutely convergent for all \ in @m, and then 
(what is of paramount importance) that Cn(A), Sm(A) are analytic functions 
of X in Cn. 

Plan. The proof of the analyticity of Cn(A), Sm(A) will consist of a direct 
application of the Weierstrass double-series theorem.t We will show in §13 
that each term Cm-(A), Smr(A) of the series (12.5) is an analytic function of 
X in @m, and then in §14 that the series (12.5) is uniformly convergent in 
every circle concentric with and smaller than @,,. The result is to justify the 
formal operation of expanding in powers of \ the integrands in the formulas 
(12.3) for Cn(A), Sm(A), and then performing termwise the double integra- 
tion as to @, ¢. 


t Cf. Knopp, Funktionentheorie, Berlin and Leipzig, 1918, vol. 1, p. 89. 
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13. Analyticity of Cm-(X), Smr(A). Considering the formulas (12.4) for 
Cmr(A), Smr(A), we have just shown that the denominators of the fractions 
(1 — mX sin mé)(1 — md sin md) (1 + md cos m6)(1 + md cos 


13.1 ’ 
( ) pe —¢ 4 m0 — cos sin? —¢ m@ — sin 


2 2 


do not vanish for (0, ¢) in A, and A in @,,; therefore these fractions are holo- 
morphic functions of A in @m, depending on the parameters 0, ¢. They are 
developable in a series of powers of \ convergent in @m, with coefficients 
functions of 0, ¢. The developments may be obtained in the usual way as 
Taylor series, and are given by the following calculations, where we retain 
terms only as far as the first power of X. 

Returning to the notation (11.14), 


(13.2) o= 30+), 5= 30-9), 


we have 
cos m0 — cos md 


2 2 
Making in the Taylor expansion 


= 6 — Asin mo sin ms. 


1 1 2 cos x 
h 


sin? (x + h) ~ sin? x sin* x 
the substitutions 
x=6, h = — Xsin mo sin mé, 


we get 
1 


sin 
2 2 
1 2 cos 6 sin mo sin m6 


(13.3) 


sin? 6 sin® 6 
For the numerator of (13.1) we have 
(1 — md sin m0)(1 — md sin md) 


(13.4) 
= 1+ (— 2m sin moa cos mé) + term in )?. 


Multiplying together (13.3) and (13.4), we get for the development of 
the first of (13.1) 
1 {* cosésinmosinmé 2msin mo cos 


sin? 6 sin? 6 sin? 6 
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The bracket reduces to 


2 cos 6 sin m6 — 2mcosmesiné 
sin mo 


sin’ 6 
s {sin (m + 1)6 + sin (m — 1)5} — m{sin (m + 1)6 — sin (m — 1)5} 


sin? 6 


sin mo 


(m — 1) sin (m + 1)5 — (m + 1) sin (m — 1)6 . 
sin mo. 


sin’ 6 
Thus we have finally, referring to (13.2), 


(13.5) (1 — md sin m#)(1 — md sin md) 
sin? ( + ) sin? 
2 2 2 


6+¢ 

2 
sin® 


An entirely similar calculation gives for the second fraction (13.1): 


13.5") (1 + md cos m$)(1 + md cos 1 
sin m0 — sin m@ 
sin? ( +X r ) sin? 


+r cos} m——|+-:--. 
2 


sin® 


The following observation is now of prime importance: if A is given any 
fixed value in @m, so that 


1 
(13.6) |A| =po<—) 
m 


then the series (13.5), (13.5’) are uniformly convergent when (0, p) varies over 
A,. To prove this, denote by F(0, ¢, d) the first member of (13.5), and let 
p be any fixed positive number such that 


1 
(13.7) p<p<—: 
m 
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Suppose 9, ¢, A to vary arbitrarily subject to the conditions 
(13.8) (0,¢) in A,, |A| =p. 


The three-dimensional domain so defined is evidently closed and bounded, 
and the positive real-valued function |F(0, ¢, d)| is finite and continuous 
on this domain, for it has been shown that the denominator of F(6, ¢, A) is 
never zero in (13.8). By a fundamental theorem, |F(0, ¢, \)| has therefore 
a finite upper bound on (13.8): 


| , »)| < B, 


B being a positive real number independent of 8, ¢, X. 

We now apply the appraisal formula of Cauchy for the coefficients in 
the power series expansion of an analytic function. According to this formula, 
if A,(0, @) denote the coefficient of \* in the power series (13.5), then 


B 
| <= 
p 


for all (6, ¢) in A,. Hence, with (13.6), 


k 
| 4x0, < (=) 
p 


Since the series of constant positive terms 


k=0 p 
is convergent, being a geometric progression of ratio <1 (by (13.7)), the con- 
ditions of a standard uniform convergence test of Weierstrass are satisfied, 
and we have proved the uniform convergence of (13.5) for \ fixed in @, and 
(0, @) varying over A,. The same argument applies to (13.5’). 

That this uniform convergence is not disturbed when, to obtain the inte- 

grands in (12.4) of Cmr(A), Sme(A), we multiply (13.5), (13.5’) by >o7_1[¢:(6) 
—gi(#) |?, results from the fact that the multiplying factor is bounded: 


where d is the diameter of I. 

Consequently, after introducing this factor in (13.5), (13.5’), we may 
integrate as to 0, @ over A, term by term, and find that Cmr(A), Smr(A) are equal 
to power series in \: 


t Cf. Knopp, loc. cit., vol. 1, p. 84. 
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convergent for A in @m. 
We are especially interested in the values of the coefficients of the first 
power of \, which, referring to (13.5), (13.5’), are seen to be 


1 n 


A, i=1 


(13.9) 


(m—1) sin —(m-+1) sin G 


6— 
sin? 
2 


sin d6d¢, 


(13.10) 


A, 


(m—1) sin (tt) | ] 


sin? 


cos dodo. 


14. Analyticity of the functions C,,(A), Sn(A). The function Cm(A) is 
defined by the infinite series (12.5), each of whose terms has just been proved 
analytic in the circle @m. We proceed to prove that this series is uniformly 
convergent in every smaller concentric circle 


1 
(14.1) Sp, p< —- 


The analyticity of C m(A) will then result immediately by the Weierstrass 
double-series theorem. The same argument applies to S,,(A). 
Considering Cmr(A), we have from (12.4) 


1 n 
(14.2) : 
(1 — sin mé)(1 — md sin md) 


2 
Comparing this with the formula (5.3) for A,(g), also a double integral 


over A, with positive real elements, we wish to prove that the quotient of the 
integrand of (14.2) by that of A,(g), 
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os — cos m 
sin? ( + ) 


2 


has a finite upper bound when (6, ¢) varies over the entire torus T (not merely 
over A,) and X varies independently over the closed circle (14.1). 

The expression (14.3) is not defined on the diagonal @=¢ of the torus T, 
taking there the indeterminate form 0/0; but it is seen directly that (14.3) 
has the limit value 1 for 6=¢: 


(14. 3’) A) = 1. 


The function Q(6, ¢, \) is thus defined on the closed domain (of four real 
dimensions) 


(14.4) (6, ¢) on T, || S_, 


by (14.3) if 0~¢ and by (14.3’) if @=@. As has been remarked several times, 
the denominator of (14.3) cannot vanish if |\|<1/m, 6+. Hence Q(8, ¢, d) 
is finite and continuous on the closed and bounded domain (14.4). It there- 
fore has a finite positive upper bound K. 

Consequently, 


(14.5) | Cmr(d) | KA,(g) 


where it is to be emphasized that K is independent of r. 
According to the hypothesis stated at the beginning of §12, g is a fixed 
representation for which A (g) is finite. It follows that 


KA,(g) + + --- + KA,(g) + 


is a series of constant, positive terms, convergent to the sum KA(g). By the 
inequality (14.5) this series dominates the series (12.5) for Cm(A). Therefore, 
by the same uniform convergence test of Weierstrass used in the preceding 
section, the series (12.5) for Cn(d) is absolutely and uniformly convergent in 
the circle (14.1). 

The conditions of the Weierstrass double-series theorem being now satis- 
fied, we may assert that C,,(A) is analytic in the circle @m. 

According to the same theorem, the coefficients in the power series repre- 
senting C,,(A) are to be found by adding together the coefficients of like 
powers of \ in the various terms Cm,-(A) (summation of the double series by 
columns). By §13, the coefficient of any given power of \ in the expansion 
of Cm,r(A) is a double integral taken over A, of an integrand that is the same 
for all r. Therefore the coefficient of this power of \ in C,,(A) is the double 
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integral of the same integrand taken over the entire torus J. Consequently, 
referring to (13.9), (13.10), we have 


(14.6) Cm(d) = A(g) + CH (OAH 
with 

1 n 


(m—1) sin —(m-+1) sin G 


6+¢ 
sin | m —— | dédd. 
2 
sin® 
The entire preceding argument applies to S,,(A), and gives 


(14.6’) Sm(d) = A(g) + Su 
with 


1 n 
(14.7’) (0) = — gi(e)] 


i=1 


(m—1) sin [ —(m-+1) sin | 


6—¢ 
cos | dédo. 
2 


sin® 


15. Relations between Am, Bn and C,/ (0), S,/ (0). The ultimate pur- 
pose of the calculations of §§11-14 was to establish the following relations, 
observable immediately by comparing (11.5) with (14.7), (14.7’): 


2 2 
(15) Am = —Sm (0), Bn = — —Cwm (0). 


16. Existence of the minimal surface. The introduction of complex val- 
ues of \ having served its purpose of establishing the power series (14.7), 
(14.7’), we now return to real values of \ in the interval (12.2), 


1 1 
(16.1) -—<rA<—) 
m m 


where these power series remain valid, since this interval is part of the circle 
Cm- 

By applying the one-one continuous transformations (12.1) to the fixed 
representation g, we obtained in §12 a family of representations depending on 


| 
4 
2 
— i 
2 
| 
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the parameter \, and containing, for \=0, the original representation g. 
Thus the function C,,(A) is a part of the functional A (g) in the sense that its 
values are those of A(g) on a certain part of the total range of g. 

Suppose now g=g*, the minimizing representation of A(g). Then, a 
fortiori, C,,(A), considered as a function on the interval (16.1), has a mini- 
mum at \=0, the value corresponding to g*. Consequently, 


(16.2) Cu (0) = 0. 
Analogously, 
(16. 2’) Sm (0) = 0. 
Therefore, by (15), 
(16.3) Am =0, Bn =0. 
Since m may have any integral value, it follows that every coefficient in 
w*),?_,F;'2(w) vanishes, where F;(w) are the power series, convergent within 


the unit circle, determined by g* according to (11.1), (11.2). Hence, dividing 
out the non-identically vanishing factor w?, we have 


(16.4) | YF !2(w) = 0, 


i=1 
which expresses that the harmonic surface 
x; = RF(w) 


determined by g* is minimal. 

That this minimal surface is bounded by I will follow after we have shown 
in the next two sections that g* is a proper representation of I’. 

17. g* cannot be improper of the first kind. We will rule out the possi- 
bility that g* be improper of the first kind by proving that for a g of this type 


A(g) = +0. 


Since, by the hypothesis governing Part I, A(g) takes a finite value for at least 
one representation g, the supposition that g*, minimizing A(g), could be im- 
proper of the first kind is thus reduced to an absurdity. 

In an improper representation of the first kind, a point P of C corresponds 
to an arc Q’Q” of T less than all of [. Since, by hypothesis, ! has no double 
points, the end points Q’, Q” are distinct and their distance / is not equal to 
zero. 

The (vector) function g will have a discontinuity at P, where the distinct 
one-sided limits Q’, Q” will exist. Therefore if two points of C approach to P 
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from opposite sides, the distance between the corresponding points of T 
tends to / as limit. Consequently, if f denote any fixed proper fraction, 


(17.1) — > 


under the conditions 
(17.2) a<@S5a+6, a-Si ¢<a, 


where a denotes the angular coérdinate of P and 6>0 is fixed sufficiently 
small. 

The domain (6, @) defined by (17.2) is a square S on the torus, with one 
vertex 0=¢=a on the diagonal of T. 


aate 
Fic. 3 


Since the double integral (5.1) defining A(g) is composed of non-negative 
elements, its value over T is not less than its value over S: 


2 — gi(o)]? 
(17.3) A(g) 2 
sin 


therefore, by (17.1), 


(17.4) =m ff 


sin? 
where m =fl?/(167) is a positive constant. 
The integral (17.4) is improper, since the integrand becomes infinite at the 
vertex of S lying on the diagonal 6=¢; hence this integral must be expressed 
as a limit: 


a—e 
a—6 
n 
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2 2 


sin? ——— 


Here S, is the square indicated in Fig. 3, obtained from S by removing strips 
of width ¢ along two of its sides. 
We have for any double integral between constant limits the formula 


f f = F(b, d) — F(b, ©) — F(a, d) + F(a, 0), 


where F(0, ¢) is any primitive of f(0, ¢), that is, such that 


2 


3006 


In the case of (17.5), 


F = 4 log sin 


and therefore 


ats 6—e 
i i = 4 log sin 
2 
2 


sin?” 


— 4log sin 6 — 4 log sin e + 4 log sin 


If now e-0, the limit of the third term is + ©, while the other terms stay 
finite; therefore the double integral over S is equal to + © ; consequently, by 
(17.4), 

A(g) = 


18. g* cannot be improper of the second kind. That g* cannot be im- 
proper of the second kind means that an arc P’P” of C, less than all of C, 
cannot correspond by g* to a single point Q of [. This will be established by 
showing that g* cannot convert an arc P’P” of C into a point Q of I without 
converting all of C into the point Q (degenerate representation). 

The harmonic functions RF ;(w) determined by g* are given by 

(18.1) 


— 


(8) 


(equivalent to the integral of Poisson). It is permissible to differentiate under 
the integral sign, and we obtain 


ow 
9—¢ 
2 
6— 
- 
2 
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2we® 


Writing w=pe‘*, and taking the imaginary a of each side, we find 
2p(1 — p?) sin (6 — 
c [1 — 2p cos (@ — a) + 


Except for the minus sign, the last expression is identical with one studied 
by Fatou in his thesis.t Fatou shows that at every point where the derivative 
g;*’(0) exists and is continuous the expression in question has a unique limit 
equal to g;*’(@) when (p, «)—>(1, 6). 

Since in the present case g;*(0) is supposed constant on a certain arc 
P’'P", g;*'(0) has the continuous value zero on this arc; hence for @ any point 
interior to P’P”, 

(18.4) lim Suri (w) = 0 


w—eid 


(18.3) SwF{(w) = 


We have proved in §16 that, F;(w) being determined by g*, 
w) = (w) + = 0; 
taking real parts, we have 
Therefore, by (18.4), 
lim (w)|* = 0; 


and since for each value of z 


(wy)? 


1/2 


we have 
(18.4’) lim RwF{(w) = 0 


w—eid 


By (18.4) and (18.4’), 
(18.5) lim (w) = 0 ; 


for @ any interior point of P’P’”. 


t P. Fatou, Séries trigonométriques et séries de Taylor, Acta Mathematica, vol. 30 (1906), pp. 
347-348. 
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Since the limiting value of the function wF/(w) when w approaches to 
any point of the circular arc P’P” is real, we may apply the symmetry 
principle of Riemann-Schwarzj to prolong the function analytically across 
this arc, attaching conjugate imaginary values to points inverse with respect 
to the arc. The function wF/ (w) will then be equal to zero on an arc interior 
to a domain of regularity, and is therefore identically equal to zero. Hence 
F ,(w) is identically equal to a constant, F;(w) =a;+7);. 

It follows that x;=g,;*(@), boundary values of RF ;(w), makes all of C cor- 
respond to the point of codrdinates a;; but this is contrary to hypothesis. 

By this and the preceding section, the representation g* is proper; and 
therefore the minimal surface of §16, determined by g*, is bounded by I. 

With this, we have completed the solution of the problem of Plateau for 
any finite-area-spanning contour in m-dimensional euclidean space. 


II. AN ARBITRARY JORDAN CONTOUR 


19. The Jordan contour as a limit of polygons. The case of an arbitrary 
Jordan contour I’, for which A(g) is identically +, will be dealt with by 
regarding I as the limit of a sequence of non-self-intersecting polygonst 


(19.1) ro, pa)... 
Let I, referred to a fixed initial parameter /, have the equations 
(19.2) x; = fit). 

Then the polygons can be represented parametrically by equations 


(2) (m) 


so that f;‘™(¢) tends uniformly to f;(é) when m>~. 
Each polygon I has, by Part I, a parameter @ such that the corre- 
sponding representation 


qm) 


(19.4) xi =gi (0) 


Tt Cf. G. Julia, Principes Geométriques d’ Analyse, Paris, 1930, pp. 44-48, especially paragraph e. 

t See C. Jordan, Cours d’Analyse (2d edition, Paris, 1893), p. 93. The polygons may be only 
partially inscribed in I’, being derived from inscribed polygons by removing possible loops. 

We could also proceed by expressing the continuous functions 1+;=f;(é) representing I as the 
limits of their Fejér trigonometric polynomials x;=Sim(#). The contours '™ thus represented might 
have multiple points. By referring back to Part I, it will be seen that this does not prevent the ex- 
istence of a representation ¢=w,,(@) of !™ on C such that the parameter 6 determines a minimal sur- 
face; only this representation might be improper in that a loop of ™ could correspond to a single 
point of C, for the argument of §17 breaks down when /=0, and only then. The reader will readily 
see that the use of an improper represencation {=w,,(@) of '™ would not at all complicate the proof 
which follows. 
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determines a minimal surface bounded by ['\™: 


(m) 


x, =RF; (w), 
= 0. 


(19.5) 


Each parameter @ of (19.4) is related to the corresponding parameter ¢ 
of (19.3) by a proper topological transformation 


(19.6) j= ‘= we(9), 6@ wm(4), 


of the unit circle C (considered as 6-locus) into itself (considered as #-locus). 
By adjoining a linear fractional transformation (6.1), which, according to 
§6, changes nothing essential in the preceding relations, we can secure that 
each transformation (19.6) converts three distinct fixed points 01, 62, 3; into 
three distinct fixed points hi, te, ts. 

The sequence (19.6) is thus part of the set Mt’ (§3) of topological trans- 
formations of C into itself. Since Mt’ is compact and closed, we can select 
from (19.6) a sub-sequence converging to a limit 


(19.7) t = 


which belongs to Mt’, and may be proper or improper but not degenerate, 
since J’ contains no degenerate representations. To avoid complicating the 
notation, we will suppose that (19.6) already represents this convergent 
sub-sequence, and similarly in the formulas (19.1) to (19.5). 

Let the (proper or improper) representation of I derived by applying the 
transformation (19.7) to (19.2) be 


(19.8) = gi(0) = 


then we have 
(19.9) lim = g.(6), 


abstraction being made, in case the representation g is improper of the first 
kind, of the values of @, at most denumerably infinite in number, where 
g:(0) is discontinuous. (19.9) rests on the fact (whose proof is trivial) that 
if tends uniformly to the continuous when m—~, then if 
as m—o, we have lim (t,,) =f;(¢) for m>@. 

The assertion is now easily proved that if 


(19.10) x; = RFi(w) 


303 
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are the harmonic functions determined by g;(6), then 


n 


(19.11) DF !?(w) = 0, 
i=1 
so that the surface (19.10) is minimal. 
For consider (18.2) without the factor w: 


(19.12) (w) = = f 

Since all the polygons I'‘™ are contained in a finite region of space, the func- 
tions g;‘”)(@) are uniformly bounded; and if w is any fixed point interior to 
the unit circle, the denominator (e—w)* remains superior in absolute value 
to a fixed positive quantity when e* describes C. Therefore the integrand in 
(19.12) remains uniformly bounded during the limit process (19.9); conse- 
quently the limit of the integral is equal to the integral of the limit: 


(19.13) lim F:” (w) = F!(w). 

It is evident that in case g is improper of the first kind this result is not 
affected by the circumstance that the points of discontinuity of g;(@) are not 
considered in the limit relation (19.9), since these points, being at most 
denumerably infinite in number, form a set of zero measure. 

The result (19.11) now follows from (19.13) and the subsistence of (19.5) 
for every m. 

20. The minimal surface is bounded by I. To show that the minimal 
surface whose existence is proved in the preceding section is bounded by I, 
we must prove that the representation (19.8) of [ is proper. That it cannot 
be improper of the second kind is proved in §18, which, being based on the 
relation (19.11), applies here with full validity. We cannot however apply 
the argument of §17 to prove that (19.8) cannot be improper of the first 
kind. For although we would still have for a g of this kind A(g)=+%, it 
would not be true in the case of a general Jordan contour that A (g) sometimes 
takes finite values. 

We therefore use the following argument, based on the relation (19.11), 
to obtain the desired result. Suppose that under g the point P of C cor- 
responds to the arc Q’Q0” of [. Since I is a Jordan curve, Q’ and Q” are dis- 
tinct: and if a; denote the coérdinates of Q’, b; of Q’’, the distance Q’Q” or 1 
with 
(20.1) = — a)? 


is not equal to zero. 
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There is no loss of generality in supposing P to be at w=1, for this may 
be achieved by a rotation of the unit circle, which changes nothing essential. 


Fic. 4 


Let O be any point on the diameter P’P prolonged; then we define the 
point transformation M—>M’ (Fig. 4) by the condition 


(20.2) OM-OM' = OA-OA’. 


If this be combined with a reflection M’—M” in P’P, the resulting trans- 
formation M—M”, to be called G, is a conformal transformation converting 
the interior and circumference of the unit circle into themselves respectively. 
© has the linear fractional form 

aw+b 


(20.3) 


Suppose G to act on the functions F,;(w) of (19.10) and on the boundary 
values g;(0) of RFi(w). Then F;(w) is transformed into 


cw + d/’ 


(20.4) Gi(w) = 


and the boundary values of RG;(w) are /;(@) defined by 
(20.5) = h{A). 
Differentiating (20.4), we find 


ad — be 
(cw + d)? “\cw + d/’ 


Gi(w) = 


(| 
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whence 


(ad — bc)? 2 + 

Since, according to (19.11), >>?_,/./2(w) =0 identically in the interior of the 
unit circle, we have, also identically in the interior of the unit circle, 


(w) = 


n 


(20.6) = 0. 
i=1 

Imagine now that O takes a sequence of positions tending to P as limit. 
Then we obtain a sequence of functions G;(w) constantly obeying (20.6). 
Consider the boundary values /;(0) of RG;(w) as defined by (20.5). It is 
evident that if A’”’ is any fixed point of the circumference, its image A by 
© tends to P from below or above according as A” lies on the upper or 
lower semi-circumference PP’. Hence, on account of the distinct limiting 
values, a; and b;, of g;(@) on the different sides of P, it follows that /;(0) tends 
to a function equal to the constant a; on the upper semi-circumference, and to 
the constant b; on the lower semi-circumference. 

We have by (19.12) 


G! (w) : f h,(0)d0 


Since h;(0), because it always represents [', remains uniformly bounded, we 
may, as in connection with (19.12), pass to the limit under the integral sign; 
and so find that with the approach of O to P, 


Gi(w) f + — f ————_ ,d@ 
2i(b; aj) 1 


1 — w? 


Hence, with the notation (20.1), 


20.7 
i . 
( ) j=l (1 w?)? 


Here we have contradiction, for since /~0, the last condition is incom- 
patible with the fact that in the passage to the limit (20.6) is constantly 
obeyed. 

Hence the representation x; =g;(0) of I is proper, and the minimal surface 
determined by it is bounded by I. 
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III. THE RELATION OF A(g) TO THE AREA FUNCTIONAL 


It is customary to characterize a minimal surface by the property of 
rendering area a minimum. Instead, we have minimized the simpler func- 
tional A(g). This leads to the question of the relationship between these two 
functionals, with which this Part is occupied. We shall develop certain 
formulas interesting in themselves, and useful in Parts IV and V. The reader 
who is interested in the application of the present theory to conformal map- 
ping and in the proof of the least-area property of the minimal surface whose 
existence has just been established may go on at once to Parts IV and V, re- 
ferring back to this Part for the necessary results. 

21. Other forms of A(g). In this section we derive two further formulas 
for A(g). The first of these is 


D i=1 


where D denotes the interior of the unit circle, of which do is the element of 
area. The second expresses A(g) in terms of the Fourier coefficients of g: 


m=1 i=1 


Proof of (21.1). Since the integrand of (21.1) may not be bounded in D, 
we need the following limit process to define the double integral. Let D, 
denote the interior of the circle C, of radius p<1 concentric with C. Then 


f 4 >>| Fi (w) |2do 
D, i=1 


is evidently an increasing function of p, since the element of integration is 
positive. Hence the limit as p—1 of this double integral exists, finite or in- 
finite, and we define 


(21.3) ff 43° | Fi (w) "do = lim ff 4 FE (w) 
i=1 Dp i=l 
Suppose F;(w) separated into its real and imaginary parts: 
Fw) = U,(u, v) + iV<(u, 2) 
Then 
dU; dU 


21.4 Fi (w) = i— 
(21.4) 
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Therefore 


(21.5) 5 | + (=) |. 


un} Ou Ov 


Since U; is a harmonic function, we have by Green’s formulat 


Whence, applying (21.5), 
OU, 


1 2 1 
(21.6) ff — %do = — Ui — pd. 
D, 2 tnt 0 im1 Op 


2 


For U; there is the formula 


(21.7) U; + cos + bj, sin 6), 
p=1 

derived by taking the real part of (11.1) after writing w=pe*. This series is 
uniformly convergent for all @ and for p<po, with po fixed and <1. This 
observation makes it legitimate to perform term by term the operations of 
differentiation, multiplication and integration indicated in the second mem- 
ber of (21.6). We get first 

aU; 2 
(21.8) = cos gO + dig sin 


p q=1 


and then, observing the relations 


2r T if p = 4, 
f cos sin g9d6 = 0, cos cos = sin sin = 
0 0 0 0 if 


we obtain from (21.6), (21.7), (21.8): 


1 n 
(21.9) ff — Fi(w) = — + Bim). 
Dy 2 i=1 m=1 
This infinite series may be expressed as a double integral (formula (21.12)) 
in the following way. From the expressions (11.2) of the Fourier coefficients 
we easily derive in a manner analogous to (11.9) :f 


¢ See Picard, Traité d’Analyse, vol. 2 (3d edition, Paris, 1925), p. 22. 
t Cf. Picard, Traité d’ Analyse, vol. i (3d edition, Paris, 1922), p. 341. 
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+ Dim) 
(21.10) 


2r 
> — gi(¢) ]?-mp?™ cos m(@ — 
0 i=1 
Now by writing 
s= 


in the formula 


and taking real parts, we obtain after some reduction 


(1+ ?)? sin? —(1—p?)? cos? : 


(21.11) cos m(@—¢) = —p* 
| sin +(1—p*)*cos? 


The convergence, moreover, is uniform for all 0, @ if p be regarded as fixed 
<1, since the convergent series of constant positive terms 

m=1 


is majorant for (21.11). Hence, after multiplying (21.11) by the bounded 
factor 


1 m 


which does not disturb the uniform convergence, we may integrate term by 
term, and get, with attention to (21.10), (21.9), 


1 n 
ff — Fi (w) 
D, 2 1 2a 2r 


i=1 


(1 + p?)? sin? . a (1 — p*)? cos? 


déd¢. 


— 
+ p?)? sin? + (1 — p?)? cos? *| 
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If in the last expression we write formally p = 1, there results 


— 


4 sin? 


To prove that (21.13) is the limit of (21.12) when p—1, we first observe 
that if the second member of (21.12) and the first of (21.13) be abbreviated 


respectively as 
1 1 


then for all p and 06#¢@ 
(21.14) | 8, )| < 10, 4), 
since the ratio 


4p? sin? 


6,4) | 
I(6, ¢) 6—¢ 6—¢ 


(1 + p?)? sin? ; + (1 — p?)? cos? 


Q 


(1 + p?)? sin? = (1 — p?)? cos? 


6— §— 


is less than 1 (each denominator minus the corresponding numerator gives 
a positive quantity). 

Suppose, as first case, that A(g) is finite. Then (21.14) expresses that in 
the approach of p to 1 the absolute value of J(p; 0, ¢) remains less than a 
summable function, and hence a theorem of Lebesgue{ permits us to pass to 
the limit under the integral sign: 


lim f f 0, = f 1(0, ¢)d0de, 


{ Lebesgue, Lecons sur l’Intégration (2d edition, Paris, 1928), p. 131. In the present case all 
the functions involved are Riemann integrable (proper or improper), and the result in question may 
easily be established without recourse to the notion of Lebesgue integral. 
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that is, 


“ffs | (w) = A). 


(21.15) 


Thus (21.1) is proved in the case A(g) finite. If A(g) = +, a simple way 
of seeing that the //p is then also = + © is to observe that /fn, as the limit 
of {{p, which tends to it in increasing, is a lower semi-continuous functional 
of g, like A(g). This remains true if g is not restricted to represent I but may 
be any parameterized contour. With this understanding, a g such that 
A(g)=+ © may always be approached by a sequence of g’s such that A(g) is 
finite. It is to be seen immediately that two lower semi-continuous func- 
tionals which coincide whenever the first has a finite value must also coin- 
cide in case this value is +. 

Proof of (21.2). Returning to (21.4) and (21.9), we have 


1 < 2 2 
Sf = tim = + Bin. 


m=1 i=1 


lim (ain + bin) =— Dom + Bim) - 
If the latter series is convergent, the justification for this is Abel’s theorem 
asserting the continuity of the power series in the first member at the point 
of convergence p= 1. If the second member equals + ©, it is easy to show, by 
taking account of the positive nature of all the terms, that this is also the 
value of the first member. 

Combining the last two equations with (21.1), we have the desired result: 


n 2 2 
A(g) Qi(aim + dim). 
2 m=1 i=l 
22. The area functional S(g) and its relation to A(g). We have seen 
how every representation g of I determines a harmonic surface 
x; = RF (w) = 2). 
The linear element of this surface is 


ds? = Edu? + 2F dudv + Gd? 
with 
0U; 


Q2.1) (=), F=> 


dnd Ou i=1 Ou dv 


311 
] 
Now 
ad 


312 JESSE DOUGLAS [January 


and its area is a functional of g which we denote by S(g): 
(22.2) S(g) = f f (EG — 
D 
We have from (21.5) 


(—) + > E+6G, 


i=1 \ OU 


so that by (21.1) 
(22.3) A(g) = fae +G)de. 
D 


To the end of comparing the integrands in (22.2), (22.3), we observe 
+G)? — (EG — F*) = 0; 
therefore 
(22.4) + G) 2 (EG — F*)*?, 
the equality holding when and only when 
(22.5) - E-G=0, F=0. 
Since by (21.4) and (22.1), 


n 


DF i?(w) = (E —G) — 2iF, 


t=1 


the conditions (22.5) are equivalent to 


(22.6) DF i?(w) = 0, 
t=1 
characteristic of a minimal surface. 
Consequently, 
(22.7) A(g) = S(g), 


and the equality holds when and only when the harmonic surface determined by 
g is minimal. 


IV. THe RIEMANN MAPPING THEOREM AND THE THEOREM 
oF Oscoop AND CARATHEODORY 


23. The case n=2 of the problem of Plateau. Let the contour I be any 
Jordan curve in the plane (x;, x2), A the region bounded by I, C the unit 


= 
n 
. 


1931] THE PROBLEM OF PLATEAU 313 


circle, and D the interior of the unit circle. Then the classic Riemann 
mapping theorem states the existence of a one-one continuous and con- 
formal correspondence between D and A. According to a theorem of Osgoodt 
and Carathéodory,} it is possible to supplement this conformal map with a 
one-one continuous correspondence between C and I’, so that the combina- 
tion is one-one and continuous between D+C and A+T. 

We show in this Part how by merely writing m =2 in the preceding work 
we have an immediate proof of the theorem of Riemann together with the 
theorem of Osgood-Carathéodory. 

In the cited papers of the last two authors a sharp distinction is drawn 
between the “interior problem” and the“boundary problem.” The existence of 
a conformal map of the interiors is supposed already established by the classic 
methods, and these authors then proceed to prove that this map of the in- 
teriors induces by continuity a topological correspondence between the 
boundaries. 

It is characteristic of the method of the present paper to follow a directly 
opposite procedure: namely, we first distinguish a certain topological cor- 
respondence between the boundaries by the property of rendering A(g) a 
minimum; this topological correspondence found, the conformal map of the 
interiors can be expressed immediately (see the theorem stated at the end of 
this Part). 

The work of Parts I and II, with »=2, assures us of the existence of a 
certain proper representation of I, 


(23.1) = gi*(0), x2 = go*(8), 
such that if 
(23.2) = RF x2 = RF 2(w) 


are the harmonic functions determined by the boundary values (23.1), we 
have 


(23.3) F{?(w) + Fi?(w) = 0. 


The functions F,, F; are given by the formula 


1 + w 1 + yw 
(23.4) Fi(w) = g1*(0)d8, F,(w) = g2*(0)d0. 
Jc 2rJc — w 


e 
From (23.3), 


F{(w) = + iFi(w), 


¢ Reference in the Introduction. 
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and choosing the + sign (the — sign will lead to an inversely conformal 
transformation, easily discussed), we have by integration 


F,(w) = iF.(w) + a + ib 


where a, are real constants. Separating Fi, F: into their real and imaginary 
parts: 

Fy = U,+ ivi, Fe= U2+ ta, 
this gives 


U; Ve+a, = U2+ 5. 


Consequently, 
=> U; = U; iV, —ib= F —ib= iF’2(w) + a. 


Denote by F(w) the common value of the last two expressions: 


(23.5) F(w) = F;(w) — ib, F(w) = iF.(w) + a; 
then 
(23.6) 41+ ixe = W =F(w), 


a holomorphic function of w in the interior D of the unit circle. It will there- 
fore be proved that the transformation defined by (23.6) or (23.2) is conformal 
in the domain D after we have shown a little later that F’(w) #0 at any point 
of D. 

We will first prove that (23.6) maps D in a one-one way on A. To this 
end, let W ,be any point in the complex plane x1+ix.=W not on T’; what has 
to be shown is that the equation 


(23.7) F(w) = Wo 


has exactly one solution w in D if W belongs to A, and no solution w in D 
if Wo does not belong to A. 

Certainly there are only a finite number of solutions of (23.7) in any 
circle concentric with and smaller than C; therefore we can construct a 
sequence of circles C, concentric with C and with radii p increasing to 1 as 
limit, such that no solution of (23.7) lies on a circumference C,. The number 
of solutions of (23.7) in the interior of C, is given by the formula of Cauchy: 


1 F'(w)dw 
(23.8) 
2riJdc, F(w) — Wo 


applicable here with full validity because C, is interior to a simply connected 
domain of regularity of F(w). The number of solutions of (23.7) in the 
interior of C is evidently 
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(23.9) N= lim N,. 
With W =F(w), formula (23.8) gives 
(23.10) N,= (W — Wo)|r, = order of Wo with respect to 


Here I, denotes the closed analytic curvet which is the image of C, by the 
transformation W = F(w), the bracket denotes the variation of log (W —W,) 
when W describes I’,, and the order of W> with respect to I’, is an integer equal 
to 1/(2m) times the variation in the angle made by the vector WoW with a 
fixed direction, followed continuously while W describes I,. 

Now when p—>1, I’, tends uniformly to I’, for the formulas (23.2), (23.4) 
are equivalent to Poisson’s integral, and the boundary functions (23.1) are 
continuous. Evidently then, the order of W> with respect tol’, tends to the 
order of W> with respect to I’; indeed, for p near enough to 1 the former re- 
mains equal to the latter. Hence by (23.9), (23.10), 


1 if Wo is interior to I, 


(23.11) N = order of Wo with respect toT = ‘ 


0 if Wo is exterior 


According to this, the image of a point w of D is never a point exterior to 
I’. But neither can it be a point Q of f. For then a neighborhood of w would 
go over into a neighborhood of Q;{ now every neighborhood of Q contains 
points exterior to I’, so that we would have contradiction with the first state- 
ment of this paragraph. Hence the image of any point w of D is a point in- 
terior to’. Furthermore, by (23.11) every point interior to I is obtained, 
and exactly once, as image of a point w. Therefore the transformation 
W =F(w) is one-one as between D and A. 

To prove that this transformation is conformal without singular points, 
we must show that we cannot have F’(w) =0 at any point w of D. If F’(w) =0, 
then a neighborhood of w is mapped on a multiply-covered neighborhood of 
W,§ but this contradicts the proof just given of the one-one nature of the 
correspondence between D and A. 

That the conformal correspondence thus established between D and A 
attaches continuously to the topological correspondence (23.1) between C 
and I’ is an immediate consequence of the remark, already made, that the 


{ It will result from the sequel that I, does not intersect itself but this fact is not necessary 
for the present argument. 

t This is by the region-preserving property (Gebietstreu) of transformations W=F(w); cf. L. 
Bieberbach, Lekrbuch der Funktionentheorie, Leipzig and Berlin, 1921, pp. 187-188. 

§ Bieberbach, loc. cit., p. 188. 
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formulas (23.2), (23.4) are equivalent to Poisson’s integral based on the con- 
tinuous boundary functions (23.1). 

In sum, we have proved the combined theorems of Riemann and Osgood- 
Carathéodory. 

Expression for F(w). An expression for F(w) in the Cauchy form, more 
elegant than (23.2), (23.4), where real and imaginary parts are separated, 
may be obtained as follows. 

Let w be a fixed point of D; take p> |w| and <1; then by the formula of 


Cauchy, 
1 F(z)dz 
F(w) = — 


If now p—1, then F(z) tends uniformly to 
f*(2) = g1*(0) + ige*(6) 
and 1/(z—w) (z on C,) tends uniformly to 1/(z—w) (z on C), wherein cor- 


responding points on C, and C are those with the same angular codrdinate. 
Therefore 


(23.12) F(w=— 


1 f*(2)dz 

24. Range of values of A(g). For a Jordan curve in ithe plane, we can 
easily obtain the exact range of values of A(g), and see that finite values 
always occur among them. 

For since the functions F;(w), F2(w) determined by the representation g* 
(23.1) obey the condition (23.3) F,'*(w)+F2'2(w) =0, we have by the final 
statement of Part III: 


A(g*) = inner area of f. 


The inner area} must be taken because S(g), as defined by (22.2), is the limit 
of the area bounded by [’,, which approaches to I from its interior. 
To see that A (g) takes every value in the interval 
inner area of f S A(g) S$ + © 


(and, of course, no other values), consider a continuous series of representa- 
tions g connecting g* with a representation g® such that A (g°) = + © (example: 
g° improper of the first kind); it is easy to arrange that A(g) be continuous on 
this series of g’s. 


t The region bounded by a Jordan curve has in general distinct inner and outer areas, differing 
by an amount called the exterior content of the curve. The first example of a Jordan curve of positive 
exterior content was given by Osgood, these Transactions, vol. 4 (1903), pp. 107-112. 
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25. The combined interior-boundary conformal mapping theorem. The 
results of this Part are summarized in the following theorem, combining the 
theorems of Riemann and Osgood-Carathéodory. 


THEOREM. Let T denote any Jordan curve in the plane, and 
1 = gi(8), = g2(8), 


Z = f(z) 


with 
Z2= x1 + ixe, 


an arbitrary representation of T as topological image of the unit circle C. 
The range of values of the functional 


f f = ae 
eve 


when g or f varies over all possible representations of T consists of all positive 
real numbers (including +) greater than or equal to the inner area of the 
region enclosed by T. This minimum value is attained for a certain proper 
representation 


Z = f*(z) 
(determined up to linear fractional transformation of C into itself, 
2’ =(az+b)/(bz+4)). 
Then the transformation w—W defined by 


1 f*(z)dz 


W 
2—w 
produces a one-one, continuous and conformal map of the interior of T on the 


interior of C, which attaches continuously to the topological correspondence 
Z=f*(z) between T and C. 


The implications of this theorem for the Dirichlet problem are apparent. 
The Dirichlet problem for any continuous distribution of assigned values on 
a Jordan boundary is reduced to the same problem for a circle, and therefore 
solved by Poisson’s integral. The Dirichlet functional 


or 
2 
A = — f f 
(g) tor Je 
sin? ——— 
2 
1 
7 
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is replaced by the functional A (g), much simpler to deal with chiefly because 
the range of g is a compact closed set while the range of ¢ is not. It was the 
latter fact alone which rendered valid the criticism of Weierstrass against 
Riemann’s treatment of the Dirichlet problem based on minimizing the 
Dirichlet functional. 


V. ABSOLUTE MINIMUM OF AREA 


26. Proof of the least-area property. We conclude this paper with the 
following brief proof, based on the formulas of Part III, that the minimal 
surface whose existence is proved in Part I has the least area of any surface 
bounded by the given contour. 

Let the contour I be, first, a polygon. Then let II be any polyhedral sur- 
face bounded by T’. By the conformal mapping theorem of Koebe,{ II can 
be mapped conformally on the interior of the unit circle, the map attaching 
continuously to a topological correspondence between I and the circum- 
ference. Let the parametric equations of II determined by this map be 


x; = x;,(u, 2) 
and of T 
(26.1) xi = gi(0). 
The element of length of II is 
ds? = Edu? + 2F dudv + Gdv? 
with 


(=) (=\=). (= 


and by the conformality 


so that the area of II is 


(26.2) = — F*)!dudv = —ffe + G)dudv 


+ Cf. T. Radé, Annals of Mathematics, (2), vol. 31 (1930), pp. 458-460. 


E=G, F=0; 
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Consider the harmonic surface determined by the representation (26.1) 
of I’, and denote by E, F, G its fundamental quantities; then since a har- 
monic function gives the least value to the Dirichlet functional for fixed 
boundary values, we have 


1 1 
(26.3) (E + G)dudv + G)dudv. 
By formula (22.3) of Part III, 


1 
(26.4) A(g) = (E + G)dudo; 
and by the minimum property of g*, 
(26.5) A(g*) S A(g). 
By the chain (26.2)—(26.5), 
(26.6) A(g*) = S(II): 


the minimum value of A(g) < the area of any polyhedral surface bounded by 
the polygon I. 

Let now I denote an arbitrary Jordan curve and = any simply-connected 
surface bounded by I. According to the Lebesgue definition, the area S(2) 
of > is the lower limit (finite or + ©) of the areas of polyhedral surfaces which 
tend to =. There exists, then, a sequence of polyhedral surfaces II,, tending 
to = such that 


(26.7) S(IIm) S(2); 


the bounding polygons [™ tend to I. 
Each polygon I'‘™ has a representation 


(26.8) x; = (6) 


minimizing A (g) for that polygon, and by the procedure of §19 we can select 
a sub-sequence 


(26.9) m = 
so that (26.8) tends to a proper representation of I 
(26.10) a; = (6). 


The harmonic surface determined by g* will be minimal; consequently, by 


(22.7), 
(26.11) S(g*) = A(g*). 


From the sequence (26.9) we can in turn select a sub-sequence 


(26.12) m=mi{, 
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so that A(g‘™*) tends to a limit (finite or +): 
(26.13) A(gim*) L. 


By the lower semi-continuity of A(g), which holds for any sort of approach of 
one parameterized contour to another, as well when the contour itself is 
allowed to vary as when we have merely different parameterizations of the 
same contour, it follows (see (7.2)) that 


(26.14) A(g*) < L. 
By (26.6), 
A(gi™*) < S(IIn); 

hence 

lim A(g‘™*) < lim S(IIn), 
that is 
(26.15) L < S(2). 
Combining this with (26.14) and (26.11), we obtain 
(26.16) S(g*) = S(2), 


which was to be proved. 
It is easy to see that the g* here obtained from approaching polygons is 
the same as the g* which minimizes A(g) for. For let g** minimize A (g) 


for then 


(26.17) A(g**) < A(g*). 
By (26.16), 
(26.18) S(g*) = S(g**), 


and by (22.7) 
A(g**) = S(g**) as well as A(g*) = S(g*), 


so that (26.18) may be expressed as 

(26.19) A(g*) s A(g**). 

From (26.19) and (26.17) it follows that 
A(g*) = A(g™*). 


27. A non-finite-area-spanning Jordan contour. It is important to note 
that if the Jordan contour is sufficiently tortuous, the least-area property of 
the minimal surface may become vacuous through the impossibility of span- 
ning any finite area whatever within the given contour. The following 
example was constructed by the author in collaboration with P. Franklin. 
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Consider a broken line, broken at right angles and in the form of a spiral, 
whose successive segments have the lengths 1, 1/2'/2, 1/312,---. On each 
segment construct a square lying towards the outside of the spiral. In each 
square let there be a Peano curve starting at the initial point and ending at 
the terminal point of the corresponding segment. Let the unit interval 
0<tS1 be divided by the points 3, 3, 3, - - - into a denumerable infinity of 
sub-intervals, and let the mth Peano curve be represented as continuous 
image of the mth interval. If to the equations x =¢(#), y=y(#), representing 
all these Peano curves laid end to end, we adjoin z=?/, then we have a Jordan 
arc in space, being a one-one continuous image of the unit /-interval, end 
point ¢=1 included. The desired example is formed of the four Jordan arcs 
x=$(t), 2=t; x=9(), y=¥(d), x=—G(), 2=8; 
«= —9$(t), 

The proof results from the fact that the content of the orthogonal pro- 
jection of this Jordan curve on the xy-plane, counting each point with its 
proper multiplicity, is four times the sum of the harmonic series. A fortiori, 
the content of the orthogonal projection of any surface spanned with the 
curve is +, and this is, a fortiori, the area of the surface. 

It thus appears that the separation of the existence proof into Parts I, II 
is inherent in the very nature of the problem, since it is futile to try to create 
distinctions with a functional which is identically +. The limit process is 
absolutely essential for a non-finite-area-spanning Jordan contour, and the 
minimal surface can then be characterized only by the Weierstrass equations, 
the minimum-area property becoming meaningless. 

The corresponding situation in the Dirichlet problem is well known, 
having been pointed out by Hadamard{ with the following example. If 
boundary values on the unit circle are defined by 

=. cos 2776 


= > 
then the Dirichlet functional is identically + ©, but a harmonic function as 
defined by Laplace’s equation exists, being 
=. »cos 2° 
p=1 2 


+ Bulletin de la Société Mathématique de France, vol. 34 (1906), pp. 135-139. 
t However, a good sense in which the least-area property continues to hold will be given in 
a supplementary note. 
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ON ORTHOGONAL POLYNOMIALS* 


BY 
J. GERONIMUS 


1. Let f(z) be a function which is analytic inside and on the ellipse C, 
having the points +1 for its foci. We suppose also that, for real x in the 
interval (—1, +1), f(x) is real. We have 


1 d 
(1) 


Consider now the function p(x), summable and not negative in the interval 
(—1, +1) and satisfying the condition that 
f log p(x)dx 
exists. 
Consider also the normal orthogonal polynomials Po, P(x), P2(x), - - , 


corresponding to the characteristic function p(x), ie. 
0, k#s, 


1 


p(x) P,(x)dx = { 


Then the series 
1 ply) Px(y) 
= (a = f ay) 
7 k=0 -1 
converges absolutely and uniformly with respect to y, if y lies in any domain 
lying wholly inside the ellipse C, which passes through the point z and has the 
points +1 for its foci,f i.e., 
(s? — 1)1/2 
(2? — 1)"2| > 1, 


<i-e (e > 0 arbitrarily small) , 


y + (y? — 21. 


* Presented to the Society, December 30, 1930; received by the editors in June, 1929. 
t G. Szegi, Uber die Entwickelung einer analytischen Funktion nach den Polynomen eines Ortho- 
gonalsystems, Mathematische Annalen, vol. 82 (1920), p. 209. 
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Hence, introducing the functions Q;(z) of the second kind* 
(2) a, = Q:(z) (k 0, 1, 2, 3, ), 
1 

(3) = 

k=0 
Inserting this value of 1/(z—-y) in (1) we get 

1 
fo) = 55 f = 
Cc 


k=0 k=O 

(4) 
= — f (k = 0, 1, 2, 3,- 
k 9 4, 4, 9) 


The coefficients C, may be found independently: 


(5) C, = (k = 0, 1, 2, 3, - 


whence we find the relation 
1 1 
(6) J = J (k = 0, 1, 2, 3,--- 


Put k=0 and f(x) =P,(x)P,(x). Then 


— Pas) 


f p(x) P,(x)P,(x)dx 


-1 


(7) 


1,s=r. 


This formula shows that the polynomials P;.(x), which are orthogonal and nor- 
mal in the interval (—1, +1) with the characteristic function p(x), have the 
same property (x being replaced by the complex variable z) on the contour C with 
the characteristic function 


(8) Qo(z) _ f 


Po = 


In particular, we find that the normalized trigonometric polynomials 


* G. Darboux, Mémoire sur approximation des fonctions de trés grands nombres, Journal de 
Mathématiques Pures et Appliquées, (3), vol. 4 (1878), p. 414. 

t Cf. J. Sokhotzki, The Theory of Integral Residues with Applications (Thesis in Russian), St. 
Petersburg, 1868, p. 59, where formula (7) was established in a different way. 
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2 1/2 
T,(z) = (=) cos k arc cos z 


+ (2 — 4 (g — (g2 — 1)1/2)# 
2 


1\1/2 
), 


orthogonal on (—1, 1) with the characteristic function p(z) =1/(1—27)'/?, are 
orthogonai on the contour C with the characteristic function m/(z?—1)?!?. 
In fact, according to S. Bernstein,* we have 


(2a) 1/2 
» = — + (22 — 1)1/2}e 
(k = i, 2,--+). 


(9) 


(10) = ( 


22 — 1 


2. A well known property of the polynomials (9) is the following. The 
formal developments 


fla) ~ TATA), ~ SB Tus) 


k=0 k=0 


imply, provided the integrals and 7, 
exist, 


= 


Apply (11) to f(x) =p(x)(1—x?)!/?, =1/(s--x), assuming that 


(11) 


12 — x) = od 

(12) f - 9) sint 

exists. Thus we get, writing 
1 

k=0 -1 

(14) = 


k=0 


* S. Bernstein, Sur la valeur asymptotique de la meilleure approximation (in Russian), Proceedings 
of the Kharkow Mathematical Society, 1913. 
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Qo(x) p(x)(1 —"x?) dx 

—— = = 
Po(x) -1 (1 — k=0 


(see (3), Ox(z) given by (10)). 
Hence, the formal trigonometric expansion 


2 1/2 ao 
p(cos ¢) sing ~ (=) + cos 
k=1 


21/2 


(15) 


(16) . 
(a = f p(cos ¢) sin ¢ cos hdd) 
0 


yields at once, under condition (12), the expansion for Qo(z)/P» with the same 
coefficients: 


Qo(z) ao 2 1/2] k 


If p(cos ¢) sin ¢ is a finite trigonometric sum, then Qo(z)/P ois also a finite sum. 
For example, taking 
(18) p(x) = (1 — x*)"/?, p(cos ¢) sing = sin? ¢ = 3 — 
we find 
(19) = (2 — 
In other words, the polynomials 
— ett — — (22 — 1)1/2} 
— 1)1/2 
(k = 1, 2,3,---) 


(20) Po = (=)" P,(z) = 


are orthogonal and normal on the contour C with the characteristic function 

3. We proceed to derive some interesting properties of the functions 
Q,(z). Darboux has shown* that they satisfy the same recurrence relation 
as the P,(x): 

(21) Ant10n41(2) + (B, + 2)Qn(z) (n 1, 2, 3, ), 


A,Qi(z) = (Bo + 2)Qo(z) — (A; = const.). 


* Loc. cit., p. 415. 
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We multiply both members of Darboux’s formula* 


Prsi(x)Paly) — = 


(22) (2)Pely) = 


k=0 


by p(x) and p(x)/(z—«), and integrate between —1 and 1. We get 


1 
Q,.(2) = Qn+1(2) Pn(z) = 1 T 


n n+1\% a Pati 1 


k=0 


Suppose now that p(—x)=p(x) (“symmetric” orthogonal polynomials). 
Then, as is known, 


Pi(— x) = (— 1)*P,(x), 
and we get from (22), denoting by [m] the greatest integer <m, 


[n/2] 
= Anti x? — y? 


which, combined with the recurrence relation for P(x), gives 


[n/2] 


x? — 


§ 


The same method applied to (23) gives 


=A +3(2) (¥) Q (2) 2(¥) + 
s=0 22 = y? y? 


(25) 


(m even), 


(n—-1) /2 n+2(2)Pr(v) — On(2) 


— y? — y? 


(nm odd). 


4. Assume now again that the integral 
log p(x) 
i (1 x?) 1/2 


* Loc. cit., p. 413. 


+ F. Neumann, Beitrdége zur Theorie der Kugelfunktionen, 1878, p. 71 (p(x) =1). 

t Darboux, loc. cit., p. 415. 

§ Cf. (p(x)=1) C. Neumann, Uber einige Reihenentwickelungen die nach Produkten von Kugel- 
funktionen fortschreiten, Journal fiir Mathematik, vol. 135 (1909), p. 165. 
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exists, and use the results of §1, concerning the expansion 


1 


7 k=0 
Combining (23), (3), we get the expansion* 
Pasily)Qn(z) Px(y)Qn+1(2) 
Multiplying (26), (27) by p(y)/(«—y) and integrating between —1 and 1, we 


get the expansions 


_ Qo(x) — Qo(z) 


Qn(2)Qn+1( x) On+1(2)On( x) 


Z— 


(27) nt = Any 


(29) YO = Anti 


which are valid for 
(30) >1+.6, [2+ >1+4, 


where ¢ and ¢, are arbitrarily small but fixed positive constants. 
In particular, for z=x, we derive from (28), (29), 
Qs (x) 


(31) 2.02 (2) Py 


(32) = (x) — 


In the case of symmetric orthogonal polynomials, we get from (26) 


(33) = 


y? 


Similarly, 


(34) = 


k=0 


From (25) and (33) we findt 


32 — y? 


Pre n V)Cn+2 
(35) = AngiAnge (y)Qn(2) 


k=1 2? — y? 


* Neumann, Journal tiir Mathematik, vol. 135, p. 174. 
t Neumann, Journal fiir Mathematik, vol. 135, p. 171. 
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All these expansions are valid for 
— 1)1/2| > 1, | y+(y?- 1)1/2| > 1, 
Z (2? 1)1/2 


Multiplying (33), (34), (35) by p(y)/(«—y) and integrating between —1 and 
1, we get the expansions 


1—e. 


k=0 2?) 


k=0 Po(x? — 2?) 


k=1 x? — 2? 


which are valid under condition (30). Putting z=, we get 


(39) = 

x) + 208 (x) 
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MODERATELY THICK CIRCULAR PLATES 
WITH PLANE FACES* 


BY 
H. W. SIBERT 


Part I. THEORY 


1. Introduction. Immediately after the propounding of the modern the- 
ory of elasticity by Navier in the first quarter of the nineteenth century, a 
number of mathematicians turned their attention to problems in elasticity. 
Before long, Poisson and Cauchy had found the differential equations for the 
displacements of plates which are infinitesimally thin, but it was not until 
1883 that a solution for a moderately thick plate was obtained. This solution, 
found by de Saint-Venant,} involves rational integral functions of the cylin- 
drical codrdinates, r and z, where r is measured from the axis of the plate and 
z from the middle surface. His method consists in finding values for the dis- 
placements for several cases of loading of simple type; these solutions are 
then combined so as to give more complicated loading situations. 

In 1887 C. Chreef found the solution for a rotating plate. He obtained 
sets of complementary solutions for the differential equations which must be 
satisfied by the displacements. With each complementary solution is asso- 
ciated an arbitrary constant; these constants are determined for any par- 
ticular problem by the loading conditions on the outer surface of the plate. 

The problem of a moderately thick circular plate under uniform load was 
not solved correctly by de Saint-Venant; it was not until after 1900 that the 
correct solution was obtained by A. E. H. Love.§ Love’s solution is an ex- 
tension of the method developed by J. H. Mitchell in 1900,|| and gives the 
displacements in terms of rational integral powers of r and z. 

Subsequent to Love’s solution for uniform load, the first important con- 
tribution to the literature of moderately thick circular plates was made by 
A. Nadaif in 1920. He obtained, in terms of Bessel functions, the solution for 
the bending of a moderately thick circular plate under a concentrated load at 


* Presented to the Society, September 12, 1930; received by the editors in May, 1930. 
t Final note of § 45 of his translation of Clebsch, 1883. 

t Transactions of the Cambridge Philosophical Society, vol. 14. 

§ Love, The Mathematical Theory of Elasticity, 4th edition, 1927, p. 465. 

|| Proceedings of the London Mathematical Society, vol. 31 (1900), p. 100. 

{{ Schweizerische Bauzeitung, vol. 76, No. 22, pp. 257-260. 
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the center. Several years later, C. A. Garabedian* found correct solutions for 
a circular plate of constant thickness in terms of polynomials in r and z. The 
next year, A. Timpet found the same solutions by an entirely different 
method. In 1926, C. A. Clemmowt obtained solutions for the bending of a 
circular plate by adding solutions involving polynomials in r and z to the 
solution in terms of Bessel functions which had been obtained previously 
by Nadai. 

Both Nadai’s and Clemmow’s solutions are very cumbersome, even for 
the case of uniform load. The extension of either of these methods to more 
complicated types of loading would be almost an impossibility on account of 
the extremely difficult computations which would arise. The methods used 
by de Saint-Venant, Love, and Timpe could be extended to more complicated 
types of loading without giving rise to very difficult computations, but all 
three of these methods have the disadvantage that, for each new type of 
loading, the problem must be solved from the very beginning by the process 
of “trial and error.” Garabedian’s method is much less involved than those of 
de Saint-Venant, Love, or Timpe; and, in addition, it gives the necessary ma- 
chinery for solving any type of loading by means of a single set of equations. 

Garabedian’s method is based on the assumption that the displacements 
can be expanded in rational integral powers of a parameter, an assumption 
which had previously been used by G. D. Birkhoff§ in an attempt to solve 
problems in circular plates by the use of the calculus of variations. 

Although Garabedian was the first to solve successfully problems in 
moderately thick circular plates by a method involving the assumption that 
the displacements can be expanded in convergent series, he was not the first 
to make use of such a postulation. Before 1827, Cauchy|| had made use of 
this hypothesis; he had solved problems by assuming that the stresses and 
displacements could be expressed as convergent series in ascending powers of 
z. But Cauchy concerned himself only with plates which were infinitesimally 
thin, and neglected all powers of z higher than the second. In 1877, M. Lévy, 
in his study of a thick circular plate having no load on either base, made the 
assumption that the displacements could be expanded in ascending powers 
of z. He did not attempt to find the solution for any given loading condition, 
but he was able to prove that the displacements could not contain powers of z 


* These Transactions, vol. 25 (1923), pp. 343-398. 

t+ Zeitschrift fiir Angewandte Mathematik und Mechanik, vol. 4 (1924), pp. 361-376. 
t Proceedings of the Royal Society, London, (A), vol. 112 (1926), pp. 559-598. 

§ Philosophical Magazine, London, Edinburgh, and Dublin, (6), vol. 43 (1922). 

|| Cauchy’s Exercices de Mathématig ues, vol. II, pp. 330-348, 1827. 

4] Liouville’s Journal, (3), vol. 3 (1877), p. 219. 
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greater than the third when the cylinder is weightless and its bases are free 
from load. 

Garabedian, at the close of his paper, sketched a physical argument to 
show that his series were convergent. Subsequent to the work done on this 
paper, Garabedian has found the general term of his series, and has been able 
to establish convergence for a certain class of loading functions. Moreover, 
he has found connected with his series an infinite set of constants which turn 
out to be the same set exhibited in this paper. 

The present paper was inspired directly by the above-mentioned paper 
by Garabedian, and hence, indirectly, by the work done by Birkhoff. Al- 
though Garabedian’s method and the method used in this paper lead to the 
same results for any given loading condition, they are quite distinct. On the 
other hand, it should be said of the two methods that, precisely because of the 
difference in approach, each method sheds light on the other. Indeed, the 
two methods, in a sense, complement each other and eventually completely 
clarify a problem which has waited a full century for solution, 

The method of solution employed in this paper is based on the assumption 
that the components of displacement can be developed in positive integral 
powers of z. In §9 this assumption will be justified by proving that the series 
defining the displacements are convergent for a certain class of loading func- 
tions. 

The nature of the problem makes the employment of cylindrical coérdi- 
nates desirable. The axis of the plate is taken as the z-axis and the middle 
plane of the plate as the plane z=0. Let the upper and lower faces be z=h 
and z= —h, respectively; thus the thickness of the plate is 2k. The plate is 
taken to be homogeneous, isotropic, and only slightly bent; moreover, the 
plate must be thin enough so that de Saint-Venant’s principle of the elastic 
equivalence of statically equipollent systems of load can be used at the edge 
(cf. §4). For the sake of simplicity, all stresses and displacements will be as- 
sumed to be independent of 6; the advantage of this assumption is that the 
differential equations which determine the coefficients of z will be ordinary 
instead of partial. 

Love’s notation} with some slight modifications will be used. To obtain 
results in compact form, the star operator introduced by Garabedian (loc. 
cit.) will be employed; this operator is defined as follows: 


{ In this paper, all references to Love are to the fourth edition of his Mathematical Theory of 
Elasticity, 1927. 
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Although this method is applicable to problems involving displacements 
in the direction of 6, lack of space makes it desirable to develop the theory 
only for the case of displacements in the directions of r and z. Moreover, only 
those problems in which the surface tractions are known and the displace- 
ments are to be found will be considered. In this type of problem the displace- 
ments must satisfy 

(1) the stress equations of motion throughout the body, 

(2) the surface traction conditions on the upper and lower faces, 

(3) the boundary conditions at the edge. 

These three requirements, in the order just indicated, will now be discussed. 

2. Stress equations of motion. Let U and w denote the displacements in 
the directions of r and z, respectively. The stress equations of motion may be 
written in the form (Love, pp. 56, 75, 78, 90, 102) 


1 ow’ 2(1 + 
(1a) 02? 1—2c0 1 — 2¢ E otf ) 
dw au* (1 + — 20) 
1b + — + ————_w’* = — F:), 


in which, as usual, p,o, and E represent, respectively, density, Poisson’s ratio, 
and the modulus of elasticity; while f and F are the acceleration and body 
force, respectively. All important and familiar applications involving ac- 
celerations or body forces will be provided for if it is assumed that p(f,—F,) is 
proportional to r and p(f.—F.) is a constant. Thus 


(1c) p(fr — Fr) = Gr, 
(1d) fe F,) = 


where c, and c, are constants. The quantities c,r and c, will be called the 
radial and axial mass forces, respectively. Observe that these mass forces 
may be due to accelerations or to body forces. 

3. Surface-traction conditions. The surface tractions applied to the 
upper and lower faces can be resolved into radial, tangential, and normal com- 
ponents. The positive direction of the normal component will be taken for 
both the upper and lower faces to be that of the outward drawn normal 
(Love, p. 75). The positive direction of the radial component will be taken 
outward on the upper face. It will be taken inward on the lower face, since 
the axes for the radial, tangential, and normal components must form either 
a right-handed or a left-handed system on both faces, and it is desirable that 
the axes for the tangential component should point in the same direction for 
both faces. The radial and normal components of the surface tractions will 
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be designated by J; and L, on the upper face and by J2 and L: on the lower 
face. Note that Z, and Ll, are tensions when positive and pressures when 
negative. 

In order to satisfy the surface-traction conditions on a face, it is necessary 
that the components of the internal stress at every point of the face should 
be equal to the corresponding component of the surface traction at that 
point. Since the displacements in the direction of @ are not being considered 
in this paper, the tangential components of the surface tractions and of the 
stress will be taken to be zero. Thus the surface-traction conditions on the 
two faces are 


(2a) = Ly, 22| = Le; 


(2b) 72| =Ji, 12| = Jo. 


4. Boundary conditions at an edge. In applying boundary conditions 
at an edge, it is important to distinguish two cases: 

(a) the stresses or displacements may be assigned values for every z in 
the interval from z= —/h to s=h; 

(b) the displacements may have prescribed values at only a limited num- 
ber of points, or values may be assigned to certain resultant stresses and to 
certain resultant stress moments taken along a vertical element of an edge. 

In the first case, the solution obtained is exact; moreover, this solution 
applies to a plate of any thickness and may be called a three-dimensional 
solution. In the second case, the solution is mathematically rigorous, but is 
only approximate in the physical sense unless for every value of z at the edge 
the surface tractions are precisely in agreement with the corresponding in- 
ternal stresses as calculated from the values obtained for the displacements. 
This type of solution, when not exact, is essentially two-dimensional in char- 
acter, since this type requires that the thickness of the plate be small as com- 
pared with the diameter. 

The two-dimensional type of solution is the one used in this paper. The 
resultant stresses and the resultant stress moments mentioned in case (b) 
above are (Love, p. 465) 

(3a) rrdz, 


h 
(3b) N, = f zrdz, 


—h 
h 


(3c) G, = rrzdz. 
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For moderately thick plates, de Saint-Venant’s principle states that the 
actual distribution of the tractions applied to an edge is of no practical im- 
portance. Therefore, instead of dealing with the tractions themselves, their 
force and couple resultants estimated per unit length of the edge-line are con- 
sidered. Let the components of these resultants be 7, V, G in the sense pre- 
viously assigned to 7,, V,, G,. It is necessary that the applied tractions be 
statically equivalent to the stress resultants and the resultant stress moments 
at the edge; hence, so far as the stresses are concerned, the boundary con- 
ditions at an edge are given by the equations 


(4) T,=T, N, = N, G, =G. 


It is true that the solutions obtained by means of these equations may not be 
exact, but, if not exact, they will sufficiently approximate the exact solutions 
for all points which are not too close to the edge of the plate (Love, pp. 131, 
132). 

5. The U and w systems. It is now possible to determine formally the 
values of U and w which satisfy equations (1), (2), (4). It is convenient to 
postpone for the present the consideration of mass forces. Thus the right 
hand members of formulas (1a) and (1b) are set equal to zero. 

The fundamental idea underlying this method is the assumption that U 
and w can be expanded in powers of 2; that is, 


2” 
(5) U= w= 

in which U,, and w, are functions of r only. Substitute (5) in formulas (1), 
and equate to zero the coefficients of like powers of z. The result is 


1 
(6a) U, = — + 2(1 — Une}, 
1 — 20 


1 
(6b) Wn = — ——— [ + (1 — 20)wn_2} 
By successive applications of the recurrence relations (6a) and (6b), it 
is possible to express U,, and w, directly in terms of Uo, Ui, wo, w:. A material 
s:mplification of these formulas is obtained by the introduction of two new 
functions defined as follows: 


(7) 
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The final results are 


(8a) Usi = (— 1)*{io + Uo} 

(8b) = (— 1)*{(i + 2 — 20) Wo + wo}, 
(8c) was = (— + wo}, 

(8d) weiss = — (— — 1 + 20)T0 + 


The substitution of (8) in (5) results in the following formulas for U and w:. 


(9a) U = 1)*{iTo + 


g2t+l 


+ 1)*{(i + 2 — + wo} 


28 
(21)! 


— (i — Jot 

1)*{(i — 1 + +Uo} 
These expressions for the displacements satisfy formally the stress equations 
of motion, (1a) and (1b), when U and w are infinite series. It can be shown 
also that they satisfy (1a) and (1b) when U and w are finite series; in this 
connection, it is natural to seek necessary and sufficient conditions for U and 
w to terminate. 

Consider first the expression for U. If U is to have a finite number of 
terms, both and {(i+2—20)i+wo}’*” must eventually 
vanish and, moreover, independently of each other, since the former is as- 
sociated with even powers of z and the latter with odd powers of z. For 
{iUo+U.}”* to vanish eventually, there must exist a smallest integer a for 
which 

Let the anti-prime-star operation be defined as that operation which must 
be performed upon P*’ in order to change it to P. If this operation is per- 
formed upon {aU,+U>}%”", it turns out that {aU »+U.}*?*” must be of 
the form {C\r+C,/r}, where C; and C; are constants. Moreover, since a is a 
constant, it follows that both U%$"*" and US" ’ must also be of this form. 
By performing alternately integrations and inverse-star operations, it may be 
shown that U, can contain no terms which are not of the form {Cr?™-% 
+Kr?"-! log r} and that Uj can contain no terms which are not of the form 
{ C'r?»-2-+ log r} , m, n, p, being any positive integers. By a similar 
argument, it may be demonstrated that wo and w» must have the form speci- 
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fied above for U, and for U%, respectively. Furthermore, it is not difficult to 
show that the above restrictions on Uo, U}, wo, Wo constitute not only a suf- 
ficient condition for U to terminate but also a necessary and sufficient con- 
dition for w to have a finite number of terms. Hence it is evident that if U 
terminate, so also will w; and vice versa. 

It is now possible to show that U and w satisfy the stress equations of 
motion when U and w are finite series. The work is the same as for the case 
when U and w are infinite series except that now the upper limits for each 
summation must be determined. All of these limits are readily found, since 
the operation by which a term becomes eventually zero is differentiation or 
the star operation according as the term has the form Cr™ or Kr” log r, re- 
spectively. 

It is now necessary to impose upon U and w the requirement that they 
satisfy the surface-traction conditions on the upper and lower faces. By 
means of formulas (9) the stresses 22 and 7z may be written in the following 
form (Love, pp. 56, 102): 


10 =- To + 
(10a) + a)Uo + (2a! 
E g2ttl 
(i + a) Wo + wo} (27 4+ 1)! 
(10b) rz 1) (G+ 1 — + wo} 
i+: — 
E 


Substitute (10) in (2), and take the sum and difference not only of the two 
resulting values of 22 but also of the resulting values of 7z. A simplification 
will be obtained by the introduction of four new quantities defined as follows: 


(11a) l=L, — Lz; 
(11b) J=J,+ Jz, 
The final result is 

= i het l+o 
12 — 1)*{(i-1 Uy + Unt =— 
(12) + of Qa! 

h?* l+o 

13 l, 

(14) 1) 1 — + wo} = ——y, 


i=0 (21)! 2E 
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15 — Uo + =— 
(15) + Uo + Uo} Gia 


These four systems of ordinary linear differential equations determine the 
displacements save for the arbitrary constants of integration; the latter are 
to be fixed subsequently by the edge conditions (§12). 

6. The determination of wy and w. Since %» does not appear in the for- 
mulas for U and w, it is necessary to find only @ and wo. These two functions 
may be obtained by an indirect process from equations (13) and (14). It 
turns out that it is necessary to break up Wp and w into terms ordered accord- 
ing to the powers of the ratio k/r. For this purpose, the following convenient 
definition is introduced. If X and Y are two polynomials in r which contain 
the same number of terms, Y is defined to be of the mth order of magnitude as 
compared with X if each term of Y is proportional to (i/r)” times the cor- 
responding term in X. It is easy to demonstrate that both X”"h? and 
X*"h2 are of the (2)th order of magnitude as compared with X. 

In order to apply the method of this paper, certain assumptions must be 
made with regard to i and wo; namely, that these functions are polynomials 
in r, and that they involve / in such a manner that their terms may be 
grouped and arranged in ascending order of magnitude. Since only even 
powers of / enter in (13) and (14), it is clear that only even orders of magni- 
tude need be provided for in the developments for #, and w. Thus it is as- 
sumed that 7% and wo may be written in the form 


(16) Wo = > weno, wo 


n=0 n=0 
where 3,9 and Ww, are of the (2m)th order of magnitude as compared with 
either @o OF Wo. The only assumption made with reference to the leading 
terms Wo and wy is that they include, in the case that % and wy, do not vanish 
identically, the terms of lowest order of magnitude occurring in either de- 
— 


velopment. Furthermore, it is assumed that #09” and wo” cannot both be 
identically zero unless 


= w'*'* = 0 
2n,0 2n,0 


If (16) is substituted in (13) and (14), it follows that 
(17) ) {it a) dw, o+ (i +1)! 
pri i+e 


(21)! 2E 


n=0 


n=O n=0 


i=0 
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By means of equations (17) and (18), it will be possible to solve for @;,.9 and 
Wao, 2=0,1,2,---. 

In obtaining w,,¢ and w,,¢, it is convenient to treat the cases of normal 
load and shearing traction separately; by the principle of superposition, it 
will be possible to solve more complicated problems by a synthesis of the 
separate solutions. The case of normal load will be considered first. 

Before the two systems of differential equations obtainable from (17) and 
(18) can be written out, it is necessary to determine the order of magnitude 
of | —(1+0)1/(2Eh)}. If this quantity is assumed to be of the same order of 
magnitude as Wo Or woo, the two equations of lowest order of magnitude in 
(17) and (18) are, respectively, (1—c)Woo+woo=—(1+0)1/(2Eh) and 
(1—c)Wo+woo=0. If each term of the latter is starred, an equation is ob- 
tained which is inconsistent with the former; hence {| —(1+0)//(2Eh)} can- 
not be of the same order of magnitude as @,, or woo. For the present, it will 
be assumed that this quantity is of the second order of magnitude as com- 
pared with wo or woo. 

The two systems of equations which result from equating all terms of the 
same order of magnitude in (17) and (18) may now be written out. They are, 
respectively, 


(19.0) — woo + woo} = 0, 


(19.2) {(1 7) Wao woo} — Woo + woo} 3! 


(20.0) {(1 a) Woo + woo}’ = 0, 
2 


h 
(20.2) {( — Wo + woo}! {(2 — woo} = 0, 


It is not possible to obtain 5 and wo, directly from (19.0) and (20.0) 
since the latter equation, when starred, becomes identical with the former. 
It will be possible, though, to find wy) and w,,*; and,this done, and 
may be found by quadratures. 

The first step in finding i9* and wy * is the formation of a third system of 
equations by starring (20.2) and subtracting from (19.27); the equations 
thus obtained will be in simpler form if each is multiplied by (3/h?). The final 


result is 
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(21.0) 0=0, 
3(1 + ), 


(21.2) {(2 Woo + Woo} = 


39° 


(21.4) {(2 — ¢)weo+ Wao} — {(3 — ¢) woo + woo} 


Equations (19) and (21) were obtained on the assumption that 
{ —(1+0)l/(2Eh)} was of the second order of magnitude as compared with 
Woo OF Wo. It has already been proved that this quantity is not of the 
same order of magnitude as Wg Or woo; it is now possible to show that it can- 
not be of order higher than the second. If it were of the fourth or higher 
order, equation (21.2) would be {(2—c)@oo+woo}(’ =0. The result of 
solving this equation simultaneously with either (19.0) or (20.0) is 
Woo =Woo =0. Since / must appear on the right hand side of some one of the 
equations (21), it is not possible that Dono =Wn,9 =0, n=0,1,2,---. But 
by a previous assumption, this implies that %o* and wo)’* cannot both be 
identically zero. From this contradiction, it follows that { —(1+0)1/(2Eh)} 
is of the second order of magnitude. 

By means of (19), (20), and (21), it will be possible to obtain @2,9 and 
w forn=0, 1, 2,---. The procedure consists in solving (21.2n+2) simul- 
taneously with (20.2m). Accordingly, the star-prime-star operation is per- 
formed upon each equation of (20); the resulting set of equations is designated 
by (20)*’*. In order to secure a notation appropriate to the discussion which 
follows, (20.0)** and (21.2) are written in the following form: 


3(1 + 
2Eh' 


3(1 + ”, 
2Eh* 


(22.0) {(1 — o)Woo + woo} = dol, 


(23.2) {(2 — )Woo + woo}? = 


where by) =1,do=0. The result of solving these two equations simultaneously 
is 
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If these values of ig ’* and wo) “are substituted in (20.2)*’* and (21.4), we get 


3(1 + 
(22.2) {(1 — + woo} d,h2l’*, 
3(1 + o) 
(23.4) {(2 — + woo}? = — b 


where 


6-2(2-bo — 1-do) 1-bo — 0-do 


5! 2! 


3(1 + o) 
20 
3(1 +4), | 
a)by (2 o)d,} hl ° 


By continuing this process, the following general formulas are obtained: 


3(1 + 
(24a) were (n = 0,1,2,---), 
2n.0 
3(1 + 
(24b) {(1 — o)b, — (2 — o)dn} (n = 0,1,2,---), 


where b, and d, are given by the formulas 


(24c) b, = 6 (— 1) (a4 5)! 
(i+ 1)b id 
24d d, = — 1)é = 1,2,3,---). 
(24d) ) (n ).t 


t ws and Wan, can also be found by solving equations (21.27+2) simultaneously with equa- 


tions (19.2”). Again let b)>= 1, do>=0; then, by a process similar to that employed above, the following 
values for 5, and d, may be deduced: 


(24’c) bo = 62.(—1) (2i + 5)! (mn = 1, 2, 3,--+); 
= (i + — tdnas 
(24 d) d, = X( — 1) (2i + 3)! (n = 2, 3, 4, ) 
1-bo—O-do, 1 1 
(24’dd) 


It may be proved without difficulty that the above values of 6, and d, are precisely those given by 
formulas (24c) and (24d). 


If this pair of equations is solved simultaneously, the result is 
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Star-prime-star (16), and make use of (24); the result is 


3(1 a) n 
“ — da} 
2Eh* 


(24e) 


n=0 


It is not yet possible to solve for @ and wo, since these two quantities are 
not independent of each other. The relation between them is found as follows. 
Transfer all except the first two terms of equations (20.2) to the right hand 
side; by means of (24a), (24b), and (16), there results 

2 

(1 — + wi — + wo} 

24 
St 


This equation may be obtained in more convenient form. Star-prime each 
term, and make use of (24e) and (24f); the result is 


(24h) {(1 — + = 
F n=0 


Substitute in (24g) the value of %"’ obtained from (24h); the final result is 


(1 — + + 

WwW WwW, — — w = 

= 
2 (1 — (2 —o)d, 


It is now possible to solve for and wo. There are two possible methods 
of procedure. The simpler of the two is first to find wo from (24f) and then 
obtain 7% by means of (24i). Let wo, and wo. designate the complementary 
solutions of @, and wo, respectively; and let 7%, and wo, be the corresponding 
particular solutions. The complementary solutions are obtained by solving 
the homogeneous equations associated with equations (24e), (24f), (24i). 
From (24f), there results 


(24j) Woe = logr + Kor? + Kslogr + Ks, 


where K,, Ke, K3, Ks are arbitrary constants. The substitution in (24i) of the 
values of wo, and wy,’ obtained from (24j) results in 


i 
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2h? K; 
(24k) Wo = — | 2 logr +r+ \ + 2Kor+ =|. 
r 


(1 —o)r! 
It turns out that the complementary solutions for all types of loading are 
given by (24j) and (24k). 

The particular solutions when @,"” and w,"™ are infinite series will now 
be found; the case when they terminate will be considered in §10. Let the 
anti-star-prime-star-prime operation be designated by the symbol (’*)-?, and 
let l’"* be the result obtained when /‘*)" is anti-star-prime-star-primed 
without introduction of arbitrary constants. From (24f), there results 


3(1 + o) 
Substitute the above value of wo, in (24i); the result is 
3(1 + o) 
24 = ba — dn} 


It is evident that this value of i, satisfies (24e). 

For the case in which there is shearing traction only, equations (21) are 
solved simultaneously with (20). If 6:.-=1 and d)=0, the following general 
formulas are obtained: 


at 1 ! 
‘ (n = 1,2,3,---); 
(25d) d, = (— (n = 2, 3, 4,---); 
x (2i + 2)! 
1:b-O-d 1 #1 
(25dd) dy = —————_ = 
2! 3 6 
3(1 + 0) 
25 b, dn : 
(25e) 0 
3(1 + o) 
25f = ———— 1 —o)b, — (2 — 
(25f) wo o)bn — (2 — o)dn} 
+ Observe that Won o and Wee, 0 might also be found by solving equations (21) simultaneously 
with (19). Since bo=1 and do=0, the results are » 
(25’c) = 6 2(—1) (2i + 5)! (n = 1, 2,3,-+-); 
(25’d) d, = 2( 1) + 3)! (n = 1, 2, ). 


It may readily be proved that the above values of 6, and d, are the same as those given by (25c), 
(25d), (25dd). 
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2 


(25i) (1 — + ws + W'*’ 


1 a) n=0 
3(1 + o) (1 — o)b, — (2 — o)d, 
2(1 — a) 


2n+2 


When @,°™* and w,°™, as defined by (25e) and (25f), are infinite series, it 
turns out that 


(25m) Wop h?nJ 

7. The determination of 5 and U). The function U» does not appear 
in the formulas for U and w; hence, it is necessary to find only Uj and U». 
Equations (12) and (15), when considered simultaneously, will suffice for the 
determination of Uj and U». The procedure is analogous to that already 
given for wy and wo; but it is much simpler, since, in the determination of 
Usand U,, it is not necessary to forma third system of equations correspond- 
ing to equations (21). For the case of normal load only, the final results are 


(i + — (0 + 1) 


n—1 + — 
(26d) = 2-1) (2i + 2)! 


i+<e 
2%6e) Ut’ = — 
(26e) Us dite Cn} 


n=0 


1 + o n 
(26g) —(1-—o)Us+ Us = - ; 


n=0 


Ce 
(26h) Vo = Cir + —; 
r 


(26i) Uy = 


The complementary solutions for all other types of loading are also given by 


343 | 
+ | 
| 


344 H. W. SIBERT [April 


(26h) and (26i). If U3’ and U4’, as given by (26e) and (26f), are infinite 
series, the values of Uo, and U5, are 


1+ 
Usp = ——— — + 
2E n=0 
1 
(26k) Tip = — — 


It should be observed that for the case of normal load, a)=0, co=1. 
For the case of shearing force only, d@)=1, é=0. The general formulas 


are 

(27f) xia — a)Gn + 


2Eh 


When U3’ and U4’, as defined by (27e) and (27f), are infinite series, it turns 
out that 


1 + n—? 

ite = 
(27k) = ——— — 


2Eh n=0 


8. Upper bounds of the constants. Before convergence of the series for 
U and w can be established, upper bounds must be determined for the eight 


constants which enter in the formulas for Uo’, Uo’, mo", wo 
Consider first the constants é, and é,. It may be proved that 


(28a) | dn| < 1/2", | &.| < (5/9)/2" (n = 2,3,---). 


If di, d, &:, é& are calculated from (27c) and (27d), it turns out that (28a) is 
true for m=2. The proof, therefore, consists in showing that if 
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1 5 1 
(28b) | dai] | < 


then 
(28c) | <1/2*, | &| < (5/9)/2* (k = 3,4,---). 


This proof is not difficult to carry through for both 4, and é,. In the proof for 
én, it is necessary to use the relation 


— (i+ 1){ (E+ — (6 + 
(28d) é.= — 1) 
a formula readily derived from (27c) and (27d). 

In a closely analogous manner, it may be shown that 
(28e) | a,| < 1/2", | cn| < (5/9)/2" 
(28f) | < 1/3", | da| < (3/4)/3" (a = 2,3,---)s 
(28g) |b. | < 1/3", | dn | < (3/4)/3" (= = 1, 2,---). 


(n = 2,3,4,--- 


In obtaining the upper bounds for d, and da, it is necessary to use formulas 
(24’d) and (25’d), respectively. 

The above upper bounds seem to be the strongest that can be found by 
the method of absolute values. By means of these inequalities it will be shown 
in the next article that the U and w series are uniformly convergent for a 
limited class of load functions. It would be desirable to include in this class 
of load functions all powers of r for which the series do not terminate, but the 
present inequalities are not strong enough for this purpose. On the other 
hand, if a few values of the constants are calculated, their absolute values are 
found to be considerably smaller than the above upper bounds would indicate. 
This suggests the possibility of securing, by a more refined analysis, the 
stronger upper bounds desired. 

Since in the proof of convergence there is no particular advantage in using 
stronger upper bounds for the c’s, b’s, and d’s than for the a’s, it will be suf- 
ficient, in preparation for the following article, to write 


(28h) an |, | | en] | | | dn] | 1/2" 
(n = 0,1,2,--- ). 


From formulas (28a), (28e), (28f), (28g), it is evident that the above relations 
hold for n=2, 3,4,---. By calculating the values of these constants for 
n=1 from the original formulas, it turns out that (28h) is also valid for 
n=0, 1. 
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9. Convergence of the U and w series. Let U. and w, be the comple- 
mentary solutions of U and w, respectively, and let U, and w, be the corre- 
sponding particular solutions. There is no need to examine U, and w,, since 
the consideration of those cases in which U and w terminate will be post- 
poned until §10. For the same reason, only those values of Up, Usp» Wop, 
i» which are defined by infinite series will be considered in this article. 

First consider U, when the plate is under normal load only. U, is found 
by substituting (26j), (26k), (241), (24m) in (9a). It turns out that U, is 
composed of four iterated series, the first of which is 


| re 
(29a) — dD fa, Cn} | 
i=0 n=0 


(2i)! 
Since it will be shown that each of the above series is absolutely convergent 
for a certain class of load functions, it will be convenient in the discussion 
which follows to employ the double series rather than the given iterated 
series. 

Let A, be the double series corresponding to (29a), and let A be the series 
formed from the absolute values of the terms of A;. If (28h) is employed, the 
result is 


(29b) 4s 


Since i/(2i)!<1/2‘ (i=0, 1, 2,---) and |z| <h, (29b) becomes 


(29c) As2 2. 


i=0 n=0 


Let 7 be the outer radius of the plate, and let q, g:, g2 be constants such that 
Then 


r 2(n+i) h 2(n+t) 
(29d) 4<2>d ( ) | Le 1+ 
ind nao \2'/2q To 


Since 0 <gh/ro<qih/ro<1, the above double series of positive terms will be 
uniformly convergent if Z is such a function of r that a constant M can be 
found for which 


r 
212g, 


1+s 


| Len | 


for all values of m and i. 

It may be shown that if L = pJo(+2'/*gr/ro), where p is a constant, then 
(29e) reduces to { pro/(2'/2g)}Ji(+2'/*gr/ro) for all values of m and i. Hence 
a class of Bessel functions have actually been exhibited for which the iterated 


i=0 n=0 (21)! 
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series (29a) is both absolutely and uniformly convergent in the interval 
O<rsnro. 

By a procedure similar to the foregoing, it may be shown that the series 
defining either U, or w, will be absolutely and uniformly convergent for nor- 
mal load or shearing traction under hypotheses analogous to (29e). 

In the case of the example just given, it is readily shown that the series 
U, and w, may be primed, starred, or differentiated with respect to z, term 
by term, as many times as may be desired. Thus examples have now been 
exhibited in which all the operations that have been hitherto applied form- 
ally are seen to be justified. 

10. Finite series. In §5, necessary and sufficient conditions were given for 
the U and w series to terminate. From formulas (24j), (24k), (26h), (26i) it 
is apparent that the complementary solutions have the forms which ensure 
terminating series for the displacements. It remains only to determine the 
admissible forms of particular solutions in the cases of normal load and 
shearing traction. 

When the plate is subjected to normal load or shearing traction, it is easy 
to show that a condition sufficient to meet the requirements on Uo, U3, wo, 
we given in §5 is that ZL and / shall contain no terms which are not of the form 


+ log r 
and that J and 7 shall contain no terms which are not of the form 
Crim-3 + Jog 


m,n, p, q being any positive integers. Moreover, it may be shown by an 
argument similar to that employed in §5 that, assuming Uo, U3, wo, @ given 
by series which terminate, the above conditions are also necessary; no at- 
tempt will be made in this paper to find necessary conditions in the case in 
which Uo, U%, wo, wo are defined by infinite series. 

In order to conserve space, only the case in which L, ], J, 7 contain no 
logarithmic terms will be considered; in addition, the case in which the shear 
is proportional to 1/r will also be neglected since for this case the particular 
solutions involve logarithmic terms. 

It is first desirable to study the effect of the prime-star operator on powers 
of r. It may readily be shown that 


(30a) (r2m) #0, =0; »sm,n>m, 


(30b) ~0, =0; n<m,n2m, 


where m=0, 1, 2,--- , and m is any integer, or zero. 


i 
i 
# 
‘ 
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No loss in generality will ensue if it is assumed that L, /, J, 7 contain but 
one term, since the more complicated types of loading may be considered as 
the sum of simple loadings which contain one term only. Thus Z and / may 
be written in the form 


(31a) L= ey**, l= e2r?™ (m = 0, i, 2, ), 


where ¢ and é: are constants. Substitute (31a) in (26e), (26f), (26g), and 
make use of (30); the result is 


— i¢+e —! 
31b) Us =- {an — Cn} , 
2E 
1 + n 
(31d) a=» (1 Us + U3 = 
n=0 


Uo, is found by performing the inverse prime-star operation upon (31c); the 
result is 


l+o 


n=0 


It should be observed that m—1 could have been used for the upper limit in 
the summation defining U»,, but the use of m makes it possible to express the 
subsequent formulas in more concise and elegant form. Substitute (31le) in 
(31d); the resulting value of U4, is 

It is evident that this value of U3, satisfies (31b). 

In an analogous manner, wo, and #, may be written as 


3(1 + m+1 
(31g) Wop = —oa)b, — (2 a)d,} 
Hi + ¢) n-2 
(31h) Wop bn d,}h 


For the case of shear, J and 7 may be written in the form 


(32a) J= j as Sor? (m 0, 1, 2, ), 


where s; and Se are constants. Observe that 
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(32a’) J* = 2(m + 1)syr?™, j* = 2(m+ 1)ser?™ (m=0,1,2,---); 


that is, J* and j* are proportional to r?” and, therefore, formulas (30) may be 
used to determine the upper limits of ~. The final results are 
l+o 


32e 


1d, — page '* 
2Eh n=0 


(1 — o)b, — (2 — a)dnf , 


3(1 ant 
+ 7) > d,} 7 


= 
= 


The values of Uo), Tee Wop, Wo» for the cases of radial and axial mass 
forces may be found by a process similar to that employed for the case of 
normal load. The formulas for radial mass force only are 


(33e) 


(33f) 


(33g, h) = 


When there is axial mass force only the formulas are 


(34e, f) Uy = U 


(34g) 


3(1 + a) 3(1 + a) 
= cr Cyr. 
16Eh? 411 —oa)E 


(34h) 


The complete formulas for the displacements may now be written out. 
It is convenient to give in full the portion involving the mass forces and to 
use the symbols Uo», Uy, Wop, M4» for the particular solutions in the cases of 
normal load and shearing traction. The displacements take the form 


4 
| 
= ——~<,s'*, 
8E 
|| U 0p 
0. 
0, 
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C2 4h? K3 
(35a) E { 2r tog +r+ + 2K 
r (1 — o)r r 


o) 1 — o? 3(1 — o?) 
r 8E 16Eh? 


3(1 1 2- 1 


2E 2E 4Eh?* 


— 1)*{iU Uop} 


i=0 


20 
(35b) w= + + + Ciz 


= 


og r ——or 


o(1 + a) 3o(1 + 
-— — ————< 


2E- 8Eh? 


(1 + 40)(1 + o) + o) (1 + 
C22 


4(1 —o)E 3(1—o)E SEh? 


gt 


om i lWop Op 
+ 1)*{ + wop} 


— Y(— 1)*{(i — 1+ + Uop} 
> | Vey + Vey} (2i + 1)! 
The upper limits of 7 in the above summations are, taken in order, the same 
as the upper limits of ” already found for Uop, Wop, Wop, Ubp, respectively. 
It is now possible to express T,, N,, G, in terms of c,, cz, Uop, Ud,, Wop; 
Wop, and the arbitrary constants involved in (35). At the same time, two 
additional quantities needed in Part II will be computed, namely, 


h 
(36a) f 66dz, 
—h 


(36b) = f 00zdz. 


—h 
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The formulas for 7, and T, can be simplified by making use of the function 
Uo». This function has hitherto been undefined, since it does not appear in 
the U and w series. Uo, may be assigned any value which is consistent with 
the formulas already given for U%,; it will be convenient, in each case, to 
take for the upper limit of m in U», the value found for Uo». Thus 


ite 
(31f’) fan — cn} 
2E n=0 


n—1 


By means of (31), (32), and the formulas which define the a’s, b’s, c’s, and 
d’s, it may be shown that the following relations are valid for all cases of 
normal load and shearing traction: 


2i+1 
wen 
(37a) 1)*{ (i + o)Uop + Uop} 
l+o 
37b — 1)*{(i + 1 — o)Wop + ——— = 
( ) ) (4 7)Wop Wo (2i + 1)! 
+ 1)h?*8 l+o 
37 (or) hj 
( c) d\ ) {(i + 7) Wop + Wop} (2i + 3)! 4E 
a> 
4E 


the upper limits of 7 in the summations being the same as those for ” in Uo, 
Wop, Wop, respectively. 

Substitute (35) in the formulas for rr, 60, rz, and put these values of rr, 66, 
rz in the formulas for T,, 7», G,, Ge, N,, and simplify by means of formulas 
(37). The final results are 


2Eh 2Eh Ce 
(38a) T, = ——C, -— —+ hr?c, + 
1-—o re +or 4 


ome 
o (2% + 1)! 


1 
2Eh 2Eh C2 1+ 


(38b) = Ci + — + ——hr*c, + 
l-—o l+o 4 


2Ea 


> (- 1) 


i=0 


| 
| 
1 
1+ 
hc, 
3(1 — o) 
-1 
jo, | 
1+ 
3(1 — o) 
1 
r 
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2Eh* 


3(1 — o) 


{2 tog r + 


4 2Eh® Kz { 3+6 24 + + 
3(11+ 


8 h? 30(1 — o) 
l+or % (2i+ 3)! 
{ 210g r + 
3(1 — a) S(1 +0) 3(1 — oa) 
2Eh® Kz { 1+ 30 r? 24 + + 
Ce 


3(1 + 8 ht 30(1 — 
4Eo i+1 


i h 1 
ino + 3)! r r 
8Eh*® 


= 
— ——  — + rhe, — 
3(1 — 0?) 


(38e) N, = 


where the upper limits of 7 in the summations are the same as those of m for 
Von, Wop, Tespectively. 

All the formulas necessary for handling a wide class of problems in moder- 
ately thick plates have now been obtained. In Part II, the power of this 
theoretical machinery will be exhibited by applying it to the solution of 
certain problems of especial interest. 


Part II. AppPLicaTION 


11. Introduction to Part II. In applying the theory of Part I, the follow- 
ing problems will be considered: 


(i) a complete plate, the load being 
(a) a function of r continuous over the whole plate, 
(b) a pressure concentrated at the center, 
(c) a distribution continuous in each of two concentric zones but dis- 
continuous at their junction—a bizonal problem; 
(ii) an incomplete plate, that is, a plate with a concentric hole, the load 
being 
(a) a function of r continuous over the whole plate, 
(b) a uniform shear distributed over the inner edge of the plate. 
Further types of problems to which this method is applicable will be men- 
tioned at the close of the paper. 


352 
(38d) Ge = 
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In every problem the surface traction on the faces will be prescribed; 
hence the displacements will be completely known as soon as the arbitrary 
constants in (35) have been determined. It turns out that K2, Ks, C; depend 
upon conditions at the outer edge of the plate; Ki, K3, C. are determined by 
conditions at the center or at the inner edge, according as the plate is com- 
plete or incomplete. 

The outer edge of the plate will always be denoted by ro; the radius of an 
inner edge, or of a junction of two zones, will be called 7;. In every case, the 
plate will be fixed in space by demanding that there shall be no axial displace- 
ment at the outer edge of the middle surface of the plate; that is 


(39a) w| = 
If (39a) is substituted in (35b), the result is 


(39b) Ks = — Kiro? log ro — Koro? — Ks log ro + Wop | 
12. Preliminary formulas for a complete plate. Consider a cylindrical 
section of radius r cut concentrically from the plate. The sum of the z-com- 
ponents of all the external forces acting on this portion of the plate must 
equal p(f.—F.) times its volume; that is, must equal 2mr’hc.. Note that the 
value of N, is constant along the circumference of this section, since all 
stresses are assumed to be independent of 8. Since the outer normal on both 
the upper and lower faces was taken as the positive direction for normal load, 

the following relation is valid for a continuous loading distribution: 


(40a) QarN, + = O< r S 
“0 


For a plate whose only load is a pressure of —W pounds concentrated at the 
center, the corresponding relation is 
(40b) —-W =0, 0O< reno. 

It is evident that, as a point approaches the axis of the plate, the direction 
of 06 at that point approaches a radial direction. Since all stresses are in- 
dependent of @, it is obvious that any two radial stresses at the same point on 
the axis of the plate are equal. Hence, it is clear that, for any constant value 
of z, 


(41a) lim (rr — 66) = 0. 
r—0 


Observe that (41a) implies 


| 

| 

i 


354 H. W. SIBERT 


(41b) lim (T, — Ts) = lim G, — Ge) = 0. 
r—0 r—0 

It should be observed that, although (41a) implies (41b), the converse 
may not be true. If (41a) is not also satisfied, the solution will not be valid 
in the immediate neighborhood of the axis of the plate; on the other hand, by 
de Saint-Venant’s principle, such a solution would closely approximate the 
truth for all points whose distance from the axis is at least equal to the thick- 
ness of the plate. 

All the formulas necessary for the determination of Ki, K3, Ks, C2 for the 
case of a complete plate have now been found. 

13. Determination of K,, K3, K4, C2 for a complete plate with continuous 
distribution of load. The value of K;, will be found first. Substitute in (40a) 
the value of / given in (31a), and solve for N,. The result is 


€or? m+1 


— — + rhe, = + O<r 
2(m + 1) 


(42a) N, = 


The result of substituting this value of N, in (38e) is 
(42b) K, = 0. 


Observe that (42b) is true for both radial mass force and shearing traction as 
well as for axial mass-force and normal load, since the two former quantities 
do not appear in either (38e) or (40a). 
The values of C; and K; will now be found. Substitute K,=0 in (38), and 
solve for C. and K;. The results (r~0) are 
4Eh 


-1 
43a) (T,— T¢)r? C.+ hre, + — 


2Eo 
4Eh* 
~ 3(1 +0) 
Ito op + 3)! 


It is not difficult to show that r* is the lowest power of r appearing in the right 
hand member of either (43a) or (43b). Let r-0, and make use of (41b). The 
result is 


(43c) 


K3+ hric, + hrJ%? 


(43b) (G, — 


[April 
| o 
= = 0. 
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If the values of Ki= K;=C.=0 are substituted in the formulas for 77 and 
66, it turns out that (41a) is satisfied for each of the loading conditions under 
consideration. Hence, for these loading conditions, the solution will be valid 
in the neighborhood of the axis of the plate. 

The value of K, may now be found in terms of K,. Substitute K, = K;=0 
in (39b). The resulting value of K; is 

3(1 — o?) 

(44) K, = — Kore? — wop| 

14. Determination of K,, K3, K4, C2 for a complete plate with a central 
load. In this article, the only load acting is a downward pressure of —W 
pounds concentrated at the center of the upper face; that is, 


(45) L=l1=0,0<raen; L=l=—o, r=0. 
The value of K, will be found first. Since /)”'=0 for every point except 
the center, formula (38e) reduces to 
8Eh® Ky, 


—, 


46a) 
( 3(1— 0%) r 


The result of substituting this value of NV, in (40b) is 
(46b) 


C, and K; may now be found. If (45) is substituted in (31e), (31f’), (31g), 
(31h), it turns out that 


(47a) Uop =Uop = Wop = = 0, 
Substitute (46b) and (47a) in (38), and recall that c-=c,=j=J=0. The re- 
sulting equations yield for C, and K; the values 


2 4Eh r= 70; 


(47c) K3 ™ 


3(1 + o)Wy 2(8 + 
16rEh? 


Let r—0, and make use of (41b); the final result is 


| 
| 
| 
| 
3(1 + CG. —-G)r2 
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3(1 
K, =< (1+ 6)(8+ wet 


47d 
407 Eh 


It is not difficult to show that (41a) is not satisfied. Hence the solution 
is not valid in the neighborhood of the axis of the plate. This conclusion can 
be justified from another standpoint. Observe that 22 is infinite at the center 
of the upper face. It is clear that the stress-equations of motion themselves 
are not valid at the center of the plate, since they were derived on the as- 
sumption that the stress remains within the elastic limit. On the other hand, 
by de Saint-Venant’s principle, the actual stress distribution will be closely 
approximated by this solution at all points whose distance from the axis 
exceeds the thickness of the plate. 

Substitute in (39b) the values of Ai, As, and wo, already found. The 
result is 


3(1 — 3(1 + 0)(8 + 
Wr? log ro — log ro — Koro’. 
167 Eh* 40x Eh 


(48) K, 


15. Pure stretching of a complete or incomplete plate with continuous 
distribution of load. Pure stretching will be defined as that state of strain 
in which the middle plane is not bent and the deformed plate is symmetrical 
in that plane. It is convenient to have a criterion for pure stretching in terms 
of surface tractions and mass forces alone, since they generally constitute the 
data in any given problem. It is not difficult to show that, for the loading 
conditions considered in this paper, a sufficient condition for pure stretching 
is, for the complete plate, 


(49a) 


+ Love (p. 475) gives, for the constant corresponding to K,, the same value as that found for K; 
in (46b). But he takes the constant corresponding to K; to be zero, since that is the only value of Ks 
which permits w» to remain finite at the center of the plate. Incidentally, this value of Ks; is the only 
one which makes w»’ vanish at r=0. 

It turns out that Love’s formula for w (which may be found by substituting his value of wo in 
the general formulas given on p. 473) leads to an impossible situation. In spite of a negatively infinite 
load at the central point of the upper surface, the displacements are positively infinite at every point 
of the axis of the plate except at the central point of the middle surface. Moreover, since the de- 
flection of the middle surface is finite throughout the plate, we find that all points on the central axis 
which, before strain, were below the middle surface assume a position above it after strain. Evidently, 
Love’s solution is incorrect; hence K;#0 and the displacement at the center of the middle plane is 
not finite. De Saint-Venant in his “Note du §45” of the translation of Clebsch, using a wholly different 
method, had previously made essentially the same mistake. In a paper published in the Journal de 
l’Ecole Polytechnique, cahier 26 (1927), p. 89, Garabedian has shown, by an entirely different argu- 
ment, that both Love’s and de Saint-Venant’s solutions are in error, and, in the same paper, he gives 
for the first time the correct solution for a plate centrally loaded. 


[April 
G,| mr, =l=J=0, 
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and, for the incomplete plate, 
(49b) G,| ror, = ror, = N,| rer, = LEI =O. 


It may readily be shown, for both the complete and incomplete plate, that 
(49) is a sufficient condition that 


(49c) 


The value K.=0 is obtained by substituting (49c) in (31g) and (39b). 
result of waa (49c) and this value of K, in (35) is 


1 — o? o(1 + o) 
(50a) U =Cy + ———~,r2? 
8E 2E 


2i 


+ 1)*{ iVop +Uop} (2 i)! 


o(1 + a) + 
Cy ——7,r*z — 


2E 3(1 — o)E 
i 
— 1)* i—1+2 U +U 
) {(i Op op} (2i + 1)! 
In dealing with a complete plate, it should be remembered that C.=0. In 
each of the following problems, it is assumed that the distribution of load is 
such that either (49a) or (49b) is satisfied. 
Problem I: Complete plate whose outer edge is free to expand, that is, 
T,| rer, =0. C, is readily obtained from (38a); its value is 
—o) o(1 +o) 


8E 6E 


3 


(51) 


2i 


+a ite (27 + 1) 

If this value of C; and the value C.=0 are substituted in (50), the dis- 
placements will be given for a complete plate under any type of loading which 
results in pure stretching. From these formulas may be obtained a number of 
important solutions, a few of which will now be given. 

Case Ia: A complete plate acted upon by a radial acceleration due to the 
rotation of the plate about the z-axis with an angular velocity of w rad./sec. 
This well known solution (Love, p. 148) is obtained by setting ;:=L,=L=j 
=0,c,= —pw?. 

Case Ib: A complete plate on which the only loads are equal constant 
tensions of magnitude p on both faces. The well known solution, U = —opr/E, 
w= pz/E, is found by setting c,-=j7=0, L:=L2=p, L=2p. 


| 
| 
357 | 
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Case Ic: A compiete plate with no load other than equal tensions which 
are proportional to 7?; that is, c- =7=0, L:=L2.=pr?, L=2pr?. The final result 
is 


f= — —pr{(1 — + (1 + o)r?} + — 32°) 
3E 


{9 9 + (1 2) 2} 2e(1 + a) (h? 2) 
Case Id: A complete plate on which the only loads are equal outward 
shearing tractions proportional to 7; that is, c-=L=0, J:= —J2=pr, j =2pr. 
The resulting displacements are 
l-—o (3 + — (1 + 2 + 
== r 
pri o)r 6E pr 
(2 — o)(1 +a) 
+ pr 
2Eh 


3 + 26 + o? 


+ o)ro? — 2(1 + + 
4Eh 


hpz 


(1+)? 
23 
3Eh 


It is not difficult to show that only in Case Ib does 77 vanish at the edge 
for all z. Hence, for this case only, the solution is valid throughout the entire 
plate, and the ratio of # to ro need not be small. For the other three cases, 
the solution is not valid in the neighborhood of the edge, and the ratio of h 
to rv) must not be large. 

Problem II: An incomplete plate whose outer and inner edges are free to 
expand, that is, 7,| = =0. It would be possible to work out as many 
cases under this problem as were given under Problem [; it will suffice, how- 
ever, to consider the first case only. C, and C, are obtained from (38a); the 
results are 


3 i- 1 
8E 6E 


(3+ +) 
8E 
If these values of C; and C; and the values L;,=L,=L=7=0, c,= —pw? are 


substituted in (50), the well known solution for a rotating incomplete plate is 
obtained (Love, p. 148). 


C2 


- 

) 
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Problem IiI: A complete plate on which the only loads are equal constant 
pressures of magnitude —/ on both faces; that is, c-=7=0, Li:=L.= —p, 
L=-—2p. It turns out that 


o(1 + o) 1 — o? 
U = Cy + —— 


C 
1 


1—o 
Case IIIa. The radius of the outer edge is to remain unchanged for all 2; 
that is, U|,.,.=0. The results are 


1 1 — 20)(1 
o(1 + 2. we o)(1 +o) 
(1-—o)E 


Case IIIb. The thickness of the plate is to remain unchanged, that is, 


w | z=th = 0. 


It turns out that 
(1 — o)*%(1 +0) (1 — 2¢)(1 + o) 
pr 


w = 0, 
2Eo 2Eo 


20 
The formulas in Cases IIIa and IIIb are valid throughout the plate; hence 
there is no limitation on the ratio of thickness to diameter. A similar remark 
applies to the problem which follows. as 
Problem IV: An incomplete plate with no loads other than constant pres- 
sures, — po and — p,, at the outer and inner edges, respectively. If the values 
c,=j7=L,=L,.=L=0 are substituted in (50) and in the formula for 77, the 
result is 
Ce 20 ~~ E E Ce 
rr = Ci 
r 


i-~¢ ine 
C, and C; are obtained by setting 
rr| wr, = — Bo and rr| = — prs 


the results are 


| 
2E E 
o 
— 
w= ——- 


H. W. SIBERT 


1—o pore? — piri? (po — 


E — ry E ro? — ry" 


Most of the solutions just obtained are well known; only cases Ic and Id 
seem to be given for the first time. The object in finding anew the known 
solutions has been to exhibit the power and elegance of a method which brings 
all these solutions, and many others, together under one uniform method of 
treatment. 

16. The bending of a complete plate. In the literature of elasticity there 
are only a limited number of problems dealing with the bending of moderately 
thick circular plates. A single solution has been given for a plate bent by its 
own weight; the problem of the plate loaded uniformly over one face has 
been solved for several types of edge conditions; a plate whose faces are sub- 
jected to shearing traction seems not to have been considered. Also, certain 
problems involving central load have been given, but some of these have been 
in error. It would be interesting to treat axial mass force, uniform load, and 
central load so as to check practically every solution given heretofore; how- 
ever, lack of space makes it desirable to consider one type of loading only. 
There is not much difference in the facility with which solutions for these 
three loading conditions may be found; the case of axial mass force will be 
chosen since the formulas involved are slightly shorter than those appearing 
in the two other cases. . 

Formulas will be needed for 7, and G, as well as for the displacements. 
These formulas are readily obtained by substituting formulas (33) and the 
values K;= K3;=C;=c,=L=l=j=J=0 in (35) and (38). The results are 


3(1 — o*)e, 8h? 
(52a) U Cyw — 2Korz + ——} 


(1 + ¢)(2 — 


c.r2*, 


20 
= — Ka(ro? — r*?) — ; + 


—o 


3a(1 + ( 2(1 + 4c)h? (1 


SEh? 30(1 — a) SEh? 


2Eh 
(52c) T, = 
l-—o 
r° 24 + 230 + 30° 
8 h? 30(1 — a) 


man 
3(1 — a) 
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At this point, it will be interesting to check formulas (52a) and (52b) 
against the only solution heretofore given for a plate bent by its own weight. 
This solution was found by G. H. Bryan (Love, p. 486). Except for a term 
in w, accounted for by an axial translation of the plate as a whole, Bryan’s 
results may be obtained from (52a) and (52b) by setting c.=pg, 

=pg(1—o)h/(2E), Ke=pg(3+70)/(8E). His solution would have to be 
combined with other simpler solutions before it would correspond to any of 
the commonly used edge conditions. 

When the constants C; and K; have been fixed by the conditions at the 
outer edge, the displacements will be completely determined. Nine types of 
conditions at the outer edge will be considered; these will be ordered according 
to the magnitude of the deflection at the center of the middle plane of the 
plate. Since the deflection at the center is in the direction of the negative 
z-axis, the central deflection of the middle plane increases as K2 increases. In 
order to conserve space, the physical interpretation of the various edge con- 
ditions will not be given. The nine cases follow. 


Case S. G,| rar, = Tr| rer, = 0. 

Case M-I. 0? | = Az | =0. 

Case M-II1. W| rary = O. 

Case M-III. = O. 

Case M-IV. 0?w/d2?| = 0. 

Case C-I. U | = rar, = 0. 

Case C-II. =r,,mth = 0. 

Case C-III. = w'| = 0. 

Case C-IV. = rar, = 0. 

In each case the value of C, turns out to be zero. The values of K2 for the 
nine cases are, respectively, 
3(1 — js + 4(24 + 230 + 

“lito 15(1 — o?) 


+4 
(53b) Ky = wl, 
16Eh? f 


3(1 — 3(1 — o*) 
(53c) = 


(53a) = 


3(1 — 0?) 


(53d) 


3a(1 — o) 
2(4 
3(1 — 
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3(1 — 
(53e Ke = ro? — 
16Eh? 


2 8h? 


(53g) 


2(2 — 40 — 3a?) 
h??, 
3a(1 — a) f 


(53h) 
(53i) = 


Cases S and C-IV are those of classical support and classical clamping, 
respectively. The thin-plate solutions for Cases M-I, C-I, C-II have been 
given by C. A. Clemmow (loc. cit.) for a plate having uniform pressure on 
the upper face. The four remaining cases appear to be new. 

Clemmow, in an investigation made upon clamped plates (loc. cit.), at- 
tempted to obtain a support as rigid as that of classical clamping by cutting 
a cylinder and head from a solid piece of metal. His expectation was not 
realized, since the best agreement with his experimental results was given by 
Case C-I, even when the ratio of thickness to diameter was small. It thus 
appears that it is virtually impossible to construct a physical type of clamp- 
ing which will agree with a set of analytical conditions previously advanced. 
Hence it becomes necessary to devise new analytical conditions which will 
approximate the physical situations arising in practice. Herein lies a justi- 
fication for considering Cases C-I, C-II, C-III. It should be borne in mind, 
however, that only in exceptional cases is the head of a cylinder an integral 
part of the cylinder itself. Ordinarily, the head is fastened to the cylinder by 
means of bolts; and this type of fastening is certainly less rigid than that used 
by Clemmow. It would appear desirable, therefore, to study also the ad- 
ditional cases, M-I, M-II, M-III, M-IV, intermediate between S and C-I. 

17. The bending of an incomplete plate. Two problems only will be con- 
sidered in this article. In each problem, it will be assumed that (i) the inner 
edge is free and (ii) the mass force is nil and there is no shearing traction on 
the faces; that is, 


(54a) 


(54b) G 


[April 
3(1 — o?) 
———¢,4 ro? + 
32Eh? 
3(1—o?) 
32Eh? 
©, 
= / = 0. 
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Problem I. The only load is a uniform pressure, — p, on the upper face; 
that is, 


(55a) N,| rar, = Le = 0, L} =L=1=—p. 

Problem II. The only load is a downward shearing force of —W pounds 
distributed uniformly along the inner edge; that is, 
(56a) h=l=L=/1=0. 


The value of K, for each problem will be found first. The substitution of 
c.=0, 1= —p in (38e) yields the following result for Problem I: 


SEh® K, pr 
3(1—o2) r 2 


(55b) N,=- 
The corresponding result for Problem II is 
(56b) 


Consider the inner annular ring cut out from the plate by a concentric 
cylindrical surface of radius r. The equilibrium of this ring requires that 


(55c) 2arN, — — = 0 
for Problem I, and that 
(56c) 2rrN, — W =0 
for Problem II. The elimination of NV, between (55b) and (55c) yields the 
following value of K, for Problem I: 
3(1 — o?) 


55d 
Yorn 


A corresponding procedure in Problem II yields the value 
3(1 — a?) 


56d K,= 
; 


It will be convenient to express C, and K; in terms of C, and Kz, re- 
spectively. To accomplish this, 7, and G, must first be computed. For 
Problem I, the results of substituting c,-=c,=j7=J=0, L=l=—p, Ki 
= 3(1—o?) pr:?/(16Eh*) in (38a) and (38c) are 


(55e) 


Ky 
—o) r 
2Eh Cz oph 
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HXi+e) # 16 


— —-—pr;* log r + ——h'’pr,? — 
20 


(55f) G, = plr? 


For Problem II, the substitution of 
=j=J=L=1=0, Ki = — 3(1 — 


in (38a) and in (38c) results in 


(56e) 
Sef 2Eh® Kz 
3(1 + o) 


2(8 + a) \ 
+—43+60+ 2(11+ logr —— h??. 
8x Sr? f 
The substitution of (54a) in (55e) and (55f) yields the following results for 
Problem I: 
o(1+ a) 


4k 


3(1 + @) 3+ 8 — 3 


2 


\ 4 


By a similar procedure, the following results are obtained for Problem II: 


(56g) C2 


( 56h ) K 3 


2(8 — a) 
Wr?4 3+ 06+ 2(1 +o) logr, ———_ 


As soon as Wo, is known, the value of A, may be found in termsof Ko. 
The values of wo, (formula (31g)) for Problems I and II turn out to be, re- 
spectively, 

8 — 3e 
8 
(56i) = 0. 


[April 
2Eh 2Eh 
: 2(1 + o) 
(55h) Kz = ———-r;*K2 
= 
2(1 + 
l6rk 
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Substitute in (39b) the values of Ki, Ks, wo, already found; the resulting 
values of A, for Problems I and II are, respectively, 


2(1 + o) 3(1 — o? 
log ro log ro 
{ 


16Eh' 
— 
pri a) log r; Og Te 


+ Sri? 
311 +0) ) 


(55j) K, 


h*r,? 


8 5 


2(1 + a) 3(1 — o?) 
Ke + ————_ + ————Hr,? log To 
1— 167 


3C1 + 2(8 + 
16nEh® 


The values of K, and C, for the nine cases of edge conditions given in the 
last article may now be found. In order to conserve space, these constants 
will be given only for the case of classical support. The result of setting 
T,| =G,| rar, =0 is 


_ a(1 — 


= 


— pri? 
16Eh* (ro? 


(ro? log ro — 71? log 71) 


for Problem I; the results for Problem II are 


(56k) C; = 0, 


3(1 — a) ro- log ro — r;2logr 
167Eh* 2 


ro? — ry 


It is now possible to write out the displacements in full for both problems. 
However, lack of space makes it undesirable to do this. The solution for the 
displacements in Problems I and II were apparently given for the first time 
by A. Timpe in 1924 (loc. cit.). 

It turns out that when 7;=0 the solution given in Problem I becomes the 
same as that for a complete plate uniformly loaded. Moreover, the solution 
given in Problem II reduces to that of a complete plate centrally loaded if W 


(5k) 
31 — 3 o oh? 
(551) —— (gg? — #1") 
16 5 
| 
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is kept constant while 7; is set equal to zero. It should be observed, however, 
that one has no right to assume in advance that the complete plate will be a 
limiting case of the incomplete plate, since, in the case of a complete plate, 
the constants C, and K; were determined from the conditions 


lim (T, — To) = lim (G, — Gs) = 0, 
r—0 r—0 


while, for the incomplete plate, the constants were fixed by the conditions 
T, | TT; = G, T=r; = 0. 


18. The bending of a plate under bizonal distribution of load. Since it 
would require much space to solve a bizonal problem completely, values will 
be found for only four of the constants; the eight equations necessary for the 
solution of the eight remaining constants will be given, but no attempt will 
be made to solve them. The following discussion is valid for all problems in 
which the only load is a downward pressure of —W pounds distributed con- 
tinuously over the inner zone, or distributed uniformly over the junction of 
the two zones. Let the subscripts 7 and e indicate the interior and exterior 
zones, respectively. 

The inner zone is a complete plate with continuous distribution of load; 
hence, from §13, Ki;= K3;:=C2;=0. Since there is no load on the outer zone, 
the value of N,. obtained from (38e) is 


(57a) 


Consider a section of the plate having for its outer edge a cylinder of radius 
r, n<r<ro. The equilibrium of this portion of the plate demands that 
2xrN,.-—W =0. The substitution of this value of N,. in (57a) results in 


3(1 — o?) 


57b 
Eh? 


For the determination of the eight remaining constants, three equations 
may be obtained from the boundary conditions at the outer edge. Two of 
these are found by imposing any one of the nine edge conditions given in $16 
for the determination of Kz and C;. A third condition results from the re- 
quirement that there shall be no axial displacement at the outer edge of the 
middle surface; that is, 


Woi | — 0. 


The five remaining equations must be found from conditions at the junc- 


8Eh® Ki. 
Nee = —- 
r 
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tion of the two zones. The principle of the equality of action and reaction 
demands that 


(58) lim rr. = lim 7ri, 


and hence that 
(59) lim 7,,= lim 7,;, lim = lim G,;. 


It should be noted that although (58) implies (59), the converse may not be 
true. If (58) is not satisfied, the solution is not valid in the immediate 
neighborhood of the junction; however, if (59) is satisfied, the solution, ac- 
cording to de Saint-Venant’s principle, will hold for all points not too near 
the boundary of the two zones. Formula (59) furnishes two of the five equa- 
tions. A third equation results from the assumption that the middle surface 
of the plate is continuous at the junction of the two zones; that is, 


woi | r=r, = Woe | 


The above, or equivalent, conditions at the junction have been used by 
each person who has attempted to find the solution for a moderately thick 
plate under bizonal distribution of load. De Saint-Venant (loc. cit.) de- 
manded, in addition, that wo (the slope of the middle surface) should be con- 
tinuous at the junction. Garabedian, in correcting de Saint-Venant’s solu- 
tion,* demanded that, at the junction, both 7, and G» should be continuous. 

It should be noted that one has no more right, a priori, to demand the 
continuity of J, and G, at the junction than one has to demand the continuity 
of wo, since the law of the equality of action and reaction does not apply in 
the case of J, and G, when the direction of 96 is tangent to the junction. Some 
other test must be found for determining which of these assumptions is in- 
correct. Such a test may be found in the case of the loading situations con- 
sidered in this article, since each of them reduces to the problem of the com- 
plete plate loaded centrally when 7; is allowed to approach zero while the 
total load, W, is kept constant. The assumption made by de Saint-Venant 
results in a solution for central load in agreement with that given by Love. 
But it has already been shown that Love’s solution is incorrect; consequently, 
the assumption made by de Saint-Venant is also incorrect. On the other 
hand, Garabedian’s assumption leads to the correct solution for central load. 
Hence Garabedian’s assumption is a sufficient condition for obtaining the 
correct solution for central load if 7; is allowed to approach zero. The author 


* Journal de l’Ecole Polytechnique, vol. 26 (1927), p. 89. 
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has used Garabedian’s assumption of the equality of 7, and G, at the junc- 
tion even though he has not been able to prove its necessity; such a proof 
would seem to involve a difficult problem in the calculus of variations. The 
employment of the foregoing assumption gives the two remaining equations 
necessary for the solution of the eight unknown constants. 

19. Conclusion. The generality of the method developed in this paper 
has been clearly exhibited in Part II, since all the solutions there obtained 
were determined from a single formula for the displacements, namely, for- 
mula (35). Moreover, the power of the method has been demonstrated by 
the diversity of the problems solved. These problems have been concerned 
with both complete and incomplete plates and with an extensive class of 
loads, namely, radial and axial mass force, uniform load, normal load pro- 
portional to r?, concentrated normal load, and shearing traction proportional 
tor. Furthermore, with each type of load a large number of edge conditions 
have been studied. 

Further evidence of both the power and generality of this method is seen 
in the ease and rigor with which it has been possible to find the values of the 
arbitrary constants K,, K;, and C2 in the case of a complete plate. Certain 
writers, in attempting to determine these constants, have allowed themselves 
to be influenced by speculation concerning the physical nature of the problem. 
For instance, both de Saint-Venant and Love were led to give incorrect solu- 
tions in the problem of central load by assuming that A;=0, an error due to 
the assumption that w must be finite at the center of a complete plate. 

Since the solutions given in this paper are of the two-dimensional type, a 
comparison with solutions of three-dimensional character is natural; there 
arises at once the question of relative accuracy. It has already been pointed 
out that Clemmow’s experiments show that the best agreement with the 
actual deflection of a clamped plate is given by Case C-I, which is a two- 
dimensional solution, and not by either Clemmow’s three-dimensional solu- 
tion or Nadai’s. Clemmow has attributed this to a mere coincidence, since he 
(and Nadai also) has taken the stand that the correct solution for a plate can 
only be found from a three-dimensional solution, a two-dimensional solution 
being, of necessity, a less accurate approximation to the true physical situa- 
tion. The position taken by Clemmow and Nadai would be a justifiable one 
if it were possible to give a correct mathematical definition of the boundary 
conditions at an edge and subsequently to find a three-dimensional solution 
in agreement with this mathematical definition. But Clemmow’s experiments 
have clearly shown that it is not possible to give an accurate mathematical 
description of the boundary conditions at an edge, even for such a simple 
case as that of a clamped plate. 
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Furthermore, there are only two types of boundary conditions which can 
be handled by Nadai’s method; Clemmow is able to go beyond these two 
types, but only at the expense of extremely complicated computations. On 
the other hand, there seems to be no limit to the number of boundary con- 
ditions which can be studied by means of our two-dimensional method; more- 
over, the computations are much simplified when a two-dimensional solution 
is used. Finally, in practice, a two-dimensional solution is actually to be pre- 
ferred to a three-dimensional one; for not only is the former simpler in struc- 
ture, but, what is more, the results obtained from it may be truer physically 
(when a proper mathematical definition of the boundary conditions at the 
edge is used) than the results obtained from a three-dimensional solution 
whose boundary conditions do not so closely approximate those actually 
existing. 

The application of our method is not limited to circular plates of constant 
thickness. The method may also be applied to circular plates of variable 
thickness, to rectangular plates of either constant or variable thickness, and, 
under the heading of one-dimensional problems, to moderately thin rods of 
either constant or variable thickness; in fact, this method may be used in 
any problem where Garabedian’s method is applicable. So far as the author 
is aware no method other than Garabedian’s has been developed which can 
be applied to such broad classes of problems. Moreover, the author is con- 
vinced that his method, or the closely parallel method of Garabedian, affords 
the most natural and satisfactory machinery for handling the two-dimensional 
problems of elasticity. They seem to be in every way superior, by virtue of 
their power, generality, and simplicity, to any two-dimensional method 
hitherto advanced. 
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NOTE ON THE OVERCONVERGENCE OF SEQUENCES 
OF POLYNOMIALS OF BEST APPROXIMATION* 


BY 
J. L. WALSH 


1. Introduction. It frequently occurs that the sequence of polynomials 
(in the complex variable) of best approximation to a function f(z) analytic 
on a given point set C converges to that function f(z) (or its analytic exten- 
sion) not merely on the given point set C but also on a larger point set con- 
taining C in its interior. This phenomenon may be called overconvergence, and 
for its occurrence the term “best approximation” may be interpreted in any 
one of several ways. In a recent paper? the present writer pointed out that 
many results on overconvergence follow from a single theorem on degree of 
approximation. The present note is essentially a continuation of that pre- 
vious paper, and indicates several new ways in which the term “best approxi- 
mation” may be used so that we still have overconvergence. The principal 
new results are concerned with (1) approximation on an arbitrary rectifiable 
Jordan arc, approximation to be measured by a line integral on that arc, and 
(2) approximation on a more general point set C as measured by integration 
over the unit circle y: |w| =1 when the exterior of C is mapped conformally 
onto the exterior of 7; as a further new result we add a single remark (§9) on 
the exact regions of uniform convergence of the sequences. The previous 
paper considered the approximation of harmonic functions by harmonic poly- 
nomials as well as approximation of analytic functions by polynomials in the 
complex variable, but the present note deals only (except in §9) with the 
latter topic. 

If C is an arbitrary closed limited point set of the z-plane whose comple- 
ment (with respect to the entire plane) is a simply connected region D, then 
we denote by Cz the Jordan curve which is the locus |¢(z) |=R>1, where 
w= ¢(z) maps D conformally onto the exterior of y: |w | =1 so that the points 
at infinity correspond to each other. That is, Ce is the transform in the z- 
plane of the circle |w|=R. 

We shall have occasion to apply the following theorem: 


* Presented to the Society, September 11, 1930; received by the editors November 14, 1930. 
+ These Transactions, vol. 32 (1930), pp. 794-816. 
t For the proof and detailed refererces to the literature, see Walsh, Miinchner Berichte, 1926, 
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THEOREM I. Let C be an arbitrary closed limited point set of the 2-plane 
whose complement (with respect to the entire plane) is simply connected. 

If the function f(z) is analytic on and within Cr, there exist polynomials 
mn(z) of respective degrees* n=1,2, - - - such that we have 


M 
| f(z) — m,(z)| S a zonC, M independent of n and of z. 


If there exist polynomials Tn(2), n= 1, 2, Me eg such that the inequality 
| f(z) — 2 (z) | 
n(Z)| S 
R* 


is valid for z on C, then the function f(z) is analytic interior to Cr and the se- 
quence {7,(z)} converges interior to Cr, uniformly on any closed point set in- 
terior to Cr. 


In the previous paper we had frequent occasion to apply Theorem I 
directly; in the present paper we shall ordinarily use rather the method of 
proof than the theorem itself. 

2. A lemma on polynomials. The following lemma is to be used in our 
later work. The lemma itself is analogous to one used by Bernstein, f although 
the present proof is related to the proof of Bernstein’s Lemma which was 
given by M. Riesz.f 


Lemma. [f on the rectifiable Jordan arc C we have 


(1) fl sor, p> 4, 
Cc 


where P,,(z) is a polynomial of degree n, then we have 
(2) | P,(z)| MrpR™, z on or within Cr, 
where Mp depends on R but not on p or n. 


Consider the z-plane cut along the curve C, and let us distinguish between 
the two banks of the curve. The new curve may be considered a Jordan 
curve I’, and the function ¢(z) considered above is, if suitably defined on I, 
continuous and single-valued on the entire cut z-plane. The function 
P,,(z)/[@(z) ]"*1 is analytic except on I and continuous on the entire cut plane 
and vanishes at infinity. Then we have, for z not on I (the proof is easy to 


* By a polynomial of degree m is meant an expression of the form aoz"+-a,7""1+ + + + +an. 
+ Mémoires, Académie Royale de Belgique, Classe des Sciences, (2), vol. 4 (1912), p. 36. 
t Acta Mathematica, vol. 40 (1916), pp. 337-347. 
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give by considering a variable auxiliary Jordan curve I’, which encloses and 


approaches I’) Cauchy’s formula 


1 P,(t)/{(t) 
dt 


where the integral is taken in the clockwise sense on I’. By use of the general 
inequality 


1/p (p—1)/p 
(3) | f < (f | az) (fis a) 


setting f!/7=P,(t), ], and by use of the fact 
that for ¢on TI’ we have |¢(t) | =1, it follows from (1) that for zon Ce we have 


P,(z) 1 (p-1)/p 
| ( ) 
| [o(z) r | t — 


The second factor on the right is uniformly bounded for all z on Cr; on Cr we 
have by definition |¢(z) | =R; hence inequality (2) follows for z on Cr; but 
since this inequality holds for z on Cz it also holds for z on or within Cr, and 
the lemma is established. 

3. Approximation on a Jordan arc. We apply the Lemma in proving 


TueoreM II. Let C be an arbitrary rectifiable Jordan arc, and suppose we 
have for n=1, 2, - - - the inequality 


M 


where x,(z) is a polynomial of degree n and where the function n(z) is continuous 
and positive on C. Then the sequence \x,(2)} converges throughout the interior 
of Cr, uniformly on any closed point set interior to Cr. 


Let N bea positive number less than n(z) on C; we have 


M 


— aa(z)|?| dz| < . 
ds| 


From the general inequality 
(5) t s 2 f Pde + 2+ f | xo 


it follows that 
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+ 29-1 J | f(2) — |? | do | 
Cc 


2>-1M(1 + R?) 


This inequality is of form (1), for the polynomial 7,,,:(z) —7,(z) is of degree 
n+1. If we choose an arbitrary R; less than R, we have by (2) an inequality 
of the form 


n+1 
| Trails) — | < M, (=) , sonor within Cp,, 


from which it follows that the sequence {7,(z)} converges interior to Cr, 
uniformly on any closed point set interior to Ce. 

The function w(z) which is the limit of the sequence {7,(z)} on C natur- 
ally coincides with the given function f(z) on C except perhaps on a set of 
measure zero. For the uniform convergence of the sequence to the function 
w(z) as proved implies 


lim | w(z) — ma(z) |”| dz| = 0. 
c 


no 


Let an arbitrary positive « be given. Choose a particular n so large that we 
have 


fire wa(z) || dz| <e, <e. 
Je 
It follows from (5) that we have 
— w(z) |? | dz | < 2, 
Cc 


from which it follows that f(z) and w(z) are equal on C except perhaps on a 
point set of measure zero. If the given function f(z) is analytic on C, it must 
be identical with w(z), for the two functions coincide in an infinity of points 
of C. 

4. Polynomials of best approximation. There is a sort of converse (not 
exact) of Theorem II which can be established quite easily: 


| 
4 
i 
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THEOREM III. If the function f(z) is analytic on and within Cr, then there 
exist polynomials 1,(z) of respective degrees n=1, 2, - - - such that we have 


M 
(4) fis — m,(z) |?n(z)| dz| < —- 
Cc Rp 


In fact by Theorem I we have 
M, 


and this leads directly to (4). 

Theorem II applies directly to the polynomial of best approximation to 
f(z) in the sense of least weighted pth powers measured on C. If the integral 
in the left-hand member of (4) is not greater when formed for the polynomial 
m,(z) than when formed for any other polynomial of degree n, then 7,(z) is 
called a polynomial of best approximation to f(z) in the sense of least weighted 
pth powers measured on C. This polynomial of best approximation exists 
and is unique; see §8 below. 


THEOREM IV. Let C be an arbitrary rectifiable Jordan arc. If the function 
f(z) is analytic within Cr, then the sequence of polynomials 7,(z) of best approxi- 
mation to f(z) on C in the sense of least weighted pth powers as measured by in- 
tegration on C, converges to f(z) within’ Cr, uniformly on any closed point set 
interior to Cr. 


Let Ri <R be arbitrary. Then by Theorem III we have for some sequence 
of polynomials 7,(z) inequality (4) with R replaced by R;. Since this in- 
equality holds for some sequence of polynomials it necessarily holds for the 
sequence of polynomials of best approximation, whence Theorem IV follows 
by Theorem II. 

The special case of Theorem IV in which n(z)=1, p=2, and C is a seg- 
ment of the axis of reals, leads to the expansion of f(z) in a series of Legendre 
polynomials, and the result in this case is well known. 

We have required in the present discussion that n(z) should actually be 
greater than zero. If that requirement is replaced by the one of demanding 
that 2(z) should be merely greater than or equal to zero, the situation is 
somewhat altered. Let us suppose for instance that we have n(z) greater 
than zero on a closed subset C’ of C; let us take the simple case where C’ 
consists of a finite number of arcs of C. The first part of Theorem I has not 
been proved* for such sets as C’, but the second part has been proved (loc. 


* The present writer hopes shortly tu publish some results in this connection. 
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cit.). Thus a more special result than Theorem IV can now be established. 
We assume the function f(z) to be analytic interior to Cr. Then the sequence 
of polynomials 7,(z) of best approximation to f(z) on C, in the sense of least 
weighted pth powers as measured by integration on C, converges to f(z) within 
Cz, uniformly on any closed point set interior to C;’. The point set Cx’ is 
defined as above, namely the curve or curves |p(z) | = R, where the function 
w=¢(z) maps the exterior of C’ onto the exterior of y: |w|=1 so that the 
points at infinity correspond to each other. To be sure, this conformal map 
is not smooth, but the mapping function nevertheless exists and the point 
set Cx is uniquely defined. 

The point set C’ just treated can readily be generalized to include the new 
case that the function m(z) is positive on the set C’, consisting of a finite 
number of intervals of some Jordan arc C, except that the function m(z) may 
vanish at some or all of the end points of those intervals. We consider a new 
variable closed point set C’’ consisting of subintervals of the respective in- 
tervals of C belonging to C’, and the point set C’’ varies monotonically and 
eventually includes any preassigned point of C’ not an end point of an in- 
terval. Then the point set C;’’ lies near to C;’ and approaches C;’ uniformly. 
Hence if the function f(z) is analytic interior to Cr, the sequence of poly- 
nomials 7,,(z) of best approximation to f(z) on C, in the sense of least weighted 
pth powers as measured by integration on C, converges to f(z) within Ce’, 
uniformly on any closed point set interior to C, . 

The remark just made on the vanishing of the weight function has ob- 
vious application to results of the present paper other than Theorem IV, and 
also to the study of other methods of approximation, notably that of Tcheby- 
cheff. In the remainder of the present paper we assume as before that the 
weight function is actually greater than zero. 

The vanishing of the weight function has been studied recently (before 
the formulation of the remark just made) by Professor Dunham Jackson, for 
the case that approximation is on a line segment.* 

5. More general rectifiable boundaries. In Theorems II-IV we have re- 
quired that C should be a rectifiable Jordan arc. Inspection of the proof 
shows, however, that the reasoning is valid in much more general cases, in 
fact is valid if C is an arbitrary limited point set whose complement is simply 
connected and which is bounded by a finite number of rectifiable Jordan 
curves and arcs. Thus in the proof of the Lemma, the Jordan curve [ may 
consist of the entire boundary of such a point set C, and the parts of the 


* Abstract published in the Bulletin of the American Mathematical Society, vol. 36 (1930), p. 
629. 
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boundary of C which are Jordan arcs not bounding Jordan regions belonging 
to C are counted twice in considering I’; the z-plane is cut along those Jordan 
arcs. The reader can easily write the suitable generalizations of Theorems II 
and III for this case. We state explicitly the generalization of Theorem IV: 


THEOREM V. Let C be an arbitrary limited point set whose complement is 
simply connected and which is bounded by a finite number of rectifiable Jordan 
curves and arcs. If the function f(z) is analytic within Cr, the sequence of poly- 
nomials 7,(z) of best approximation to f(z) on C, in the sense of least weighted 
pth powers as measured by integration on the boundary of C, converges to f(z) 
within Cr, uniformly on any closed point set interior to Cr. 


There is perhaps some doubt as to whether, in the integral which is the 
measure of the approximation, the single Jordan arcs of C should be counted 
singly or doubly. The reader will easily see that this is a matter of complete 
indifference. Moreover, even an infinite number of Jordan curves and arcs 
are allowable in Theorem V if the sum of their lengths is finite. 

Theorem V includes not merely Theorem IV but also the interesting case 
where C is a region bounded by a single rectifiable Jordan curve.* In the 
study of such a region, one may also approximate to an arbitrary function 
analytic in the interior, continuous in the closed region. An easy corollary 
of results obtainable in this way is 


TuHeoreM VI. Let C be an arbitrary limited point set whose complement is 
simply connected and which is bounded by a finite number of rectifiable Jordan 
curves and arcs. If the function f(z) is continuous on C, analytic in the interior 
points of C, then the sequence of polynomials of best approximation to f(z) on C, 
in the sense of least weighted pth powers as measured by integration on the bound- 
ary of C, converges to f(z) in the interior points of C, uniformly on any closed 
point set composed entirely of interior points of C. 


6. Approximation on more general point sets: a lemma. If we study 
approximation to an arbitrary function f(z) on a non-rectifiable Jordan arc C, 
the measure of approximation used in Theorems II-V may have no meaning. 
We shall now study the related measure of approximation after the mapping 
of D (defined as in §1) onto the exterior of the circle -y: |w|=1 so that the points 
at infinity correspond to each other. That is, the new measure of approximation 
is an integral over y instead of over the boundary of C. This enables us to 
consider point sets C much more general than Jordan arcs, but nevertheless 


* See Walsh, loc. cit., Theorem III. 
t Loc. cit., Theorem IX, and also Walsh, these Transactions, vol. 30 (1928), pp. 472-482, 


Theorem IX. 
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the results already established are not included in those about to be taken up. 
Julia has recently* used conformal mapping in connection with the measure 
of approximation of harmonic functions by harmonic polynomials, but he 
restricts C to being a Jordan region and maps the interior of C onto the in- 
terior of y, which is less favorable for our present purposes than the mapping 
of the exterior as we study it here. 


Lemma. Let C be an arbitrary limited point set whose complement D is 
simply connected. If we have 


(6) f | p> 1, 


where P,(z) is a polynomial in z of degree n, then we have also 
(7) | P,(z)| MepR**, 
z on or within Cr, where Mr depends on R but not on n nor p. 


Under the conformal map w=¢(z), z= y(w), of D onto the exterior of y 
so that the points at infinity correspond to each other, lim, .1,-5:9(re*) existsT 
for almost all values of ¢. Thus 

lim P,[y(re'*)], constant, 
ri, r>1 
likewise exists for almost all values of ¢, and these are the values of P,,(z) 
on y which we contemplate in (6). The function P,(z)/w"*t'! is an analytic 
function of w exterior to y and approaches zero when w becomes infinite. 
Thus we have, for an arbitrary point w exterior to y, 


Pas) _ 1 


wtl 2rid, t—w 


(8) 


where the integral is taken over the circle y in the clockwise sense. Equation 
(8) is proved by considering first the equation corresponding to (8) where the 
integral is taken over a circle |w|=1+1/m and then by taking the limit as 
m becomes infinite. If w is fixed exterior to y, the integrand approaches a 
limit on almost every ray through the origin, and the integrand is uniformly 
bounded independently of m, so the limiting process (m—>) is justified. 
The method of proof used in §2 now yields 
P,(2) 


(9) < Mr-p, forall |w|=R, 


* Acta Litterarum ac Scientiarum (Szeged), vol. 4 (1929), pp. 217-226. 
+ Fatou’s theorem applies directly to the function ¥(w)/w. 


q 
J 
4 
; 
| 
ig 


378 J. L. WALSH [April 


where Mp depends only on C and R. Transformation back to the z-plane 
now gives (9) for all z on Cr and hence yields (7) for all z on or within Ce. 

The analogue of Theorem II follows by the proof used in that theorem; 
the function m(w) is supposed positive and continuous on y: 


THEOREM VII. Let C be an arbitrary limited point set whose complement is 
simply connected. Then the relation 


M 
(10) — m,(z)|?n(w)|dw| < i, 
np 


where x,(z) is a polynomial of degree n, implies the convergence of the sequence 
| n(z)} throughout the interior of Cr, uniformly on any closed point set interior 
to 

The values of the polynomials 7,,(z) on y considered in (10) are of course 
the values considered as in the iemma; we make the definition 


= lim @ constant. 
rl, r>1 


If the given function f(z) is known to be analytic and bounded in the neigh- 
borhood of the boundary of D, a similar definition may be used for f(z) on y. 
No matter how f(z) may be given on 7 originally, that function can differ on 
y from the function F(z) =lim,.., ,[W(e‘*) ] at most on a set of measure zero. 
For the sequence {7,(z)} converges uniformly on any closed point set in- 
terior to Cr, hence converges uniformly in the neighborhood of the boundary 
of C, and converges uniformly on C in the point set z= (e*) corresponding 
to almost all points of y. On this point set of y (i.e. for which lim, .;,,>:~(re'*) 
exists), the sequence 7,,[¥(e*)] converges uniformly, hence, by the reasoning 
used in §3, the functions F(z) and f(z) differ at most on a set of y of measure 
zero. If f(z) is given analytic on C, the two functions f(z) and F(z) are iden- 
tical. 

7. Convergence of the sequence of polynomials of best approximation. 
Results analogous to Theorems III and IV can now be established, by 
methods similar to those previously used. 


THEOREM VIII. If the function f(z) is analytic on and within Cr, where C 
is an arbitrary closed limited point set whose complement D is simply connected, 
then there exist polynomials 7,,(2) of respective degrees n and a number M such 
that 


(10) f | f(z) — maiz) |?n(w) | dw| < 
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here the correspondence between z and w is found by mapping D onto the ex- 
terior of y: |w|=1 so that the points at infinity correspond to each other. 


To be sure, this conformal map is strictly defined merely in the open 
regions D and |w|>1 respectively, but we consider as before the map to be 
defined in the closed regions by continuity whenever this is possible. This 
extension of the original definition of the map is sufficient to define f(z) and 
m,(Z) on y and to ensure the validity of (10). 

By Theorem I there exist polynomials 7,(z) of respective degrees such 
that we have for z on C 


(11) | f(z) — ma(z)| 


Under the conformal map w= ¢(z), z= y(w), the limit 
lim y(re'*) 
r1,7r>1 
exists for almost all values of ¢ and is denoted as before by ¥(e*). For these 
same values of ¢, the limits 
lim f[y(re*)], lim 
rl, 


exist and are equal respectively to 
flv(e*)], malv(e*)]. 


Thus inequality (11) obtains for these same values of ¢, that is, for almost 
all values of ¢, and (10) follows at once. 

If the integral in the left-hand member of (10) is not greater when formed 
for a particular polynomial 7,(z) of degree m than when formed for any other 
polynomial 7,(z) of degree , that polynomial is called a polynomial of best 
approximation to f(z) on C, in the sense of least weighted pth powers as measured 
on y. This polynomial of best approximation exists and is unique; see §8 
below. 


THEOREM IX. Let C be an arbitrary closed limited point set whose comple- 
ment D is simply connected. If the function f(z) is analytic interior to Cr, then 
the sequence of polynomials 7,(z) of best approximation to f(z) on C in the sense 
of least weighted pth powers as measured by integration on y: |w|=1 after con- 
formal mapping of D onto the exterior of y, converges to f(z) within Cr, uniformly 
on any Closed point set interior to Cr. 


The proof of Theorem IX follows directly the proof of Theorem IV, by 
application of Theorems VII and VIII instead of II and III, and is left to 
the reader. 
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So far as the writer is aware, the point set C of Theorem IX is the most 
general one that has been considered in the literature in connection with 
polynomials belonging to a region or to a point set. For in the case n(z)=1, 
p =2, the polynomials 7,(z) are of the form 


1n(Z) a1p1(z) + d2p2(z) + + anp,(z), 


where the polynomials p;(z) depend only on C and not on f(z) nor on n, and 
where the coefficients a; depend on f(z) but not (for =7) on n. 

We remark too that all the results of the present paper hold for the case 
p =1, and that many of the results are valid provided merely p>0. The re- 
quisite modifications in the proofs and in the formulations of the theorems 
are left to the reader. 

8. Existence and uniqueness of polynomials of best approximation. It is 
our purpose now to prove 


THEOREM X. In Theorems VI and IX, the polynomial r,(z) of best approxi- 
mation exists and is unique. 


Let us give the proof for the polynomial of best approximation in Theorem 
IX; the case of Theorem VI is in reality somewhat simpler, and the requisite 
modifications can be made by the reader. 

The measure of approximation 


(i) 


fire — (z) |?n(w) | dw| 


is positive or zero, so there exists a greatest lower bound e of the set of all 
numbers corresponding to polynomials 7 (z) of degree n. There exists a 
sequence of numbers ¢{”, «, - - - (all belonging to the set just noted) which 


approaches ¢, so for the corresponding polynomials 7“ (z) we have 


(7) 

(12) lim (s) — (3) |\?n(w) | dw| = 

By means of (5) we can write 


| 
n (3) dw| 277! (z) |" |dw 


+ ar | f(z) — (2) |? | dw| < M, 
Y 


where M is suitably chosen. 
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The lemma of §6 now informs us that the sequence of polynomials 
{r®(z)}, i=1, 2,---, is uniformly bounded in Cr, where R is arbitrary. 
Hence this family of functions is normal and from it can be extracted a sub- 
sequence converging uniformly in an arbitrary closed subregion of Cr, say 
in Cr, Ri<R. In particular this subsequence converges uniformly on the 
boundary of C and hence on y, or at least almost everywhere on y, in the 
points of y which correspond to the values of ¢ for which 


lim y(re'*), ¢ constant, 
ri, r>1 


exists. The analytic function which is the limit of the subsequence is natur- 
ally a polynomial 7,(z) of degree 1; this follows as an easy application of 
Lagrange’s interpolation formula.* The uniformity of the convergence yields 
at once from (12) 


and this is the proof of the existence of the polynomial of best approximation. 
The uniqueness of the polynomial of best approximation can be estab- 
lished by known methods.{ It will be noticed, however, that Theorems VI 
and IX are entirely independent of this uniqueness. 
9. Exact region of uniform convergence of sequences of polynomials of 
best approximation. We shall now prove the following theorem: 


THEOREM XI. Let the function f(z) be analytic on the point set C and in- 
terior to Cr but have a singularity on Cr. Then any sequence of polynomials 
1n(Z) (of respective degrees n) which converges on C to f(z) with the same degree 
of approximation as the sequence of polynomials of best approximation, con- 
verges to f(z) interior to Cr, uniformly on any closed point set interior to Cr, and 
converges uniformly in no region which contains in its interior an arc of Cr. 


In this theorem the term “best approximation” may be taken in any of 
the senses we have previously considered: (1) in the sense of Tchebycheff, 
C being an arbitrary limited closed point set whose complement is simply 
connected; (2) in the sense of least weighted pth powers (p=1) measured by 
integration over the boundary of the limited region C, this boundary being 
an arbitrary rectifiable Jordan curve; (3) in the sense of least weighted pth 
powers on the circumference y:|w| =1, where C is an arbitrary limited sim- 


* See for instance de la Vallée Poussin, Approximation des Fonctions, Paris, 1919, §55. 
t+ See for instance Julia, loc. cit., pp. 221-222. 
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ply connected region and is mapped conformally onto the interior of y; (4) 
in the sense of least weighted pth powers as measured by integration over the 
area of C, the region C being an arbitrary limited region; (5) in the sense of 
least weighted pth powers as measured by integration over C, the point set C 
being an arbitrary rectifiable Jordan arc; (6) in the sense of least weighted 
pth powers as measured by integration on the circumference y:|w| =1, 
where C is an arbitrary limited closed point set whose complement D is simply 
connected and D is mapped onto the exterior of y so that the points at in- 
finity correspond to each other. 

Only the last clause in the statement of Theorem XI contains anything 
new. The proofs in all of the cases (1)—(6) are so similar that it is not neces- 
sary to give them all in detail. Let us restrict ourselves to a typical case, 
namely (5), where the point set C is a rectifiable Jordan arc. 

The requirement that the sequence {7,(z)} should converge to f(z) with 
the same degree of approximation as the sequence of polynomials of best 
approximation is taken to mean that for an arbitrary R,<R there exists M 
such that we have 


M 
1 


A consequence of this inequality (compare the proof of Theorem II) is that 
for an arbitrary R.<R,<R there exists M’ such that we have 
R\" 

(14) | f(z) — m(z)| u'(=) zon or within 
1 

Inequality (14) asserts that the sequence { m,(z)} converges on or within 
Cpr, like a convergent geometric series. It follows from a very general theorem 
due to Ostrowski* that in any closed region interior to the region of uniform 
convergence of the given sequence we also have convergence like a conver- 
gent geometric series. If Theorem XI is not true, the sequence 7,(z) con- 
verges in some region D”’ which contains points interior to Ce—and on any 
closed point set interior to Ce inequality (14) holds for proper choice of Ri 
and R.—and such that D’’ contains also some closed region D’ which lies 
exterior to Cr. Let us take the convergence in D’ in the form 


N 
(15) | f(z) — m(z)| S>1, szinD’. 


* Abhandlungen aus dem Mathematischen Seminar der Hamburgischen Universitat, vol. 1 
(1922), pp. 327-350; p. 329. 
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It is no loss of generality here to take S less than R. We set R.= R/S, so we 
have 1<R.<R,<R, with R/R,=S>R,/R.=S,. Then by (14) and (15) we 
can write 


N’ 
(16) | f(z) — mn(z) |< ro zon or within Ce,, orz in D’; 


it will be noted that Cz, and D’ lie exterior to each other. 

We are now in a position to apply a generalization of the second part of 
Theorem I, the present hypothesis being that an inequality of type (16) is 
given not merely in a single region but in two disconnected regions. Let 
u(x, y) be Green’s function for the region E, the exterior of Cr, and D’: the 
function u(x, y) is harmonic in E, continuous in the corresponding closed 
region except at infinity, zero on the boundary of EZ, and can be written at 
infinity as log (x?+-y?)'/? plus a function harmonic at infinity. Then it fol- 
lows* that the sequence {7,(z)} converges in the interior Js, of the locus 
u(x, y) =log S:, and the sequence converges uniformly on any closed point 
set interior to the locus. This locus may consist of a single curve or of two 
curves, and the set Js, is the interior of the one or of both, but in the latter 
case we shall be particularly concerned with Js/ , that one of the two curves 
which contains Cp, in its interior. Consider also the locus /s/’ :w(x, y) =log 
Si, where u(x, y) is harmonic exterior to Cr,, continuous in the corresponding 
closed region except at infinity, zero on Cr,, and can be expressed at infinity 
as log (x?+-?)!/* plus a function harmonic at infinity. The curve Is!’ is 
interior to the curve Is/. Indeed on the boundary of E we have 


u(x, y) — u(x, vy) 0; 


the left-hand member is harmonic in E even at infinity, so interior to E the 
strong inequality obtains: 


u(x, y) — m(x, y) <0. 


That is, on Is/’ :m(x, y) =log S; we have u(x, y) <log Si, so the curve [s/’ 
lies interior to Js; . 

The curve s/’ is of course a curve of the family C,; in fact if the function 
w = (z) maps the exterior of C onto the exterior of y, the function w= $(z)/R: 
maps the exterior of Cz, onto the exterior of y, and /s/’ is defined as the curve 
|@(z) |/Re=S:. The curve Cz is the curve of the family Js/’ corresponding 
to |¢(z) |/Re=R/Re, that is, the curve Ce is the curve J’, and lies interior 
to the curve Js’. Allow now R, to approach R, R:2 being fixed, so that S, ap- 


* See p. 229 of the reference given for Theorem I. 
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proaches S and the point sets Js,, Js), Js/’ are variable, approaching uni- 
formly* the respective point sets Js, 7¢, I¢’. The sequence {7,(z)} always 
converges uniformly on an arbitrary closed point set interior to /s,, hence 
converges uniformly on an arbitrary closed point set interior to Js. The curve 
Cz lies interior to Js, so the sequence {7,(z) } converges uniformly on a closed 
point set containing C, in its interior, yet the limit of the sequence is f(z) 
in C, hence also in Js, and f(z) has a singularity on Cr. This contradiction 
completes the proof. 

Theorem XI has already been established by various writers and by other 
methods, and even more specific results, for certain special types of approxi- 
mation (1)—(6). References to the literature have already been given for 
these cases. 

Many consequences (e.g. Liickensitze) other than Theorem XI follow 
from the results of Ostrowski (loc. cit.) as applied to the present sequence 
{a,(z)} in the cases (1)—(6). We mention the theorem analogous to that of 
Jentzsch, that each point of Cz is a limit point of the zeros of polynomials of 
the sequence {7,,(z) }. 

Theorem XI has obvious application to results on overconvergence re- 
cently proved} concerning approximation to rational functions, or to arbi- 
trary analytic functions by polynomials satisfying prescribed auxiliary con- 
ditions. In each case (loc. cit., Theorems A, B, 4, 5, 6, 7, 9, 12, 15; §12.2) the 
sequence of approximating polynomials converges to its limit with the same 
degree of approximation as does the sequence of polynomials of best approxi- 
mation. Hence in each case there is no region of uniform convergence con- 
taining in its interior any arc of the curve Cr, provided that we have uniform 
convergence interior to Ce, whenever R;, is less than R, and that the limit 
function has a singularity on Ce. 

It is not without interest to notice that under the hypothesis of Theorem 
XI, divergence of the sequence of polynomials {x,(z)} at all points exterior to 
Cr cannot be proved. Indeed, it can be shown (see the reference just given, 
§12.2) that if the function f(z) satisfies the hypothesis of Theorem XI, and if 
there are assigned arbitrary points §;, finite in number and exterior to Cr, 
then there exist polynomials 7,,(z) which approximate f(z) on C with the same 
degree of approximation as the sequence of polynomials of best approxima- 
tiont and which for m sufficiently large satisfy the auxiliary conditions 


* See for instance Lebesgue, Palermo Rendiconti, vol. 24 (1907), pp. 371-402. 

+ Walsh, these Transactions, vol. 32 (1930), pp. 335-390. 

t This fact is there proved merely for approximation measured in the sense of Tchebycheff, but 
that implies the corresponding fact for any of the methods (1)—-(6) of measuring approximation. 
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tn(8:)=0. This sequence {7z,(z)} naturally converges not merely interior 
to Cr but also at the points 8; exterior to Cr. 

The proof of Theorem XI that we have given contains incidentally a proof 
of the following theorem: [f f(z) is analytic interior to Cr but has a singularity 
on Cpr, then neither the sequence of polynomials {x,(z)} of best approximation to 
f(z) on C (measured in any one of the ways considered) nor any other sequence of 
polynomials which converges on C like the sequence of polynomials of best ap- 
proximation converges like a geometric series in any region or on any Jordan arc 
exterior to Cr. 

The result analogous to Theorem XI holds also for the sequences {7,(x, 
y)} of harmonic polynomials of best approximation to harmonic functions, 
where best approximation is taken in any of the senses (1), (2), (3), (4).* If 
we assume that this result is false, the sequence {7,(x, y)} converges in some 
region D’’ which contains in its interior an arc of Cr and hence D”’ contains 
some simply connected closed region D’ which lies exterior to Cr. The se- 
quence of polynomials p,(z) which vanish at a particular point of C and of 
which the polynomials 7,,(x, y) are the respective real parts, converges like 
a convergent geometric series on any closed point set interior to Cr,j hence 
converges like a convergent geometric series also in the region D’. Detailed 
study of the ratios of these geometric series, as in Theorem XI, yields directly 
a contradiction. 

10. Addendum.{ Discussion of case 0<p<1. In the study of approxi- 
mation by polynomials to an arbitrary analytic function of a complex vari- 
able where approximation is in the sense of least pth powers and is measured 
by an integral, we have consistently set aside the case 0 <p <1, for inequality 
(3) is not valid in this case. The case p>1 is naturally the most interesting, 
for here a polynomial of degree of best approximation always exists and is 
unique, and />1 includes also the case p=2 for which the approximating 
polynomials have a particularly simple form; the approximating functions 
may be found by orthogonalization and normalization of the sequence 

{ [n(z) }22"}. Nevertheless the case 0 <p <1 possesses some interest; in fact 
Professor Dunham Jackson has recently published§ some results on overcon- 
vergence, which are broadly speaking less general than those of the present 
writer, but which nevertheless treat the cases 0<p<1, p=1, and p>1 with- 
out distinction by a single method. We shall therefore now show how the 


* The point sets C are restricted as in our previous discussion (loc. cit.) of these measures of 
approximation for harmonic functions by harmonic polynomials. 

+ Compare Walsh, Bulletin of the American Mathematical Society, vol. 33 (1927), pp. 591-598. 

t Received by the editors, February 3, 1931. 

§ Bulletin of the American Mathematical Society, vol. 36 (1930), pp. 851-857. 
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methods of the present paper and those previously used by the present writer 
can be modified so as to include the case 0 < p <1 as well as the case p21. We 
shall not take up in detail each of the cases (1)—(6) mentioned in the preceding 
section, for the treatments in all of these cases are similar; we do take up (2) 
and (4) respectively in detail. 


Lemma. [f each of the functions f,(z), n=1, 2, - - - , is analytic and uni- 
formly bounded* interior to the rectifiable Jordan curve C, and if we set 


(17) f as| = €n, p>od, 
c 


thene,— 0 implies f,,(z)—>0 for z interior to C, uniformly on any closed point set 
C’ interior to C. Moreover, we have 


(18) | fu(z)| SQen’?, C’, 
where Q depends on C’ and on p but not on f,(2). 


The boundary value of f,(z) exists almost everywhere on C, for approach 
to an arbitrary point of C along the normal, and it is this boundary value that 
is used in (17). 

Let the zeros of f,(z), if any, interior to C be a, a2, -- -. We omit from 
the given sequence /,,(Z) any functions which vanish identically interior to C; 
it is sufficient to prove the Lemma for the remaining sequence. Consider the 
function 


| | (ai) | 
o(z) — $(ai) 
$(2) — 1/¢(ai) 


where w = ¢(z) is a function which maps the interior of C conformally onto the 
interior of the unit circle |w|=1. There may be an infinity of points a;, but 
if so the infinite products in the right-hand member of (19) converge, by 
Blaschke’s theorem. We assume ¢(a;)#0, which involves no loss of gener- 
ality. The function F,,(z) is analytic and has no zeros interior to C, and has 
the same modulus as/,,(z) on C. The function (F,(z))? is likewise analytic and 
uniformly bounded interior to C, if we consider an arbitrary determination 
of the pth power at a point interior to C and its analytic extension, so we have 
Cauchy’s integral 


(19) F,(z) = 


* The requirement of uniform boundedness is inserted here for simplicity. It can, in fact, be 
replaced by the mere existence of the integrals in (17), where the boundary values of f,(z) on C are 
the limit values obtained almost everywhere on C by normal approach, together with the validity of 
Cauchy’s integral formula. 
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Cauchy’s integral is naturally valid here, for the boundary values of (F,(z))? 
for normal approach to C exist almost everywhere on C. If / denotes the 
length of C and 6 denotes the minimum distance from C’ to C, we have 


len 
zonC’. 
275 


l 


Each function 
| | 
— 
— 1/(ai) 


is of absolute value greater than unity for z interior to C, so we have from (19) 
| fa(z) | F,,(z) z interior to C. 


The entire lemma, including (18), now follows from (20). 

The lemma is of precisely the form for application in the proof of over- 
convergence in case (2). The lemma also yields the proof of ordinary con- 
vergence (not overconvergence) for approximation by polynomials to a func- 
tion analytic interior to C, continuous in the corresponding closed region, in 
the sense of least weighted pth powers (9 positive, but greater than, equal to, 
or less than unity) as measured by a line integral over C. The proof of this 
ordinary convergence in case (3) and of overconvergence in cases (3), (5), (6) 
follows now with only obvious modifications of the methods already given. 
We need to consider the case (4) more in detail. 


Lemma. Let C be an arbitrary region. If each of the functions f,(z),n=1, 
2, - ++, 48 analytic interior to C, and if we set 


(21) fals) = en, p > 0, 


then €,—0 implies f,(z)—0 for z interior to C, uniformly on any closed point set 
C’ interior to C. Moreover, we have 


(22) | fa(z) | Qe,'/?, Zon C’, 


where Q depends on C’ and on p but not on f,(z). 
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The integral 


1 
| + re'®) |"d0, 
0 


is wel! known to be a non-decreasing function of 7, in an arbitrary circle K 
which together with its interior lies interior to C. Here (r, @) are polar co- 
ordinates with pole at the point zo. The limit of this integral as r approaches 
zero is obviously |f(z0) |", from which follows the inequality 


1 
| f(zo) |? — f | f(zo + rei) |?d0. 
Qn 0 


We multiply both sides of this inequality by r dr and integrate from zero to 
x, the radius of AK. The resulting inequality is 


|p 2) |? 


sO we may write 


1 
| f(z0) |? — ff | f(z) —- 
TK K TK 


This inequality holds for every point 2 interior to C provided merely 
that the distance from Zo to the nearest point of the boundary of C is not less 
than x. The inequality therefore holds for proper choice of « for zo on the 
boundary of an arbitrary closed point set C’ interior to C and implies (22) 
immediately for z on the boundary of C’. Such an inequality, holding on the 
boundary of a closed point set C’, holds at every point of the set, and the 
lemma is completely established. 

This lemma yields the proof of overconvergence in case (4) and also the 
proof of ordinary convergence for approximation by polynomials to a func- 
tion analytic interior to a simply connected region C, continuous in the cor- 
responding closed region, in the sense of least weighted pth powers (p>0) 
as measured by a surface integral over C, provided that the function can be 
uniformly approximated as closely as desired in the closed region by poly- 
nomials. There are only obvious modifications to be made in the proofs al- 
ready given. 
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MATRICES OF INTEGERS ORDERING 
DERIVATIVES* 


BY 
JOSEPH MILLER THOMAS 


1. Introduction. Riquiert in his treatise on partial differential equations 
has employed matrices of integers, which he calls cotes, to establish order re- 
lations among the derivatives of the unknown functions. The matrix effecting 
a given ordering of the derivatives is not uniquely determined. Certain 
simple transformations. which preserve order relations have been employed 
by Riquier and Janet. The object of the present paper is to study system- 
atically the matrices in question with special attention to equivalence. The 
principal result is a method of reducing any matrix to a canonical form which 
characterizes all matrices establishing the same order relations as the given 
one. 

Some of the transformations are applicable only to a restricted class of 
matrices. The totality of transformations described has the property that 
any transformation preserving order can be expressed as a product of them. 

Except when the contrary is expressly stated, the results obtained are 
valid whatever the first cotes of the independent variables may be. 

It is expected to follow this paper with another which will treat the exist- 
ence of a matrix establishing given order relations. 

2. Definitions and completeness of ordering. Consider a rectangular ar- 
ray of integers, the term integer including zero. Let there be »+r rows, the 
first 2 rows corresponding to independent variables x and the last 7 to un- 
known functions wu. The number in the gth column will be called the gth cote 
of the corresponding variable. We shall use the ordinary matrix notation for 
the cotes: c? will be the gth cote of the pth independent variable and 7 the 
gth cote of the ath unknown. 


The gth cote of the derivative 


OX "0 Ox,,* 


* Presented to the Society, December 31, 1930; received by the editors in November, 1930. 

t C. Riquier, Les Systemes d’ Equations aux Dérivées Partielles, Paris, 1910, p. 195. For an ex- 
position of the application of cotes to the proof of existence theorems one may consult the following 
papers also: 

M. Janet, Sur les systemes d’équations aux dérivées partielles, Journal de Mathématiques Pures et 
Appliquées, (8), vol. 3 (1920), p. 65. 

J. M. Thomas, Riquier’s existence theorems, Annals of Mathematics, (2), vol. 30 (1929), p. 285. 
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is defined as 


(2.1) LcPipt+ re. 

p=1 
By definition also the derivative D;u,. precedes or follows D,u3, whose cotes 
we denote by C/, according as the first non-zero difference of the set 


(2.2) 


is negative or positive. 

If all the differences (2.2) are zero, the given matrix will not establish an 
order relation between the two derivatives. If the matrix is augmented by 
columns of arbitrarily chosen integers, the order relations established by the 
original matrix are not disturbed because the additional cotes will only play 
a role when the original cotes give no answer. Moreover, if the new columns 
are properly chosen, additional order relations are established by the aug- 
mented matrix. 

In particular, if the last column is made 0, 0, - - - ,0,1,---,7, any two 
u’s whose relative order is not established by the cotes before the last will 
have the order relation of their subscripts. Consequently, the augmented 
matrix completely orders the unknowns, and the equations 


where s represents the total number of cotes, imply a=8, that is, if the dif- 
ferences (2.2) formed for two unknowns are all zero, the unknowns are the 
same. 
Likewise if the matrix is further augmented by the » columns 
0 
1 0 


0 0 co 0 


and if all the differences (2.2) for the derivatives D;u, and D jug are zero, the 
vanishing of the last differences gives i, =7,. The vanishing of the other dif- 
ferences then shows that (2.3) hold, that is, w. and ug are the same. Conse- 
quently the vanishing of the differences (2.2) implies that the derivatives are 
identical. 


[April 
0 0 ve 1 
0 0 ’ 
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THEOREM 1. For any matrix of integers there exists an augmented matrix 
whose ordering is consistent with that of the original and is complete. 

In the future, unless the contrary is expressly stipulated, we shall deal 
only with matrices whose ordering is complete so that equality of all the 
corresponding cotes of two derivatives implies identity of the derivatives. 

3. Simplest transformations preserving order. Certain transformations 
which can be performed upon the elements of a matrix without disturbing 
the order relations are rather obvious. It is clear that the gth cotes of all the 
unknowns can be increased by the same integer yw, without altering the dif- 
ferences (2.2), that is, an admissible transformation is 


(3.1) 


Clearly a second is 


(3.2) (p= 1,2,---,n;a=1,2,---,7). 


In these formulas, \ may be fractional provided its denominator is a divisor 
of all the elements of the gth column. Thus the highest common factor of the 
elements of any column can be removed. 
If we put 
we have 
Cy =C,+ 
whence for the differences of the sequence (2.2) the transformation 


C,-Cj =C,-Ci + C/). 


Since the gth cote plays a réle in determining order (i.e. the vanishing or 
sign of C,—Cj is of significance) only when the first g—1 cotes are equal, if 
we fix the range of the index o as follows: 

— q-1 


(3.3) cp =cP + Ddwe?, V2 + 


o=1 o=1 
we have 


whenever either C,—C,/ or C,—C{ has significance. Hence (3.3) is a trans- 
formation preserving order. 


+ 

° 

cP VF = ADO 
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If we like, we may combine (3.1), (3.2), (3.3) into the single transforma- 
tion 


q q 
= = x Aye + Ka, > 0 
o=1 


o=1 


(3.4) 
(p= 


The X’s in these formulas are not necessarily integers. The only restriction is 
that the result of applying (3.4) be a matrix of integers. Thus the inverse of 
a transformation (3.4) in general has fractional coefficients, and the set of 
matrices to which it can be applied is restricted. 

We may summarize the transformation (3.3) in 


THEOREM 2. A matrix of integers formed by increasing or diminishing the 
elements of a column in a given matrix by any equimultiples of the corresponding 
elements in any column which precedes it establishes the same order relations as 
the original. 

It is evident that by use of (3.1) the cotes of all the unknowns can be made 
positive. If all the first cotes of the independent variables are positive,* we 
can accomplish the same result for the whole matrix by using the subsequent 
transformation 


(3.5) =cP +(atije?, =ve+ (at 
where a is the numerical value of the numerically greatest negative cote. A 
particular result of this is 

THEOREM 3. If the first cote of every independent variable is unity, the cotes 
of both independent variables and unknowns can be made positive without altering 
the order.t 

Consider two derivatives D; and D; of the same unknown, the ordering 


being complete. From the fact that these derivatives are identical if the dif- 
ferences (2.2) are zero, we know that the system 


(3.6) (ip — jp) = 0 (q = 1,2,---,3) 
p=1 


has only the trivial solution i,—j,=0. Hence 


THEOREM 4. If the ordering is complete, the matrix of the cotes of the inde- 
pendent variables is of rank equal to the number of variables n. 


* It will be a result of Theorem 12, which is to follow, that the signs of the first cotes of the in- 
dependent variables cannot be changed without changing the ordering. 

+ This result is given by Janet, who uses (3.1) and (3.5) for c?=1 to obtain it. Thus Janet 
employs a special transformation (3.4). 
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Since, conversely, (3.6) has only the trivial solution if ||c|| is of rank m, we 
have also 


THEOREM 5. If there is only one unknown, a necessary and sufficient con- 
dition for complete ordering is that the matrix of cotes of the independent variables 
be of rank equal to the number of variables n. 


If a column of the whole matrix is linearly dependent on those to the left 
of it, its elements can be made zero by a transformation (3.4). The column 
can then be suppressed, for the difference (2.2) corresponding to it is always 
zero. Hence we may assume that the rank of the matrix is equal to the number 
of its columns. The rank is an integer between m and n+r. That it may be 
as high as n+r follows from the existence of a matrix of integers of rank n+r. 

If the rank of the whole matrix is »+r, the ordering is complete because 
the n+1 additional columns adjoined in §2 to insure completeness, being 
linearly dependent on those already there, are superfluous. 


THEOREM 6. A sufficient condition for complete ordering is that the matrix 
of cotes be of rank n+r. 


By transformations (3.1) the row of cotes corresponding to any unknown 
can be made zero. Consequently, the condition in Theorem 6 is not necessary. 
Likewise we have 


THEOREM 7. The rank of a matrix of cotes is not invariant under transforma- 
tions preserving order. 


That the transformations considered in this section are not the only ones 
admissible can be seen from the following example: 


2 1 2 
2 2 
1 1 
v 2 2 


(3.7) 


It is easy to give a direct proof that the above two matrices bring about the 
same ordering. We shall not do this, but shall content ourselves with remark- 
ing that no transformation (3.4) will throw one of them into the other. This 
is obvious because their first columns are not proportional for any choice of 
fi in (3.1). Later (§8) a proof that the two matrices (3.7) are equivalent will 
be given by means of another sort of transformation. 

4. Properties of forms with integral coefficients. For convenience of 
reference we state in a form best adapted to our purpose several consequences 
of well known theories. 


1 0 
1 
2 0 
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Consider the system 


(4.1) kp = by (¢=1,2,---,@), 
p=1 


where the rank of ||c|| is the same as the number of equations g. If every b is 
divisible by the product of all the determinant factors of ||c/|, then (4.1) has a 
solution in integers because any determinant in the augmented matrix but 
not in the original contains a column composed solely of b’s and hence is di- 
visible by any determinant factor of ||c|| .* 

In particular, if certain of the b’s are made positive, others negative and 
the rest zero, we have a result conveniently stated as 


THEOREM 8. A Set of integers k can be found for which the distribution of 
signs and zero values is anything we wish among the q linearly independent forms 


(4.2) kp (t= 1,2,---,4q). 


p=1 


By choosing the b’s divisible by a sufficiently great power of the product 
of the determinant factors we see that the values assumed by the non-zero 
forms can be made numerically greater than any given number. 

The above result for a single form will be applied to prove 


THEOREM 9. Jf the non-homogeneous equations 


(4.3) = 0 (¢ = 1,2,--+,q—1) 


p=1 
have a solution and if the matrices 
(4.4) = 1,2,---,¢—-1) 


are of rank p—1, p, respectively, there exist integral values of the k’s which satisfy 
(4.3) and for which 


(4.5) Dich kp + kg 


p=1 


has arbitrary sign: 


* An exposition of the theory of systems (4.1) with integral coefficients will be found in §12 of a 
paper by O. Veblen and P. Franklin, On matrices whose elements are integers, Annals of Mathematics, 
(2), vol. 23 (1921), p. 1. 


n 
n 
| 
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The general solution in integers of (4.3) is any particular solution plus 
the general solution of the corresponding homogeneous system* 


(4.6) = 0 -++,g—1). 
p=1 

If on substitution of the general solution of (4.3) in (4.5) the variables cancel 

out, every solution of (4.6) will satisfy 


(4.7) Dic Pk, = 0. 
p=1 
But the general solution of (4.6) depends on n—p+1 parameters, whereas 
that of the system composed of (4.6) and (4.7) involves only n—p. Hence 
when the general solution of (4.3) is substituted in it, (4.5) still contains a 
variable form, which by Theorem 8 and the remark immediately following 
can be made to assume either a positive or a negative value exceeding | x,| 
numerically. The desired result is therefore established. 
The following is geometrically obvious: 


THEOREM 10. The expressions 
p=1 p=1 


do not have contradictory signs if and only if the form 


(4.9) Der kp 


p=1 


does not assume a value on the segment} (—k , —Kq)- 


Coupling the above with the theorem on existence of solutions in in- 
tegers{ we get 


THEOREM 11. The expressions (4.8) do not have opposite signs for integers 
k satisfying (4.3) if and only if the invariant factors of 
cP cP 
(4.10) ‘ and |\c? c,?|| 1,2,---,¢g— 1) 
K 


Ke 


are the same for no value of x on the segment (kg, Ky). 


* O. Veblen and P. Franklin, loc. cit. 

{ By the term “segment (a, 5)” we mean the set of integers x satisfying a<x<6 or b<x<a, 
according as a<b or b<a. 

t O. Veblen and P. Franklin, loc. cit., p. 10. 
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5. Equivalence in the case of a single unknown. Two matrices of cotes 
will be called equivalent if they establish exactly the same order relations 
among the derivatives. 

Suppose two matrices ||c|| and ||¢|| ordering the derivatives of a single un- 
known are equivalent. When the derivatives D;, D, are compared, the dif- 
ferences (2.2) computed in the two systems of cotes are 


n 


(5.1) P kp (q = 1, 
p=1 

(5.2) Dez ky (q=1,2,---,m), 
p=1 

where 

(5.3) ky = lp — Jp- 


A necessary condition for equivalence is that the first non-vanishing ex- 
pression (5.1) have the same sign as the first non-vanishing expression (5.2), 
whatever integral values be given to the k’s. 

If the matrix 


|| (p = 1, 2, n) 
is of rank two, by Theorem 8 the first pair of forms (5.1) and (5.2) can be 


made to have opposite signs for integral values of the k’s. Hence 
¢? = Alc? 


To proceed by induction we assume 


t 
(5.4) = (p= 1,2,---,q@— 4). 
o=1 


If the matrix 


(5.5) Jor er | 


is of rank g+1, Theorem 8 shows the existence of integral values of the k’s 
for which the first g—1 of forms (5.1) vanish and for which the gth forms 
(5.1) and (5.2) have opposite signs. Because of (5.4) the first g—1 of forms 
(5.2) also vanish for these k’s. Thus the equivalence of the matrices is con- 
tradicted and the rank of (5.5) must be g. Therefore formulas (5.4) hold also 
for !=q, and the induction is complete. 

Now for values of the k’s making the first g—1 forms (5.1) zero, the gth 
form (5.2) reduces to 


n 
Ph 
A,! Lei kp. 


1931] MATRICES ORDERING DERIVATIVES 397 


Since its sign must not be opposite to that of the gth form (5.1), we conclude 
\=0. The fact that the ordering is complete, that is, the rank of |{¢|| is m, 
excludes the value zero; for if \f were zero, any k’s making the first g—1 forms 
(5.2) zero would also make the gth zero. 

If both c and ¢ are regarded as given in (5.4), the equations of that system 
corresponding to a fixed value of the index ¢ form a system of m linear equa- 
tions in the ¢ unknowns 


t 


The matrix of these equations consists of the first ¢ columns of ||c|| and conse- 
quently is of rank ¢. The X’s in question can therefore be determined from ¢ 
of the equations by Cramer’s rule as rational functions of the integers c, é. 
The }’s are therefore all rational. We cannot conclude, however, that they 
are integers. 

A necessary condition for equivalence is accordingly that formulas (3.4) 
hold, in so far as they apply to the independent variables. The condition was 
previously known to be sufficient. Hence 


THEOREM 12. When there is only one unknown, two matrices of cotes are 
equivalent if and only if their elements are related by the formulas 


qa 
(5.6) = > 0 (p,q =1,2,---,m). 
=] 


6. Canonical form for one unknown. Consider the matrix ||c|| for a single 
unknown. At least one of the elements on the first column is different from 
zero. Select the highest non-zero element, say c{. Multiply the elements of 
the second column by | c?|. Replace the second column by itself plus or minus 
c; times the first, the sign being chosen so that in the new equivalent matrix 
c}=0. In the same way ci, « - - , ci can all be made zero. Suppose this done. 

In the modified matrix there is a non-zero element on the second column. 
Suppose the highest one is c}. As above, we make ch}= --- =c?=0. The 
zeros already obtained on the ath row persist under this operation. 

The process is repeated until the mth column contains a single non-zero 
element, the (7—1)th at most two, and so on. 

Finally, any positive factor common to all the elements of a column is 
removed. 

The resulting matrix is called the canonical form of the original. Suppose 
we have two equivalent matrices in canonical form. By Theorem 12 the 
elements of their first columns must be related by the formulas é? =A} cf, 
where A? is known to be rational. Suppose it is in its lowest terms. Its nu- 


it 
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merator will have to be a divisor of all the integers ¢?. Since these numbers 
are relatively prime, the numerator must be unity. In the same way the 
denominator is a factor of the relatively prime integers cf and is consequently 
unity. Therefore \? =1 and the first columns are identical. 

A consequence of this is that exactly the same row will have had n—1 of 
its elements reduced to zero in the two matrices. For the purposes of the 
present proof there is no loss of generality in supposing this common row is 
the first, a situation which can be realized by a change in notation. Hence 
we assume 

= = 0 = 2,3,---,#). 

From the equivalence and Theorem 12 we have 

= + Ag? co!, 


whence by substitution and use of the fact that c? ~0 we get A =0. By use 
of (5.6) we find 

= deo? 
and as before we conclude the identity of the columns. Since the first non- 
zero elements on the second columns occupy the same position in the two 


matrices, we may asume that c? =0 fora=3,4, --- ,n. 

To complete the-proof by induction, assume that 
(6.1) = (p = 1,2,---, = 1,2,---,¢— 1), 
relations equivalent to 
(6.2) 
and that 
(6.3) ét=ct=0 <a). 


In accordance with (6.1) we may assume that the highest non-zero element 
on the /th column is ¢;. From (5.6) we have 


q 
(6.4) = 


Make in these relations p=1, 2, - - - ,g—1 successively, and use (6.2), (6.3). 
There results 


A, = 0, & 


These values introduced in (6.4) give 


Pp 


fq = 


a 
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whence as before we conclude the identity of the two columns. Moreover, 
we may consistently assume that c} is the highest non-zero element on the 
gth column, so that (6.3) hold for =g. The induction is therefore complete. 


THEOREM 13. Two matrices of cotes ordering the derivatives of a single func- 
tion are equivalent if and only if they are identical when reduced to canonical 
form. 


As an example, consider the case of three independent variables, choosing 
the first cotes all equal to unity, as is customary in applications.* The reduc- 
tion to canonical form gives either 


x 1 


(6.5) y 1 
1 


x 1 
(6.6) y 1 Oo +1 
z 0, 


where p and q are relatively prime. The orderings as p and q take on all 


possible values are all distinct. 

Of course (6.6) can be obtained from (6.5) by putting p=+1, g=0 and 
changing the order of the variables, but (6.5) and (6.6) are not equivalent for 
any values of g. 

7. Canonical form for matrix ordering unknowns alone. Suppose the un- 
knowns arranged in a definite order. If we attribute to the first unknown the 
cote 0, to the second the cote 1, - - - , to the rth the cote r—1, the unknowns 
are arranged in the given order by any matrix with its first column composed 
of the integers 0, 1, - - - ,7—1 written in the appropriate order, and the other 
columns anything we wish. We shall call the single column whose formation 
is described above the canonical form for any matrix ordering the unknowns in 
the given manner. 

If the matrix does not completely order all the unknowns, we may still 
give it a canonical form by assigning 0 cote to all the unknowns whose relative 
order is indeterminate but which precede all the rest, etc. We mean in this 
case by equivalence that the orderings are not only consistent but equally 
complete. Obviously we have 


* Riquier, loc. cit., p. 207, footnote 2. 


i 

q +1 

or d 
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THEOREM 14. Two matrices ordering unknowns alone are equivalent if and 
only if identical when reduced to canonical form. 


Consider now in a complete matrix a column in which the cotes of the in- 
dependent variables are all zero. The corresponding difference (2.2) is the 
same for ta, ug as for Diu, Djug, that is, only the relative order of the un- 
knowns is of any consequence. Hence the column can be put in the canonical 
form for unknowns. 

If several adjacent columns contain nothing but zeros in the places cor- 
responding to the independent variables, they likewise can be replaced by a 
single column in the canonical form for a matrix of cotes alone. We may 
therefore replace a given matrix by an equivalent matrix in which no two 
adjacent columns have zeros in all places corresponding to the independent 
variables. 

8. Two additional transformations preserving order. Let c be a positive 
integer. We write 

ve = + g¢, 


where [ | denotes the “greatest integer in.” The numbers gg are non-negative 
and less than c. We introduce here the abbreviations 


(8.1) _kg= 72 — v8, = — 


which will be useful throughout the rest of the paper. For present purposes 
we in addition put 

= 
The difference x, —x,, being equal to the difference of two non-negative num- 
bers both less than c, is numerically less than c. Since x, is divisible by c, 
there is no multiple of c on the segment (—x,, —X,). 

Suppose c is a factor of all the c? on the gth column. Since any value as- 
sumed by the form (4.9) is divisible by c, Theorem 10 shows that the ex- 
pressions (4.8) never have contradictory signs. Hence the gth cotes of the 
matrices 


P Pp 
(8.2) | eee Se Cat | 
and 
Pp Pp 


clyt/e] +e 


are such that the expressions (4.8) have the same sign, if they are both dif- 
ferent from zero. 


| 
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If the first expression in (4.8) is zero, the number c must be a divisor of 

Kg, since it is a divisor of c?. It must therefore be a divisor of 

Kq — = — 
The difference on the right, being numerically less than c, must be zero. 
Hence x, =x,, and the second expression (4.8) is also zero. The burden of the 
decision is thus thrown upon the (¢+1)th and succeeding cotes in (8.2) and 
the (g+2)th and succeeding cotes in (8.3). As these series of cotes are iden- 
tical, the decision they render is the same. 

If the first expression in (4.8) is not zero and the second is zero, the de- 
cision is made by the gth column of (8.2) and the (¢+1)th of (8.3). Since 
these columns are identical, the decision is the same. 

Hence the two matrices are equivalent. 

By two rather obvious transformations (8.3) becomes 


| cy /¢ 0 | 
[ve/c] g# You 
We accordingly have 


THEOREM 15. Jf all the qth cotes of the independent variables have a positive 
factor c in common, without disturbing order relations the qth column can be re- 
placed by two columns the first of which has for elements c?/c and the greatest 
integers in y¢/c, and the second, zeros in the places corresponding to the indepen- 
dent variables and the non-negative remainders from the divisions yz/c in the 
others.* 


Theorem 15 can be applied to show the equivalence of matrices (3.7). 
Reducing the first cotes of the independent variables in the second matrix by 
the above principle gives 


0 


o the second: 


0 
0 
1 
0 
Multiply the first column by 2 and add 
2 
2 
1 
2 


a 
1 
1 
0 
1 


* Riquier, loc. cit., p. 202, gives essentially this result for the first column. 


1 
0 
| 
1 
0 
| 0 
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When the first cotes of the unknowns are increased by unity, the third 
column, being identical with the first, can be omitted. The first matrix of 
(3.7) results. 

A converse to Theorem 15 can also be proved. 

THEOREM 16. Jf all the (q¢+1)th cotes of the independent variables are zero, 
by modifying the qth column appropriately the (q¢+1)th can be suppressed with- 
out disturbing order relations. 


Let the matrix be 
| 0 | 


Y 


It is only essential that the elements on the (¢+1)th column be made non- 
negative. For definiteness, however, we suppose that column in canonical 
form (§7). Let c be a positive integer satisfying 


<6 (a = 1,2,---,7r). 


Again we make the unessential restriction that c be the least integer satisfying 
the condition. Consider the matrix with the single column 


Clq | 


CVE + 


in place of the two in @. Theorem 15 shows that M is equivalent to M and 
the theorem is proved. 
9. Reduced form for the general matrix. If the rank of the matrix 


(p = 1) 


is the same as that of the matrix with one additional column ¢=g, rational 
multipliers \ which satisfy 


qa 
= 0 (p = 1,2,---,m) 
o=1 
can be found, the last df being different from zero. Because of the homo- 
geneity of this relation, the \’s can always be rendered integral and )j posi- 
tive. By a transformation (3.4) the elements in the gth column of ||c|| can 
therefore be replaced by zeros. We suppose this done wherever possible. The 
matrix ||c|| may then have r columns of zeros. 
By transformations (3.4) and the transformations of Theorem 15 the 
square matrix obtained from ||c|| by disregarding the columns of zeros can 
be put in the canonical form for a single unknown. 


«-| 


1931] MATRICES ORDERING DERIVATIVES 403 


If equations (4.3) have no solution in integers whatever distinct values 
be given a, 8 in the definition of x, (8.1), the gth cotes of the unknowns play 
no role. They can be replaced by zeros. We assume this has been done where- 
ever possible. 

Let the columns whose elements in ||c|| are all zero be treated as described 
at the end of §7 with the result that no two of them are consecutive and that 
each is in the canonical form described in §7. In addition, if for such a column, 
say the qth, there is no pair of distinct values a, 6 for which (4.3) have a solu- 
tion and x,~0 simultaneously, the gth cotes of the unknowns are useless and 
can be replaced by zeros. We assume this has been carried out wherever pos- 
sible. 

Finally any column containing only zeros is to be omitted. 

The resulting matrix will be called a reduced form of the original. 

Consider two equivalent matrices M and M in reduced form and such 
that the first g—1 columns of ||c|| and ||¢|] are identical. 

If there is a non-zero element on the gth columns of both ||c|| and ||él, 
those columns, being corresponding columns in the canonical form of two 
equivalent matrices for a single unknown, are identical by Theorem 13. 

Let ¢? =0 for all values of p. For any k’s satisfying (4.3) the first q dif- 
ferences (2.2) formed for M are 


Ky Ke-1 — Kq—1, Kg- 

The expression (4.5) must not have sign contradictory to the first of these 
which is not zero. The last is known to be different from zero for some choice 
of a, 8. With a, B so chosen, the sign of (4.5) is fixed. The cotes cP? are there- 
fore linearly dependent on ci, - - - , ¢?-1: if they were not, Theorem 9 would 
say that (4.5) could be made to change sign for integral k’s satisfying (4.3). 
Since the columns in ||c|| linearly dependent on those preceding have been 
replaced by zeros, we have c? =0 for all values of . The same argument also 
shows that ¢? =0 if cp =0. 


In any case, therefore, the gth columns of ||c|| and |{é|| are identical, and 
by induction we have proved 


THEOREM 17. A necessary condition for the equivalence of two matrices of 
cotes is that the portions of them corresponding to the independent variables be 
identical when they are put in reduced form. 


10. Transformations of the reduced form. Let V be any transformation 
which converts a matrix M into an equivalent matrix M7: 


4 
{ 
4 
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(10.1) V(M) = M. 
Suppose 
(10.2) U(M) = R, S(M) = R, 


where R and R are in reduced form. By Theorem 17 R and R have their 
corresponding matrices |{c|| identical. Hence there exists a transformation T 
which affects the cotes of the unknowns alone and which sends R into R: 


T(R) = R. 


By substitution from (10.2) we get 

TU(M) = 
or 

SOTU(M) = 


Comparison with (10.1) gives 
V=S"TU. 


Hence to complete the determination of all transformations preserving 
order it will suffice to consider the transformations of the cotes of the un- 
knowns alone, the matrix being assumed in reduced form. 

Let R and R be two equivalent matrices in reduced form. Consider any 
distinct pair a, 8 in the definition (8.1). Suppose that equations (4.3) have 
integral solutions, but that none of these makes (4.5) vanish. For such values 
of the k’s the first g differences (2.2) formed for R can be written 


p=1 
The sign of (4.5) must not be opposite to that of the first non-vanishing 


difference in the sequence (10.3). 

First case, cP #0 for some p. The quantities c/? are linearly independent 
of c’, -- - , c?.1, and by Theorem 9 expression (4.5) can be made to change 
sign for values of the k’s satisfying (4.3). Hence we have 


(10.4) Ki — Ki = Ke — Ko = * = — = O. 


A further necessary condition on x, is furnished by Theorem 11. 

If the value of k, is such that values of the k’s satisfying (4.3) make the 
last expression (10.3) vanish, expression (4.5), which becomes x,—«, for the 
values in question, must not have opposite sign to 
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(10.5) + 

p=1 
Theorem 9 forces us to conclude c?,1=0 for all values of p. If ,,1 is also zero, 
then 


(10.6) + Kore 
p=1 

must not have opposite sign to x,—x,, which is not zero because (4.5) does 
not vanish. Since adjacent columns of |{c|| cannot consist solely of zeros, 
c?,2~0 for some p. Theorem 9 shows that (10.6) can be made to change sign 
for values of k making the first g+1 differences (2.2) zero. It is therefore im- 
possible for k,4: to be zero, and the sign of x,4: is the same as that of x,—k,. 

To summarize, the conditions are (10.4) and that stated in Theorem 11. 
The invariant factors of the two matrices (4.9) can become the same for 
k=k, only if c?,,=0 for all values of , and in such a case there is the further 
condition that «?,: is not zero and has the same sign as x,—x,. These con- 
ditions are also sufficient for equivalence, so far as comparison of derivatives 
of the unknowns w,, ug is concerned, because they assure that the first non- 
vanishing difference in the sequence (2.2) has the same sign for the two 
matrices. The quantities k,,2, - - - are unrestricted, as is also x,41 except in 
the special case noted above 

Second case, cP? =0 for all values of p. In this case, ch_,~0 for some p. 
By Theorem 9 we can find integral k’s satisfying the first g—2 of equations 
(4.3) and for which 


(10.7) + Ke-1 
p=1 


has arbitrary sign. Since (10.7) must not have opposite sign to the first non- 
zero expression in the sequence 


n 
(10.8) Ri — Ki, — Kay — Ket, + ket, 


p=1 


we conclude as before that 
(10.9) — = ke — Ke = = Kg-2 — Kg-2 = O, 


and that the condition of Theorem 11 with g replaced by g—1 holds. 

Moreover, by considering values of the k’s satisfying all of (4.3) we find 
that k,1— «,-1 cannot have sign opposite to «,, which cannot be zero from the 
definition of g. 


405 
n 

n 
4 

n 
|| 
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If there are integers k satisfying the first g—2 of equations (4.3) and mak- 
ing the last expression (10.8) vanish, the first of the following expressions 


n 
P 
Kay +1kp + 


p=1 


which does not vanish for these values must not have sign opposite to the 
first of the following, 


Kg—1 — Kq—1- Kay 


which does not vanish. Theorem 9 and the facts that x,~0 and c/,,~0 show 
that x,~0 in this case. Hence x, has the sign of x,1—x,-1, unless the latter 
expression vanishes. In the exceptional case the hypothesis under which we 
are working (i.e., that the last expression (10.8) vanishes) is surely fulfilled 
and x, has the same sign as ky. 

To summarize, the conditions are (10.9) and Theorem 11 with g replaced 
by g—1. Further, if k,1—x,-1 is zero, k, has the sign of «,; the expression 
Kg—-1— Kg-1, if not zero, has the same sign as x,, and, whenever x, is of signifi- 
cance, opposite sign to k,. These necessary conditions are readily seen to be 
sufficient as far as comparison of derivatives of u., us is concerned. The x’s 
not mentioned are subjected to no restriction. 

Any transformation satisfying the restrictions given above for all pairs 
a, 8 will preserve order. 

The number g defined above, being a function of a and £8, might be written 
q(a, 8). The same is true of x. 

As an example, consider the matrix 


1 


0 
2 O 
3 


0 O 
0 
0 


which is in reduced form. For it, 


g(2, 3) = (3, 1) = g(1, 2) = 4. 


1 0 O 
1 0 O 
1 0 O 
1 0 1 
(10.10) 
0 0 O 
0 1 
0 2 
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The matrix 


0 


is also in reduced form, and can be obtained from (10.10) by the process de- 
scribed under case two. For it, however, 


This illustrates the fact that g(a, 8) may decrease by unity under case two, 
and is therefore not an invariant. 

We may, of course, pass from (10.11) to (10.10) by the process of case one, 
and (3, 1), g(1, 2) are seen to increase by unity. 

We saw above, under case one, that k,,: can not be zero when all the 
expressions 


kp + 


p=1 


vanish. Hence g(a, 8) cannot increase by more than unity. It cannot de- 
crease by more than unity, because if it did, it would increase by more than 
unity under the inverse transformation. 

11. Canonical form for the general matrix. Consider a matrix in re- 
duced form. By a transformation of the preceding section make the difference 
vi'—yi numerically as small as possible. With this value fixed, make y:'—y:3 
numerically as small as possible. And so on, for each of the differences 


vt — vf, — °°, — 
in turn. Then treat the differences 
2! v2! 2’, v2! 12" 


successively in like manner. And so on. 

The differences of the cotes of the unknowns are thus determined, pro- 
vided we agree to choose the positive value when a difference can be made 
numerically least with either sign. We render the cotes themselves determin- 
ate by specifying that the algebraically least on each column be made zero by 
a transformation (3.1). 


407 
10 0 0 0 
6 6 
3 
(10.11) 
0 0 0 0 0 
0 0 1 1 
@ 
q(2, 3) = 4, 1) = g(1, 2) = 3. 
(¢ = 1,2,---, 
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Any column containing only zeros is to be omitted. 

The matrix finally obtained will be called the canonical form of the origi- 
nal. Since in reduction to canonical form we single out a matrix among all 
those equivalent to the given one by means of a certain minimum property, 
we evidently have 


THEOREM 18. Two matrices of cotes are equivalent if and only if identical 
when reduced to canonical form. 


When a matrix of cotes has been put in the above canonical form, the sub- 
matrix ordering the derivatives of any single unknown is of course in the 
canonical form of §6. Moreover, we can prove that any column whose ele- 
ments in |{c|| are all zero is in the canonical form of §7. To do this, suppose 
the ath column of the |{c|| of a matrix in canonical form consists solely of 
zeros. Let that column be reduced by the process of §7. Suppose the dif- 
ferences 


(11.1) Ya! — ¥2,°°°; Vai — Ya 


are unchanged in the process, and that is changed into ya 


Now the reduction of $7 has the property of making all the differences which 
it changes numerically smaller. Hence 


__ b+1 b+1 

| — Fa | <| val — Ya | 
In reducing the matrix as a whole to canonical form, however, when the 
differences (11.1) and those preceding them have been fixed at their final 
values, of all equivalent matrices we pick one for which |y.!—y°**"| is least. 
Hence there is a contradiction, and all the differences of the ath cotes 


Yo — Ya! — Ya 
are the same in the two matrices. Since the algebraically least cote in both 
cases is zero, the ath cotes are identical, and the desired result is established. 
As an example, consider the following reduced form in two unknowns and 
two independent variables: 


x 1 0 0 

) 1 1 0 

v 0 O 


There is a single distinct pair a, 8. The differences (2.2) are 


kit te+a, 1. 
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Hence g =3, and since cf =0, we are under the second case of §10. x. can be 
changed. Since the invariant factors of ||c|| are both unity, the maximum 
change in x2 is unity, and the new kX; is necessarily of significance. Conse- 
quently there are two possibilities: %:—x 1. 1s same sign as +1 and opposite 
sign to K3; OF Kz—Kk2=0O and x; has same sign as +1. If b is negative, the 
canonical form is therefore 


if b is positive, the canonical form is (11.2). 

12. Normal form. If the transformation described in the discussion of 
Theorem 16 be applied to the canonical form, the columns containing nothing 
but zeros in ||c||, other than the first, can be suppressed. The resulting matrix 
will be called the normal form of the original. The reason for making the 
process in Theorem 16 uniquely defined becomes apparent, and we have 


THEOREM 19. Two matrices of cotes are equivalent if and only if identical 
when reduced to normal form. 


It is to be noted that when the whole matrix is in normal form, the matrix 
||c|| has the same properties as for the canonical form except that the cotes of the 


same column are not necessarily relatively prime. 
The normal form contains +1 or ” columns according as the first column 
of ||c|| consists solely of zeros or not. Hence we have 


THEOREM 20. Any ordering effected by a matrix of cotes with the first cotes 
of the independent variables all equal to unity can be accomplished by a matrix 
with columns equal in number to the independent variables. 


Thus the normal form of 


1 
1 


1 0 0 
1 1 
s 641 
» 
| 0 @ +--+ @ 
1 0 1 
0 r—1 0 0 
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is 
r 0 0 
Tr 
0 1 
0 
0 
r—1 0 0 
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THE EFFECTS OF GENERAL REGULAR TRANSFOR- 
MATIONS ON OSCILLATIONS OF SEQUENCES 
OF FUNCTIONS* 


BY 
RALPH PALMER AGNEW 


1. INTRODUCTION 


Recently the writert has considered the behavior of continuous oscilla- 
tion, continuous convergence, uniform oscillation, and uniform convergence 
of complex and real sequences of functions under complex and real regular 
transformations with triangular matrices; oscillation and convergence being 
in each case considered (1) over a set as a whole, (2) at a single point of a set, 
and (3) at all points of a set. It is the object of the present paper to outline 
an extension of that investigation, considering regular transformations of a 
general form which includes practically all of the transformations used in the 
theory of summability.t 


2. TRANSFORMATIONS 


Let T and A be sets of metric spaces, let T have a limit point ¢) not belong- 
ing to 7, and let functions a,(¢), k=1, 2, 3, - - - , be defined over T. Ifa 
sequence {s,(x) }, defined over A, is such that 


G) o(t, x) = 
k=1 


converges for all in T and x in A and if 


lim o(t, x) = o(x),§ 
tle 
then (G) is said to assign the value (x) to the sequence {s,(x)}. 
It is convenient to regard (G) as being a transformation which carries a 
given sequence {s,(x)} into a transformed function o(t, x). The transformation 
(G) is said to be real if a,(¢) is real for all & and for all ¢ in T; otherwise it is 


* Presented to the Society, September 11, 1930; received by the editors August 2, 1930. 

+ These Transactions, vol. 32 (1930), pp. 669-708. This paper will be referred to hereafter as 
Trans. 

t See Carmichael, Bulletin of the American Mathematical Society, vol. 25 (1918-19), p.118; 
J. Schur, Journal fiir Mathematik, vol. 151 (1920), p. 82; and W. A. Hurwitz, Bulletin of the Ameri- 
can Mathematical Society, vol. 28 (1922), p. 18. 

§ Here, as elsewhere in this paper, ¢ is restricted to approaching ¢o over the set T. 
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complex. Except in cases where a specific statement to the contrary is made, 
the transformations and sequences considered in this paper may be complex. 
The following conditions* are listed together for convenience: 


Ci: pos |a,(t) | is bounded for all ¢ in 7; 
k=1 
C3: for each k, lim a,(t) = 0; 
Cs: lim = 1; 
tobe k=l 
lim >>| ax(¢)| = 1; 
tla kal 
Cs: for each k, a,(¢) = 0 for all sufficiently advanced ¢;f 
Cz: >oax(t) = 1 for all sufficiently advanced ¢. 
k=l 


Since we are considering only regular transformations{ we shall use the 
symbol (G) to represent a regular transformation. It is well known that Ci, 
C,, and C; are necessary and sufficient for the regularity of a complex trans- 
formation when applied to complex sequences, and for the regularity of a 
real transformation when applied to real sequences. Hence (G), complex or 
real, satisfies Cy, Co, and C3. 


3. OSCILLATIONS 


Let a sequence {s,(x)} be defined over a set A. For continuous oscilla- 
tions of a sequence we have the two following definitions. The continuous 
oscillation of {s,(x)} over the set A (which we shall call the Q-oscillation of 
{s,(x)} over A) is denoted by 2({s,}, A) and is defined as follows: for each 
sequence {x,} of points of A, form 


lim sup | — Sa(xj)| = 0; 


the least upper bound of all such 2 is 2({s,}, A). Similarly the continuous 

* These conditions are analogous to the corresponding conditions of Trans. To see this, we may 
specialize (G) as in §9 of this paper, and then impose the further condition a,,=0, k>n. Then (G) 
assumes the form on(x) =),p~1@nase(x), of a transformation with a triangular matrix; and the condi- 
tions C;,- - + , Cs become the corresponding conditions of Trans. Owing to these circumstances, 
the lemmas and theorems of §§4-7 include corresponding results of Trans. to which the reader will 
be referred by footnotes. 

t Le. for all points ¢ of T which lie in a sufficiently small neighborhood of ¢o in T. 

t A transformation is said to be regular when it assigns to each convergent sequence the value to 
which it converges. 
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oscillation of {s,(x)} at a point xo of A™ over the set A (which we shall call 
the Q-oscillation of {sn(x)} at xo over A) is denoted by Q(x; {s,}, A) and is 
defined as follows: for each sequence {x;} of points of A with the limit xo, 
form 
lim sup | Sm(ai) — Saaz) | = 2; 
M+ 2 , 
the least upper bound of all such v is Q(xo; {sn}, A). 

For uniform oscillations of sequences, we have the two following defini- 
tions. The uniform oscillation of {s,(x)} over the set A (which we shall call 
the O-oscillation of {s,(x)} over A) is denoted by O({s,}, A) and is defined as 
follows: for each sequence {x;} of A, form 

lim sup Sm(xs) — Sn(xi)| = 2; 
the least upper bound of all such v is O({s,}, A). Similarly the uniform os- 
cillation of {s,(x)} at a point x» of A° over the set A (which we shall call the 
O-oscillation of {s,(x)} at xo over A) is denoted by O({s,}, A) and is defined 
as follows: for each sequence {x;} of points of A with the limit xo, form 

lim sup Sm(xi) — Sa(xi) | = 9; 


1-7 


the least upper bound of all such 2 is O(xo; {s,}, A). 


For the corresponding Q-oscillations of transformed functions, we have 
the two following definitions. Let ¢ and u be points of T, and for each se- 
quence {x;} of points of A, form 


lim sup | o(t, xi) — o(u, x;)| = 9; 
the least upper bound of all such 7 is the Q-oscillation of a(t, x) over A and will 
be denoted by Q(c¢, A). Similarly, for each sequence {x;} of A with the limit 
Xo, form 


lim sup | o(t, xi) — o(u, x;)| = 0; 
Ito, 
the least upper bound of all such 2 is the Q-oscillation of a(t, x) at xo over A 
and will be denoted by Q(x; ¢, A). 
For the O-oscillations of transformed functions, we have the two following 
definitions. For each sequence {x;} of points of A, form 
lim sup | o(t, x1) — o(u, xi) | = 9; 


t-to, 


* 4° is used to denote the set consisting of A and its limit points. 
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the least upper bound of all such 2 is the O-oscillation of a(t, x) over A and 
will be denoted by O(c, A). Similarly, for each sequence {x;} of points of A 
with the limit xo, form 


lim sup | a(t, xi) — c(u, x;) | = 9; 


Ilo, uh 


the least upper bound of all such a is the O-oscillation of o(t, x) at xo over A 
and will be denoted by O(x9; ¢, A). 


4. SOME FUNDAMENTAL LEMMAS 


Lema 4.1. If (G) fails to satisfy C,, then there is a bounded sequence {sn} 
of constants such that 


lim sup | o(t) — o(u)| > lim sup | sm — sal 


ble, ul. m2 


If (G) is real, {s,} may be taken real.* 
From C; and a denial of C,, it follows that there is a number 6 for which 
lim sup >>| a.(t)| > @> 1. 


Hence there is a sequence {t, } with the limit ¢) such that 
(4.11) (m = 1, 2,3,---). 
Let 2; be any positive integer and choose N; >, such that 

| ax(tn,)| <1. 


keN ,+1 


Using C2, choose N; such that 
| | < 45 
k=1 

then choose N2.>mz such that 


>| ax(tn,) | < 3. 
k=N 
Proceeding in this manner, we may define a sequence Nyp=0<m<Ni<m 
<N2<mn;< such that for p=1, 2, 3,--- 


* Compare Trans. Lemma 4.01 of which the proof was given by W. A. Hurwitz, American Jour- 
na] of Mathematics, vol. 52 (1930), pp. 611-616. 
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Nps 1 1 
(4.12) Dd | ax(tn,)| <— and >| << —- 
k=l p 


k=N 


From these inequalities and (4.11) we obtain 
Np 2 
(4. 13) > | >@-—- 
k=Np_j+1 
Now define* for p=1, 2, 3, -- - 
(4.14) Se = (— 1)?*' sgn ag(tn,), Npr << k S Np. 
Then s; is real for all & if (G) is real; and | s,| <1 for all & so that 


lim sup | sm — Sa| S 2. 


m2 


But 
o(tn 


p+1 


) olt,,) = — Laelte, se, 
k=1 


k=1 


and using (4.14) we obtain 


Np Np-1 
) o(tn,) = Se + >» 
k=1 k=l 
Np 


+ (— 1)? aelte,,,) | + (— | 


k=Np+1 k=N 


o(tn 


p+i 


Using (4.12) and the fact that | se| <1 for all k, we see that the sum of the 
absolute values of the first four terms of the right member of the last expres- 
sion is less than 
1 1 1 1 4 

p+l1 p pti p ? 
and using (4.13) we see that the absolute value of the sum of the last two 
terms (which are real and of like sign) is greater than 


2 2 4 

Hence 


| 


8 
) — o(t,,) | > 20- —- 
p 


Thus 


* For complex z, sgn z= |z|/z when z~0 and =0 when s=0. 
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IV 


8 
lim sup | o(t) — o(u)| > lim sup | o(t,,,.) — o(tn,) | lim (29 -) 


blo, uly pro 


20> 22limsup|sn— sal, 


and the lemma is proved. 
The four following lemmas may be proved together. 


Lemas 4.2, 4.3. Let A be an infinite set and let {x_} be a sequence of dis- 
tinct points of A. Incase A has a limit point xo, {x_\ may be a sequence with the 
limit xo. If (G), real or complex, fails to satisfy C5, then there is a real sequence 
{sn(x)} bounded above (below) over A, such that 


lim sup ‘a(t, x3) — o(u, > lim sup | — =0 


where |x} is any sequence of points of A.* 
Lemmas 4.4, 4.5. Under the hypotheses of Lemmas 4.2, 4.3, there is a real 
sequence | s,(x)}, bounded above (below) over A such that 


lim sup | a(t, — o(u, | > lim sup | Sm(Xi) — Sn(x;’) | = 0, 


t+to,u—to, M+ ,N—+ , 


where |x } is any sequence of points of A.t 

From a denial of C; it follows that there is a value of , say \, and a se- 
quence }f,} with the limit fo such that 

ay(la) (a = 1,2,3,---). 

Define the sequence {s,(x)} over A as follows: s,(x)=0 over A for n¥); 
s(x) =0, and where h=1(h=2). 
Evidently s,(x) is bounded above or below over A according as h is 1 or 2, 
and since s,(x) =0 over A for n>, 


lim sup Sm(xi’) — sn(x/)| = limsup sm(xi’) — Sa(xi’) | = 0 


where {x./ } is any sequence of points of A. But a(t, x) =a,(t)s,(x) so that 
|o(ta, Xa)| =1 and |o(ts, =| aa(ts)|/| aa(te)| ; hence 


a(t, x) — o(u, x,)| 


a(t, — o(u, = lim sup 


tbe, 


lim sup 


tte, , je 


= lim sup | o(ta, Xa) — x) | = lim sup | a(ta, Xa) | | a(ts, Xa) | 
> lim sup | 1 — | aa(ts)| /| an(ta) | =+o, 


* Compare Trans. Lemmas 4.02, 4.03. 
t Compare Trans. Lemmas 4.04, 4.05. 
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and the lemmas are proved. 


Lemmas 4.6, 4.7. Let A be an infinite set and let {x.} be a sequence of dis- 
tinct points of A. In case A has a limit point xo, {xa} may be a sequence with 
the limit xo. If (G), real or complex, fails to satisfy Co, then there is a real se- 
quence {s,(x)}, bounded above (below) over A, such that 


lim sup |o(t,x,) —o(u,x)|> limsup | sm(xi’) — sa(x’)| = 0 


tlo, M+ 2 , i+ 0 
where |x! } is any sequence of points of A.* 


From a denial of C, it follows that there is a sequence {t.} with the limit 
to such that 


1 
k=1 
Define a real function s(x) over A, bounded above (below) over A, such that 
$(%a) = (— 1)*/]1— ; 
k=1 


and let s,(x) =s(x), n=1, 2,3,---. Then s,(x)—s,(x) =0 over A so that 


lim sup Sm(x!) — )| =0 


m—+ , n+ 


where {x/ } is any sequence of pointsof A. But 


lim sup | a(t, x;) — o(u, x;) | = lim sup $(x;) | ax(t) — 
k=l k=l 


= lim sup | s(x;) | 1— doax(u) = lim sup | s(%q) | 1— doar ta) =1 
k=1 


ute, 
and the lemmas are proved. 
5. PROOFS OF TYPICAL THEOREMS INVOLVING {2-OSCILLATIONS OVER A SET 
THEOREM 5.11. In order that (G) may be such that 
A) S 2({sn}, A) 
for every sequence {s,(x)}, defined over an arbitrary set A and bounded over A 
for all n, Cy is necessary and sufficient.{ 


The necessity of C, follows from Lemma 4.1 since, for the sequence of 
constants there defined, Q(¢, A) > Q({s,}, A). To establish sufficiency of C,, 


* Compare Trans. Lemmas 7.01, 7.02. 
t+ Compare Trans. Theorem 4.111. 
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choose M such that | s,(x)| <M over A for all n, B such that }-;_,| a:(t)| <B 
for all T and let ax(t)| = B(#). Let {x;} be any sequence of points 
of A, and let g be any number greater than Q({s,}, A); then there is an 
index p such that 


(5.111) | su(ai) — <qforn = p,v=p,i=p,j=p. 
We readily obtain the identity 


P 
o(t, x;) — o(u,x;) = (t)se(x;) 
k=1 


k=1 


p=p+l v=ptl v=p+l1 u=p+1 
vep+l 


The absolute values of the first four terms of the right member of (5.112) are 
respectively less than or equal to 


u=p+1 


k=1 k=1 


v= p+1 


each of which, by C, and C;, approaches 0 as ¢ and u approach fy. Hence 


lim sup | o(t, x) — o(u,x,) | 


ito, ube, ime, 


= lim sup 
ute, ine, joe 
But by (5.111) 
(t)a,(u) [s,(x) — <q DYla|| | 


w= p+l v= u=p+1 


p=p+l v=—p+l 


S qB(t)B(u) 
so that 
(5.113) lim sup | a(t, x;) — o(u, x;) | < limsup [qB(t)B(u)]; 
Ibe, ute, jv tte, ute 
and using C, we have 
(5.114) lim sup | o(t, x) — o(u, x;)| Sq. 


lols, ula, 


Since {x;} is any sequence of points of A, it follows from (5.114) that 


8g 
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Q(c, A) <q; and since g is any number greater than Q({s,}, A), Q(¢, A) 
< 2({s,}, A) and the theorem is proved. 

On noting that the proof of the preceding theorem is undisturbed by sup- 
posing (G) and the {s,(x) } sequences to be real, we obtain 


THEOREM 5.12. In order that a real (G) may be such that 
Q(c, A) S Q({sn}, A) 


for every real sequence {s,(x)} defined over an arbitrary set A, and bounded over 
A for all n, Cy is necessary and sufficient.* 


THEOREM 5.13. In order that (G) may be such that 
A) {sn}, A) 


for every sequence {s,(x)}, defined over an infinite set A, C, and C; are necessary 
and sufficient. 

Necessity of C, follows from Lemma 4.1; and that of C; from Lemma 4.2 
(or 4.3) since for the {s,(x)} sequences there defined, 2({s,}, A) =0 while 
Q(¢, A)>0. No proof of sufficiency is required if Q({s,}, A)=+o. If 
Q({s,}, A) is finite, let g be any greater number, let {x,;} be any sequence of 
points of A, and choose an index pf such that (5.111) is satisfied. Then 
| sa(xs) —s,(x»)| <q for n=p, i=p; hence there is a constant M such that 
|sn(x:)| <M for n=p,i=p. Using Cs, choose a neighborhood A of ¢) in T 
such that a;(#) =0,k=1, 2,3, - - - , pfortinA. Then, referring to the identity 
(5.112), we see that the first two terms of the right member vanish for ¢ 
and uw in A and that, for i= p, 7 =p, the second and third terms approach zero 
ast and u approach fy. Therefore we may write (5.113) and sufficiency follows 
asin Theorem 5.11. The same proof establishes the following two theorems. 


THEOREM 5.14. In order that a real (G) may be such that 
Q(0, A) {sn}, A) 
for every real sequence {s,(x)}, defined over an infinite set A, Cy and C; are 
necessary and sufficient.t 
THEOREM 5.15. In order that a real (G) may be such that 
Q(c, A) S {sn}, A) 
for every real sequence {s,(x) a defined over an infinite set A and bounded above 
(below) over A for all n, Cy and C; are necessary and sufficient.§ 


* Compare Trans. Theorem 4.112. 
+ Compare Trans. Theorem 4.131. 
¢t Compare Trans. Theorem 4.132. 
§ Compare Trans. Theorem 4.133. 
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THEOREM 5.21. In order that (G) may be such that Q(¢, A) =0 for every 
sequence {s,(x)}, defined over an arbitrary set A and bounded over A for all n, 
such that Q({s,}, A) =0, no further conditions need be imposed upon anx.* 


Letting {x;} be any sequence of points of A, and g be an arbitrarily small 


positive number, we can choose an index p for which (5.111) holds; and using 
(5.112) obtain (5.113) precisely as in Theorem 5.11. But 


lim sup gB(t)B(u) S qB?; 

hence Q(¢, A)<qB*. Since gB? is arbitrarily small, Q(¢, A)=0 and the 
theorem is proved. 

THEOREM 5.22. In order that (G) may be such that Q(a, A) =0 for every 
sequence {s,(x)}, defined over an infinite set A, such that Q({s,}, A) =0, Cs 
is necessary and sufficient. 

Necessity follows from Lemma 4.2 (or 4.3). The sufficiency proof is a 
modification of that of Theorem 5.13 in the same sense that the proof of 
Theorem 5.21 is a modification of the sufficiency proof of Theorem 5.11. The 
same proof establishes the two following theorems. 

THEOREM 5.23. In order that a real (G) may be such that Q(¢, A) =0 for 
every real sequence {s,(x)}, defined over an infinite set A, such that Q({sn}, A) 
=0, C; is necessary and sufficient.t 

THeoreEM 5.24. In order that a real (G) may be such that Q(¢, A) =0 for 
every real sequence {s,(x)}, defined over an infinite set A and bounded above 
(below) over A for all n, such that Q({s,}, A) =0, Cs is necessary and sufficient.§ 


6. PROOF OF A TYPICAL THEOREM INVOLVING {2-OSCILLATIONS 
AT A POINT OVER A SET 
THEOREM 6.1. Jn order that (G) may be such that 
2(x0; ¢, A) S {sn}, A) 
for every sequence {s,(x)}, defined over a set A such that xo is in A° and bounded 
over a neighborhood D of xo in A for all n, Cs is necessary and sufficient. 


Necessity follows from Lemma 4.1. To establish sufficiency, choose J/ 
such that |s,(x)| <M over D for all m, let {x;} be any sequence of points of 


* Compare Trans. Theorem 4.22. 

{| Compare Trans. Theorem 4.231. 
t Compare Trans. Theorem 4.232. 
§ Compare Trans. Theorem 4.233. 
|| Compare Trans. Theorem 5.111. 
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A with the limit xo, and let g be any number greater than (xo; {s,}, A). 
Then there is an index p for which (5.111) holds; let p be increased if necessary 
so that x; is in D fori=p. Using (5.112), we obtain (5.114) precisely as in 
Theorem 5.11; therefore Q(x, ¢, A) <q and sufficiency follows. 


7. PROOF OF A TYPICAL THEOREM INVOLVING O-OSCILLATIONS OVER A SET 
THEOREM 7.1. In order that (G) may be such that 
O(o, A) O({sn}, A) 


for every sequence {s,(x)}, defined over an infinite set A, Cs, Cs, and Cg are 
necessary and sufficient.* 


Necessity of C; follows from Lemma 4.1; and that of C; and Ce. from 
Lemmas 4.4 (or 4.5) and 4.6 (or 4.7) respectively, since, for the {s,(x)} 
sequences there defined, O({s,}, 4)=0 while O(¢, A)>0. If O({s,}, A) 
= +, no proof of sufficiency is required. If O({s,}, A) is finite, let g be any 
greater number and let {x;} be any sequence of points of A; then there is an 
index p such that | s,(x;) —s,(x;)| <q foru=p, v=p,i=p. Using C; and Ce, 
choose a neighborhood A of é) in T such that a,(#) =0, k=1,2,3,---, p, for 
tin A and also )°y—~p4:0.(t)=1 for tin A. Then, considering the identity 
(5.112) with j replaced by 7, we see that the first four terms of the right mem- 
ber vanish for ¢ and uw in A; hence we obtain (5.113) and, using Cy, (5.114) with 
j replaced by i. Therefore O(a, A) <q, O(c, A) SO({s,}, A), and the theorem 
is proved. 

8. A CATALOGUE OF THEOREMS 


A comparison of the proofs which have been given in §$$5—7 with those 
of the corresponding theorems of Trans. will suggest to the reader all of the 
modifications of the proofs of the theorems of Chapters II and III of Trans. 
which are necessary to obtain new theorems involving the general regular 
transformation (G). We shall, to save space, not give formal statements of 
the new theorems but shall specify the changes which must be made in the 
theorems of Trans. to produce the new theorems. 

A group of theorems, giving necessary and sufficient conditions that (G) 
may be such that the Q-oscillation over a set of a transformed function shall not 
exceed the Q-oscillation over the set of a given sequence, is obtained by replacing 
(T) by (G) and Q({o,}, A) by Q(c, A) in Trans. Theorems 4.111-4.133. 

A group of theorems, giving necessary and sufficient conditions that (G) 
may be such that the Q-oscillation over a set of a transformed function shall be 
zero whenever the Q-oscillation over the set of a given sequence is zero, is obtained 


* Compare Trans. Theorem 7.131. 
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by replacing (7) by (G) and Q(}o,}, A) by Q(¢, A) in Trans. Theorems 4.21- 
4.233. 

A group of theorems, giving necessary and sufficient conditions that (G) 
may be such that at a single point or limit point of a set, the Q-oscillation over 
the set of a transformed function shall not exceed the Q-oscillation over the set of a 
given sequence, is obtained by replacing (JT) by (G) and Q(x; {o,}, A) by 
Q(x, ¢, A) in Trans. Theorems 5.111-5.133. 

A group of theorems, giving necessary and sufficient conditions that (G) 
may be such that at a single point or limit point of a set, the Q-oscillation over 
the set of a transformed function shall be zero whenever the Q-oscillation over the 
set of a given sequence is zero, is obtained by replacing (T) by (G) and 
{on}, A) by 0, A) in Trans. Theorems 5.21-5.233. 

A group of theorems, giving necessary and sufficient conditions that (G) 
may be such that at each point and limit point of a set, the Q-oscillation over the 
set of a transformed function shall not exceed the Q-oscillation over the set of a 
given sequence, is obtained by replacing (T) by (G) and Q(x; {o,}, A) by 
Q(x, ¢, A) in Trans. Theorems 6.111-6.133. 

A group of theorems, giving necessary and sufficient conditions that (G) 
may be such that the Q-oscillation of a transformed function shall be zero at each 
point and limit point of a set whenever the Q-oscillation of a given sequence is zero 
at each point and limit point of the set, is obtained by replacing (T) by (G) and 
Q(x; {o,}, A) by Q(x, ¢, A) in Trans. Theorems 6.21-6.233. 

A group of theorems, giving necessary and sufficient conditions that (G) 
may be such that the O-oscillation over a set of a transformed function shall not 
exceed the O-oscillation over the set of a given sequence, is obtained by replacing 
(T) by (G) and O({o,}, A) by O(, A) in Trans. Theorems 7.111—7.133. 

A group of theorems, giving necessary and sufficient conditions that (G) 
may be such that the O-oscillation over a set of a transformed function shall be 
zero whenever the O-oscillation over the set of a given sequence is zero, is ob- 
tained by replacing (7) by (G) and O({¢,}, A) by O(c, A) in Trans. Theorems 
7.21-7.233. 

A group of theorems, giving necessary and sufficient conditions that (G) 
may be such that at a single point or limit point of a set, the O-oscillation over 
the set of a transformed function shall not exceed the O-oscillation over the set of a 
given sequence, is obtained by replacing (JT) by (G) and O(x»; {o,}, A) by 
O(xo, ¢, A) in Trans. Theorems 8.111-8.133. 

A group of theorems, giving necessary and sufficient conditions that (G) 
may be such that at a single point or limit point of a set, the O-oscillation over 
the set of a transformed function shall be zero whenever the O-oscillation over the 
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set of a given sequence is zero, is obtained by replacing (7) by (G) and O(x»; 
{on}, A) by O(xo, ¢, A) in Trans. Theorems 8.21-8.233. 

A group of theorems, giving necessary and sufficient conditions that (G) 
may be such that at each point and limit point of a set, the O-oscillation over the 
set of a transformed function shall not exceed the O-oscillation over the set of a 
given sequence, is obtained by replacing (T) by (G) and O(x; {o,}, A) by 
O(x, 0, A) in Trans. Theorems 9.111-9.133. 

A group of theorems, giving necessary and sufficient conditions that (G) 
may be such that the O-oscillation of a transformed function shall be zero at each 
point and limit point of a set whenever the O-oscillation of a given sequence is 
zero at each point and limit point of the set, is obtained by replacing (T) by 
(G) and O(x; {o,}, A) by O(x, o, A) in Trans. Theorems 9.21-9.233. 

9, APPLICATION TO TRANSFORMATIONS WITH SQUARE MATRICES 

A well known family of regular transformations of the form (G) is ob- 
tained by taking T to be the set of positive integers and ¢) to be the symbolic 
limit point +2. Then a;,(m) and o(n, x) may be written a,; and o,(x), and 
(G) becomes a transformation of the form 


(S) = 
k=1 

which assigns to the sequence {s,(x)} the value lim,..¢,(x) =o(x) when the 
limit exists. In this case what we have called the transformed function becomes 
a transformed sequence and we see on referring to the definitions of §3 that the 
oscillations Q(¢, A), Q(x0, ¢, A), O(a, A), and O(xo, A) become respectively 
Q({on}, A), Q(xo; {on}, A), O({on}, A), and O(xo; {on}, A). Hence for 
regular transformations (S), the statements of the theorems of §8 become 
practically identical with the statements of the corresponding theorems of 
Chapters II and III of Trans. In fact, we may obtain, from each theorem of 
Chapters II and III of Trans., a theorem involving (S) by replacing (7) by 
(S) and interpreting C,, C;, and C, to be the conditions obtained by replacing 
t by n, ax(t) by a,x, and lim,—,, by lim,.,, in the conditions of §2. 


10. APPLICATION OF THE EULER-ABEL POWER SERIES METHOD 
The Euler-Abel transformation assigns to a series ui: +4%2+ - - - the value 


lim = lim + uot + usl? + ---) 


when the limit exists, and to a sequence {s,} the value lim;.:0(¢), where 


= — t)s, 
k=1 
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when the limit exists. That the transformation (£) is regular when the set T 
over which ¢ approaches 1 is the real set —1<¢<1 was first shown by Abel. 
It has been pointed out by Hurwitz* that a necessary and sufficient condition 
that (£) be regular is that the set T be a set of a region R interior to the circle 
|¢] =1 and between some pair of chords through ¢=1. 

For (£) we have, in the notation of (G), a,(¢) =¢*—"(1—2); and we see at 
once that (£) fails to satisfy Cs when T is any set of R, and that (E) satisfies 
C, when T is any set of R. 

We find further: J” order that a regular (E) may satisfy Cy, it is necessary 
and sufficient that T be such that for each sequence t,=£&,+inn of points of T 
with the limit 1, we have lim, ..n./(1—£,) =0. In particular, if T is the set 
—1<¢<1, then (E) satisfies Cy. 


11. APPLICATION OF THE BOREL-SANNIA TRANSFORMATIONS 


For each integer r (positive, zero, and negative), the Borel-Sannia trans- 
formation of order r7 is given by 


k-r 
(r) rt 
and it assigns to a sequence {sn} the value lima .,,0° (4) when this limit 
exists. A necessary arid sufficient condition that (B,) be regular is that for 
all points ‘= &+in of T with sufficiently great positive abscissas, 7?/£ shall 
be bounded.§ 

For (B,), af? (t) =e~'t**/(k—r)! and we see that any regular (B,) fails to 
satisfy C;. Considering C¢, we find that any regular (B,) of order r=1 satisfies 
C, and any regular (B,) of order r <0 fails to satisfy Co. 

For each integer r we find the following: Jn order that a regular (B,) may 
satisfy C,, it is necessary and sufficient that T be such that for each sequence 
tn = En+inn of points of T such that , we have lim n,?/£, =0. In particu- 
lar, if T is the set of positive real numbers, then (B,) satisfies C,. 

* Bulletin of the American Mathematical Society, vol. 28 (1922), p. 24. 

+ G. Sannia, Rendiconti del Circolo Matematico di Palermo, vol. 42 (1917), pp. 303-322. Note 
that B, is the Borel mean or the Borel exponential transformation, and that Bo is the Borel integral 
transformation. 

t Here 1/(k—r)!=0 where k—r <0. This convention is justified by the behavior of the reciprocal 


of the gamma function. 
§ W. A. Hurwitz, Bulletin of the American Mathematical Society, loc. cit., p. 25. 
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THE DISCRIMINANT MATRIX OF A 
SEMI-SIMPLE ALGEBRA* 


BY 
C. C. MacDUFFEE 


1. Introduction. Let & be a linear associative algebra with basis e1, és, 

- +, é, over a field § in which m has a reciprocal, and let the constants of 

multiplication be denoted by c;;,. Let t:(x) and #2(x) denote, respectively, the 

first and second traces of x. In a recent paperj the writer called the sym- 
metric matrices 


= | |ti(e,e.) || =|| |, Tz =| |to(eres)|| = |] | 


the first and second discriminant matrices of X relative to the given basis. The 
relation of these matrices to the discriminant of an algebraic field was shown, 
so that the names were justified. It was also shown that under a linear trans- 
formation of basis, 


ei A= (ars), | A | 0, 
the matrices are transformed cogrediently, i.e., 
(1) Ti =AT,A, Ti =AT.A 


where A denotes the transpose of A. Thus the ranks of 7; and T; are in- 
variant, and if § is a real field, so are the signatures. Other elementary pro- 
perties of these matrices were discussed and their occurrence in the literature 
noted. 

In the first part of the present paper the behavior of 7; under transforma- 
tion of basis is used to establish the existence for every algebra with a prin- 
cipal unit of a normal basis of simple form. This normal basis has a cyclic 
property generalizing that of the familiar basis 1, 7,7, k for quaternions. By 
means of this normal basis several new theorems in the theory of semi-simple 
algebras are obtained, e.g., the fact that 7; and T: are identical, and that the 
first and second characteristic functions are identical. 

In the second part of the paper (§4 et seq.) the discriminant matrices of a 
direct sum, direct product and complete matric algebra are investigated. 

2. The normal basis. Let us now assume that ¢, is a principal unit so that 


* Presented to the Society, April 18, 1930; received by the editors in November, 1930. 
+ Annals of Mathematics, (2), vol. 32, p. 60. 
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We denote by 7,, the elements of 7;. By means of the associativity condi- 
tions we may write 7,, in the alternative forms* 


i,k h,k 


Then if we set >-x¢ar,=d,, we may write 7,,=).xCerndx. In particular 


Grin = inde = = d,, 
i,k i 
=n. 


Thus 7; is of the form 


ds 732 733° ** T3n 


d, Tn2 Tn3** * Tnn 


By means of a transformation of matrix 


1 0 0O---90 
—do/n 1 0---0 
A= —d;/n 0 1---0 


—d,/n O---1 


we find that 


n O 0 0 

O 723 Ton 
Ti =AT,A =|| 0 752 733° Tan 

0 Tas Ths Tan 


By the above transformation ej =e, is the principal unit. It is now obvious 
that the symmetric matrix Tj can be reduced to a diagonal matrix by trans- 
formations in § which leave the principal unit e; invariant. We have 


* MacDuffee, loc. cit., p. 62 (2). 


| n do ds -++d, 
dz T22 — 
| |. 
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THEOREM 1. /f %& has a principal unit, a basis can be so chosen that the prin- 
cipal unit is e, and 


where the g’s are in § and g:=n. 


Such a basis will be called a normal basis for the algebra. 
We have seen that when ¢; is a principal unit, 7, =d,, so for a normal basis 


d, = 4, dg=d3=>---=d, = 0. 
Hence* 7,,=¢,1 so that 


r 


Csr1 = — 
n 


In the associativity conditions 


h A 


set s=1 and use the above relation. We obtain 


1 1 
n h n h 


(3) Splrip = Sil pri (i, 1, 2, n). 


THEOREM 2. When a normal basis is taken for an algebra U with a principal 
unit, the constants of multiplication are in the relation (3), the g’s being given by 
(2). 

It is interesting to note that for quaternions with the familiar basis 1, 
i, 7, k where i? =j? =k? = —1, ij = —ji=k, jk = —kj =i, ki= —ik =], the basis 
is in normal form with g; =4, g.-=g3;=g,= —4. The cyclic property of quater- 
nion multiplication is generalized in the cyclic advance of the subscripts in 
(3). 

3. Some applications. We shall now suppose that & is semi-simple with 
a normal basis é1, é2, - - - , én. Then each g; in (2) is different from zero. 


* Cf. these Transactions, vol. 31 (1929), p. 81, Lemma 7. 


g 0 0-:--0 
0 g 0---0 iF 
(2) = 0 0 £3 0 
0 O O-:--g, 
j 
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THEOREM 3. Jn every semi-simple algebra, for every basis, the discriminant 
matrices T, and T> are identical. 


By definition 


| 
hk 
By means of (3), 


gk Bh 
— Chrk— Cksh 
h,k &h Rk 


ne 


= To. 


= | Do Chen 
h,k 


Thus for a normal basis 7; and T> are identical. Since they are transformed 
cogrediently (1), they are identical for all bases. 

Henceforth we shall speak of the discriminant matrix of a semi-simple 
algebra, and denote it by T. 

THEOREM 4. For every semi-simple algebra and for all bases, 
(4) S(x) = TR(x)T, 
where R(x) and S(x) are, respectively, the first and second matrices of x, and T is 
the discriminant matrix. 

If & has a normal basis, (3) gives 


Crisfs £ilsri £rCisr- 


Hence 
S(e)T = TR(e;). 


Multiplying by x; and summing for 7 gives 
S(x)T = TR(x) 


where 


is the general number of the algebra. Thus (4) is established for a normal 


basis. 
Under transformation of basis 


S(x) = R(x) = 


* Dickson, Algebren und ihre Zahlentheorie, p. 38. The S(x) is the transpose of Dickson’s S,. 
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and by (1), 7=A—T’A-. Hence from (4) 
A-$'(x")A = 
= 
so that 
S'(x') = 
Thus (4) holds for every basis. 
THEOREM 5. For every semi-simple algebra, and for all bases, the first and 
second characteristic functions are identical. 
By definition* the first and second characteristic functions of the general 
number are 
Ci(w) =| R(x) — |, 
C2(w) =| S(x) — . 
The theorem follows immediately from (4). 
4. The discriminant matrix of a direct sum. An algebra & is the direct 
sum of two algebras and € if C, BE=CB=0, SAC =0. It is 
known that every semi-simple algebra is the direct sum of simple algebras, 


and the components are unique except for order. 
The direct sum of two matrices M, and M, is the matrix 


M, O | 


O 
where the O’s stand for rectangular blocks of 0’s. Let T(%) denote the dis- 
criminant matrix of %. 
THEOREM 6. Jf A=BOE, a basis for A may be so chosen that 
TM) = T(B) 6 TCO). 


We choose the basis numbers ¢), é2, - - , én Of Uso that - - - , €, form 
a basis for 8 and - - - , én a basis for €. Then e,e,=0 unless rsh, 
or r>h, s>h. Since T(M) =||t(e,e,)||, obviously 
T(%) 0 | 
T(M) = 


6. If § is a real field, and BOE, then the signature of 
is the sum of the signatures of T(B) and T(G). 


* Dickson, ibid., p. 37. 


ihe 
4 
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5. The discriminant matrix of a direct product. An algebra % is the 
direct product 8 X € of two algebras % and € if %=G, the order of Y is the 
product of the orders of 8 and G, and if every number of % is commutative 
with every number of G. 

If P=(p,.) and Q=(qg,,) are two square matrices, the direct product* 
P XQ is defined to be the matrix 


Pq Pqi2- Pin 


PQni Pun 
where P9q;; stands for the block of elements 


THEOREM 7. Jf A=BxXG, a basis for UA can be so chosen that 
T(A) = T(B) X TO). 


Suppose that % has the basis ¢:, ¢2, - - - , é, and the constants of multipli- 
cation 6;;,, while © has the basis fi, fe, - - - , f, and the constants of multipli- 
cation ¢,;.. Then the numbers ¢;,f;, form a basis for %, and 


ky=1,---.9 


(S) 


Let us denote the basis numbers ¢;, f;, of 2% by the symbols £; and order 
them so that 


(6) 


Evidently i, and i, determine i uniquely and conversely. Then (5) may be 
written 


* A. Hurwitz, Mathematische Annalen, vol. 45, p. 381. 
C. Stephanos, Journal de Mathématiques, (5), vol. 6, p. 73. 


£ 
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= DinEx 
k=1 
where = 03, the ji, jo, ki, Re being determined from j and k by re- 
lations similar to (6). 
It now follows that 


gh 
Dy ap 


T(A) 


P2,492 
= X T@). 
Corotiary 7. Jf § is a real field, and X=BXE, the signature of T(A) is 
equal to the product of the signatures of T(S) and T(G). 


As in Theorem 1 bases for 8 and € may be so chosen that T(%) and T(€) 
are diagonal matrices. It is evident that T(%) is now a diagonal matrix whose 
diagonal elements are the products of the diagonal elements of T(%) by the 
diagonal elements of 7(€). Let ~:, p2 and p denote, respectively, the number 
of positive terms in the main diagonals of T(%), T(C)and T(A). Similarly 
let 2, m2 and m denote the number of negative terms. Then evidently 


= pipe + nine, n = pine + pom, 
p — n = (pi — ™)(p2 — Me). 


6. The discriminant matrix of a complete matric algebra. If is a com- 
plete matric algebra of order n?, basal numbers e;; can be so chosen that 


= 


where 46;, is Kronecker’s delta. We shall arrange the e;; in the order en, é2, 
€nn followed by e;;, €;:,7 >t; i=1,2,--- ;7=i+1,---. If we denote 
by (7,.), then 


= no 


Thus 7(%) is in the form 


. 

- | 

| 

| 
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-0 
-0 


On 
n O 


THEOREM 8. Jf & is a complete matric algebra, basal numbers may be so 
chosen that T (A) is of the form (7). 


Coroiary 8. If § is a real field and Y is a complete matric algebra of order 
n*, the signature of is n. 
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THE INTEGRABILITY OF A SEQUENCE 
OF FUNCTIONS* 


BY 
R. L. JEFFERY 


1. Introduction. Let f=f, fs, - - - be a sequence of functions summable 
on the measurable set E, and convergent on E to the summable function F. 
If 


lim | f,dx = f Fdx 
no E 
the sequence is said to be integrable. If the above equality holds when the set 
E is replaced by any measurable part of E the sequence is said to be com- 
pletely integrable. These questions of integrability and complete integrability 
have received considerable attention from various writers.t It has been 
shown by Vitalif that the equi-convergence§ of the sequence of integrals is 
both necessary and sufficient for complete integrability. It would then follow 
that this condition is sufficient for integrability. One can, however, easily 
construct examples which show that it is not necessary. The chief aim of the 
present paper is to determine conditions which are both necessary and suff- 
cient for the integrability of the sequence f. This is accomplished by methods 
which yield, as special cases, some of the results already obtained by Vitali 
and de la Vallée Poussin. 

2. Definitions and preliminary results. In what follows, without again 
making mention of it, we shall use e to denote any measurable sub-set of E. 
We further define S(/, »), 7 >0 and arbitrary, to be the part of EZ for which 
|F—f, |<» (n2J), and its complement on E; and 2)_ the 
parts of C(/, ») for which f,20, f,<0 respectively. It is easily verified that 
these sets are measurable, and that mC(I, ) tends to zero as | becomes in- 
finite. Finally we use g = g:, g2, - - to denote a sub-sequencefn,,fn,, Off. 

We shall have occasion to use 

* Presented to the Society, December 27, 1929; received by the editors April 26, 1930. 

¢ Osgood, American Journal of Mathematics, vol. 19, p. 182; Hobson, Proceedings of the London 
Mathematical Society, (1), vol. 35, p. 254; W. H. Young, Proceedings of the London Mathematical 
Society, (2), vol. 1, p. 89; Arzela, Memorie, Reale Accademia delle Scienze, Bologna, (5), vol. 8, 
p. 703; Vitali, Rendiconti del Circolo Matematico di Palermo, vol. 23, p. 137; de la Vallée Poussin, 


these Transactions, vol. 16, p. 444 ff. 


t Loc. cit. 
§ Hobson, Real Variable, second edition, vol. II, p. 208. 
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A. Corresponding to «>0 there exists 6>0 such that if me <6 then 


f frdx | <e (n=l). 


S(t.n) 


This readily follows from the summability of F and the fact that, on 
S(l, n), fu=F where |t,|<n for n 21. 

We now prove 

I. It is necessary and sufficient for the integrability of f that for every n>0 


lim frdx = 0 (n 


low Cil,n) 


To show that this is sufficient we write 


< f ju ff | fn —F | dx. 
E E 


We thus see that for / sufficiently large and for 7 sufficiently small the left- 
hand side of this inequality is arbitrarily small for all »2/. 
The condition is also necessary. Obviously 


f f + f (f. — F)dz — f (fn — F)dx. 
E Scl.n) 


Then for any 7 and n 21, we have 
(1) f f ras| + f (fn — F)dx| + 9-mE. 
C (ten) Cil.n) E 


Now if 0 <7’ <n, then C(I, n’) contains C(I, 7) and n’) =C(l, n) +C(, 0’) 
-S(1, n) so that 


f frdx| S f fndx| + f frdx 


+ a) +f [Flax 


C(l,n’) 
< 2f |F| dx +|f (fn — F)dx| + + 
E 


the last inequality following from (1) by replacing 7 by ’. The necessity of 
the condition follows at once from this inequality, since it is valid for all n’ <n 
and since mC(l, n’) tends to zero as / becomes infinite. 

3. The integral of f, over e bounded in e and n. We first prove 
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B. If the sequence of functions f =f, fo, - - - is summable on the measurable 
set E, converges to the function F which is measurable on E, and is such that the 
integral of f, over e 1s bounded in e and n, then F is summable on E. 


Let M be the least upper bound of 


Jl plas 


for all e of E and all m. Further let Ey be the part of E for which 
—-NSFSEN. 


Then F will be summable on E if 


| F | dx 


Ey 


is bounded as to NV. Now 


ff lFlas f |F{ dx + | F | dx 
E EnS(i,n) EnC 


N 'N 
fo P= fol + + dx 
EyS(l,n) EnC(l,n) 
<n-mE+ M+ N-mC(l, n). 


Since mC(i, 7) approaches zero as / approaches infinity independently of N, 
we have at once the desired boundedness. 

If the sequence of integrals is equi-convergent then, obviously, the in- 
tegral of f, over e is bounded in e and ”. We thus get 

B’*. If the sequence of summable functions f converges on E to a measurable 
function F, and if the sequence of integrals is equi-convergent, then F is sum- 
mable. 

If the sequence of integrals is not equi-convergent, by making use of A it 
is easy to show that there exists \>0 and a sequence of values m, m2, - - - of 
n such that either 


f > dor f (= m,i=1,2,---). 


(85 


Assuming that the first holds we can select from the sequence m; a sub- 
sequence m; such that for ¢ arbitrary 


* de la Vallée Poussin, loc. cit., Theorem I. 
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f > Nand | fay | dx <e. 


Set e;= {C(1;, 0) 2) m;)4. Then 


fats >A —e. 


Also - +e;-1 is contained in S(J;, 7) and in 9), and ejsit+ 
is contained in C(1;,1, 7). Hence if /, is taken sufficiently large and e=)-e;, 
we have both 


fir dx and f fadz > 2% (Gj =1,2,---), 


which shows that the sequence is not completely integrable. In case f is such 
that the sequence of integrals is equi-convergent, then, if E’ is any measur- 
able part of Z, complete integrability readily follows from 


f |F fa| dx = f | F fal dx + \F 21). 
E’ E’C(l,n) 


We thus have 

C*. If a sequence of summable functions converges on E to a summable func- 
tion F, it is then necessary and sufficient for complete integrability that the se- 
quence of integrals be equi-convergent. 

Let g=g1, gz, - - - be any sub-sequence of f, and 6 any positive number. 
Let U(g, n, 5) and L(g, m, 6) be the least upper bound and greatest lower 
bound respectively of 

sas (¢=1,2,---,n) 


for every e with me<é. It is evident that, for a given 6, U(g, , 5) does not 
decrease as m increases, and consequently, since the integral of /, over e is 
bounded in e and ”, this function converges to a limit U(g, 6). But U(g, 6) 20, 
and obviously does not increase as 6 decreases. Hence U(g, 5) converges to a 
limit U(g). Dealing in a similar manner with the function L(g, n, 5) we ar- 
rive at the corresponding limit L(g). It is now possible to prove 


II. If the sequence of summable functions f converges on E to a measurable 
function F, and if the integral of f, over e is bounded in n and e, it is then neces- 


* See also de la Vallée Poussin, loc. cit., Theorem IV. 
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sary and sufficient for the integrability of the sequence that U(g)+L(g) =0 for 
every g. 


That F is summable follows from B. To show that the conditions are 


necessary, let f be integrable and assume that U(g) +L(g) 0 for at least one 
g. For the sake of definiteness let 


(1) U(g) + Lig) =A>0. 
Making use of A it is possible to fix 6 so that both 


(2) U(g, 6) + L(g, 6) > = 
and if me <6, 
(3) f gndx| << — (n=l). 
eS(l,n) 4+ 


Again, since the sequence is integrable, we can use I to fix /=1’ for which both 
mC (l, n) and 


r 
(4) f gndx| << (nZzl2I'). 
4 


But for any /=/’ it is evident that there exist e and m=/ such that we have 


f gndx S U(g, 6) S iE dx + — 
8 


(5) f + gndx + + — 
eS(l,n) 8 


n 
e(l,n)— 4 


Similarly we arrive at 


e(l,n)- 4 

But (5) and (6) combine to contradict (4). We conclude, therefore, that the 

conditions of (2) are necessary. 

The conditions are also sufficient. Suppose that, for every g, U(g)+L(g) 
=0. Iff is not integrable then I is denied, and we can assume the existence 
of a number A>0 and two sequences /,, lz, - - - and m, m2, - - - where n;=/; 
and such that either 


| 
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(7) f > Xd 
C (lion) 


or the left-hand side of (7) is less than —X. For definiteness suppose that (7) 
holds. Let gi=fn,. Fix 6 so that we have 


(8) U(g, 5) + L(g, 6) < > 
and so that for me <6 we also have 
eS (15.9) 4 
Fix i=7' such that for i2i’, mC(1;, n) <6. Then, obviously, we have 


(10) U(g, 8) = f 


(lg 


By methods similar to those used in obtaining (5) it is possible to show that 


(11) L(g, 6) =f gdz — — (i= 7’). 
2 


But evidently (8), (10), and (11) can now be used to contradict (7). We 
conclude, therefore, that the conditions are sufficient. 

If the sequence f is such that f, is uniformly bounded below, then L(g) =0 
for every g. Furthermore, if the sequence is integrable, it follows from II that 
for every g, U(g) =0. But if, for every g, U(g) = L(g) =0, it is evident that the 
sequence of integrals is equi-convergent. We thus get 


III. If the sequence f converges on E to a measurable function F, and if f, is 
uniformly bounded below, or above, it is then necessary and sufficient for the 
integrability of f that the sequence of integrals be equi-convergent.* 

We have seen that the equi-convergence of the sequence of integrals is 
both necessary and sufficient for complete integrability. This, with III, gives 


III’. If the sequence f is integrable, and is such that f, is uniformly bounded 
below, or uniformly bounded above, then f 1s completely integrable. 

One might hope that the existence of the double limit °—°, { U(g, n, 6) 
+L(g,n, 6)} =0 would prove to be both necessary and sufficient for integra- 
bility. On account of II, it is evidently sufficient. An example shows that it 
is not necessary. 


* Cf. de la Vallée Poussin, loc. cit., p. 448. 
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Let e, be a sequence of distinct measurable sets on £ with a single limit 
point not belonging to any set of the sequence, and such that me, tends to 
zero monotonically. Let e,’ be a similar sequence distinct from e, with a 
single limit point not belonging to any set of either sequence, and with 
me, =2me,. Let X be any positive real number, and let f,=A/me, on én, 
fn= —d/(2me,) one, , and f, =0 elsewhere on E. We see that f, converges to 
zero, and for each » the integral of f, over EZ is zero. But for every 6>0 and 
every 1 it is possible to find 6’<6 and nm’ =n such that 


(1) U(f, n’, 8’) + n’, 6’) = 


Let 6 and be given. Take m’ =n and such that me,, <6, and fix 
Then U(f,n’, 5’) =\, and L(f, n’, 6”) = —6’A/me,’ = —d/2,and these give (1). 
4. The integral of /, over e not bounded in and e. We prove 


IV. If the sequence of summable functions f converges on E to the summable 
function F, it is necessary and sufficient for the integrability of the sequence that 
corres ponding to every g of f and every e>0 there is a number 6,.>0 such that for 
5 <6,. it is possible to find for which |U(g, n, 6) +L(g, n, 6) |<€(n=ms). 

Let f be integrable. Suppose that for some g the conditions of IV do not 
hold. If for this g it so happens that for every 6 only one of the functions 
U(g, n, 5), L(g, n, 6) is unbounded in 1, it is very easy to show that I is con- 
tradicted. If for every 6 both these functions are bounded, then the methods 
of II can be used to contradict I. We thus have to consider only the case for 
which both these functions are, for every 6, unbounded in m. In such a case 
there exists a number \>0 and independent of 6, and for each 6 a sequence 
of values m1, ”2, - - - of m for which either 


(1) U(g, ni, 5) + L(g, ni, 5) > dr 


or the left-hand side of (1) is less than —X. For the sake of definiteness let 
(1) hold. Since \ is independent of 5 we can consider only such values of 6 
that for me <6 we have 


(2) f (nz). 
eS (l,n) 4 


Since for any 6 both the functions involved in (1) become monotonically in- 
finite with 7, it is possible to choose from m; a sub-sequence m; such that 


(3) U(g, nj; > U(g, Nj-1; 5) + ry 


ay 
Hy 
(¢=1,2,---), 
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L(g, nj, 5) < L(g, mj-1, 6) — 


both hold. It then follows from (3) that there exists some n/ where ;_,;<n/ 
<n;, and some e; with me <6, for which 


f gnjdx > U(g, nj, 6) — =" 
Then, by making use of (2) and the methods used in obtaining (5) and (6) in 
the proof of II, we arrive at 


| 
(5) f > Ul, 8) ——- 
e(ln’)+ 2 


But for sufficiently large, me(1, ).<6(/=n/), and then we evidently have 
e(l,nj’)- 


But (5), (6), and (1) can now be used to contradict I. We conclude, therefore, 
that the conditions of IV are necessary. 

In order to show that the conditions are sufficient, let IV hold and suppose 
that f is not integrable. Then I is denied. Consequently, there exists a num- 
ber \>0 and two sequences h;, l2, - - - and m, m2, - - - where n;2/; and such 
that either 


(1) f ioe 


holds, or the left side of (1) is less than —X. For the sake of definiteness as- 
sume that (1) holds, and set g:=f,,. It is then possible, by methods similar 
to those we have used above, to show that the hypotheses of IV are contra- 
dicted. This leads to the conclusion that the conditions of IV are sufficient. 

The example given above can easily be modified to show that when the 
integral of f, over e is unbounded the double limit °°. { U(g, m, 6) +L(g, n, 5)} 
=() is not necessary for integrability. 


AcADIA UNIVERSITY, 
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ON THE INTERCHANGE OF LIMIT AND LEBESGUE 
INTEGRAL FOR A SEQUENCE OF FUNCTIONS* 


BY 
T. H. HILDEBRANDT 


R. L. Jeffery in a paper on The integrability of a sequence of functions} has 
given a number of necessary and sufficient conditions for lim,/zf,=SeF, 
where f, and F are summable on the measurable set E and lim,f,=F on E. 
The object of this note is to give an additional condition for the validity of 
this interchange, embodied in the 


THEOREM. If U(n, 5) is the least upper bound, and L(n, 5) is the greatest 
lower bound of ff. for all measurable subsets e of E for which me <6, then a 
necessary and sufficient condition that lim,ff,=JF on E, is that 

lim lim [U(n, 6) + L(n, 6)] = 0. 
6-0 

We are using the notation lim,lim, in the standard sense of the common 
value of lim; lim, and lim; lim,. In (e, 6) form the condition of the theorem 
is equivalent to the following:{ For every ¢>0 there exists a 6, such that for 
every 5<6,, there exists an such that if then | U(n, 5) +L/(n, 6)| Se. 

We establish the equivalence of our condition with the necessary and suffi- 
cient condition I of Jeffery, viz. 


lim fn = 0 (n = 1) 


low 
where C(1, 7) is the complement relative to E of the set for which 


for every n21. 
By the definition of U(n, 5), for every ¢ and 6, there exists a subset e of E 


of measure less than 6 such that 


Since U(n, 6) =0, we can obviously assume that f,20 on e. Now for any / 
and 


* Presented to the Society, December 31, 1930; received by the editors December 1, 1930. 

+ Cf. the present number of these Transactions. 

t Cf., for instance, Hildebrandt, Note on interchange of limits, Bulletin of the American Mathe- 
matical Society, vol. 34 (1928), p. 80. 
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e eC e—eC(l,n) e—eC (l,n) 


As a consequence if we take 6 so that 5n < «/2 and so that, for me <4, it is true 
that /.|F| <«/2, then provided n=/ 


Let C+ be the subset of C(/, n) for which f,=0, and C- the set for which 
If then / be chosen so that mC(l, n) <6, and n=l, then 


=f fs 
C(l,n) ect ct 


In a similar way we show that 


U(n, 6) — 2 <f 


e 


L(n, 6) fn L(n, 6) + 2e. 
c 


Hence if 6<6,, and /=1;., with n=l, we have 
fn — [U(n, 6) + L(n, 5)]]} S 
C(l.n) 
From this statement follows the equivalence of the conditions 


lim fn = O(n = I) andlim lim [U(n, 6) + L(n, 6)] = 0. 


liw C(l.n) 


In so far as 
lim [U(n, 6) + L(n, 6)] = 0 


for every n, our condition is equivalent to the equality of the iterated limits 
lim,lim, and lim,lim; of the function U(n, 5)+L(n, 5). Since the existence 
of the double limit lim(n,s) ~(.,0) is sufficient for this interchange it follows that 


[U(m, + )] = 0 


is also a sufficient condition for lim,fzf,=/2zF. That it is not necessary fol- 


lows from the example given by Jeffery in §3. 
If the integrals /f, are equicontinuous on &£, i.e., if 


lim 
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uniformly in , then obviously lim;[| U(n, 6)| Z(n, ]=0, uniformly in 
n, U and L being even taken with respect to any subset e of E. Applying the 
standard theorem on interchange of iterated limits, we get at once the Vitali 
theorem for all subsets e of E. On the other hand, if all the functions f, are 
positive on £, then U(n, 6) converges to zero monotonically in 6, while 
L(n, 6)=0. By applying the following generalization of Dini’s Theorem:* 

If lim,lim;U(n, 6) =lim,lim,U(n, 6), and U(n, 5) is monotone in 6, then 
lim,U (nu, 6) exists uniformly in n, 


we find the well known result that when f,20, equicontinuity of /f, is a 
necessary condition for lim,/f,=JF on E. 


The theorem of this note is still valid if the convergence of f, to f on E is 
convergence in a measure,{ i.e., if D(m,n) is the set of points of £ for 
which |f,—f| then lim,mD(n,n) =0 for each Jeffery’s Theorem must 
be altered so that the condition becomes 


lim, f fr = 09 
D(n,9) 


for every n. The proofs for this more general case require only slight changes 
from those given. 


* Cf. Bulletin of the American Mathematical Society, vol. 21 (1914), p. 113. 
+ The possibility of this extension was suggested by L. M. Graves. 
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NON-SEPARATED CUTTINGS OF 
CONNECTED POINT SETS* 


BY 
G. T. WHYBURNT 


1. We shall consider a connected, metric and separable space which we 
denote by M. A subset X of M is called a cutting of M provided that the 
complement M—X of X is not connected and hence is the sum of two mutu- 
ally separated sets M,(X) and M2(X); X is said to separate two points or 
point sets A and B in M when the sets M,(X) and M,2(X) can be so chosen 
that M,(X) >A and M.(X) > B, and is said to separate a single set VN in M 
when M,(X) and M2(X) can be chosen so that V-M,(X)*+0#N-M,(X). 

A collection G of subsets of M will be called non-separated provided that 
the elements of G are mutually exclusive and no element of G separates any 
other element of G in M. 

A subset P of M is said to have the potential order a in M relative to a 
given collection G of subsets of M provided that a is the least cardinal num- 
ber such that there exists a monotonic decreasing sequence [U;] of neighbor- 
hoods of P such that P=[] U; and such that for each i, the boundary F(U;) 
of U; is a subset of the sum of a of the sets of the collection G. 

In this paper we shall show, first, that if G is any uncountable non- 
separated collection of cuttings of M then all save a countable number of the 
elements of G have the potential order 2 in M relative to G. Now obviously if 
the elements of any collection G of mutually exclusive cuttings of M are con- 
nected or if they reduce to single points, then the collection G is non- 
separated. And since for the case where M is compact, the potential order of 
a point of M is the same as its order in the Menger-Urysohn sense, our 
theorem yields as corollaries many important known results concerning the 
cut points and connected cuttings of connected sets and of continua; for 
example: (1) the theorem of Wazewski-Menger{ that the ramification points 
of any acyclic continuous curve are countable, (2) the theorem of Kuratowski 
and Zarankiewicz§ that the set of all points of any connected set M whose 
complement in M is neither connected nor the sum of two connected point 


* Presented to the Society, February 22, 1930; received by the editors July 5, 1930. 

t Fellow, John Simon Guggenheim Memorial Foundation. 

t See Wazewski, Annales de la Société Polonaise de Mathématique, vol. 2 (1923), p. 49; and 
Menger, Fundamenta Mathematicae, vol. 10 (1927), p. 108. 

§ Bulletin of the American Mathematical Society, vol. 33 (1927), p. 571. 
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sets is countable; (3) the theorem of the author* that all save a countable 
number of the cut points of any continuum are points of order 2 of M in the 
Menger-Urysohn sense; and (4) other results concerning cuttings due to 
Zarankiewicz} and to the author.{ 

Second, with the aid of this theorem we shall show that if the space M 
contains an uncountable non-separated collection G of cuttings, then there 
exists an upper semi-continuous collection S of elements such that all save a 
countable number of the sets of G are elements of S and such that every two 
elements of S may be separated in M by some third element. In case M is 
compact, the decomposition space S is an acyclic continuous curve. 

Finally, we shall prove an existence theorem to the effect that every locally 
connected space M contains an uncountable non-separated collection of cuttings. 
Therefore, the above mentioned decomposition is always realisable for locally 
connected sets M, and notably for the case where M is a continuous curve, 
this decomposition gives rise to a decomposition space which is a non- 
degenerate acyclic continuous curve. 

2. Preliminary lemmas. Let X and Y be any two cuttings of M and set 


(i) M — X = M,(X) + M,(X), 
(ii) M —Y = M,(Y) + M.(Y), 
representing decompositions of M—X and M—Y respectively into mutually 


separated sets. Then if 7, 7, r, and s are positive integers such that 1+j7 =3 
=r+s, it follows immediately that the following equation is valid: 


(2.1) M = + MAY) + + X4+¥. 


With the aid of this equation, we deduce at once the result 


(2.2) If neither of the sets X and Y separates the other, we may choose the indices 
i and r such that 


(a) X ¢ MY) and Y Mi(X); 


and these relations imply also the relations 
(b) M ,(X) -M,(Y) = 0,M,(X) + X ¢ M,(Y), and M.(Y) + ¢ 


Clearly this is the case, because by virtue of the relations (a) we may 
omit the last two terms in equation (2.1); and since M is connected, the term 
M ,(X)-M,(Y) must vanish. This fact gives at once the remaining two rela- 
tions (b). 

* These Transactions, vol. 30 (1928), p. 606. 


¢ See Fundamenta Mathematicae, vol. 12 (1928), pp. 119-125. 
t See Bulletin of the American Mathematical Society, vol. 35 (1929), pp. 87-104. 
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Now let G be any non-separated collection of cuttings of M and let E(a, bd) 
be the collection of all those elements of G which separate two given points 
aand bin M. Let X and Y be any two elements of E(a, b) and let the indices 
in (i) and (ii) be chosen so that 


(iii) M,(X)-M,(Y) > a and M.(X)-M.(Y) > b. 


The element X of E(a, 6) will be said to precede the element Y, and this fact 
is indicated by the notation X <Y, provided that for at least one set of de- 
compositions satisfying (i), (ii) and (iii) it is true that X ¢ M,(Y). We shall 
now show that this definition gives a natural order to the elements of E(a, d). 

First, for any two elements X and Y of E(a, b), at least one of the rela- 
tions X <Y and Y <X must be valid. For if X does not precede Y, then by 
(2.2), (a), 7=2 and hence s=1. By (b) and (iii) it follows that 7 =2 and hence 
i=1. Therefore by (a), Y ¢ M,(X), which means Y <X. 

Second, only one of the relations X <Y and Y<X can be valid. For if 
X <Y, then [for any set of decompositions whatever satisfying (i), (ii), (iii) ], 
in (2.2), 7=1 and hence s=2. By (b) and (iii) it follows that 7 =1 and hence 
i=2. Therefore by (a), Y ¢ M2(X), which is incompatible with Y <X. 

Finally, for any three elements Z, X and Y of E(a, b), the relations Z<X, 
X <VY imply that Z<Y. For then Z ¢ M,(X) and X ¢ M,(Y). Hence in (2.2), 
r=1ands=2. By (b)and (iii) it follows that 7=1. Therefore by the second 
relation in (b), Z¢ M,(X)+X ¢ M,(Y), which gives Z<Y. 

Thus we have proved the following result: 


(2.3) If each element of the non-separated collection E(a, b) of subsets of M 
separates the two points a and b in M, then the collection E(a, b) possesses a 
nalural order. 

For convenience we give here a lemma concerning ordered sets due to 
Zarankiewicz* which will be used below. 


Lemma (Zarankiewicz). If K is any ordered subset of M, then the set H of 
all points p of K such that p is not at the same time a limit point of the set P, of 
all points of K preceding p and also of the set F, of all points of K following p is 
countable. 

The space M being separable and metric, it therefore contains a countable 
sequence R, R2, R;, - - - of open sets which is equivalent to the set of all open 
subsets of M. Now let H; be the set of all points of K which are not limit 
points of their predecessors, and let H.=H—H,. For each point p of H, let 
n(p) be the least positive integer such that R,,,) contains p but contains no 
point of K which precedes p. Then if p and g are distinct points of H; and 


* See Fundamenta Mathematicae, vol. 12 (1928), p. 119. 
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p<q, then since Rx does not contain p, it follows that n(p)#n(q), and 
therefore H; is countable. A similar argument proves H, countable; and hence 
H is countable. 


3. THEOREM. If G is any uncountable non-separated collection of cuttings 
of a connected, metric, and separable space M, then all save possibly a countable 
number of the elements of G have the potential order 2 in M relative to G. 


Suppose, on the contrary, that G contains an uncountable subcollection 
G,; no element of which has the potential order 2 in M relative to G. Now 
there exist two points a and b of M such that the collection E(a, b) of all 
those elements of G; which separate a and b in M is uncountable; for MV being 
separable, there exists a countable subset D of M such that D=M; and since 
every element of G; which contains no point of D must separate some pair of 
points of D in M, and since the set of all pairs of points of D is countable, it 
follows that for at least one pair of points a, b of D, the set E(a, 6) is un- 
countable. 

By §2 the elements of the collection E(a, 6) possess a natural order; and 
if K is a point set which contains exactly one point x of each element X of 
E(a, 6) and contains no other points, then K is an ordered point set. Indeed 
for each pair x, y of points of K, set x<y provided that X<Y. By the 
Zarankiewicz lemma, the set H of all points p of K which are not at the same 
time a limit point both of their predecessors and of their successors is count- 
able. Let H(a, b) be the collection of all those sets X of E(a, b) such that the 
corresponding point x in K belongs to K—H. Then H(a, bd) is uncountable 
and each element X of H(a, b) contains a point x which is a limit point of the 
sum of the predecessors of X and also of the sum of the successors of X. 

Now for each element X of H(a, 6), there exist mutually separated sets 
M,(X) and M.(X) such that 


M — X = M,(X) + M.(X), Mi(X) > a and M,(X) > b. 


And with the aid of what has just been shown it follows immediately that 
there exist two infinite sequences of elements Xi, Xe, X3,--- and Vi, Vo, 
Y;, - - - of H(a, 6) such that, for each n, 


(1) Xn < < X < < 


and such that X contains a point which is a limit point both of }\X, and 

Since by supposition no element of H(a, b) can have the potential order 
2 in M relative to G, it follows that if for each element X of H(a,b), V.(X) 
denotes the set of points M —[M,(X,)+M.(Y,)], then there exists at least 
one point p, belonging to the point set 
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(x) — x, 


for if this were not the case, then by virtue of (1) and equation (2.1) in which 
substitute XY, for X, Y, for Y, 1 for i and 2 for r, it follows that V,(X) 
> M.(X,)-Mi(Y,) 2X; and if for each point p of Mo(X,)-M,(Y,) we take a 
neighborhood N, of pof diameter less than 1/4 the distance from # to the set 
of points Mi(Xn)+M2Y(,), and call U,(X) the sum of all the neighborhoods 
N,, then it follows readily that 


X ¢ Un(X) € € V(X); 


and hence F[U,(X)]¢X,+Yn, Un(X)¢U,+(X) and X=][?U,(X); but 
then X has the potential order 2 in M relative to G, contrary to supposition. 

Now if X and Y are any two elements of H(a, b), X¥Y, it follows that 
p.#p,. For suppose X <Y. Then since X contains a limit point of the sum 
of its successors in E(a, 6) but contains no limit point of /.(Y), it follows that 
there exist two elements Y, and Y ,, in the “Y-sequence” in (1) for the element 
X such that 


Y; 


and since Y contains a limit point of the sum of its predecessors in E(a, b) 
but contains no limit point of M,(Y,,), it follows that there exists an element 
X,, of the “X-sequence” for Y in (1) such that 


Consequently it follows with the aid of (2.2) that 


and 
Py c M(Xn) + Xn c MAY m), 


and hence p:+ py. 

Now let L denote the set of all points [p.] for all elements X of H(a, b). 
Then L is uncountable and is an ordered set; indeed, it is only necessary to 
set p2.<p, when X <Y. Therefore by the Zarankiewicz lemma, there exists a 
point p, of L which is a limit point both of its predecessors and of its followers, 
and hence both of >> X, and of where the sequences [X,] and [Y,] 
satisfy (1). But and ¢ M.(X); and p, must then belong 
either to M,(X) or to M2(X) and be a limit point of the other, contrary to 
the fact that these two sets are mutually separated. Thus the supposition 
that our theorem is false leads to a contradiction. 
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4. Consequences of §3. Let G be any uncountable non-separated collec- 
tion of cuttings of M. Then since the product of any family [ U,] of closed 
sets is closed, §3 yields at once the result 

(a) All save a countable number of the elements of G are closed point sets. 

Now if X is any element of G such that M —X is not the sum of two con- 
nected point sets, X cannot have a potential order 2 in M relative to G. For 
M —X =M,(X)+M.(X)+M;(X), where the sets M,(X), M2(X), and M;(X) 
are mutually separated and contain points ai, a2 and a; respectively; and if X 
had the potential order 2 relative to G, there would exist two elements X, and 
of G and a neighborhood U of X such that F(U) ¢ Xi+X:2, Mi(X), 
X,¢ M.(X) and U -(a,:+a:+a;) =0; but then it would readily follow that the 
point set M;(X)-(M—U) is non-vacuous and is both open and closed, con- 
trary to the fact that M is connected. Thus in consequence of the theorem in 
§3 we have 

(8) The complement of each element of G, with the exception of a countable 
number of such elements, consists of exactly two components. 

Let us denote by p the property of any subset N of M not to be separated 
in M by any single element of G. Clearly each element X of G has the prop- 
erty p. We shall now show that 

(y) All save a countable number of the elements of G are saturated in M rela- 
tive to the property p. 

If, on the contrary, G contains an uncountable subcollection G, no ele- 
ment of which is saturated relative to the property p, then for each element 
Z of G, there exists at least one point ~, which is not separated from Z in M 
by any single element of G. Under these conditions it follows by the theorem 
and proof in §3 that there exist two points a and b of M and three elements 
Z, X and Y of E(a, b) (the collection of all those elements of G; which sepa- 
rate a and b) such that X <Z<Y,and M;2(X)-M,(Y) contains Z but does not 
contain the point p, and also such that X+Y does not contain p.. But then 
by equation (2.1) we have either p,.¢ Mi(X) or p.¢M.(Y). This is im- 
possible because in the first case X separates p, and Z in M and in the second 
case Y separates p, and Z in M. 

A cutting X of M is said to be an irreducible cutting of M provided that 
no proper subset of X is a cutting of M. 

(6) All save a countable number of the elements of G are irreducible cuttings 
of M. 

If this is not so, there exists an uncountable collection G°® of cuttings of 
M such that for each element X° of G® there exists an element X of G and a 
point p. of X such that X°c X—p,. Since G is non-separated, it follows at 
once that G is non-separated. Therefore by (y) there exists an element X° 
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of G® which is saturated relative to the property p defined by the collection G°. 
Consequently there exists an element Y° of G° which separates X° and pz 
in M, and one has M—Y°=M,(Y°)+M.(Y°), where M,(Y°)>X° and 
M.(Y°)>p:. But then and 
thus Y separates X in M (for Y -(X°+p.) ¢ Y-X =0), which contradicts the 
non-separatedness of G. 

We prove now the following general theorem: 


THEOREM. Every uncountable non-separated collection G of cuttings of a 
connected, metric, and separable space M contains a subcollection Q which con- 
tains all save possibly a countable number of the elements of G and such that each 
element X of Q has the following properties: (a) X is closed; (b) M—X is the 
sum of two mutually separated connected point sets; (c) X is saturated in M 
relative to the property p defined by the collection Q, i.e., for every point p of 
M —X, there exists an element Y of Q which separates X and p in M; (d) X is 
an irreducible cutting of M; and (e) X has the potential order 2 in M relative to Q. 


To obtain the collection Q, let D be a countable subset of M which is 
dense in M and let us omit from G: (1) every element which does not possess 
each of the properties (a), (b), and (d); (2) every element which separates in 
M some pair of points a, b of D which are separated by only a countable num- 
ber of elements of G; (3) every element which separates some pair a, b of 
points of D and contains no point p having the property that every neighbor- 
hood of » contains points of uncountably many distinct elements of G which 
separate a and b. Let G, denote the collection of the elements of G remaining 
after these omissions. Then by virtue of (a), (8) and (6), together with the 
facts that there are only a countable number of pairs of points of D and that 
in the space M every uncountable set of points contains a point of condensa- 
tion of itself, it follows that G, contains all save possibly a countable number 
of the elements of G. 

Now let us omit from G, every element which is not saturated in M rela- 
tive to the property p defined by the collection G, and also every element 
which does not have the potential order 2 in M relative to G;. Let Q be the 
collection of elements of G; remaining after these omissions. Then Q contains 
all save a countable number of the elements of G; and hence also of G, and 
every element X of Q has the desired properties (a)-(e). Clearly X has prop- 
erties (a), (b) and (d), for every element of G, has these properties. It re- 
mains to show that X has properties (c) and (e). 

To show that X has property (c), let p be any point of M—X. There 
exists an element Y of G; which separates X and p, because every element of 
Q is saturated in M relative to the property p defined by G:. Hence M—Y 
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=M,(Y)+M.(Y), where Mi(Y)>X and M.(Y)>p. Also M—X=M,(X) 
+M,.(X), where M.(X)>Y. Thus if a and are points of M,(X) and M.(Y) 
respectively belonging to D, both X and Y separate a and bin M, and we have 
X <¥Y in the order from a to b. Now there exists also an element Z of G; 
which separates X and Y in M, and it follows from §2 that Z also separates a 
and b in M, and we have the order X<Z<Y. Thus Zc M2(X)-M,(Y). 
Since X and Y are closed, M2(X)-M,(Y) is a neighborhood of Z, and hence 
it contains points of (and therefore contains all of) uncountably many ele- 
ments of G which separate a and b in M. Therefore there exists at least one 
of these elements, say W, which belongs to Q, for all but a countable number 
of the elements of G belong to Q. Thus we have the order X <W <Y; and 
since pc M,(Y), it follows that W separates X and p in M. Consequently X 
has property (c). 

Since X has the potential order 2 in M relative to Gi, there exist, as shown 
in §3, two points a and b of M such that X belongs to the collection E(a, 5) 
of all those elements of G, which separate a and b in M and such that there 
exist two sequences X;, X2, - - - and VY, V2, - - - of elements of E(a, 6) so that 


Xn < < X < < Va 


and such that if UV, =M.2(X,)-M,(Y,), then X =]]7U,. Now for each there 
exist, by virtue of property (c), two elements X,’ and Y,’ of Q belonging to 
E(a, b) such that X,<X,) <X <Y,) <Y,. Hence if U,’ denotes the point set 
one has U,, cU,. Hence X=[J7U,/, and since F(U,’) 
cX,/+Y,! and since clearly the sequence [U,,| contains an infinite subse- 
quence [U,,| such that U,,,,¢ U,,, it follows that X has the potential order 
2 in M relative to Q. This completes the proof. 

5. Decomposition of M by means of a non-separated collection G every 
element of which is saturated relative to property p. Let G be any non-sepa- 
rated collection of subsets of M each of which is saturated in M relative to the 
property p defined by G. For each point e of M which belongs to no element 
of G, let E denote the point set consisting of e together with all points p of 
M which are not separated in M from e by any single element of G. Let S 
denote the collection whose elements are the elements of G together with all 
such point sets Z thus defined. Clearly each element of S is closed and every 
point of M belongs to exactly one element of S. We shall show next that the 
collection S is non-separated. 

Suppose, on the contrary, that some element X of S separates some pair 
of points p and gq belonging to an element Y of S. Then M—X=M,(X) 
+M.(X), where M,(X) > and M2(X)>q. Now by virtue of the definition 
of the collections G and S, it follows that there exists an element Z of G which 
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separates X and pin M. Hence M—Z=M,(Z)+M,(Z), where Mi(Z) 3X 
and M.(Z) >>. Since Z belongs to G, it cannot separate Y in M; and there- 
fore p+qceYecM,(Z). But then 

M —Z = [M,(Z) + M,(X)-M,2(Z)] + 
and we have a separation of 1/ —Z into two mutually separated sets contain- 
ing the points p and g respectively of Y, contrary to the fact that since Z be- 
longs to G it cannot separate Y in M. Therefore S is non-separated. 

Now clearly every element of S is saturated in M relative to the property 
p defined by the collection S. Consequently every two elements X and Y of S 
are separated in M by some third element of S. With the aid of this property 
it follows immediately that the collection S is upper semi-continuous,” i.e., 
there does not exist a sequence Xi, X2, X;, - - - of elements of S and two se- 
quences and [q,] of points such that p;+ 9; ¢ X; and which have sequen- 
tial limit points p and gq respectively belonging to two different elements P 
and Q respectively of S. For there exists an element X of S such that M—X 
= M,(X)+M,.(X) where M,(X) >P and M2(X) >(Q; and since for each i, X; 
is a subset either of M,(X) or of M.(X), either M,(X) or M.(X) contains X; 
for infinitely many i’s; but this is impossible, for both p and g are limit points 
of every infinite subsequence of Xi, X2, X3, -- - 

Now in case the space M is compact, the elements of S are closed and 
compact, and if for each pair of elements X and Y of S we define the distance 
p(X, Y) between X and Y as the upper limit of the distances p(x, y), where x 
and y are points of X and Y respectively, it readily follows that the space S’ 
so obtained is compact, separable, metric and connected; and since it readily 
follows that every two “points” of S’ are separated in S’ by some third 
“point” of S’, thereforet S’ is an acyclic continuous curve. 


6. ExIsTENcE THEOREM. I[f the space M is connected im kleinen, there 
exists an uncountable non-separated collection of cuttings of M. 


Let a and b be any two points of M, and for each positive number r which 
is less than the distance from a to 6, let S(a, r) denote the set of all points of 
M whose distance from a@ is equal to r and let J(a, r) denote the set of all 
points at a distance <r from a. Then for each r, S(a, r) separates a and 6 in 
M. Let R(a, r) denote the component of M —S(a, r) containing a, let R(d, r) 
denote the component of M—R(a, r) containing }b, and let X, denote the 
point set R(a, r)-R(b, r). Then clearly X, separates a and b in M and we have 


(i) X, ¢ F[R(a, r)] ¢ S(a,r), and X, = F[R(d, r)]; 
(ii) R(a, r) ¢ I(a, 7). 


* See R. L. Moore, these Transactions, vol. 27 (1925), pp. 416-428. 
t See R. L. Moore, Fundamenta Mathematicae, vol. 7 (1925), pp. 302-307. 
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Obviously the collection of cuttings [X,] is uncountable. It remains to show 
that it is non-separated. Let X,, and X,, be any two elements of this collec- 
tion and suppose 71<72. By (ii) it follows that R(a, r:1)¢ R(a, re). Thus 
X,, ¢ R(a, re), and therefore X,, does not separate X, in M. From the inclu- 
sion R(a, r1) ¢ R(a, rz) and (i) it follows that r.) = R(b, rz) +X,, ¢ R(b, r:), 
and consequently X, does not separate X,,in M. Thus the collection [X,] is 
non-separated, and the theorem is proved. 

Now since a may be any point whatever of M and since every neighbor- 
hood of a contains uncountably many of the sets [X,], it follows by §4, (4), 
that every such neighborhood contains at least one set X, which is an irre- 
ducible cutting of M. Thus we have the following 


CoROLLARY. Every open subset of a connected and connected im kleinen 
point set M lying in a separable metric space contains an irreducible cutting I 
of M. 


This corollary answers a question raised by the author.* 

As a result of this existence theorem it follows that the decomposition 
treated in §5 is always realisable in case M is locally connected; and in case 
M is a continuous curve, M may be decomposed upper semi-continuously 
into a collection S of the type attained in §5, and the decomposition space S’ 
is a non-degenerate acyclic continuous curve. 

7. Concluding remarks. Although it is easily seen with the aid of a very 
simple example that two cuttings X and Y of M may have the property that 
neither of them separates the other in M and yet the set M.(X)+X not be 
connected, where M.(X) > Y, nevertheless the following lemma is true. 


Lemma. If a and b are two points of M and X,, X2, X3, - - « is any infinite 
sequence of distinct mutually exclusive sets each of which separates a and bin M 
and no one of which separates any other one, and we have 


then the set of points >.” M,(X;) is connected. 


For if on the contrary this set of points is the sum of two mutually sepa- 
rated sets N, and Nz, then since a belongs to all of the sets M,(X;), there exists 
an integer such that Ni-M,(X,)#0#N2-M,(X,). Since by (2.2), (b), it 
follows that M,(X,) ¢ M,(Xn4:), therefore Ni-Mi(Xny1) 
Since these two sets are mutually separated, one of them, say Ni-Mi(Xn41), 


* See Fundamenta Mathematicae, vol. 13 (1929), p. 50, where the question is raised for con- 
tinuous curves M. A solution of this problem for the case where M is a plane continuous curve has 
been given by J. H. Roberts; see these Transactions, vol. 32 (1930), p. 19. 
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contains X,. But then it is easily seen that the sets V2-M,(X,) and M—N, 
-M,(X,) are mutually separated, contrary to the fact that M is connected. 
With the aid of this lemma it can be shown without great difficulty that 
if X is any element of a non-separated collection G of subsets of M which is 
saturated in M relative to the property p defined by the collection G, then 


(1) each component of M —X is open in M; 

(2) the components of M—X are countable; 

(3) X is a potentially regular element of G in M relative to G, i.e., a 
monotone decreasing sequence of neighborhoods [U;] of X exists such that 
F(U;,) is a subset of a finite number of the elements of G and X =[[°U;; 

(4) the potential order of X in M relative to G is equal to the number of 
components of M—X when this number is finite, and is equal to w (i.e., X 
is of increasing order) when and only when this number is infinite. 


Jouns Hopkins UNIVERSITY, 
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EXPANSION THEORY ASSOCIATED WITH LINEAR 
DIFFERENTIAL EQUATIONS AND THEIR 
REGULAR SINGULAR POINTS* 


BY 
LEONARD BRISTOW 


Introduction. Birkhofit has developed an expansion theory associated 
with linear differential equations on an interval of the real axis containing 
no singular points of the equation. The purpose of this paper is to develop 
a similar theory for the domain of complex variables in a region containing 
a regular singular point of the equation. To take the place of the two-point 
boundary conditions of the real variable case, we have corresponding relations 
between the values of the solution and its derivatives at a given point, and 
the values obtained by analytic continuation about the regular singular point 
back to the given point. The boundary conditions, ” in number, are assumed 
to be linear, homogeneous and linearly independent, the order of the equa- 
tion being n. 

An expansion theory associated with the linear equation of the second 
order with polynomial coefficients has been developed by O. Volk.{ The 
method used in this paper is different from that employed by Volk and the 
coefficients are not assumed to be polynomials. The results of this paper and 
those of Volk overlap each other for the second-order equation, but neither 
includes the whole of the other. The Neumann-Gegenbauer expansions in 
Bessel’s functions are obtained as special cases. The Legendre and hyper- 
geometric differential equations give rise to expansion theories if infinity is 
considered as the regular singular point and the parameter is suitably chosen 
as a function of the arbitrary constants of the respective equations. The ex- 
pansion theory for the hypergeometric equation as developed by Reinsch§ is 
not included as a special case, since the parameter does not enter in the same 
way. In another paper it is hoped to extend the present theory so as to in- 
clude the latter as a special case of a more general theory. The Laurent ex- 
pansion is included as a special case arising from differential equations of 
every order. 

A solution of a differential equation with a regular singular point is, in 


* Presented to the Society, April 4, 1931; received by the editors October 30, 1930. 
t These Transactions, vol. 9 (1908), p. 373. 

} Mathematische Annalen, vol. 86 (1922), p. 296. 

§ American Journal of Mathematics, vol. 47 (1925), p. 45. 


455 


456 LEONARD BRISTOW {April 


general, multiple-valued in the neighborhood of the singular point. An in- 
finite series of such solutions in which the type of multiple-valuedness changes 
from term to term of the series will in general not converge to a function with 
a simple type of multiple-valuedness. For this and other reasons the bound- 
ary conditions will be limited as set forth later. 

The method of the paper is to obtain an expansion of (¢—x)-! by means 
of the solutions of the original equation and its adjoint. The expansion of an 
arbitrary analytic function of one variable is then obtained by use of the 
Cauchy integral theorem. Absolute and uniform convergence of the expan- 
sion is proved by obtaining asymptotic properties of the functions involved. 
The results are generalized by developing an expansion theory for functions 
of any finite number of complex variables. 

1. Boundary conditions. There is no generality lost by assuming that 
the regular singular point is at x=0. In order that the formulas be as simple 
as possible we consider the equation to be 


(1) L(y) + = + 
+ x" *po(x) + pa(x)aty + = 0, 
where f2(x),--+, pa(x) are analytic and single-valued within a circle of 


radius ' about x =0 and @ is a constant. The equation adjoint to (1) may be 
written 


+ + Qn(x)x—!v = 0, 


where g2(x), - - - , gn(x), B(qn(x)=pn(x)) have the same properties as p2(x), 
-+ +, pa(x),a. We have the Lagrange identity 


d 
(3) vL(y) — yM(v) = —R(y, 2), 
dx 


_ where R(y, v) is the bilinear concomitant. Let 
(4) — F(p) = p(p — 1)--- +1) + ap(p — 1)--- — + 2) 
+ — 1)---(p 


p=? 
t The equation 
is not essentially more general if R(0) 0, since substituting 


a 6 


a0, b0, in the order given transforms it into the type (1). 
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Then the indicial equation of (1) for x =0 is 
(5) A — F(p) = 0. 


If pi, p2,- ~~, Pn are the exponents belonging to the point x=0 of the 
original equation (1), then, since we have taken the equation in this form, 
—p1, —Pn are the corresponding exponents for (2). This fact may 
be easily inferred from a result in Forsyth’s Theory of Differential Equations, 
Part III, volume IV, pages 256-257. 

Let y‘?(a) be the value at x =a of the jth derivative of y(x), a solution of 
the differential equation, and let Y‘*(a) be the value obtained for y‘?(x) at 
x=a after analytic continuation about x=0. The 2m quantities y‘*(a), 
Y‘)(a), 7=0, 1, - - - , are the quantities used in the boundary condi- 
tions. We assume a set of boundary conditions which have, in addition to 
the properties described in the introduction, the following properties: they 
determine an enumerable infinitude of values of \, called characteristic 
values, for each of which the equation has a solution (not identically zero) 
satisfying the boundary conditions; for each characteristic value the solution 
for the present is assumed unique. The case where the solution is not unique 
is discussed separately for the boundary conditions which are used. The 
boundary conditions to be associated with the adjoint equation are to have 
the same properties. We shall later put on still further restrictions and arrive 
at the boundary conditions 


(a) = Ky (a) G = 0, 1, n— 1), 


for the original equation; for the adjoint equations we shall then have the 
conditions 


V@(a) = (a) Gj =0,1,---,a— 1). 


Let \* and A** be two different characteristic values for a given set of 
boundary conditions, and let y*(x), y**(x) be solutions of (1) for \=A* and 
=A** respectively, and let v*(x) and v**(x) be the corresponding solutions 
of the adjoint equation. Suppose py, p2, - - - , pn to be the exponents corres- 
ponding to \=\** and ai, a2, - - - , on be those corresponding to \=A*. Since 
a differential equation having two exponents equal or differing by an integer 
usually has in its general solution logarithms, we shall assume, except for a 
finite number at most of characteristic values, that the exponents are not 
equal and no two differ by an integer. Consider the n* differences p;—a;, 
i,7=1,2,--.+,m. We shall make the additional assumption that not more 
than one of these differences is equal to another difference plus an integer. 
The reason for this will appear later. 
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The solutions in question for the original equation and its adjoint \=X* 
may be written 
y*(x) = + 
v*(x) = byv_.,(x) 2, (%), 


where the functions in the right members have the formulas 


(6) 


(7) Vos (X) wifi + X ibe; (x), 


m=1 


(8) = {1 + = _e;(x), 


m=1 


and similarly for \=\**. The series (7) and (8) converge for |x| <I. 
We have from (3) 


v*L(y**) — y**M(v*) + (A** — a7} 


d 
= —{R(y**, + — = 


Multiply the above by dx and integrate once about the origin along the con- 
tour C, which passes through the point x =a and encloses only the singularity 
«=0 of the equation. The first part becomes R(y**(a), o*(a)) —R(Y¥**(a), 
V*(a)). This difference is a non-singularj bilinear form in the 2m quantities 
involved. Hence if the original conditions were linear, homogeneous, linearly 
independent, and m in number there exist unique boundary conditions for the 
adjoint such that if v* is a solution satisfying these conditions the foregoing 
expression has the value zero. Letting v* be such a solution, we have, since 


(9) = 0. 
C, 
This condition together with the condition 


v*y*xldx 0 


a 


would enable us to determine formally the coefficients in the expansion 


fis) = 


m=0 


t This follows from the formal properties of the bilinear concomitant as in the real variable 
case. Compare Carmichael, American Journal of Mathematics, vol. 43 (1921), p. 234. 
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where y,,(x) is the solution, supposed for the present to be unique, satisfying 
the original equation and boundary conditions for \=A,m, a characteristic 
value. However, in order to do this using only the foregoing, the path of in- 
tegration would have to pass through the point x=a. We would then be 
unable to obtain the expansions of functions whose region of existence did not 
extend out to x=a. We shall then limit ourselves to boundary conditions for 
which (9) is true for all paths which enclose only the singularity « =0. 

At any point sufficiently near x=0 the function v*y**x—'! is single-valued 
and analytic. There exists then a function ¥(x) such that its derivative is 
v*y**x-1, If we continue analytically about x =0 the analytic continuation of 
y(x) retains this property. From (9) for all paths we conclude that (x) is 
single-valued near x =0. Its derivative, and hence v*y**, has this property. 

We have the following? 


Lemma. If Si(x), So(x),---, Se(x), T(x) are single-valued and analytic 
functions near x =0 and a, - - - , a, are complex numbers different from integers 
and such that no difference a;:—a;, i, 7=1, 2,---, k; tj, is an integer, and 
we have 


(x) + xSo(x) +--+ + x%S,(x) = T(x), 
it follows that S\(x) =S2(x)= - - - =S,(x)=T(x) =0. 


For the conditions named we shall show that the boundary conditions 
must lead to solutions which are constant multiples of the fundamental solu- 
tions corresponding to one exponent for each characteristic value. Suppose 
on the contrary that y** and v* are both combinations of more than one solu- 
tion corresponding to the exponents. The product y**v* is of the form of the 
left member of the equation of the lemma with the a’s replaced by p,—¢>. 
One of the differences must be an integer. If this were not true the product 
would be identically zero by the lemma, and hence either v* or y** would be 
identically zero, contrary to hypothesis. We may then take p:1—o, =m, m 
an integer and c,~0 and b,+0. If this were the only such difference equal to 
an integer, then by the lemma the product would be equal to ¢:b,x*~@p, (x) 
-~_,,(x). We would then have 


Now ¢p;(x)40 and y_,,(x)#0, i=1, 2,---,m. We shall first suppose that 
the notation can be so chosen that c.~0, 620. Since the above equation is 
satisfied and none of the members written is identically zero, the lemma is 


t For proof see for instance Schlesinger, Handbuch der Theorie der linearen Differentialgleich- 
ungen, vol. I, p. 176. 
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contradicted unless the differences p1—o2, p2—@1, p2—o2 are equal to similar 
differences plus an integer. We have at least two such and this is contrary 
to hypothesis. Hence at least either v* or y** is of the character we wished to 
establish for them. Next suppose c.=c;= - - -=c,=0 but +0. Then we 
would have to have either Or pi—02=pi1—0; + M3, 7 >2, m2 and ms; 
being integers. In both cases using the relation p;—o,=m, we would have 
o;—o;=integer, contrary to hypothesis. Hence --- =b,=0. 
Similarly if we chose c.#0 and b,.=6;= - - - =b,=0 we would get a contra- 
diction. The same result would be obtained if it were assumed that another 
difference of exponents were an integer. 

If v is the exponent to which the solution satisfying the boundary condi- 
tions corresponds for \=Ao, then the exponents for the other characteristic 
values are v-+m, m a positive or negative integer. From (5) we have 


(10) Am = F(v + m) (m = 0, + 1,+2,---). 


The solutions of the original equation evidently satisfy the boundary 
conditions 
Y(a) = Ky(a), 
(11) (a) y(a) 


Y“(a) = Ky“(a) 1,---,#— 1); 
and the adjoint solutions satisfy the conditions 
V(a) = K~v(a), 


(12) 
V(a) = (s=1,---,n-1), 


where K =e?*”, i=(—1)!/? and a is any point different from zero and within 
the circle of radius T about x=0. The adjoint conditions have the required 
character that the bilinear concomitant is single-valued near x =0. Any other 
set having this character is made up of linear combinations of these and hence 
equivalent. 

These boundary conditions can be seen to lead to the characteristic 
values \,, and to the solutions we have obtained. We have the orthogonality 
conditions 


(13) f V_»—s(X) 'dx = 0, s m, 
Cc 


where C is a circle of radius R<T about x=0. The arbitrary multipliers may 
be taken equal to unity since they can be absorbed in the coefficients of the 
expansion. It is evident from (7) and (8) that 


(14) = 27i. 
Cc 
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The set \,, =F (v+m) will furnish an enumerably infinite number of charac- 
teristic values as required for the expansion. Unless F(v+m)=F(v+)), 
m= p, the equation has only one solution satisfying the boundary conditions. 
The case F(v-+m) =F (v+>)) we shall treat separately. 

2. Formal expansion of x’/(t—x). For a given value of K+0 of the 
boundary conditions we have for some », e**” = K. Let v be a determination 
such that either (a) a solution of the form (7) existst for each exponent 
v+m,m=0,1,2,---,evenif F(v-+m)=F(v+p), m¥p, or (b) the members 
of the set F(v-+m), m=0, 1, 2, - - - , are all different. We shall see presently 
that we can do this. The set of characteristic values of \ are Am =F (v-+m) for 
m a positive or negative integer or zero. For our expansion theory we will 
need only those arising from m20. 

If for a given characteristic value \,, the exponents are such that two of 
them differ by an integer or are equal but the exponent v+™m is not involved, 
the orthogonality conditions still hold. However, if the two exponents whose 
difference is an integer include as one of them the exponent v+m we would 
have 


Am = F(v + m) = F(v + p) = Ap, Pp Am. 


That is, there are two notations for the same characteristic value. If p is 

negative there would be the question as to the existence of the solution of the 

adjoint corresponding to the exponent —vy—m, since —v—p} is also an ex- 

ponent. If this solution exists in the form (8) there is no change in the theory. 
For a given v we have \,, = F(v-+m) =G(m), where 


G(m) = — m™ + am"'+---+ a4, 
= — am" + +a, + + Bah, 


a,=a,+i$,, a, and being real. Then where 
F,(m) and F,(m) are real-valued polynomials in the real variable m. Now 
F,(m) and F.(m) as functions of the continuous variable m have a finite 
number of maxima and minima, and hence for m sufficiently large Fi(m) is 
different for different values m, and likewise for F:(m). From this it follows 
that at most only a finite number of F(v-+m), m=0, 1, - - - , are equal. 

We shall now compute formally the coefficients in the expansion 


t For the condition that this solution exists see Ince, Ordinary Differential Equations, Chapter 
XVI, pp. 404-6. 
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We shall first consider the case when the \’s with the positive subscripts are 
all distinct from those with negative subscripts. Let \,, be a characteristic 
value which does not have two exponents v-+m and v+p, pm, correspond- 
ing to it. Multiply both sides of (15) through by v__,(«)x-'dx and as- 
sume for the moment that the series on the right permits of term by term 
integration. Integrating on the contour C about the origin and using (13) 
and (14) we get 
1 XV_y—m(x)dx 

2ridc x(t — x) 
Substituting series (8) for v_,»(x) and expanding 1/(¢—x) in powers of x 
and simplifying we get 
(16) am(t) 


where P_,_,,(¢) is the sum of the first m+1 terms of the power series expansion 
of t’v_,~m(t). 
Next suppose F(v+r:)=F(v+r2)= --- =F(v+r,), where 0S1<r< 
- <r,, and that solutions exist in the form (7) for the original equation 
and adjoint for the exponents —vy—n, 
+++, —v—r, respectively. Let w,4,,(”), be a particular set 
of solutions of the original equation and v_,_,,(x), - - - , v-,»--, be a particular 
set for the adjoint. These sets may be chosen, for example, by putting all 
the arbitrary elements equal to unity for each exponent. We have 


0,9 
= > 


where d,,, is not necessarily zero. Now the solution 
Yorrp(X) Uy+rp(X) + Op, X) 


is in the form of (7). Next form 


c 


forg=p+l1,---,s. We then have s—p equations 
+ pti = 


dp+2.p + p+1d p+ + Ap, = 


+ Ap. ptids. ptt aps = 
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It is evident that we can determine uniquely a,,,,g=p+1, - -~, 5, so that 
l,.p=0, g=p+1,---,s. Let this be done for p=1, 2,---,s5. We then 
have 


f 
Cc 


and the solutions have the same orthogonality properties as do the remaining 
solutions if this is done for every such case. The determination of the coeffi- 
cients in the expansion is then the same as before. We have the formal ex- 
pansion 


m=0 

We now take up the case when we have, for some Am, Am =A_p, m and p 
both positive. If a solution of the adjoint exists for the exponent —vy—m 
there is no change in the theory. However even if this solution does not exist 
we sometimes can obtain a formal expansion. In P_,_(#) we have only the 
first (m+1) terms of the power series expansion of #’v_,m(#). If we try by 
formal methods to find the solution of the adjoint corresponding to the ex- 
ponent —v—m we are able to compute the coefficients up to and including 
b_,-m, m+p-1, being unable to compute b_,~m, m4p On account of a zero multi- 
plier. Since p>0O we can compute the coefficients up to b_,-m, m which are 
all that are used in P_,_,.(¢). Whenever this case arises we shall use the co- 
efficients for P_,(¢) computed in this way. It is to be noted that these 
coefficients satisfy the same general formulas as do those when the solution 
exists. 

3. Asymptotic properties of y,;m(x) and P_,m(?) with respect to m. We 
now show that we have an actual expansion of x’/(t—x) by first showing that 
the series in (17) may be integrated term by term and next that it converges 
to x*/(t—x). This will be done by first proving the uniform convergence of 
the series in (17) with respect to both x and ¢ in a suitable range. 

The functions y ,(x) and P_,_m(¢) of (17) may be written 


Yorm(X) = = 1, 
s=0 


(18) 


s=0 


We havet 
+ For formulas (19) to (24) see Frobenius, Journal fiir Mathematik, vol. 76 (1873), p. 214. 
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+ m) 0, 
rfolv + m + 1) + of + m) 0, 


Oy folv +m+s+t+ 1) + + m) = 0, 


’ 


and 
b_»-m,obo(— v — m) = 0, 


(20) 0( — 1) + 1( — m) = 0, 
— v) + + m) = 0, 
where 
f(z,v+m+s) =[v+m+s], + aly +m + + po(x)[v + m+ 
+--+ + pa(x) + Am 
= + m + s)x*, 


(21) o(x,-—v—m+s) = 
+ q2(x)[—v —m+ + Qn(x) + Xm 
d¢.(- y—m+s)x, 


u=0 


The first conditions in (19) and (20) are 
fo(v + m) = Am — F(v + m) = 0 and ¢o(— v — m) = Am — F(v + m) = 0; 
both give rise to the indicial equation. If 


(22) Crm 
| fov +m+s+1)| 


where 
+m+s) = | My, 


M:,---, M, being the maxima of | p/(x)|, etc., within and on a circle of 
radius R<TI, then 


(23) | < 
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We also have 


{ | folv +m+s+1)| 


which becomes 


M(v+m+s)+|F+m) —F+m+s)|R> 
|F +m) —Fv+m+s+1)| 
For m sufficiently large} the denominator of the right-hand side of (24) 
is always different from zero. We consider first 
F(v + m) — F(v + m+ s) G(m + s) — G(m) 
Fv +m) —F+m+s+1) Gim+s+1) —G(m) 


(24) Cr4-m 041 < Cosma 


(25) Prime = 


when s is large. Put 


(m + s)"* 
= (m +s)" — + (m +s)" — 


After dividing the numerator and denominator of (24) by (m+s)"—m* and 
expanding (m+s+1)"-’ into powers of m+s by the binomial theorem, we 
may write 


1+ + CU 
(26) 
1+ + E-Um4s(r)} 


r=] 


where B,, C,, D,, and E, are uniquely determined. Now 


(m + s)*" 1 
(m +s)" — m” + sy me m 
m+s 
and m/(m+s) <1; hence 


(m + 1 
(m+s)"—m"™ (m+ — m’ 


Now we have 


r(r — 1) 
(m +s)’ — m’ = rm + 2s,r21; 


+ Note that the argument for y»4m(x) holds for m becoming infinite through positive real values. 
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hence 


(m + s) 1 (m + 1 


(m +s)" — (m+s)*—m" (m + s)" — m” 


If s is sufficiently large the denominator is surely positive and we can write 


1+ 


r=) 


T + | Cc. | U m+e(r) } 


| < 
Dt | T m+s(1) +| E,| Umss(r)} 
r= 1 
For a given 6, 1>6>0, there exists an s, such that for s>s, 
1+6 
1—5 


Now consider one term of 
M(v +m -+ s) 
|Fv+m) —Fv+m+s+1)| 
| G(m +s + 1) — G(m)| 


r=2 
which may be written 


M, 
|G(m + s + 1) — G(m) | 
M. 


v 
) )| 
m+s m+s 


m 


(m + 5)" — 
We have for s>s; 


M, M, 
5). 


< 


where) IZ, is independent of s. For a given 6 there exists an s2 such that for 


,2(7) < 


We can now write 
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1+ 6 
< Si, 


where 652 may be made arbitrarily small. 

For s=1, 2, - - - , ss the right-hand side of (24) approaches s/((s+1)R) 
<1/R as m becomes infinite. This follows from the fact that the degree of 
the numerator and of the denominator of P,4m,.is m—1 in m, and the coeffi- 
cients of m*~ are respectively s and s+1. The rest of the numerator of the 
right-hand side of (24) is of degree »—2 in m. There exists then’an m such 
that for all m>m, we have for all s 


3 


™m, < 


Using this bound for C,4m,s, , we get 


1 


| 


| F(v + m) — F(v +m + 1)| 


| < < | 


R — 


We may write 


s=1 


=Crin,:| | x| < R — bo. 


R — be 
Now for |x| <R’<R—é:<T we have for M independent of x and m 
| (x) — 1| < Crim iM. 


The numerator of C,+m,1 is of degree 2 —2 in m and the denominator of degree 
n—1. Hence for a given arbitrary small positive number e there exists’an"m, 
such that for m>mz. we have 


€ 
< M 


Then for m>msz, the larger of m, and mz, we have 


| —1| <¢, |x| <T, 
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Vorm(x) = + mam(x)}, 


L Ne+m(X) = 


We have proved the following 


THEOREM I. Let y,4m(x) be the solution of the differential equation with 
A=), formed with the exponent v+-m; then if we write 


Yorm(x) = {1 + 


we have 


L No+m(X) = 0, 


m— 2 


provided that |x| <R’<T. 


The coefficients in the function P_,_»(¢) for all the cases we have con- 
sidered satisfy equation (19). Since ¢o(/—v—m+s+1)=\,—F+m+s5—1) 
the argument in this case goes much like the preceding when we observe that 
m—s is always positive. It is necessary that m is always as large as s is taken. 
We shall not give the proof but state the corresponding 


THEOREM II. Let P_,_»(t) be the function previously defined; then if we 
write 


(28) P_,_m(t) = -™{1 + 
we have 
L r__a(é) = 0 


provided that |t| <R’’ <I. 
The following corollary is evident. 


Corotiary. Let y,4m(x) and P_,m(t) be the functions of Theorems 1 and 
II; then x~’y,4m(x) and P_,m(t) are dominated by M,|x|™ and M,|t|-™ 
respectively, where M, and M, are independent of x and t, provided |x| <R’<T 
and <R’ <I. 


4. Convergence of the expansion for x”/(t—x). Consider the series 


(29) 


m=0 


where P_,_(¢) and y,,m(x) are the functions previously defined. By the 
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where 
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corollary of the preceding section the general term is in absolute value domi- 
nated by MiM,|«|"|t|-"-. This is a term of a convergent series if |x| <|¢| 
<I. Hence for |x| <|#| the series converges absolutely. If ¢ is restrained to 
the circle |¢| =R’ and |x| <R’’<R’, then the series is dominated term by 
term by a converging series of constants and hence by the Weierstrass M- 
test converges absolutely and uniformly with respect to both ¢ and x. Next 
we must show that the series actually represents 1/(¢—~). 
We prove the following 


Lemma. If y,4m(x) and P_,_,(x) are the functions defined above, then 


2ri, p = m, 


Cc 
0, p m, 


and 


1 P_,_»(x)dx 
— P_—o(x)dx = 
2ridc x(t — x) 


The first and last results may be verified easily by using the expansions 
of the functions involved. We now prove the second result for the cases where 
the functions v_,_,(x) exist for each p=0. From the orthogonality conditions 
we have 


Cc Cc 


+ =0, 
Cc 
where R_,_,(x) is analytic atx=0. But 


= 0; 
c 
hence 
ff = 0. 
Cc 


Evaluating the foregoing integral for m <p we get 


p-™m 


(31) 


q=0 


Now let P_,_,(x) be the function defined when the solution does not exist. 
We evidently have 


| 


LEONARD BRISTOW 


= 0, m> 


q=0 


= m= p. 


Consider now the points 6 for which F(v+6+m) =F(v+6+r) for every 
pair r and m,r#m. For each pair there are at most . The totality for all 
such pairs forms an enumerable set. The complementary set, then, is non- 
enumerable. There exists then a set a, 8, ---,7, ~~ - which has the limit 
zero and such that F(v-+7+m)#F(v+7+r), r,m=0, +1, +2,--- 3 rm. 
Consider now the functions y,,,4m(«) and P_,,-,(x) which are formed for 
A=A,, =F(v+7+m) and =F(v+r7+>) respectively. This is equiva- 
lent to replacing the A of the boundary conditions by K/ =e?***-K. These 
latter functions come under the previous case and we can write from (31) 


p—m 


q=0 
We have 


= L = Ivim,p—m—q- 
This follows from the continuity of the function involved in the equations 
satisfied by the a’s and b’s. Since (31) is only a finite sum we may write 


p—m r—m 


70 q=0 q=0 


Comparing with the second equation of (32) we get 
= 0, 


which proves the lemma. 

The series (29) is a series of analytic functions of x and ¢ and converges 
uniformly if |«| <R<|¢|; hence it represents an analytic function of x and 
t. The difference 


m==0 m=0 
is an analytic function of « and has an ascending power series expansion in x. 
To determine the coefficients A,,(t) let ¢ be any fixed point such that 0<|¢| 
<I. Multiply through by «-'P_,_,,(x)dx and integrate along the contour 
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C, defined by |x| =R’’<|t| <I’. This is legitimate since the series con- 
verges uniformly along this circle. From (¢—x)-! we obtain ¢-'P_,_»(#) and 
from the series we get also ~'P_,_,,(¢) and hence the right hand side gives 
zero. We have for m=0,1,2,---, 


= 0. 


r=0 Cc; 


Now 


s=1 
Substituting in the above summation we see that if —m>0 the integrals are 
zero, otherwise they are equal to b_,_m,m—-: 277; that is, 


r=0 
The coefficient of A »(#) is b_,-m,o or unity, and A,,(#) is expressed as a linear 
combination of A m_i(t), A m-2(t), etc. But for m=0 we have 


= 0or Ag(t) = 0. 


Hence by induction A ,,(¢)=0 for every m. This proves 


TueoreM III. Let x and t be two complex variables such that |x| <R'<T 
and [>R>R’; then the expansion 


m=0 
is valid. If t is a variable point on the contour C defined by the circle | t| =R and 
x a variable point within a smaller circle about x=0, then the expansion con- 
verges absolutely and uniformly with respect to t and x. 


5. Expansion of an arbitrary function. Since the expansion (33) con- 
verges uniformly with respect to ¢ on the circle C, then if |x| <<R we may 
write 

1 f(tdt 
f(z) = — 


ct—2x 


1 
tJc 


m=0 


| 
| 
m 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
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where f(x) is analytic within and on the circle of radius R. We may state 
this as the following 


THEOREM IV. Let f(x) be a function of x which is analytic and single-valued 
inside and upon the contour C formed by the circle |x| =R<T; then the ex- 
pansion 


m=0 


where 


1 

am = — | 
2nri Je 

is valid in the circle |x| =R', where R'’<R. The expansion divided by x” con- 

verges absolutely and uniformly with respect to x provided that |x| <R’. 


The absolute and uniform convergence follows from bounding the coefii- 
cients a,, and the function x~’y,,m(x) by use of the corollary of §3. 
Let the Taylor’s series for f(¢) be 


= Dat; 


a=0 


then 


1 
= frites + ayt + {i-™ + + + 
c 


The coefficient of 1/t is }>"9b_,~m,m—nOn; hence 


(35) an = 
n=0 
Let f(x) be a single-valued analytic function in the annular region de- 
fined by 0<r<|x| <R’<I. Then by Cauchy’s theorem 


1 fd 1 ¢ 
= — + 
2miJct—x wid, 
where C and ¢ are the contours |} = R’<I and 0<|#| =r’, r<R’, respec- 
tively. We use the expansion (33) for 1/(¢—<x) in the first integral and (33) 
with x and ¢ interchanged for the second integral. Taking into account that 
these expansions converge uniformly we evidently have 


i 
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THEOREM V. If f(x) is analytic and single-valued in the annular region de- 
fined by 


O0<r<|x|< R<T, 
the expansion 
(36) f(x) = + P_, n(x), 
m=0 m=0 


where 


1 
an = an = fro: Yo4-m(t)dt, 


is valid and converges absolutely and uniformly with respect to x when r' < |x| 
<R’ where r<r’ and R'<R. 


If the Laurent expansion of f(x) is 


m=0 m=1 


we can write 


(37) an = an = 
n=0 n=0 
6. Extension to functions of several variables. Let x1, t:, 
t, be complex variables and let f(x, x2, - - - , x.) be a single-valued analytic 
function when |x,| <RiST, |x.|<R,<T. The expan- 


sion (33) for (¢.—x,)~! converges absolutely and uniformly with respect to 
x, if is restricted to the circle |#,| and |x,| A product of 
such absolutely convergent expansions for k=1,2,---, s will have the 
corresponding property for ---,x,andt,---,t,. Wealso have 


= Sti, , ++ dt 


where Ci, C2, - - - , C, are contours defined by the circles 


= Ri, = = 


The following extension is evident. 


m 
{ 
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THeorREM VI. Let f(x1, %2, - - - , x.) be a function of x1, %2, - , which 
is single-valued and analytic when x, %2, + - - , X, respectively satisfy the condi- 
tions |x| |x2| <Re, then the expansion 


m,=0 m,=0 


ms=0 


(tite » be) P_,—m, (#1) dt, -dty, 


where 


is valid and converges absolutely and uniformly when x1, - - - , Xx, are respectively 
inside the circles |x;| --- ,|%.| wherernn<Ri, 

It is to be noted that it is not necessary that the expansions of the various 
(¢,—x,) used in proving the above theorem arise out of a single differential 
system. The various y,,;m,(%~) may be replaced by a solution of a different 
differential system of the type considered here. 


UNIVERSITY OF ILLINOIS, 
Ursana, 


™ =) 


EXPANSION PROBLEMS ASSOCIATED WITH A 
SYSTEM OF INTEGRAL EQUATIONS* 


BY 
WILLIAM T. REIDt 


1. Introduction. Fredholmf{ has shown how a system of linear integral 
equations of the form 


bon 
(1) =A DK ialx; s)y@(s)ds + f(x) = 1, 2,---,n) 
a a=l 
may be reduced to a single linear integral equation whose kernel is defined 
on a<x<Sa+n(b—a),a<s<a+n(b—a). Greggi§ considered a system of the 
form (1) and by use of the transformation introduced by Fredholm showed 
the form of the resolvent matrix for the system; for the symmetric system 
where K;;(x; s) = K;i{s; x) (i, 7=1, 2, - - - , 2) he also stated theorems analo- 
gous to those proved by Schmidt|| for a single integral equation with sym- 
metric kernel. System (1) also comes under the class of systems treated by 
Platrier.4 

Weatherburn** has treated the system (1) without using the transforma- 
tion introduced by Fredholm, but by vector method throughout. He states 
all results for the case n =3, but his method of procedure is equally applicable 
to the general case. 

In the present paper a special system of the form (1), to which is applied 
the term “definitely self-adjoint,” is considered and the existence of a count- 
able infinity of real characteristic numbers is established, together with ex- 
pansion theorems in terms of the characteristic solutions of the system of inte- 
gral equations. A definitely self-adjoint system of integral equations includes 
as a special case the symmetric system with closed matrix kernel. It also 
includes the system of integral equations to which a boundary value problem 
for a system of ordinary linear differential equations of the first order which 


* Presented to the Society, April 18, 1930; received by the editors July 21, 1930. 

+ National Research Fellow in Mathematics. 

t I. Fredholm, Acta Mathematica, vol. 27 (1903), pp. 365-390. 

§ G. Greggi, Atti del Reale Istituto Veneto di Scienze, Lettere ed Arti, vol. 71 (1912), pp. 541- 
551. 

|| E. Schmidt, Dissertation, Géttingen, 1905. 

{| Ch. Platrier, Journal de Mathématiques, (6), vol. 9 (1913), pp. 233-304; in particular, pp. 
257-266. 

** C. E. Weatherburn, Transactions of the Cambridge Philosophical Society, vol. 22 (1912- 
1923), pp. 133-158. 
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is definitely self-adjoint in the sense defined by Bliss* may be reduced by the 
introduction of the Green’s matrix of the differential system. It is also shown 
that the idea of definite self-adjointness as defined by Bliss may be extended 
to a somewhat more general differential system, and that the system of inte- 
gral equations to which the more general boundary value problem may be 
reduced by the introduction of the Green’s matrix is also of the definitely self- 
adjoint type considered in this paper. 

Matrix notation is used throughout this paper. All matrices used are 
denoted by capital letters and are supposed to have m rows and columns, 
the element in the ith row and the jth column being denoted by the same 
letter with the subscript 77. Likewise, all vectors are supposed to have n 
components, and if v is a vector then v‘* is used to denote the ith component 
of v. If M is a matrix and 2 is a vector, then Mv denotes the vector whose 
ith component is M;,v, where it is understood that @ is an umbral label, 
i.e., its repetition in an expression indicates summation with respect to that 
label over the values 1, 2,---,. Similarly, vf denotes the vector whose 
ith component is 1 M,;. If M and N are matrices, then M +N is the matrix 
||. and MN denotes the product matrix ||M;.N q;||; also, if and 
are vectors, then uv denotes the scalar quantity u‘@. 

2. The Fredholm determinant and resolvent matrix. We may write sys- 
tem (1) in vector form as 


b 
y(x) = af K(x; s)y(s)ds + f(x), 


where y(x)=(y(x)) and f(«)=(f(«x)) are vectors each of whose com- 
ponents are continuous on X:a<x<b, and K(x; s)=||Ki;(x; s)|| is a matrix. 
We will suppose that the discontinuities of each element K;,(x; s) (¢, 7=1, 
2,---+,) are regularly distributed} in the square W:a<x<b, a<s<b, and 
that | K,;(x; s)| is bounded by a finite constant on W;; finally, that K;;(x; x) 
is Riemann integrable on X. 

As for a single integral equation we may prove for the vector equation (2) 
the existence of the Fredholm determinant D(X), which is a permanently con- 
verging series in \, and the existence of the resolvent matrix D(x; s|\) 
=||D.,(x; s|d)||, each element of which converges absolutely and uniformly 


in W for all values of X. 


* G. A. Bliss, these Transactions, vol. 28 (1926), pp. 561-584. 

t The discontinuities of a function of (x, s) are said to be regularly distributed in W if they all 
lie on a finite number of curves which have continuous tangents and no one of which is met by a line 
parallel to the axis of x or to the axis of s in more than a finite number of points. See Bécher, An 
Introduction to the Study of Integral Equations, London, 1909, p. 3. 
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The matrix relations 


b 
(3) D(x; s|) — D)K(x; s) = K(x; #)D(t; s| \)dt, 
(4) = D(x; t| )K(t; s)de, 
and the scalar relation ‘ 
d? n 
(5) = -f Jat (p = 1,2,---) 


may be established by the same method that is used to prove the analogous 
relations for the single integral equation. The following theorem may also 
be proved, as for a single integral equation.* 


THEOREM A. Jf X=Xo is not a root of D(d) =0, then (2) has a unique solu- 
tion y(x, Xo) for \=Xo, and 
’ D(x; s| Xo) 


(6) y(x, Xo) = f(x) + f 


If Xo is a root of D(A) =0 of multiplicity m, then the equation 
6 
(7) y(a) =f K(x; s)y(s)ds 


has k(Q0<k<m) linearly independent solutions for \=\o; furthermore, the 
associated vector integral equation 


b 
(8) 2(x) = af 2(s)K(s; x)ds 


also has k linearly independent solutions for \=o. If D(Ao) =0, then a neces- 
sary and sufficient condition that (2) have a solution for \=Xo is that for every 
solution 2(x) of (8) for X=Xo, we have 


b 
(9) f 2(x)f(x)dx = 0. 

3. The definitely self-adjoint vector integral equation. Throughout this 
section f(x) and g(x) are used to denote arbitrarily selected vectors whose 
components are continuous on X. Equation (7) is said to be definitely self- 
adjoint when the following conditions are satisfied: 


* See Weatherburn, loc. cit., pp. 139-152. For a discussion of the Fredholm determinant and 
resolvent for a single integral equation, together with the proof of the Fredholm theorems, see Fred- 
holm, loc. cit., Bécher, loc. cit., pp. 38-46, or Goursat, Cours d’Analyse, Paris, vol. 3, pp. 368-380. 
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(H1) K(x; s)=H(x; s)S(s), where S(x) is a symmetric matrix each of 
whose elements is real and continuous on X, and the discontinuities of the 
real elements H;;(x; s) are regularly distributed in the square W, | H;;(x; s)| 
is bounded by a finite constant on W, and H;;(x; x) is Riemann integrable on 
X; 

(H2) S(x)K(«; s) =K*(s; x)S(s), where K*(x; 5) is the transposed matrix 
of K(x; s), i-e., K;, (x; s) 5); 

(H3) the bilinear form oS(x)v, formed by the vectors v=(v‘) and 
where is the conjugate imaginary of v(a=1, 2,---, m), is 
non-negative on X and vanishes identically for a vector f(x) of the form 


b 
f(x) = f K(x; s)g(s)ds 
only when f(x) =0; 

(H4) if [?K(x; s)f(s)ds=0, then S(x)f(x) =0 on X. 

Now consider an equation (7) which is definitely self-adjoint according 
to the above definition. If y(x) is a solution of (7) for a characteristic number 
A, we have in view of (H2) that y(*)S(«) is a solution of the associated equa- 
tion (8). Therefore, if y(~) and yo(x) are solutions of (7) corresponding to 
characteristic values \ and Xo, then 


(10) — Xo] f = 0. 


It then follows in view of (H3) that there exist no imaginary characteristic 
numbers for (7), and therefore 

THEOREM 1. For a definitely self-adjoint vector integral equation (7) all the 
zeros of the Fredholm determinant D(X) are real and the linearly independent 
characteristic solutions corresponding to each zero may be chosen real. 

Also, in view of (H3), we have the following theorem. 

THEOREM 2. Jf yi(x),--- , ye(x) are linearly independent solutions of a 
definitely self-adjoint vector integral equation (7) for a characteristic number i, 
then yi(x)S(x), - - + , vx(x%)S(x) are linearly independent solutions of (8) for the 
same characteristic number. 


THEOREM 3. If Xo is a root of D(A) =0 and f(x) is such that 


b 
(11) y(x) = rm f K(x; s)y(s)ds + f(x) 


has a solution, then there is a solution of the vector equation 
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b 
(12) = f s)y(s)ds + f(a) 


which is analytic in \ at X=Xo. 


For since the zeros of D(A) are isolated, there is a neighborhood of \ =Xo 
in which there is no characteristic number of (7) distinct from A». For \ in 
this neighborhood and \ #Xo, the unique solution of (12) is given by 


D(x; s| 
a Dir ) 

We will now show that near A, the vector y(x, d) is still well-defined and 
analytic in \. Let m be the multiplicity of \. as a zero of D(A). Then D(A,) =0 
=d?D(do)/dd?(p=1, 2,---, m—1), d™D(Ao)/d\™ 0, and therefore from 
(5) it follows that s|Xo)/8A"-!40 on W. Suppose 
is the first partial derivative of D(x; s|\) which is not identically zero on W 
for \=Xo. By (3), we have 


(14) 


= Xo 


If r<m-—1, it would then follow that 


ortt 


D(x; s| Xo) = K(x; Des s| Xo) dt 


orti 


+f 
(15) 


As each column of 8°D(x; s|o)/dA" isa solution of (7) for \=Xo, then each 
row of [d™D*(x; s|Xo)/AA"]S(x) is a solution of (8) for \=Xo, and therefore, 
since (15) has a solution, we have from Theorem A that 


or 

and, in view of (H3), that d"D(x; s|o)/d" =0 on X, which is a contradiction. 
Hence r=m—1. In view of (4) it follows that for each fixed x on X the rows 


or 6 or 
—D(x;s| K(x; D(t; s| Xo)dé. 
+ — D(x; s| do). 
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of are solutions of (8) for A=Xo. Since, by hypothesis, 
there exists a solution of (11), from Theorem A we have 


b 
f aoe D(x; s| Ao) f(s)ds = 0. 
Hence (13) is well-defined near \, and there exists a solution of (12) which is 
analytic in \ at 

THEOREM 4. If f(x) is a vector which satisfies the relation 


b 
(16) f y(x)S(x)fla)dx = 0 


with every characteristic solution (x) of the definitely self-adjoint equation (7), 
then S(x)f(x)=0 on X. 

Since if y(«) is a characteristic solution of (7) corresponding to a charac- 
teristic number A, then y(x)S(x) is a characteristic solution of (8) for the 
same characteristic number, we have in view of Theorem 2 that the relation 


(16) implies 
b 
f 2(x)f(x)dx = 0, 


and therefore, since \ = 0 is not a zero of D(A), that 


f f K(s: 6, 


for every characteristic solution 2(«) of (8). Then the equation 


b b 
(17) = f K (a; s)y(s)ds + f s)f(s)ds 


has a solution for every value of \. By Theorem 3 the solution y(x, \) of (17) 
is representable by a permanently convergent power series 


(18) y(a, = uo(x) + + 


By substituting (18) in (17) and comparing coefficients, we have 

b 
(19) u(a) = f K(x; 0, 
where «_,; is defined as f(x). Let 


b 
(20) we= f Uo( x)S (x) u,(x)dx 
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In the manner used by Bliss} to prove the analogous theorem for definitely 
self-adjoint boundary value problems, one may show that W,)=0, and there- 
fore we have in view of (H3) that uo(x)=0. It then follows from (H4) that 
S(x)f(x)=0 on X. 

Corotary 1. If | S(x)| #0, then f(x) =0 is the only continuous vector satis- 
fying (16) with all the characteristic solutions of (7). 


Coro.iary 2. The vector f(x) =0 is the only vector of the form 


f(x) = [xe s)g(s)ds 


which satisfies (16) with all the characteristic solutions of (7). 


THEOREM 5. The totality of characteristic numbers and characteristic solu- 
tions of the definitely self-adjoint equation (7) is denumerably infinite and may be 
represented by d;, yi(x) (¢=1, 2, ---). Furthermore, these characteristic solu- 
tions may be chosen normed and orthogonal in the sense that 


(21) f = E;; (Ei; = 0 if 7, Ey = 1). 

For suppose there were only a finite number, m —1, of characteristic solu- 
tions of (7). Denote these by y:(x), - - - , ¥m-1(x). Then m continuous vectors 
gi(x), - - , &m(x) may be chosen so that S(x)gi(x), - - - , S(x)gm(x) are vectors 
which are linearly independent on X. Let f;(x)=/, °K(«; s)g(s)ds (i=1, 
2,-+.+,m). There would then exist constants c; not all zero and such that 
>" fa(x)Ce satisfies the relation (16) with all the solutions of (7). By the 
above Corollary 2 it then follows that /?K(x; s) [S<™-:g(s)calds=0. But 
this, by (H2), implies that >>"_,S(x)ga(x)ca=0, which is impossible unless 
c;=O(¢=1, 2, - - - , m). Hence there is an infinity of characteristic numbers, 
and the number is denumerable since the zeros of D(A) are denumerable. The 
characteristic solutions of (7) may then be chosen to satisfy (21).t 

For a set of characteristic solutions y;(x) of (7) which are chosen to satisfy 
the relations (21), we have, in view of (H1) and (H4), the following lemmas 
which we state without proof.§ 


Lemna 1. /f g(x) is a vector each of whose components is continuous on X, 
then the series >. 2_,[f?g(x)S(x)ya(x)dx |? converges and is not greater in value 
than {ig(x)S(x)g(x)dx. 


t Bliss, loc. cit., pp. 573-574. 
t See Bliss, loc. cit., p. 575; also Schmidt, loc. cit., p. 4. 
§ See Bliss, loc. cit., pp. 582, 583. 
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Lemma 2. If h(x; s) is a vector each of whose components is bounded on W 
and for each fixed x on X is integrable in s ona<s <b, and g(x) is a vector whose 
components are continuous on X, then the series >.~_,[f2g(s)S(s)ya(s)ds | 
s)S(s)ya(s)ds ] converges uniformly on X. 


THEOREM 6. If f(x) is a vector of the form 


b 
(22) f(x) = f K(x; s)g(s)ds, 


where g(x) is a vector whose components are continuous on X, then 


(23) ¢(x) = > f Ya(x) 


a=] 


converges uniformly on X and S(x) | f(x) —o(x)]=0 on X. 


For since 


S(2)9(2) = f S(x) K(x; 8) ys(s)ds 


b 
= ms f yi(s)S(s)K(s; x)ds 


in view of (H2), we have that 


b b 
(24) f = (1/23) f 


Hence 


f 


b b 


In view of the above Lemma 2 we then have that each component of ¢(x) 
converges uniformly on X. We may then integrate [?y,(x)S(x) [ f(x) —@(«) |dx 
term by term and obtain that this integral is zero for each y,(x). It then fol- 
lows from Theorem 4 that S(x) [f(x) —¢(x) ]=0 on X. 


Corotzary. If | S(x)| #0 on X, then for every vector f(x) of the form (22) 
the series o(x) converges uniformly and represents f(x) on X. 
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THEOREM 7. [f f(x) is of the form (22) and g(x) is of the form 
b 
(25) g(a) = f K(x; s)A(s)as, 


where h(x) is a vector each of whose components is continuous on X, then the 
series p(x) converges uniformly on X to the vector f(x). 


For by Theorem 6 we have that the series 


band 
DL yal »)| f | 


a=1 


converges uniformly on X. From (24) it then follows that 


b 
f(a) = f Ee [tos las, 
a a 

and since S(x) [ f(x) —¢(x) ]=0 on X, we have from (H3) that ¢(x) =f(x) on X. 

4. Remarks. If for a definitely self-adjoint vector integral equation the 
matrix S(x) is the identity matrix E, then the matrix kernel of the vector 
integral equation is symmetric and the vector integral equation corresponds 
to a single integral equation with a closed symmetric kernel. 

Bliss} has treated a system of ordinary linear differential equations of the 
first order which may be written in vector form as 


(26) y’ = [A(x) + ]y, 


where A(x) and B(x) are matrices of rows and columns whose elements 
are continuous on the interval X and y is a vector with m components, each 
of which is continuous and has a continuous first derivative on X satisfying 
(26). With (26) are associated boundary conditions 


(27) My(a) + Ny(b) = 0, 


where M and N are constant matrices such that the matrix || M, N|| is of rank 
n. According to Bliss the boundary value problem (26), (27) is said to be 
self-adjoint if the differential equations and also the boundary conditions of 
the adjoint system are equivalent to its own for all values of \ by means of a 
transformation z= 7(x)y, where the elements of T(x) are real, single-valued, 
and have continuous first derivatives on X, and such that | 7(x)| #0 on X. 

The boundary value problem (26), (27) is said to be definitely self-adjoint 
if the matrix S(x) =7*(x) B(x) is symmetric, the bilinear form fS(x)f is non- 


t Bliss, loc. cit. 
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negative on X, and this form vanishes identically for a vector f(x) which is a 
solution of an equation of the type 


(28) f' (x) = A(x) f(x) + B(x)g(x), 


where g(x) is an arbitrarily chosen vector whose components are continuous, 
only when f(x) =0o0n X. 

We may assume without loss of generality that the system 
(29) y’ = A(x)y, 


together with the boundary conditions (27), is incompatible. Then (26), (27) 
is equivalent to the vector integral equation 


(30) f G(x; s)B(s)y(s)ds, 


where G(x; s) is the Green’s matrix for (29), (27). The matrix kernel of (30) 
is of the form H(x; s)S(s), where H(x; s) =G(x; s)T*-(s) and S(x) =7*(x) 
- B(x). By using the properties of the Green’s matrix for a definitely self- 
adjoint boundary value problem as established by Bliss,f it may be shown 
that (30) is a definitely self-adjoint vector integral equation, according to 
the definition of this paper. It is also to be noted that condition (H3) used 
in defining a definitely self-adjoint vector integral equation is somewhat 
weaker than the corresponding condition given by Bliss in defining a defi- 
nitely self-adjoint boundary value problem. 

If now the elements of A(x) and B(x) in (26) are not continuous, but 
merely Lebesgue summable, we define as a solution of (26) a vector y whose 
components are absolutely continuous and which satisfies (26) “almost every- 
where” on X. The system (26), (27) will then be said to be self-adjoint if the 
differential equations and also the boundary conditions of the adjoint system 
are equivalent to its own for all values of \ by means of a transformation 
z=T(x)y, where now the elements of 7(x) are real, single-valued, such that 
| 7(x)| #0 on X, and merely absolutely continuous. By analogy with the 
definition of Bliss, the system (26), (27), when the elements of A(x) and B(x) 
are merely Lebesgue summable, is said to be definitely self-adjoint when S(x) 
=7*(x)B(x) is symmetric, fS(x)f=0, and if f(x)S(x)f(x) =0 “almost every- 
where” on X for a solution of (28), where g(x) is an arbitrary summable vec- 
tor, then f(x) =0. System (26), (27) is then equivalent to the vector integral 
equation (30), where now it is understood that the integral is taken in the 
sense of Lebesgue. If, however, the elements of B(x) are continuous, while 


t See Bliss, loc. cit., pp. 577-581. 
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the elements of A(x) are summable, then the matrix kernel of (30) satisfies 
the continuity condition of (H1), and (30) is again a definitely self-adjoint 
vector integral equation, according to the definition of this paper. 

In defining a definitely self-adjoint vector integral equation we have im- 
posed on the matrices S(x) and H(x; s) the continuity condition of (H1). 
Clearly a related treatment for a vector integral equation in which the matrix 
kernel satisfies weaker continuity conditions may be carried out, just as the 
treatment of a single scalar integral equation has been carried through under 
weaker conditions. 


UNIVERSITY OF CHICAGO, 
Curcaco, ILL. 
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ON THE DERIVATIVES OF HARMONIC FUNCTIONS 
ON THE BOUNDARY* 


BY 
OLIVER D. KELLOGG 


Abstract. Let U be harmonic in a closed region R, whose boundary con- 
tains a regular surface element E£, with a representation z=@(x, y). If E 
has bounded curvatures, and if ¢(x, y) and the boundary values of U on E 
have continuous derivatives of order ” which satisfy a Dini condition, then 
the partial derivatives of U of order m exist, as limits, on Z, and are con- 
tinuous in R at any interior point of E. Hélder conditions on the boundary 
values of U, or on their derivatives of order , imply Hélder conditions on U, 
or the corresponding derivatives, in R, in the neighborhood of the interior 
points of E. 

1. Introduction. A large number of articles contain studies of the exist- 
ence and behavior of the limits of the derivatives, on the boundary, of har- 
monic functions, when these are given as the potentials of various spreads 
of attracting matter. On the other hand, studies of the derivatives of har- 
monic functions defined directly by their boundary values are surprisingly 
few, particularly in space of three dimensions. In a paper of my own,7 the 
problem for the logarithmic potential has been investigated. In space, there 
are few actual results on derivatives of order higher than the first, and the 
conditions imposed on the boundary values are much heavier than need be. 

The method used in previous work has been to express the given harmonic 
function as the potential of a double distribution, through a Neumann 
series. While this method has not yet yielded the results of which it is cap- 
able, it contains an element of indirectness, in that the conditions on the 
boundary values must first be translated into conditions on the moment of 
the double distribution, and from these, the behavior of the derivatives of 
the harmonic function must then be inferred. The method here used is based 
on Poisson’s integral, applied to a sphere internally tangent to the boundary. 
In the case of thederivatives of the first order, this method requires more than 
is necessary for the theorems, for in order to apply it, we must assume that 
spheres, internally tangent to the boundary, and containing no exterior 


* Presented to the Society, February 28, 1931; received by the editors January 23, 1931. 
+ Harmonic functions and Green’s integral, these Transactions, vol. 13 (1912), pp. 109-132. Refer- 
ences to the literature are given there, and in my two previous papers, ibid., vol. 9 (1908), pp. 39-66. 
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points, exist. For derivatives of higher order, however, this requirement 
ceases to be extraneous. As the Neumann method is comparatively simple 
for derivatives of the first order, the two procedures appear to complement 
each other nicely. 

The results, in their generality, for derivatives of higher order are new. 
Those for derivatives of the first order are in every respect more general 
than any at hand, with the exception of Liapounoff’s,* who requires less of 
the boundary surface, but more of the boundary values. The results here 
obtained with respect to Hélder conditions appear to be new for »>1, and 
those for U itself are more general than those at hand.j As an incidental 
result, a simple proof is given of the analytic character of harmonic func- 
tions.{ 

2. The derivatives of first order of Poisson’s integral. Let VU be harmonic 
in a sphere of radius a. We consider first its derivative in the direction of its 
polar axis, @=0, at a point of that axis. Writing Poisson’s integral in the form 


a(a? — p*) sin 
U(p) = ; f 


1 
{(¢) = — f U(a, 0)de, 
2r Jo 


r? = a? + p? — 2apcos8, 


we find, for p<a, 


aU 3a(a + p) 
ap apJ 2y 
where 
* (0) sin 6d0 * {(0)(p — acos@) sin 6d6 
0 r 0 r 


Our task is to show that these integrals approach limits as p—a, under suit- 
able conditions on f(@), and to observe something as to the rate of approach. 
Assuming the existence of f’(@) near 6 =0, it can be shown, by an integration 


* Sur certaines questions qui se rattachent au probléme de Dirichlet, Journal de Mathématiques, 
(5), vol. 4 (1898), p. 241. To the literature cited in my papers referred to above, should be added 
Korn, Mathematische Annalen, vol. 53 (1900), pp. 593-608; P. Lévy, Sur l’allure des fonctions de 
Green et de Neumann dans le voisinage du contour, Acta Mathematica, vol 42 (1920), pp. 207-267. 

t See Korn, Sur les équations de Vélasticité, Annales de l’Ecole Normale, (3), vol. 24 (1907), 
pp. 23, 25. 

Since the writing of this paper, I have learned of one by Schauder, Potentialtheoretische Unter- 
suchungen, Erste Abhandlung, about to appear in the Mathematische Zeitschrift. The contacts of 
the two papers are confined to results on Hélder conditions on U and its derivatives of the first order. 
. Those for U itself are essentially the same; for the derivatives of first order, Schauder’s are more 
general than mine, in that bounded curvatures of the bounding surface are not required. 

t I wish to acknowledge my indebtedness to my colleague, Dr. Gergen, for his careful examina- 
tion of the manuscript. 
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by parts, that the normal derivative of U approaches a limit provided /’(@) 
satisfies a condition of the type used by Dini,* namely that the integral 


0 0 


is convergent. For our purposes, however, a somewhat different condition 
will be used. We shall show, namely, that the normal derivative of U has a 
limit provided f(@) is integrable and bounded, and such that the integral 


| @) — f(0)| 
0 


is convergent. 

It is legitimate to assume f(0) =0, since the subtraction of a constant from 
U affects neither its derivatives nor the validity of the hypotheses. With a 
number 7, 0<7 <7/2, we break up the integrals J, and J; each into two, 


Ji: =JutJIy, Jo = Ja + J2, 


Ji, and Js being extended over the interval (0, 7), and Ji: and Jz, over the 
interval (yn, 7). Then, for any fixed 7, the functions Ji, and J: are analytic 
in p at p=a, and hence have limits from which they differ arbitrarily little 
for all p sufficiently near a. Hence, if it can be shown that 7 can be so re- 
stricted that Ji, and J»: are arbitrarily small in absolute value, independently 
of p, the existence of a limit for the derivative of U will be established. 

But this is immediate. From the equations 


6 
r? = (a — p)? + 4ap — = (a — pcos 6)? + p* sin? @ 


= (a cos@ — p)? + a? sin? 6, 
we derive the inequalities 


1, <1, 
r rT 


| p — acos@| o sin 
r 


the last holding for 0<@<n, since n<7/2. Using them, we find 


The integrals are convergent, by hypothesis, and so approach 0 with 7. As 
they are independent of p, the existence of the limits of J; and J2, and so of 
the normal derivative of U, is established. We note, moreover, that for fixed 


* Acta Mathematica, vol. 25 (1902), p. 224. 
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n, the derivatives of Ji, and Jz. with respect to p are bounded in absolute 
value by a number depending only on the bound for | f(@)|, so that we may 
enunciate the results as follows: 


THEOREM I. Let U be harmonic in the sphere of radius a, and be given by 
Poisson’s integral with the bounded integrable boundary values U(a, $, 0). Let 
the average of these values on parallel circles, 


2r 


1 
=— U(a, ¢, @)d¢, 
2r 


0 
be subject to the requirement that the integral 


0 


(1) do, O<n 
be convergent. Then the derivative of U in the direction of the polar axis 6=0 
approaches a limit at the surface of the sphere for approach along the polar axis. 
Moreover, the approach to the limit is uniform for any class of boundary func- 
tions which are uniformly bounded in absolute value, and for which the integral 
(1) approaches 0 uniformly with n. 

Tangential derivatives. A similar theorem exists for the tangential deriv- 
atives. The derivative of U in the direction of increasing @ in the meridian 
half-plane ¢ = ¢o, at a point of the polar axis, is given by 


a 00 2 


1 0U 3ap(a? — p?) F(@) sin? 
0 


r® 
1 Q2r 
F@) == [ 6,6) cos (6 — 
0 


The same reasoning as that just employed then leads to 


THEOREM II. Theorem I holds also for the tangential derivatives of U, pro- 
vided the function F(@) satisfies the conditions there imposed on f(8). 


Remark. Even if f(@) and F(6) have continuous derivatives of the first 
two orders, the conditions of Theorems I and II will not be fulfilled, unless 
these functions, and their first derivatives, vanish at @=0. This difficulty, 
however, may at once be met by the subtraction from U of a linear function, 
tangent to U at @=0, p=a. The theorems are therefore more general than at 
first appears. 

Limiting values. Under the hypotheses imposed on (60) and F(6), it 
will be seen that the limiting values of the normal and tangential derivatives 
of U are given by the convergent integral 


| 

| 

| 

| 

| 
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(2) aU — f(0)] cos > 
dp 4a. Jo 

sin? — 

2 


dé, 


and by the derivatives in the same direction of the boundary values of U, 
respectively. 

3. Formulation of conditions which insure the existence and continuity 
of derivatives on the boundary. An advantage of the present method of 
study is its local character. If we wish to consider the behavior of the de- 
rivatives of a harmonic function U only on a portion of the surface S bound- 
ing the region in which it is given, we need make special hypotheses on S 
and the boundary values of U only on this portion. Accordingly, we shall 
deal with a region whose boundary contains a regular surface element E, that 
is, a set of points, which is given, for a suitable orientation of the céordinate 
axes, by an equation 

z= 9), 


(x, y) being one-valued, and having continuous derivatives of the first order, 
for (x, y) in a closed regular region of the (x, y)-plane. A regular region of the 
plane is one bounded by a regular curve, without double points.* 

We shall employ the following conditions. 


ConpDlITION A,. Ris a bounded open continuum, whose boundary S contains 
a regular surface element E, with the following properties: 

(a) it has definite radii of curvature at each point, which are uniformly 
bounded; 

(b) with coérdinate axes tangent and normal to E at any point p, it admits a 
representation z= (x, y), where zis one-valued and has continuous partial deriv- 
atives, of order n, with respect to x and y, which are such that if q is any second 
point of E, and D¢ any definite one of these derivatives, 


| — Did), 


where t is the projection of pq on the tangent plane at p, and where D(t) is a 
never decreasing function, independent of p and of the direction of pq, such that 


Dit) 
f dt (0 <n) 


is convergent; 


* For full details on these definitions, see Kellogg, Foundations of Potential Theory, Berlin, 1929, 
particularly p. 105. 
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(c) to every regular surface element E’ contained in the interior of E, there 
corresponds a positive number a,, such that the sphere of radius a, about any 
point of E’, contains no points of S other than those of E. 


ConpiTI0n B,. The function U =U (x, y, 2) is one-valued and continuous 
in R, and harmonic in the interior of R. Its values U(x, y, o(x, y)) on E, the 
axes being tangent and normal to E at any point p, are subject to the condition 
imposed on (x, y) in condition A,(b). 

Remarks. The requirement of a representation z=¢(x, y), where 2 is 
single-valued and has continuous derivatives, for a single tangent-normal 
position of the axes, does not, of itself, assure such a representation for all 
such positions of the axes, even though E be arbitrarily flat.* It does so, 
however, if, in addition to the requirement that every pair of normals make 
an acute angle with each other, we demand that the projection of E on one of 
its tangent planes be convex. It is convenience of application which has 
dictated the expression of the condition A,(b) in this form. The condition 
A,(c) excludes multiple boundary points on E. Otherwise S is unrestricted 
except that it must be bounded. A,(a) is a consequence of A,(b) for n=2. 

We may now formulate the main theorem of the paper. 


THEOREM III. Let R satisfy Condition A, and U Condition B,. Let P bea 
point of R on the normal to E’ at any of its points p. Then any given derivative 
of U, of order n, with respect to x, y and 2, approaches a limit as P approaches p 
along the normal. If it is defined at p as equal to this limit, it is then a con- 
tinuous function on E’, for unrestricted approach. 


As the method of proof of this theorem is different, for »=1, from that 
for n> 1, we consider the cases separately. 

4. Existence and continuity of the derivatives of the first order. In order 
to infer properties of the boundary values of U on a sphere, internally tan- 
gent to E, from known properties of the boundary values on E, we shall need 
preliminary information on the rapidity of approach of U to its boundary 
values on E. This we shall obtain by means of a harmonic dominant function. 
It is the need of this function which largely accounts for the difference in the 
treatments of the derivatives of the first, and of higher orders. 

First, however, we shall have need of a surface element E’’, intermediate 
between E and E’. Let E”’ denote the portion of E whose points are distant 
not more than a,/2 from E’. Let a2 be the lower bound of the radii of curva- 
ture of E, and let a be the less of the two positive numbers a,/8 and a2/2. 
Then a will have the properties 


* See Foundations of Potential Theory, loc. cit., p. 107, also Theorem VII, p. 108. 
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(a) any sphere of radius 4a about a point of E’’ contains no points of S 
except those of E, 

(b) any sphere of radius 4a about a point of E’ contains no points of S ex- 
cept those of 

(c) the sphere o;, of radius a, internally tangent to E at any point p of E’ will 
lie in the interior of R except at p, and the sphere o., of radius a, externally tan- 
gent to E at any point p of E’, will be exterior to R except at p. 

Let » be a point of E’’. With axes in the tangent-normal position at p, 
we form the linear function 

G, = Ax + By, 


A and B being the derivatives at p of the boundary values of U, with respect 
to x and y, respectively. Then U,=U-—G, is harmonic in R, and has bound- 
ary values on E which vanish, together with their derivatives of first order, 
at p. Moreover, G,, and any of its derivatives, are uniformly bounded in R. 
As a consequence U, is bounded in absolute value in R, by a constant M, 
independent of ». The law of the mean, and condition B,, now yields, for 
any point g of E, not distant more than 4a from E”’, 


(3) |U,(g)| =|Us/@|t=|UJ@ — |t DO 


the bars indicating appropriate mean points or values. 
We now take up the harmonic dominant function. It is 


W = p*P,(cos 8) (0<A <1), 


where P)(u), u=cos 0, is that solution of Legendre’s differential equation, 


d dP) 
—(1 — u?)— + AA + 1)P, = 0,7 
du du 


which is regular at « = 1, there assuming the value 1. The greatest root of this 
function in the interval (—1, +1), if it has any, is negative. Under any cir- 
cumstances, there is a positive number a, which we may take less than 7/2, 
such that for cos(r/2+a)<u<1, P,(u) is positive, and in this interval, 
P)(u) is increasing. The last statement may be verified by forming the power 
series for P,(u) in z=1—wu, which converges for | z| <2, and has all its 
coefficients, after the constant term, negative. 

We have, then, the following properties for W. It is continuous in the re- 
gion 
(4) O<p, OS 
and harmonic in the interior. Its value at any point (p, ¢, @) lies between 
p* and its boundary values 
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W=C),C= PA( cos( + «)) = P,(— sina) > 0. 


Let us take, as origin of the spherical codrdinates in terms of which W 
is expressed, a point p of E’’, the axis from which @ is measured being the 
inward normal. By the property (c) of the number a, all points of R within a 
distance 2a sin a of p will lie in the region (4). The derivatives of first order 
of the boundary values of U, being continuous in a closed region, are uni- 
formly bounded. The same is true for G,. Hence by the first equation (3), 
the boundary values of U, do not exceed, in absolute value, a uniform con- 
stant times W, in the sphere o of radius 2a sin a about p. On the portion of 
o in R, |U,| <M, and as W has here a positive lower bound, there is a uni- 
form constant, A, such that on the whole boundary of the portion of R in a, 
|U,| <AW. As U, and W are harmonic in this region, the inequality also 
holds in its interior. This leads to the inequality 


(5) | U,(Q)| < APO, 


valid, first, for any point Q of Rino. But since | U,| is bounded throughout 
R, and p* is an increasing function, the number A can be so chosen that the 
inequality holds throughout R. 

Finally, since the derivatives of G, are uniformly bounded in R, we have, 
for suitable B’, 


(6) |Gp(Q) — Gp(p)| B’pO, 
and hence, combining (5) and (6), 
(7) | — U(p)| BYR, 


first, for pQ <1, and then for any Q in R, B”’ being a constant independent 
of p. But (6) holds, if, without changing the linear function G,, we substitute 
for the argument point , any other point g of E’’, and the same substitution 
may be made in (7). Hence we have, on combining the inequalities (6) and 
(7), thus altered, 


(8) | U,Q) — U,(@)| Ba, 


where g is any point of £’’, Q any point of R, and Bisa constant, independent 
of p. 

This result is valid for any \ in the open interval (0, 1), the constant B 
depending, in general, on A. For immediate purposes, we shall assign to 
a value greater than 1/2. 

5. Completion of the proof of the theorem for n=1. Let p now denote 
any point of E’, o; the sphere of radius a, internally tangent to E’ at p, and Q 
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a point of the lower half of the surface of ¢. We wish to know that Q is ona 
normal to E at a point of £’’; for although the inequality (8) could be used 
without this knowledge, it will be useful later. By the properties (b) and (c) 
of the number a, we know that E lies between o; and the sphere ¢, externally 
tangent to £’ at p, until it passes out of the sphere of radius 4a about p. 
Hence £ must cut the sphere 2, through Q, and tangent to o, at the ex- 
tremity of the radius which points toward Q. There are therefore points of Z 
within a distance d of Q, where d is the diameter of 2. We may find an ap- 
praisal for d by the cosine law of trigonometry. If 6 is the angle between the 
radii of a; to p and Q, 


(a + d)? = a? + (2a)? — 2(2a)a cos 6, or d(2a + d) = 4a7(1 — cos 8), 
so that 


6 
8a? sin? — 


2a+d 2 
Since Q is on the lower half of o;, 9<7/2, and d<2a. If q is the point* of E 
nearest Q, its distance from Q cannot exceed d, since, as we have seen, there 
are points of E within =. Hence pg<pQ+d<2"a+2a<4a, and by the 
property (b) of a, g therefore lies on E’’. 
We now use the inequality (8). Since g0 <d <6, this yields 


(9) | U,(Q) — U,(q)| Baro”. 
On the other hand, since /=a sin 0 < a8, (3) yields 
(10) | U,(q)| S a@D(a8). 


Combining the inequalities (9) and (10), we see that the values U,(Q) on the 
surface of a; are subject to the inequality 


| U,(a, ¢, S 6( + aD(ad)) (0 < 4/2). 


It follcws that the hypotheses of Theorems I and II are in force, since 
2A—1>0. Accordingly, the derivative of U,, in any fixed direction, ap- 
proaches a limit at » along the normal, and this, uniformly as to p. As the 
derivatives of G, are bounded, uniformly as to p, the derivative of U itself 
approaches limits on £’ along normals, uniformly. As the derivative is con- 
tinuous in the interior of R, we infer that the same limits are approached for 
unrestricted approach of the argument point to the boundary. The assign- 
ment of these limiting values to the derivative, as values on E’, therefore 


* Or any of them, in case there are more than one. A similar comment applies at several points 
in the sequel. 
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makes the derivative continuous at the points of Z’. Theorem III is thus 
proved for x =1. 

Remarks on Condition B,;. It is known* that continuity of the boundary 
values, say on a circle, of the real part of a function of a complex variable, 
analytic in the circle, is not sufficient for the continuity of the boundary 
values of the conjugate function. We may conclude, by an integration, and 
by noting that a harmonic function of « and y may also be considered a 
harmonic function of x, y and z, that something stronger than mere continuity 
must be required of the derivatives of the boundary values of U if we are to 
have continuous normal derivatives. The condition selected, although some- 
what conditioned by the proof, is a fairly liberal one. It is clearly less re- 
strictive than a Hélder condition on the derivatives: 


| U'(g) — U'(p)| AP (<r<1). 


In fact, if merely 
| — U'(p) | A/[logs (2/t)] (a > 1), 


where k exceeds the maximum value ¢ assumes, the function on the right will 
be seen to have the properties required of D(#) in Condition By. 

6. The derivatives of harmonic functions at interior points. Analytic 
character. We shall need bounds for the derivatives of U at interior points 
of R. We may obtain these by applying a familiar inequality. Let V be 
harmonic in the sphere of radius c about P, and have there the upper and 
lower bounds M and m. Then if DV denote the derivative of V in any given 
direction, its value at P is subject to the inequality 


(11) |Dv|< —m), 
4c 


or, in terms of the upper bound M of the absolute value of V on the sphere, 


3M 
(12) |Dv| s—- 
2¢ 


If V is defined in a region R, and M is the maximum of | V| in R, c may be 
understood as the distance from P to the nearest boundary point of R. 
We next seek a bound for the absolute value of the derivative D?V of DV 
in any given direction, by applying (12) to a sphere of radius uc about P, 
0<u<1. We have 
* See, for instance, Kellogg, Potential functions on the boundary of their regions of definition, these 


Transactions, vol. 9 (1908), p. 39, footnote f. 
¢ See, for instance, Foundations of Potential Theory, loc. cit., p. 227. 
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2uc 2(1 — u)c 


(1—«)c being the distance from the sphere to the nearest point of the bound- 
ary of R. The result holds for any uw in the given interval, and is closest when 
u=1/2. It then gives 


3 2 
2 


c being again the distance from P to the nearest boundary point. Continuing 
in this way, we find for any derivative of V, of order n, 


3 n 
(13) |D*V|< (5) M 


as we proceed to verify, by induction. 

Assuming the formula (13), let us find, by means of (12), a bound for the 
value at P of the derivative in any given direction, of the harmonic function 
D*V. On the sphere of radius uc about P, the absolute value of DV does 
not exceed 

n” 
1 — u)"c" 
Using this bound in (12), and replacing c by uc in that inequality, we find 
3 n+1 n” 1 
| | < (=) 
2 — u)” 
We choose u so that the last factor will take its least value, 
1 1 (m + 1)"*! 
u(l — u)™ n” 


The inequality for D"V thus obtained coincides with that given by the 
formula (13) when z is there replaced by »+1. As it is valid for m =1, (13) 
therefore holds generally. 

As n" <nle", this inequality may be given the form 


3e\" 
(14) (=) Mn!. 
2¢ 
Suppose V be developed in a Taylor series about the interior point P of 


R, with remainder. It will be found, by means of this bound for the deriva- 
tives of V, that for points whose distance from P is less than c/4, the remain- 
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der after the terms of degree m approaches 0 as m becomes infinite. The in- 
finite series therefore converges to V in this neighborhood of P. We thus have 
a simple proof that V is analytic at any interior point of R. 

However, the purpose for which the inequality (14) was derived was the 
study of the derivatives of higher order of Poisson’s integral. The factor of 
the integrand which concerns us is 

g = g(x, 9,2) 
where ¢ is measured from the point Q(£, n, ¢) of the surface of the sphere of 
radius a about the origin of codrdinates O to the point P(x, y, z) in the sphere, 
and where p is the distance OP. As it stands, bounds for g, which is harmonic 
throughout space, except at Q, are not evident, at least not in a form adapted 
to our needs. However, if we write ¥ for the angle PQO, we have p?=a?+r? 
—2ar cos y, so that g becomes 
2a cos py 1 
g= 
r? r 
the terms on the right being harmonic except at Q, and being bounded in 
absolute value, at a distance r from Q, by 2a/r’, and by 1/r, respectively. 

If, now, we replace D?V by (2a cos )/r*, and, correspondingly, M by 

2a/3?, (14), with 2 replaced by +2, becomes 


2a cos 3e\"*? 2a 


2r 


r? 


Similarly, if we replace DV by 1/r, and M by 2/3, (14), with » replaced by 


n-+1, becomes 
1 2 
D»—|s —(n + 1)!. 
2r 3 


Combining these results, we have, for all points in the sphere, since there 
r<2a, 


(15) |Drg| < 10a (=o 


2 


7. The derivatives of order of Poisson’s integral. We write Poisson’s 
integral in the form 


a 
U= f U(a, ¢, 0)g sin 
4nJo Jo 
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so that for p <a, any of the partial derivatives of order m with respect to x, y 
and z, may be written 


a 
(16) D*U = f U(a, 0)D"g sin 
Jo Jo 


We regard this derivative as reckoned at a point of the polar axis @=0, and 
divide the integral with respect to @ into two parts, one from 0 to n, and one 
from 7 to 7, where 0<y<7/2. Thus 


DU =Ji+Js, 


where J, for fixed 7, is analytic in p at p=a, and where 


an 
Inis= f f | U(a, @)|| sin 
4n Jo Jo 


sc, 
0 


We have here used the fact, that for 9<7/2, 0/r <7/(2a), and have employed 
the abbreviations 


54? 
4 2r Jo 


(17) 


4 \4a 


The reasoning used to establish Theorem I now yields 


THEOREM IV. Let U be harmonic in the sphere of radius a, and be given by 
Poisson’s integral with the bounded integrable boundary values U(a, $, 0). Let 
the average of the absolute value of this boundary function on parallel circles, 


1 2r 
fo) Ula, 6,0) | de, 
0 


be subject to the requirement that 


{(@)d0 
(18) (0 <n) 


be convergent. Then any of the partial derivatives of order n of U, with respect 
to x, y and 2, at the point P of the polar axis, approaches a limit as P approaches 
the surface of the sphere along this axis. Moreover, the approach is uniform for 
any class of boundary functions which are uniformly bounded in absolute value, 
and for which the integral (18) approaches 0 uniformly with n. 


As remarked in connection with Theorem I, this result is broader than is at 
first apparent. For, provided that merely the derivatives of the boundary 
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values, of order n, have differences at neighboring points which approach 0 
sufficiently rapidly with the distance between the points, the condition (18) 
may be brought to fulfillment by the subtraction from U of a suitable har- 
monic polynomial. We shall revert to this point in the next section. 

8. A lemma on osculating harmonic polynomials. We now consider the 
existence of the polynomials, mentioned at the close of the last section, which 
broaden the scope of Theorem IV. 


Lemma. Let the region R be subject to condition A,, and the function U to 
condition B,. We assume, moreover, that the derivatives of U of order n—\ exist 
as limits on E, and are continuous there. Then, corresponding to each point p of 
E, there exists a harmonic polynomial, Gp, of degree n, such that 


U,=U-G, 


vanishes at p, together with all its derivatives of orders 1,2, +--+ ,n—1, and fur- 
ther, such that the derivatives of order n of its boundary values on E vanish at p. 
The values of Gp, and of its derivatives, are bounded in R, uniformly as to p. 


Taking the axes in the tangent-normal position at p, let G,_1,, denote the 
sum of the terms of degree less than m in the development of U in spherical 
harmonics about the point P(0, 0, #) in the interior of R. As h-0, this har- 
monic polynomial approaches a limit G,_1, since its coefficients, which are 
binomial coefficients times the derivatives of U of order m—1 and lower, are 
continuous at the points of E. As these coefficients are subject to the equa- 
tions which make G,_1,, harmonic, these equations are satisfied in the limit, 
and so G,_: is also harmonic. Thus U—G,_; is harmonic in R, and vanishes, 
together with its derivatives of order m—1 and lower, at p. 

The derivatives of the boundary values of U—G,_: of the same orders 
also vanish at p, while those of order ” are the same as those of U. We form 
a homogeneous harmonic polynomial of order 7 as follows. We start with 


f(x,y an (é, o(é, n)) ? 


g=n=0 


whose derivatives of order m coincide at p with those of U; from it, we form 
the homogeneous harmonic polynomial 


= fiz, ») 41 


Vf denoting, as usual, the Laplacian of f. Because of the special position 
of the axes, z and its partial derivatives with respect to x and y vanish at p, 
so that the derivatives of the boundary values of H,, of order » reduce to those 
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of the first term at p, and thus to those of U. Because of the continuity of the 
derivatives of U and of ¢ on the closed set E, the coefficients of G,_; and H, 
are bounded, uniformly as to /, and hence so are its values and those of its 


derivatives in R. Thus 
Gy = + 


has the properties required in the lemma. 

It may be noted that G,, although uniquely determined by the procedure 
for setting it up, is not uniquely determined by the properties enunciated in 
the lemma. Thus, if ¥(x, y) is any homogeneous polynomial of degree n —1, 


the harmonic polynomial 
vy 


y)z— + 51 
may be added to G, without impairing the requisite properties. 

9. Proof of the theorem for the derivatives of order »>1. The proof of 
Theorem III, for »>1, is essentially a proof by induction, although, as we 
shall see, the case m =2 occupies a somewhat special position. We therefore 
begin by noting that the conditions A, and B, imply the conditions A,_; and 
B,-1. Thus, since the derivatives of ¢ of order ” are continuous functions of 
the codrdinates x and y and of the position of in a closed region of these 
variables, they are uniformly bounded in absolute value. This means that 
the difference quotients of the derivatives of order n—1 are bounded, and 
accordingly the function D(¢) = const. X¢ will serve as the required dominant 
function for them. The situation is the same with the boundary values of U. 

Let » denote an integer, m22. We assume that Theorem III has been 
proved for all smaller values of n. That is, we assume that the conditions A, 
and B, are in force, and that all the partial derivatives of U of orders 1, 
2,--+,mn-—1 exist as limits on a regular surface element E, and are continu- 
ous there. We shall identify this regular surface element with the E of the 
theorem so as not to multiply notations. A later remark will make clear that 
this is legitimate. 

We consider the function U,=U—G, of the lemma, and take the axes 
in the usual tangent-normal position at p, a point of E’. We construct the 
sphere o;, internally tangent to E’ at p of radius a. Let Q be a point of the 
lower half of the surface of ¢; and gq the foot of a normal to E through Q 
(see §5). Then 
1 @U, 
Ov? 


aU, | — 


v 


qo? 
qa 


19 
(19) 1 
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where q: is an interior point of the segment gQ. This equation is legitimate, 
since the derivatives of U, of order n—1 exist. 

To avoid a whole series of different notations, let us agree to denote by K 
any function which has a bound for its absolute value which may depend on 
R, E’, U, and n, but not on #, and similarly, let us denote by D(¢) any func- 
tion dominated by a function satisfying the requirements of condition A, on 
D(t). These notations may therefore mean different functions from time to 
time, or even in the same equation, but no difficulty will arise if this fact be 
kept in mind. Our object is to establish an equation 


(20) | U,@Q)| = 


To do this, we develop the coefficients in (19), by Taylor’s series with re- 
mainders, about the point p. For the first, since the derivatives of lower order 
vanish at p, we have 

1 
n! dt” |p,” 
where /; is an appropriate mean point on E. But, by Condition B,. 


P P P < Dit). 
ot" ot” ot” Pp 
Hence 


(21) |Up(q) | = 


Passing to the second term in the development (19), we have 


aU, dU, U, 1 
Ov \q dv |p Otdv — 2)! lp, 


= Ki"-*, 


since the derivatives of U, of order n—1 are uniformly bounded on E and 
vanish at p. Since gQ=Ki?, as we say at the beginning of §5, we have for 
this second term in (19), 


qQ = Ki". 
Ov 


Similar considerations show that the later terms in (19) are bounded func- 
tions times /"+!, the order with respect to ¢ increasing, at each step, by unity. 
We thus have the preliminary result 


(23) U,(Q) = Ki". 
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While this is not as sharp an appraisal as the needed one (20), it will serve 
us in attaining that goal. The difficulty is obviously with the second term in 
(19). If m=2, the argument in the derivative must be a mean point qi, since 
the second is then the final term. It is in this sense that the case n =2 is 
special. We see, then, that if we show that 


= ("*D(t) for n > 2, and | 


au 
(24) | > = D(t) for n = 2, 
Ov 


qd v 


the desired equation (20) will be assured. 

The case n>2. We shall specialize the axes still further by taking the 
x-axis along the projection of pg, so that x=¢. We have, then, as we see by 
(22), to prove that 
| aU, 

Ov 


Je] = = = Dit). 
— 2)!| | », 


(25) 


We may, however, replace the mean argument point /, by g, since the pro- 
jection on the tangent plane of p/, is not greater than that of pq, or ¢. In (25) 
OU, 1 aU, 

w oy w 02 


,wvw= (1+ $2? + o,7)!/?. 
z=$(z,y) 


_ By Leibnitz’ rule for products, 


[ bz 

For all values of i less than m — 2, the second factor in each term vanishes at p, 
and has bounded derivatives of the first order with respect to x and y, while 
the first factor is bounded. These terms are therefore of the form Kt. For 
i=n—2, the second factor is bounded, while the first one vanishes at p, and 


has bounded derivatives, and so is also of the form Kt, because of the special 
position of the axes. The same is true of 


oy 
Ox? w oy 
Finally, we see in a similar way that 


Lw Oz z=p(z,y) Oz 


1931] DERIVATIVES OF HARMONIC FUNCTIONS 503 


since the difference of the derivatives on the right is a sum of terms each of 
which is a bounded function times a derivative of U, of lower order, or times 
a power of ¢:z. 

As Kt is a function D(¢), and as the sum of two such functions belongs to 
the same class, the establishment of the equation (25) is thus reduced to prov- 
ing that 
(26) | = | || 

Since V(p) =0, the problem is to determine how rapidly the function V(q) 
approaches its value at p as gp. We may proceed as follows. Let P and Q 
be points of R on the normals to E at p and q, respectively, with pP =gQ 
=65>0. We compare V(P) with V(p), V(Q) with V(q), and then V(P) with 
V(Q). 

} For the first, we apply Poisson’s integral to U,, using the sphere o; tan- 
gent to Eat p. By (16), we have 


a 
V(P) =— f f U,(a, sin 
4r Jo Jo 


and if p’ is a point between p and P, distant p’ from the center of a;, 


p’ Qr 0 
V(p") — V(P) = — f f f U,(P")— sin 
p 0 0 Op 


the integrand being continuous. P’ is the point (a, ¢, 0). We break the inte- 
gral with respect to @ into two parts, the first over the interval (0, 7/2), and 
the second over the interval (7/2, 7). In the first, U,(P’) = Ki" = K0", by 
(23). In the second, |U,(P’)| <M, and r>a, if pP <a, as we have already 
implicitly assumed. In both integrals, 


by (15). Accordingly, we may write 
V(p’!) — V(P) = Ji t+ Ja, 
where 
a p’ 2" MK 
f f f = K(p' — p) = K(a ~ p), 


and 


Op 
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a p’ K 
Ka" —— 6dodéd 
p’ 4 
= f — dédp, 
p 0 r 


where, in the last step, we have used the inequality 0/r </(2a). 
For the inner integral, we find 


0 
r/2 4 cos — 
0 r 0 @\ 
| + sin 5) 


1/2 (2ap)*/? (a? p?)i/2 
) log 


a—p 


2 2 
= log 
a 


if p2a/2. Hence 


3a a-—p 
f log dp = K| (a log * 
3ae 


As V(p’)>V() as p’—a, we find, therefore, 


- 3ae a 
V(p) — V(P) = K[(e-») +(-») log |- K(a — p) log ° 


This gives, in terms of =a—p, for 6<a/2, 
a 
(27) V(p) — V(P) = Ké log — . 


When we consider V(g)—V(Q), we must first make sure that q is in the 
region for which (23), with p replaced by g, and Q by a point on the'lower 
half of the corresponding sphere o;, is valid. But this is true because g is on 
E’’, and distant from its edge at least 4a—(2*+2)a=(2—2"?)a, by §5. 
We have also to consider the effect of adding to U, the harmonic polynomial 
G,—G,. Since the derivatives of G, are all bounded in R, uniformly as to 9, 
this addition affects V(g)—V(Q) only by adding a term KgQ=Ké6. Hence 
we infer also that 


(28) | V(q) — VQ)| = Kb log—. 


When it comes to comparing V(P) with V(Q), we connect P and Q by a 
curve ¥, never nearer than 6 to the boundary of R. We have, then, 
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OV 
VQ) — V(P) = f 
sp O 
Let us take for y the locus of the centers of the spheres of radius 6, internally 
tangent to E at the points where E is cut by the (x, z)-plane, i.e., at the points 
of the curve x =x, y=0, z=¢(x, 0). Then y is given by 


We find that the derivatives of —, 7, and ¢ with respect to x are uniformly 
bounded, and hence the length of y is a bounded function times the x-coérdin- 
ate of g, ort. Moreover, the harmonic function V is uniformly bounded in the 
portion of R swept out by the spheres of radius 4a about the points of E’. 
Let B be a bound for its absolute value in this region. Then at the points of 


y, by (11), 
OV 3 
—|s—B. 
Os 26 


Accordingly, we have 


(29) |V@ 
We now combine the results (27), (28), (29), writing 6=¢"?.. Then, for 
i<a’/4, 


a? 
V(q) = V(q) V(p) = Ki}!2 + Kp? = K?, 


if \ is any number between 0 and 1/2. There is no difficulty in extending 
such a relation to values of ¢ greater than a*/4, since V(q) is bounded on E. 
As K?* has the properties required of D(#), the equation (26), and with it the 
first equation (24), is established. 

The casen=2. We have to show that 


Pp 


= Dit). 


lv 
(i= Ov 


If 5, is the distance from g to qu, we find, as before, 
a a 
| V(qx) — V(q)| log — = log 
1 


But the preceding considerations have proved that V(q) = V(q) — V(p) = D(é). 
Accordingly 
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and the second equation (24) is established. But this, it will be recalled, is 
sufficient for the equation (20), which we set out to establish. 

The proof of Theorem III is now readily completed. The equation (20) 
leads at once to 


|U,@)| = e"D@), 


so that the hypothesis of Theorem IV is fulfilled by the boundary values of 
U, on o;, and accordingly, the derivatives of order m of U, approach limits 
at p along the normal. Moreover, the approach is uniform as to p, and these 
derivatives, rightly defined on E’, are then continuous in R at the points of 
EB’. 

It remains only to justify the assumption that the derivatives of order 
n —1 and lower were continuous at the points of E. We may interpolate a set 
of surface elements between E and E’, each interior to the preceding. On the 
first, the derivatives of first order are continuous, on the second, those of sec- 
ond order are continuous, and so on. Letting the (w—1)th play the rdle of 
E in the above proof, we have established the existence and continuity of the 
derivatives of the mth order on E’. Theorem III is thus completely proved. 

10. Hélder conditions on U. We shall consider, in this section, Hélder 
conditions on U itself, and in the next, Hélder conditions on the derivatives. 


We assume 
CONDITION A). This is obtained from Condition A,, with (a) omitted, and 
with D(t) specialized so as to take the form At*,0<d<\1, so that 


| Dé(q) — Do(p)| < AP. 
ConpiTI0N By. U is continuous in R, and harmonic in the interior of R, 
and if p and q are any two points of E, 
| U(q) — U(p)| AP. 
We then have the theorem 
THeoreEM V. If Ris subject to Condition A,, and U to Condition By, there 


is a region R', containing all the points of R in a neighborhood of E’, and a con- 
stant B, such that for any two points P and Q of R’, 


| UQ) — U(P)| Ss Br, r = PO. 


We may choose R’ at once as those points of R whose distances from E’ 
do not exceed a (see §4). Reverting to the dominant harmonic function 
W =pP, (cos @) of §4, we take the origin of the system of spherical coér- 
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dinates at any point p of E’’, with the axis of @ in the direction of the inward 
normal. Then a portion of E in the neighborhood of # lies in the region (4). 
For, with axes of cartesian codrdinates in the usual tangent-normal position 
at p, we have, by Condition A), 


| z| =| + S 
while the boundary of (4) is given by 


z= — tana. 


Hence all points of R in a sphere about p, of radius not greater than 
[(tan «)/(2"/2A )]"/*, lie in the region (4). 

We conclude, as in §4, that there is a constant B’, independent of p, such 
that for any point p on E”’, and any point Q in R, 


(30) | UQ) — U(p)| < BPO. 


The problem is now to extend this inequality to points P in R’. If P is 
any point of R’, its distance from E’ is not more than a, while the distance 
from E’ of any point of S not in E’’ is at least 4a. Hence any point P of R’ 
is nearer to some point p of E”’ than to any other boundary point of R. Let 
p be the nearest point of £’’, distant c, say, from P. Let o denote the sphere 
of radius c/2 about P. Then, by (30), the oscillation of U on o does not exceed 
twice the maximum on g; of B’pQ*. Accordingly, by (11), the derivative DU 
of U, in any direction, at P, is subject to the inequality 


3B’ (3c/2)> 
(31) | DU| < ——— = 
2(c/2) 
Now let P and Q be any two points of R’. We consider first the case in 
which r = PO is less than the distance of the segment PQ from E’’. Here, 
integrating along the segment PQ, we have 


"aU 
| U@Q) — U(P)| = f s Br. 
0 


On the other hand, if the length r of the segment PQ is greater than or 
equal to its distance from E’’, let s be the point of Z’’ nearest the segment. 
Then sQ and sP are not greater than 2r, and (30) yields, when applied to the 
pairs of points s, Q, and s, P, 


| U(Q) — U(P)| 


Hence if B denotes the larger of the two constants B’’ and 2'+*B’, we have, 
for any two points P and Q in R’, 


0. D. KELLOGG 


| U@Q) — U(P)| S Br. 


Theorem V is thus proved. 

Remark. The exponent d has been confined to the open interval (0, 1). 
For \=1, the Hélder condition becomes a Lipschitz condition, and such a 
condition on the boundary values of U does not imply a similar condition for 
neighboring interior points. This may be shown by an example. When the 
sphere to which Poisson’s integral is applied becomes the infinite plane, we 
have the following representation of a function, harmonic to one side of this 
plane, and assuming the boundary values /: 


1 
U(P) = =f fdQ, 
2a 


where AQ denotes the solid angle subtended at P by the element of surface 
AS of the plane, the integral being extended over the infinite plane. Using 
cylindrical codrdinates (p, ¢, z), with origin in the plane, and z-axis normal to 
it, we consider the function defined by the boundary values f =p/(1+ 2), at 
points of the z-axis, z>0. The evaluation of the integral gives, for such points, 


| i + (1 — s*)** 
lo 


(1 27) 3/2 


(1 ayn], 


and U therefore fails to have bounded difference quotients near the origin, 
although its boundary values do have. 

11. Hélder conditions on the derivatives of U. The conditions which we 
here assume are A,,,, and B,,,; they are simply the conditions obtained from 
A, and B, by specializing the function D(t) to be of the form A#(0<A <1). 
As the definition of D(¢) implies, A and \ are independent of p and of the 
direction of pg. We conclude by establishing 


THEOREM VI. Jf R is subject to Condition A,,, and U to Condition B,4,, 
then there is a region R’, containing all points of R in a neighborhood of E’, 
and a constant B, such that for any two points P and Q of R’, 


| — D*U(P)| Br, r = PO. 


Here as before, D"U means any one of the derivatives of U of order ” 
with respect to x, y and z, the axes of these codrdinates being fixed. 

By Theorem III, we know that the derivatives of order m of U exist and 
are continuous at the points of any closed surface element interior to EZ. We 
may infer that these derivatives are bounded in the region R’’ containing all 
points of R whose distances from E’’ do not exceed (2'/?+2)a, and no others. 

Let p be any point of E’’, and a; the sphere of radius a, internally tangent 
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to E’’ at p. Let Q lie on the lower half of the surface of o;. Its distance from p 
is then not more than 2'/?a, and hence the nearest point of S to Q is in R’’, 
and so on £. Call such a point g. Then (19) holds for the function U,, de- 
fined in §8. We conclude, as in §9—except that the steps are much simplified 
by our present knowledge, by Theorem III, that the derivatives of U of order 
n are bounded in R’’—that 


(32) U,(Q) = Kin, 


where we are again adopting the convention that K means any function whose 
absolute value has a bound independent of /, and of any other argument 
points. 

From this, we infer, using the method of §9, and applying Poisson’s in- 
tegral in the sphere o;, that if D"U is any given derivative of U of order n, 


(33) D*U,(P) — D"U,(p) = Ka, 


for any point P on the normal at p, distant 6 from p, <a. This latter restric- 
tion may, however, be dropped, as we have seen, provided we remain in R’’. 
This leads, as in the preceding section, to 


D™U,(P) = Ke“, 


where c is the distance from P to E, and P is on a normal to E at a point of 
E’’, and in R’’. Since all derivatives of G, are bounded, uniformly as to #, 
in R’’, the last equation yields 


(34) D™1U(P) = Ke“, 


For R’, we take, as before, the set of all points of R whose distances from 
E’ do not exceed a. Any point of R’ is on a normal to E at some point of E’’. 
Let P and Q be any two points of R’. As before, we have two cases to con- 
sider. If the distance r = PQ is not greater than the distance between the seg- 
ment PQ and E’’, we argue, as before, that 


(35) | DU) — D*U(P)| Ss Br. 


This is the desired result, established for this case. 

If r is greater than the distance between the segment PQ and E’’, new 
geometric considecations are needed. Because of the continuity of ¢, and ¢y,, 
there corresponds to any positive angle 8, a number 8, such that if p and q 
are any two points of EZ, whose distance is not more than ), the normals to EZ 
at p and g make an angle not greater than 6. We shall take 6 as the acute 
angle for which sin (8/2) =1/8. Let p and q be two points of £’’, whose 
distance r does not exceed }, b being further restricted, if necessary, so as not 
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to exceed a/4. Let P be in R’’, on the normal to £”’ at p, and let Q bein R’”’ 
and on the normal to £”’ at g, such that pP =qQ =4r. 

We find, then, that PQ <2(4r) sin (8/2)+r=2r. Since r<b<a/4, the 
nearest point of E to P is p, and its distance is 4r. Thus the whole segment 
PO is distant from E’’ at least as much as the length PQ, and (35) is appli- 
cable. It gives 


D*U(Q) — D*U(P) = K(2r)* = 
But, by (33), we have also 
D*U(P) — D*U(p) = K(4r) = KP, 
and, similarly, 
D*U(Q) — D"U(q) = KP. 
Combining the last three equations, we have 
(36) D"U(q) — D"U(p) = Kr. 


The preliminary restriction that r<b may now be removed by the usual 
argument. 

Now let P and Q be any two points of R’ whose distance exceeds the dis- 
tance of the segment PQ from E’’. There will be a point s of E’’ whose dis- 
tance from PQ is less than r, and therefore, whose distances from P and Q 
are less than 27. Hence the nearest points of E’’ to P and Q, which we call 
p and gq, respectively, will be distant from P and Q, respectively, less than 2r. 
The distance pg, accordingly, cannot exceed 5r. Applying the equation (33) 
to the pairs of points P, p and Q, g and the equation (36) to the points 9, q, 
we obtain the inequality (35) for the second case. Here P or Q or both may 
lie on £’’, and so be any points in the closed region R’. Theorem VI is thus 
established. 
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ON THE PADE APPROXIMANTS ASSOCIATED WITH A 
POSITIVE DEFINITE POWER SERIES* 


BY 
H. S. WALL 


1. Introduction. 1o every power series: 
(1) = co — + — -- (co ¥ 0), 


and to every pair of numbers m, n of the sequence 0, 1, 2,3, - - - , there cor- 
responds uniquely a rational function: 


(2) [m, n| Nm n(2)/Dm,n(2), 
in which the degrees of numerator and denominator do not exceed m and m, 
respectively, and such that the formal power series 


$B (z)Dm Nin,n(2) 


shall begin with the (m+n+1)th or a higher power of z. The function (2) 
is called a Padé approximant7 of $(z). 

Following Padé we shall form with the approximants the accompanying 
table of double entry: 


| [0, 0] = co [0,1] = co — cx (0, 2] = co — cis + coz? 
[1, 0] (1, 1] (1, 2] 
[2, 0] [2, 1] (2, 2] 


(3) 


Let S; (S_:), 7>0, designate the ith diagonal file of approximants to the 
right of (below) and parallel to the principal diagonal, So, in (3). Then S; is 
the infinite sequence 
(4) S; = [0, i], i+ 1], [2,i+2],---; 
and 
(5) S.=[i, 0], [6+ 1,1], 2, 2],---. 

Both (4) and (5) give S, for 7=0. 


* Presented to the Society, March 29 and December 30, 1929; received by the editors Decem- 
ber 30, 1929. 
+ For details see Perron, Die Lehre von den Kettenbriichen, Leipzig and Berlin, 1913, Chapter X. 
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Cn—my Cn—m+1,° °° €n 
Cn—m+1, €n—m+2; °° 
(m,n = = O0if i <0). 

Then if 

(6) Aan > 0 (n = 0, 1, 2, 
$(z) is called positive definite. The object of the following article is to study 
the convergence of the diagonal files, S;, in the Padé table associated with a 
positive definite series, and to investigate the relationship among, and the 
character of, the limits (when they exist) of these files.* A summary of the 


principal results is contained in §7. 
2. The polynomials A‘, B*. With each of the seriest 


= Ce — + — 


we shall associate four polynomials, namely 


nk n,k k n,k n,k n,k 
= ay tar Bon = Bo +B, 2, 


nk n,k k n,k n,k nik 
Ami = 2, = 2+--- +8, 2°, 
obtained by requiring that the formal power series 
"fe (m = 2n or 2n + 1) 
shall begin with the mth power of z. It will be seen that this requirement 
yields the following systems of equations: 
n,k n,k 
1)*ci+Bp-i = Op (p = 0, 1), 


4 n,k 
= 


i=0 


(8) 


n,k 


(p = 0,1,---, 


‘ n,k 
1) = 0 (p = 0,1,---,”— 1), 
i=0 
(9) = nk 
1) = 0 
i=0 
* Cf. Wall, these Transactions, vol. 31 (1929), pp. 91-110, in which the same question is studied 
under the further restriction that (1) shall be a series of Stieltjes. 
t In §§2, 3, 4 the series [3(z) is not restricted to be positive definite, but is an arbitrary series 
with constant term different from zero. 
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Since the homogeneous systems (9) both possess fewer equations (by one) 
than unknowns they may be satisfied in every case by sets of values of the 
Br:*, dP-*, respectively, each set having at least one element not zero. The 
are then determined by the 5? respectively, in accordance 
with (8). 

Though the solution of (8), (9) is not unique, the functions A,*/B,* are 
unique provided the 6? * or the 5? -*, as the case may be, are not all zero. In 


fact, if the power series 
k 


Bn — An, 
B Bn — Ans 
both begin with the mth or a higher power of z, the polynomial 
which is identical with 
(B'Bn — An) Bua — (BBma — 


contains no power of z lower than the mth. But since it is of degree m—1 at 
most it must vanish identically, and therefore 


= An/Ba. 


We shall suppose in general that the polynomials (7) are determined by 
an arbitrary non-trivial solution of (9). Only when the determinant A,_1,n+% 
is different from zero do we take a particular determination of the A#,, Bon, 
which is in fact unique apart from a common constant factor, namely 


k (— 1)" | ee, Chtty °° 
Aon(— z) 

(10) s*, -- 
2) => 
n—1,n+k 
Ckin—1, Cktny* * * » Ck+2n—1 


If An.n4z0, we shall take 


i 
af 
q 
if 
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k (—1)"| Cri, , 
Ch+ny Ch+n+1 » Ck+on 
(11) 
Bony1(— 2) = 
An 
Chtny Chintl) » Ck+2n 


These are likewise unique except for a common constant factor. 
3. Expressions for the A‘, B* in terms of the A#-!, BF-!. Let us as- 
sume that 


Then we shall determine constants K,, Kz such that 
(13) Bon-1 = — K2Bon+1, 


k-1 k-1 k-1 k-1 
(14) Aon—1 = — K2Bon41) — (KiAn — K2A on41)- 


The polynomials (7) involved in (13), (14) are given by (10), (11) by virtue 
of (12). If then we equate the coefficients of the highest and of the lowest 
powers of z in (13) we shall find that ° 


One may then verify that the right member of (14) is divisible by z, and that 
the power series for Bf, (using the values of Af, 1, Bf, from 


(13), (14)) begins with the (27 —1)th or a higher power of z. 
In like manner, if 


one will find that 


Bo, = K Bons, ZA on = Bons KA on41, 


where K =1/K,. 
We have proved the following theorem. 


THEOREM 1. /f (12) holds, then 


k-1 


k 
(16) Bon—1 h, Bo, Bons, 
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k—1 k—-1  k—1 


k k-1 
(17) = [An Bun — [hn An — 


where 
k— 
(18) h, = 
Tf (15) holds, then 

k-1_k k-1 
(19) h, Bon Bon+1, 

k k-1 k—1 
(20) sh, = Aon41- 


4. The Padé approximants. Let $, denote the sum of the first k terms 
of 3, and consider the functions 


(21) F, = (BiBon1 + (— 2) 


k-1 


(22) Fart = + (— 2)*Aon)/Bon (n, k = 1,2,3,+°-). 


The degrees of numerator and denominator of (21) do not exceed n+k—1, 
n—1, respectively. Then since the formal power series 


k t_k k 
BBon1 + (- 2) = (- (B Aon-1) 


begins with the (k-+2n—1)th or a higher power of z, it follows (see Introduc- 
tion) that is the Padé approximant n+k—1] of i-e., 


(23) = (s—1,8+k—1] (n,k =1,2,+--). 


Similarly, (22) is the Padé approximant [n, n+k—1] of §. 
Set =An, B,o =B,. Then clearly 


—1 


(24) F, A on—1/ Bon-1, F,, Aon/ Bon (n 1, 2.°°° ) 


are the approximants [n—1, »—1], [n, n—1], respectively. 
Let C*¥, D* denote the polynomials A*, B*, respectively, connected 
with the reciprocal of $, namely 


G(s) = dy — diz + doz? —---. 


If ©, is the sum of the first k terms, then 


—k+1 


(26) = + (— 2) Con) (n,k =1,2,-+-) 


4 
af 
| 
| 
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are the approximants [n+k—1, n—1], [n+k-—1, n], respectively, of 8. 
Taking (25), for example, we see that the degrees of numerator and denomi- 
nator do not exceed n—1, n+k—1, respectively, while the formal power 
series 


+ (— 8) Con-1) — Doan = — (— 8) B(E — 


begins with at least the (2n+—1)th power of z. 
Along with (25), (26) we have 


(27) Fe Don-1/Cen-1; F} Don/Con. 


5. The convergence of the diagonal files S,, k= —1, for a positive definite 
series. If {(z) is positive definite, then the series B*(z), R=1, 2, 3,---, 
are all positive definite inasmuch* as the determinants A,,n+2%, m, k=0, 1, 
2,-- +, are all positive if they are positive when k=0. 

It is seen from the relation 


2 
An n+2k+1 = 2k+2 An-1,n4+2k+1 


that for each k=0, 1, 2,---, the determinants An 1, 2,---, 

cannot vanish for two consecutive values of m. Let (m’) denote the set of all 

distinct indices m for which A,_1,n42.0 (& being fixed). Then (w’) is infinite. 
If m; is not in (w’) then the four approximants 


[my — 1, + 2k —1], — 1, m+ 2k], 


(28 
+ 2k — 1], [n1, m1 + 2k], 


are identical.| No other approximants of the table are equal to these. 

From these considerations we immediately deduce the following result 
(vide supra, (4), (23)). 

THEOREM 2. Jf $(z) is positive definite and the limits 


(29) lim F, = lim Fs = Sz, lim Fy = Sees 


exist and two (or all) of them are distinct for 2=2%0, then there exists a number N 
such that 


* Sylvester, Philosophical Magazine, (4), vol. 4 (1852), pp. 140-141. 

{ Perron, loc.cit., p. 426. Note that my A»,» differs from that used by Perron by the factor +1. 
Van Vleck showed that all irregularities of the table must be of the first order. Cf. these Transactions, 
vol. 4 (1903), pp. 297-332; p. 330. 
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In order to connect with Hamburger’s work* on positive definite power 
series, we now set 


(31) A Orn (2") = 2!" Bsn(z), 
k k k nm k 
(32) = = 2” Bony 


where z’=1/z. When (10), (11) hold, and & is even, one will readily identify 
these polynomials with Hamburger’s polynomials P,(z’), Q,(z’) connected 
with the positive definite power series B*(z’)/z’ (k even). When A,_1,n42% =9, 
P2(s')/Q34(z’) is to be identified with Hamburger’s U,(z’)/V,(s’) (for the 
series B?*(z’)/z’). 

Now by (21), (22), (31), (32), 


(33) Fy = Box(z) +2 
(34) Fart = Bor(z) 
k=0, 1,2, - - - (Bo=0, Fy; to be replaced by Fz"). Then by (4), (23), (24), 


(33), and Theorem XIX of Hamburger’s memoir,{ we have immediately 


THEOREM 3. If Q(z) is positive definite, then over every closed finite region 
of the z-plane which contains no part of the real axis, 
2k—-1_2k 


Sx =Ba+s I (k=0,1,2,---), 


+2 2k 
J 


a Stieltjes integral in which y**(u) is a monotone non-decreasing real function 
o(u) satisfying the equations 


where 


2 
ll 
i=) 
too 
— 


+00 
(35) = f 


The functiont ¥**(u) is determined by the condition that it shall have a greater 
saltus at u=0 than every§ other function $(u) satisfying (35). 


* Hans Hamburger, Mathematische Annalen, vol. 81 (1920), pp. 235-319, and vol. 82 (1921), 
pp. 120-187. This excellent memoir furnishes the basis for the present paper. 

t Loc. cit., vol. 81, p. 310. 

¢ The “Maximalbelegungsfunktion” of Hamburger: cf. loc. cit., vol. 81, pp. 298-299, Theorem 
XVI and Definition XII. 

§ Two functions ¢ and ¢; will be considered identical if they agree, with the possible exception 
of an additive constant, at all points of continuity. 


\ 
ti 
| 
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We shall call the functions ¢(u) satisfying (35) moment functions of **. 
In particular the moment function ¥*(z) defined in Theorem 3 is the maximal 
moment function of $?*. 

There are two cases to be considered. Either the maximal moment func- 
tion is the only moment function of $3", or else $?* has an infinite number of 
different moment functions. These will be called the determinate and the 
indeterminate cases, respectively, and it will be convenient to term $** deter- 
minate and indeterminate. 

In the indeterminate case,* the saltus of ¥**(w), the maximal moment 
function, is positive at u =0, i.e., 

(36) lim [y?*(e) — y?*(— = 6 > 0, > 0, 


and in fact, 


(37) 
A 
6 


2k 2k 
= lim hk, , 


where /* is given by (18). 
For the determinate case, the work of Hamburger? and (34), (33) give 
at once the following theorem: 


THeEorEM 4. Jf B(z) is positive definite and 3?* determinate, then over every 
finite closed region containing no part of the real axis, S2.-1 converges uniformly 


and 
= Sox. 


Let us set 
(38) gar = n’ in (n’) (k =0,1,2,---). 
Then according to Hamburger,f 
= Qala!) + 
39) 
= +  (k =0,1,2,---), 


where Q @7" are polynomials defined for all . In the indeterminate case,§ 


lim = pr (2’), lim = (2’), 


(40) 
lim = w"*(s'}, = 67*(2"), 
n=2 


* Hamburger, loc. cit., vol. 81, p. 295, Theorem XV, p. 263, Definition III, and formulas 
(57), (58), pp. 262-263. 

t Loc. cit., vol. 82, p. 144, Theorem XXII; vol. 81, p. 292, Theorem XIV, p. 289, Definition XI, 
and p. 290. 

t Loc. cit., vol. 82, p. 123, equations (10). 

§ Loc. cit., vol. 82, pp. 139-141, Theorems XX and XXI. 


1 
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uniformly over every finite closed region. Here q:°*, w**, are entire 
transcendental functions of z’ subject to the identity 


2k 2k 2k 2k 


(41) =+1. 


Let Z be a constant or a function of z and set 


+ Zpr 
+ 


Z) = 


k=0, 1, 2, 3, - - - , m(z’, Z)=m/(s’, Z). We define this function for | Z| = 
as follows: 


©) = py (2’)/qi (2’). 


THEOREM 5. (a) Jf B(z) is positive definite and $3**(z) is indeterminate, then 
Sor = Pox + (k = 0,1,2,---; Po = 0). 


(b) Under the same conditions, the files S2x-1, Sex41 converge if and only if 


(42) lim | gn | =O, 


or else 


(43) lim gn = finite, 


and (30) hold. In the former case, 
(44) 


= Su = 


while in the latter, 
(45) = Box + g?*), Songs = Bax + g?* — z/h?*) 
(where h?* is the positive constant given by (37)), and 
(46) F Sor 


Part (a) is the direct consequence of (33), (40). 
Now by (34), (39), (40), 


(47) lim = Boz + 00), or Box + 


according as (42), (43), respectively, holds. It is easily seen with the aid of 
(41) that the latter is different from S2:. 
Again, by (21), (16), (17), the argument being z throughout, 


| 
| 
| 
ii 
| 


2k+1 2k+1 2k+1 ok 


which becomes, by (31), (32), (39), 


Fy = 


2n’-1 


2k 2k 2k 2k 2k 
2k+1 2k-1 + (nr Ponr—i(2’) — 
Po + 2 


Hence, by (40), 


(48) lim = Pox + ©), or Pox + — 2/h?*), 
according as (42), (43), respectively, holds. As before the latter is different 
from Sox. 

Let (n:) be the set of all indices m not in (m’). Then if () is finite, we may 
clearly replace n’ by m in (47), (48) and hence in this case we have (44) or 
(45) according as (42), (43), respectively, holds. 

If, on the other hand, (m;) is infinite, it follows from the identity of the 
approximants in the squares (28) that 


— 
lim = lim F,, = Sx, 


and if the second limits in (47), (48) hold, S2.-1, Se.41 surely diverge inasmuch 
as they both contain an infinite subsequence with the different limit S2,. 

The completion of the proof of (46) is accomplished, again making use of 
(41), by showing that the difference of the functions (45) is not zero. 

We prove next a theorem connecting the various files S2:. 


THEOREM 6. (a) If B?* is determinate, then Y2*-*', t<k, is determinate and 
(49) Sox = 
(b) If B2*-**, t<k, is indeterminate, then $3** is indeterminate, and 
(SO) Sor F Sox—2e- 
To prove (a) we write, by Theorem 3, 
Sox—2e = + Sop = Bou + (z’). 


But clearly 


+00 
[2*-2t( = — 4) / (2! + u). 
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n’ 2n’ 2n’+1 
n = = 
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Hence 
+o +20 2k (14) 
(51) See — = f f “|, 
where 
dy ,2*(u) = u2tdy?*—2t(y) 


But y* (uw) is a moment function of the determinate series {2*, and therefore 


agree at all points of continuity and at the points z= +0, —. It then fol- 
lows from a known theorem* that the right member of (51) is identically zero. 
Thus we prove (49). 

To prove that $?*-*' is determinate, suppose the contrary. Then $**-* 
has two different moment functions: 


2k—2¢ 


Vi (u), i = 0,1. 


Therefore {2* has the two different moment functions: 
= f i= 0,1, 


which is contrary to hypothesis. 

To prove (b), assume that $?* is determinate. Then by (a), just proved, 
$324-2¢ is determinate, contrary to hypothesis. Therefore ?* must be in- 
determinate. 

Again, by Theorem 3, 


+00 
= Bor + f /(2’ + u), 


Soe = Boe + 


and if these were identical it would follow that 


y?*(u) = 


But this is impossible since if it held, ¥**(~) would have zero saltus at u=0. 
This contradicts (36). 


* Perron, loc. cit., p. 367, Lemma 1. 
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THEOREM 7. (a) If B(z) is indeterminate, then the files Sox1, k=0, 1, 2, 
3, - all converge or else all diverge. 
(b) A necessary and sufficient condition for convergence is that 
lim | = ©, 


or else 
lim gn’ = g, g finite, 
and A,-1,,=0 for but a finite number of values of n. 

(c) When the odd files are convergent, two successive files Sn, Sn4i have 
limits which are meromorphic functions of z'=1/z expressible in the form 
Un(Z)/0n(Z), Where Un(Z), Vn(Z), - - , are entire functions of 1/z 
among which there is, in general, the relation 


(52) Un(Z)Un41(3) — = (— 2)”. 


An exception arises whenever, for some k, 


2k 
lim | gv|= 


whereupon 
(53) Sox-1 = Sox = 


The identity (53) cannot hold for two or more consecutive values of k. If 
F Sox or Sorc Songs, then Sor F Sox41- 

(d) A sufficient condition for divergence of the odd files is that An—1,n42.=0 
for an infinite number of values of n when k=k, and k=k,+1(k:=0). 

In fact, by Theorem 6, all the series $?*,k >0, are indeterminate. Hence 
by Theorem 5 it is seen that if S21 converges (diverges) then S2.,; must 
converge (diverge), k=0, 1, 2,---. Thus all the files S.,_; converge or else 
they all diverge. The condition in (b) is obviously correct since it is a neces- 
sary and sufficient condition for the convergence of S_1, by Theorem 5. 

The first part of (c) follows from Theorem 5 if we take 


2k k 2k k 2k, , 2k 2k 2k , 
M(z) = (2’) + (z’), (2’), or + (g —2/h (2’), 


according as n= 2k—1, 2k, or 2k+1, and then put 


Un(Z) = Un(z) [Box + Z)], where Z = g2*, or g?* — 2/h?*, 


according as m=2k—1, 2k, or 2k+1. The relation (52) then follows from (41) 
after an easy calculation. 
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That (53) cannot hold for two consecutive values of k follows at once from 
(50). The last statement in (c) follows from Theorem 5. 

Under the hypothesis of (d), it would follow from Theorem 2 that 
Sox, =Sex,42, again contradicting (50). 

6. The convergence of the files S_,, k21, for a positive definite series. 
To investigate the convergence of the files S_;, we turn to the reciprocal series 
€(z). The following theorem is fundamental. 


THEOREM 8. Jf $(z) is a determinate (indeterminate) positive definite power 
series, then* —@©*(z) is a determinate (indeterminate) positive definite power 
series. 

On the supposition that $ has a corresponding continued fraction of the 
form 


(54) 


1 
a condition equivalent to (6) is 
(55) d2i41 > O 


Now —@'(z) will have a corresponding continued fraction 


1 z z 


and consequently if 
(56) = + dn (n = 1, 2,3,---), 
— &(z) will have the corresponding continued fraction t 


1 


atetet--, 


where 
(57) = Cos = 


Hence by (55), (56), e2:4:>0, and therefore —@? is positive definite in this 
restricted case. 

Under the same restrictions, if {3 is indeterminate, then — ©? is indeter- 
minaie, and conversely. To verify this it is sufficient§ to prove the convergence 
of the two following series: 

* Here we write & for €@. 

T Wall, loc. cit., p. 99. Theorem 1. 


t Wall, loc. cit., pp. 102-103, formulas (49), (50). 
§ Hamburger, loc. cit., vol. 82, p. 148, Theorem XXIV. 


| 

| 

(i =0,1,2,---). | 

| 
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(58) (A) (B) + ea + + 
on the hypothesis that the like series connected with f, namely 
(59) (A) (B) + aa +--+ + 


converge; and conversely. 
Clearly (58) (A) converges, being by (57) the same as (59) (B), which we 
now suppose convergent. Now, by (57), 


1 n 
(a2)? i=1 


= 
t=1 


(60) 2 2 
2 i=l i=1 
from which the convergence of (58) (B) follows on the hypothesis that (59) 
converge, since >>a2:43g:41 converges then as Hamburger showed.* 
Conversely, let (58) be convergent. Then as before (59) (B) converges. 


Now - is convergent, and, by (57), 


n 1 n n 
(61) (2 + ee 2) = (gi41)? 

t=1 2 t=1 t=1 
Multiplying the members of (61) by 2/a2 and subtracting the resulting equa- 
tion from (60), we get 


Dears = + eg +--+ + €2;)? 
(62) i=1 i=l 


n 
+ ea + + 


n 
(gins)? 
i=l (a2 i=1 


Since the sums on the right of (62) converge for n= «, the like is true of the 
sum on the left, and hence (59) (A) converges. 


Let now §(z) be obtained from §8(z) in the following manner. Suppose ¢ 
real, and write 


Co Ci 4 Ce Co 
where the series on the right is obtained by expanding in descending powers of 


z’ each term of the series on the left and then collecting the like powers of 
1/z’. Then we set 


* Loc. cit., vol. 82, p. 139, formula (36). 


n n 
= — + — ---. 
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Lemma. If $(z) is an indeterminate (determinate) positive definite power 
series, then if t is real (2) is an indeterminate (determinate) positive definite 
power series. There exists in every real interval an uncountable infinity of num- 
bers t such that (z) will have a corresponding continued fraction 


1 


(63) 
in which 
(64) (¢=1,2,---). 


The series © connected with 8 is &, i.c., bears the same relationship to 6? 
that bears to 


With the aid of this lemma the completion of the proof of our theorem 
may be accomplished. In fact, if $ fails to have a corresponding continued 
fraction, or if, while having a corresponding continued fraction, (56) fails, 
then we may turn to § in which ¢ has been chosen so that (63) exists and 
(64) holds. By what we have already proved, —@? will then be positive 
definite and determinate (indeterminate) if % and hence § are of the same 
character. The same will then be true of —@? since the latter is obtainable 
from — G? on subjecting it to the above described transformation, using —? 
as the parameter. 

Now that part of the lemma up to and including (63) was proved by 
Hamburger.* He showed that the function P2,(z’)/Qon(z’) connected with 
$(z) is equal} to Ps,(z’+2)/Qon(2’+#). It follows that the sum (64) is equal 
to Pen(t)/Qen(t), and this will be different from 0 for all ” if we do not take ¢ 
to be one of the countable number of zeros of the polynomials P2,(t), and this 
is clearly possible inasmuch as we have at our disposal an, uncountable num- 
ber of choices for ¢. Now since 


1/B(z) = G(s), 
it follows that 


= | dos’ — [a a) 


Thus 

G(z) = do — (dy — dol)z + doz? — dye? +---, 
and hence 
= de — dgz + — --- 


* Loc. cit., vol. 81, §4, and p. 300. 
+ Hamburger, loc. cit., vol. 81, §4, p. 265, formula (64). 


if 
| 
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which was to be proved. 
By (25), (26) we may now write 


—2k 


(65) = 1/[Gxe +2 
(66) Fut =1/[Gx+2 Pm (2)/Om (2’)], &=1, 


where P,,-**, Q,-** are related to , D, by equations of the form (31), 
(32). 

Theorems exactly analogous to the theorems of §4 can now be stated for 
the files S_,, 21, using (65), (66) and Theorem 8 as our point of departure. 
It is important to observe that when {{(z) is indeterminate, the convergence 
or divergence of the file S_; implies the convergence or divergence, respec- 
tively, of all the other files S, where & is odd. 

7. Summary. From the preceding discussion one will readily see that 
there are just three cases, as follows. 

Case I. When § is indeterminate, all the even files of the table are con- 
vergent, and the limits are meromorphic functions of z’=1/z, such that, 
for every 120, k21, 


S2i Soiree; S_2i-2 S_2i-2k-2- 


The odd files either all converge or else all diverge, and when convergent 
the limits of adjacent files of the table are, in general, unequal. In exceptional 
cases we may have 


= Soi = Soins (¢=0,+1,+2,---), 


but if this hold for i=i’, i’’, then | i’—7’’| >1. 


Case II. The series $2* and —G*" for k=0, 1, 2,---, p; k’=1, 2, 
3,--.+, p’, are determinate, while for k>p, k’>p’, respectively, these series 
are indeterminate. In this case the files S;,7=0,1,---,2p; —1, —2,---, 


—2p’, all converge to a common limit. For the remaining files in the upper 
and lower halves of the table taken separately, the discussion is essentially 
the same as in Case I.* 

Case III. The series $ and the associated series $?*, —€** are all deter- 
minate. Then all the files of the table have a common limit which is a func- 
tion that is analytic over the entire plane except the whole or a part of the 
real axis. 

In Case I the limits of the files S;, i= —1, are meromorphic functions of 
1/z with poles on the real axis only. As for S_2,, S_3, S_s, - - - , the limits are 


* See §9 for further discussion of Case II. 
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of the form 1/[d,—diz+2°f(z) ], where f(z) is a meromorphic function of 1/z 
with poles on the real axis only, and therefore these limits are meromorphic 
functions of 1/z with zeros on the real axis only. 

8. On extended positive definite series. In order to continue the dis- 
cussion of the diagonal files we shall need to consider the question of “extend- 
ing” positive definite series. We make the following definition: The positive 
definite power series P(z) will be said to admit of an extension of order n if 
there exist 2m real numbers, c_;, c_2, - - - , Cen, such that the power series 


(67) = coi — (4 = 1,2,3,---, m) 
shall all be positive definite. 


Two cases will be distinguished according as 8(z) is determinate or inde- 
terminate. In the former case we have the following theorem :* 


THEOREM 9. Let $(z) be a determinate positive definite power series with 
moment function ¥(u) (cf. §5). Then a necessary and sufficient condition that 
G(z) shall admit of an extension (67) of order n is that the integral 


(68) dy (u) 


shall be convergent. The coefficients c_; in an extension are as follows: 


+00 + 
(69) = f dy(u)/ui,i< 2n; con dy (u)/u?”. 


No other extensions of order n are possible. 


To prove that the convergence of (68) is sufficient for the existence of an 
extension of {(z) of order 2, we write 


ud 
= f 


2n 


and note that this is a non-decreasing real function of « such that all the 
moments 
+0 
ci = f 


exist. Consequently,{ the series 
(70) 


* Cf. the corresponding theorem for Stieltjes series given by the writer in these Transactions, 
vol. 31, pp. 771-781. 
7 Hamburger, loc. cit., vol: 81, §5, pp. 266-270. 
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is positive definite. But 
Cingi = (¢=0,1,2,---), 
and therefore (70) is an extension of {(z) of order x. 

To prove the necessity of the condition, assume that an extension (67) 
of B(z) exists. Clearly, since is determinate, is determinate by 
Theorem 6. Let ¥‘"(u) be the moment function of Then 
and y2(u) ={" ..u"dy—")(u) are both moment functions of the determinate 
series $(z), and are therefore equal, with the possible exception of an additive 
constant, at all points of continuity. Thus if —a<0,b>0,i20, —a, b points 
of continuity of 


(71) f = f 

(72) f f uidy (4) . 
b 6 


Now if a, b approach 0 over points of continuity of ¥(u), the right members of 
(71), (72), and therefore the left members, will approach definite limits, L,, 
Li, respectively. Let —a’ be an arbitrary real number subject to the condi- 
tion 0<a’ <6, and let be points of continuity of ¥(u) such that 
Then if and iis even, 


u2 n—t u2n-* u2r-* 


if 6 is sufficiently small; if 7 is odd, (73) is to be replaced by 


f =f =f 


u2n-* 


Hence, whether 7 is even or odd, 


(74) f (0 <a’ <3). 
2 
Similarly, 
+? dp(u) 
(75) f (0 <b’ <8’). 
u2n-* 2 


It follows, if we combine (74), (75), that 
+o 
f (u) , 


u2n-* 
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converges, and its limit is 
L,+Li 2nzizod. 
When i=2n, L;=y‘”(—0) while L/ (+0), and hence in this 


case 
dy (u) 
= (4, @, 


u2” 


where w=0 is the saltus of y")(u) at u=0. 
When §{(z) is indeterminate, we proceed as follows. Set 


= 
6(2') +4912’) 


where / is a real parameter, and w(z’), 0(2’), - - - , are the functions introduced 
in (40). Hamburger* has shown that m/(z’; ) isa meromorphic function of 2’f, 
which may be expressed as a Stieltjes integral: 


+00 da 
(77) m(2'; 2) =f 


the latter having the asymptotic development $(1/2’)/2’. 
For any given finite value of ¢, ¥(u; ¢) is constant in the neighborhood of 
u =O, and hence all the moments 


(76) t) 


+0 
(78) f dy-(u; t)/ué 
exist. Thus if we set 


where is an arbitrary positive integer, we see that ¥‘—*")(u) is a non-decreas- 
ing function of u such that all the moments 


+0 
= 


exist. Hence (z) =c_on —C_2n412+ is a positive definite power series. 
and is an extension of {(z) of order n. 
Hamburgert showed that $‘-*(z) is determinate. It then follows from 


* Loc. cit., vol. 82, §§18-19. 
¢ The z’ of the preceding work. 
t Loc. cit. vol. 82, p. 179. 
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Theorem 6 that is determinate for m=1,2,---. Also, M+ 
M >0, is indeterminate, and it may in turn be extended, giving an extension. 
$1" (z) of B(z) of order 2 which may be determinate or indeterminate, and 
is in any case different from B‘*(z). This new series, $:‘—*(z), may then be 
extended, etc. We sum up these facts in the following theorem. The formulas 
(72) are given by Hamburger. 


THEOREM 10. Let $(z) be an indeterminate positive definite power series, 
and let m(z; t) be the meromorphic function of z defined by (76), (77), which 
gives rise to a moment function (u; t) of B(z). Then B(z) admits of a de- 
terminate extension of arbitrary order n corresponding to every finite value of 
the real parameter t. The coefficients in the extension are given by (78). 

The first two coefficients, c_1, C_2, are polynomials in t as follows ** 


= t, 
= gi (0)é2 + [6’(0) — pi'(0) — w'(0). 

The series (M +c_2) ---, M>O0, is positive definite and in- 
determinate. This series may then be extended to any desired order, forming 


thereby, at pleasure, extensions of 3(z) all of which are indeterminate, or else 
such that all from and after a certain order are determinate. 


(79) 


Let us suppose that there exists a sequence of indices 


Ny < << 13 
such that (cf. (38)) 


lim = 


where g*‘ is finite. Then by (34), (39), (40), (23), the sequence of approxi- 
mants in S2;-1, 
["p, mp + — 1] 


will have the limit cy—ciz+ + *(2’, 
Let ¥”*(u, ¢) be the moment function of $*‘ occurring in the expression 
(76) for m?*(z’, g?*), and set 


dy*(u, g?*) 


u* 


(80) 


Then we shall show that the series 


(81) 


* The primes denote differentiation with respect to z. 


1 2 3 
| —-——+— 
2? 23 
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converges outside a circle of radius R where R is the distance from the origin 
to the most remote pole of m**(z’, g?*)/z (and is necessarily finite). 

In fact, ¥**(u, g?*) is constant in the interval (—R-!, +R“) and hence, if 
R>oa>0, 


m?**(2’, g?*) dy?*(u, g?*) _ Bie .. udy?*(1/u, g?*) 
1+ cu J... z+u 


R+o 


R-o 2? 


Since the series within the braces converges uniformly over the interval 
—R-—o<u<R+~o, if |z| >R-+0, it may be integrated term by term and 
hence (81) converges for |z| > R and is equal to m?*(z’, g?*)/z there. We state 
the following theorem. 


THEOREM 11. Let (z) be indeterminate, and suppose S2:-1 contains an 
infinite subsequence of approximants: 


+ 2i — 1] (p = 1, 2,---), 
with limit f(z). Then if f(z) FS; we have the following expansion: 


(i) 
C1 


= Bai + 


which is convergent for |z| >R, where R is the distance from the origin to the 
most remote pole of f(z), and is always finite. The numbers c{ are given by (80), 
and thus, for every k, 


(3) (4) (i) 2k 
(82) Cok — + + — 


is an extension of 3?*(z) of order k. 


9. An existence theorem for Case II. We shall apply the work of the 
preceding paragraph to show that, in Case II, for some i the files Ss, Si, 
So, ++, Sos may have a common limit while the succeeding odd files, S2i+1, 
Seits, , may either converge or diverge. To construct such examples, 
suppose $3(z) to be indeterminate, and let all the odd files of the associated 
Padé table be divergent. Let us now form the series (82) taking k=. The 
series so formed will be determinate by Theorem 10, and in the corresponding 
Padé table, S_1, So, - - - , Se: will be convergent, while the subsequent odd 
files must clearly diverge. If, on the other hand, the odd files in the table for 
%(z) had been convergent, the same would have been true in the table for the 
constructed series. 


} 

(i) (i) 

Ce c3 

| 

} 

} 
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If, in Case II, S2;42 is the first file different from S.;(i=0), then S2;42 is a 
meromorphic function of 1/z. The like is true of S2:;: when the latter is con- 
vergent. It is readily shown that the common limit, So, of the preceding files is 
a meromorphic function of 1/2. 

In fact, the series $**+*(z), being indeterminate, may be extended indefi- 
nitely. One such set of extensions is made up of the determinate series 
k=0, 1, 2,---, 4. 

Now the function m?‘+*(z’, 2) connected with $?‘+?(z) may be written in 
the form 

N,(t) 
2 


Let us take ¢=c2;,,; (cf.(79)), and consider the function 


Clearly the integrals 


f uldps(u) = cf 


all exist and 


ef tw,w2 0. 


It follows that 


1 dy,(u) = N, 
So) = = > 


where we have written N,, d, for N,(cei+1), (Geis), respectively. Hence Sp 
is a meromorphic function of 2’ = 1/2. 
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A PROOF OF THE GENERALIZED SECOND-LIMIT 
THEOREM IN THE THEORY OF PROBABILITY* 


BY 
M. FRECHET AND J. SHOHAT 


Introduction. A function F(x), defined for all real x, will be called a “law 
of probability,” if the following conditions are satisfied: 
(i) F(x) is monotone non-decreasing in (— ©, ©) and continuous to the left, 


(ii) F(— ~) =0, F(~) =1.f 


A particular case is represented by dF (x) =f(x)dx, where f(x), summable and 
=0, is the “probability density” or “law of distribution” for x. 

The expression { *..x*dF (x) is called the “sth moment” of the distribution, 
s taking values 0, 1, 2,---. 

The Second Limit-Theorem, which was the starting point of this paper, 
can be stated, with A. Markoff,t as follows: 

If a sequence of laws of probability F(x) (k=1, 2,--+-) is such that they 
admit moments of all orders, and if 


lim x*dF = f dx (s 


kao J 


then, for all x, 


lim dF = f 
ko 

Markofi’s proof is rather complicated, being based on the distribution of 
roots and other properties of Hermite polynomials, also on the so-called 
Tchebycheff inequalities in the theory of algebraic continued fractions. He 
points out that the theorem still holds if we replace the law of probability 
a—1/2f “,e-*dx by a more general one: /_,f(x)dx (in which case, however, his 
considerations need many supplements).§ 


* Presented to the Society, April 18, 1930; received by the editors August 22, 1930. 

} In fact, if X is a fortuitous variable (finite, not necessarily bounded), and if F(x) is the proba- 
bility that X<x, then F(x) will satisfy these conditions, provided we assume that the principle of 
total probabilities still holds for a countable infinity of inconsistent events. 

t A. Markoff, Theory of Probability, 4th edition (1924, in Russian), p. 522. 

§ Cf. J. Chokhate, Sur la convergence des quadratures mécaniques dans un intervalle infini . . . , 
Comptes Rendus, vol. 186 (1928), pp. 344-346. 
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The same theorem has recently attracted the attention of many investiga- 
tors: R. von Mises,* G. Pélya,t Paul Lévy,t Cantelli,§ Jacob|| and others. 

The object of this paper is (a) to establish a general limit-theorem, re- 
moving many restrictions imposed otherwise on the functions involved and 
their moments, so that the above statement dealing with the law of proba- 
bility 7-'/2/*_ e-**dx (we shall call it hereafter the “classical case”) is therein 
included as a very special case; (b) to give an elementary proof, which does 
not use either characteristic functions or algebraic continued fractions, being 
based on a well known Montel-Helly theorem concerning sequences of mono- 
tonic functions. 

A brief account will first be given of the “moments-problem” to which the 
theorem in question is closely related. 

1. The moments-problem. Given a certain interval (a, b), finite or infinite, 
and an infinite sequence of real constants Co, C1, - - - , find a function p(x), non- 
Jecreasing in (a, b),| such that 

b 
f = 


We call this the moments-problem corresponding to the data {c,}. We may 
assume, without loss of generality, y(a) =0. 

It is known that if (a, 6) be finite, then the moments-problem cannot have 
more than one solution (if it has any),** if we generally agree to consider as 


* R. von Mises, Fundamentalsdtse der W ahrscheinlichkeitsrechnung, Mathematische Zeitschrift, 
vol. 4 (1919), pp. 1-97. 

+ G. Pélya, Uber den sentralen Grenzwertsats der Wahrscheinlichkeitsrechnung ..., Mathe- 
matische Zeitschrift, vol. 8 (1920), pp. 171-181. 

t Paul Lévy, Calcul des Probabilités, Paris, 1925, Chapter IV. 

§ F. P. Cantelli, Una nuova dimostrazione del secondo teorema-limite . . . , Rendiconti di Palermo, 
vol. 52 (1928), pp. 151-174. 

|| Jacob, De application des intégrales généralisées de Fourier au calcul des probabilités, Comptes 
Rendus, vol. 188 (1929), pp. 541-43, 754-56. 

4] The case of ¥(x) having but a finite number of points of increase in (a, 6) is trivial. 

** A simple proof is the following. The existence of two solutions y;(x), ¥2(x) implies 


=0 (s = 0, 1,-+- Fla) = — vas = 0), 


F(b) = F(a) (for s = 0), f = 0 (= 0,1,--- ; integration by parts). 


The latter relations lead to the required conclusion: F(x) =0 at all points of continuity in (a, 6), by 
the following reasoning due to Stieltjes (Correspondance d’Hermite et Stieltjes, Paris, 1905, pp. 337- 
338). If such a point z exists (a<z<b), where F(z) 0, then 1—(x—z)?/M>0 (aSxb), for a suf- 
ficiently large M; hence, it is easily seen that 


ab 
I= j F(x) [1 — (x — 
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identical two solutions y(x), Y2(x) which coincide at all points of continuity.* 
We express this property by saying that the moments-problem for a finite in- 
terval is “determined.” 

On the other hand, the moments-problem for an infinite interval may be 
“indeterminate,” i.e., it may admit infinitely many solutions. In fact, in the 


formula 
T(a 
f y*'e-budy = ( ) 
0 


b=k+di (k > 0), a = (n + 1)/d, + 1)/r (n = 0, 
d 
stands, tan (\,u defined below), y=2*, 


and we get functions having all moments =0:} 


f sin (xx tan Aw)dx = 0 (x > 0,0 <A < 3), 
0 


f x"e-*™ cos tan =0 


2s 
(«>0,0<u=; 


< 1,5 positive inte er). 
s41 


Hence we get infinitely many non-decreasing functions 


f + (xx tan An) Jdx, 
0 


f + hcos (x tan dx 43 0), 


for n very large, is different from zero, which is impossible, I being a linear combination of the moments 
of F(x), all of which vanish. (We notice that such M does not exist for (a, 5) infinite.) Moreover, if 
¥4(x) is continuous to the left, then ¥:(x)=yo(x) everywhere in (a, b), since ¥(x—0)=lim y;(X), 
where X(<.x) converges to x, being always a point of continuity of ¥;(x), i=1, 2. 

* Also at the points a, b, if (a, 6) be finite; this, however, necessarily follows from the relations 


= 0, f ants) = = co. 


T These have been given by Adamoff (Proof of a theorem of Stieltjes, Proceedings of the Kazan 
Mathematical Society (1911, in Russian)) and by Stekloff (A pplication de la théorie de fermeture..., 
Mémoires de |’Académie des Sciences, Petrograd, vol. 33 (1915)), but the original statement is 
due to Stieltjes (loc. cit., p. 230). 


(1) 


i 

take 
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solutions of the same moments-problem for (0, ©) and (— ©, ©) respectively. 
Either of the following conditions ensures the determined character of the 
moments-problem for an infinite interval: 


(2) diverges* («. -f 


n=1 


(3) dF (x) = p(x)dx (p(x) 20 on (a, d)) 


with p(x) <M|z| for |x| sufficiently large (M,a, x are positive 
constants); \=3 for (a, b) =(0, for (a, b) «).f 

On the other hand, the moments-problem is indeterminate if d(x) 
= p(x)dx, and for |x| sufficiently large (see (1)) 


p(x) > (« > 0) with for (0, ©), A<1 for (— @). 


2. A generalized statement of the second limit-theorem. Given a sequence 
of laws of probability F,(x) (n=1, 2,--- ), with the following properties: (i) 
the moments mf =f*x"dF,(x) of all orders r=0,1, --- exist for n=1, 
2,---, or at least from a certain rank n on (possibly depending on r); (ii) the 
mo for anyr=0,1,-- - , lie, when they exist, between two 
fixed limits independent of n (but possibly dependent on r). Then a subsequence 
{Ci(x) =F n,(x)} (i=1, 2,--+ 3 5 can be extracted such 
that (a) ;(x) exists (=m,),§ for r=0, 1, - - - ; (B) the subsequence 
{Ci(x)} converges for any x to one fixed law of probability y(x), save, perhaps, 
at its points of discontinuity; (y)f*.x"d(x) exists and =m,(r =0, 1, - - - ).|| 

The proof will be arranged in several steps. 

3. Existence of m,(r=1, 2,---). We apply here the classical “diagonal 
method.” The hypothesis of the uniform boundedness of {m‘”} for all 
r=1,2,---, enables us to extract from the sequence {m‘} a subsequence 
converging to a finite limit The sequence gives rise to a 
subsequence {m?} converging to a finite limit m2, and so on. We thus get 


a sequence {m‘, m, -++ } converging to a finite limit m,, for any 


* T. Carleman, Sur les équations intégrales singuliéres ... , Uppsala, 1923, p. 219. 

+ Stieltjes, Recherches sur les fractions continues, Oeuvres, vol. II, pp. 402-559, where (3) is given 
for (0, ©) only. The corresponding condition for (— ©, ©) follows directly. 

t It can be easily shown that, if x9>1 and if, in (1, xo), p(x) is bounded in the sense of Lebesgue, 
i.e., disregarding a set of zero measure, then (3) is included in (2). Furthermore, if ¥:(x), y2(x) are 
solutions of a determined moments-problem for the interval (a, ©) (a=0, — ©), we can arrange so as 
to have yi(x) =ye(x) everywhere in (a, ©), since ¥(x) =y¥2(x) at all points of continuity, it being per- 
missible, as above, to take ¥;(x) continuous to the left (i=1, 2). 

§ mo exists and = 1, by definition of law of probability. 

|| It follows that there is necessarily at least one solution of the moments-problem corresponding 
to the data {m,}. 


A 
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r=1, 2,--- . The corresponding laws of probability y:(x)=F,,(x), 
yo(x) =F,,(x), --- clearly satisfy (a). The reasoning still holds if none of 
the F,,(x) has all of its moments finite. 

4. Existence of a limiting law of probability y(x). This follows by —— 
ing to {F,(x)} the Montel-Helly* theorem on monotonic functions. We 
state it in a slightly generalized form: 

If a family {f(x)} of functions, non-decreasing on (—~, ~), is uniformly 
bounded in any finite interval (i.e. |f(xo)| <A(xo) at any finite point xo, A (xo) 
being the same for all f(x)), then from any infinite sequence of this family we can 
extract a subsequence which converges, for any x, to a non-decreasing function. 
Moreover, the convergence is uniform in any interval, where the limit-function 
is continuous. 

The theorem holds, with proper modifications, for families of functions of 
bounded variation. 

In order to prove (8), it suffices to apply this theorem to the sequence 
{yi(x)}, since O<y,(x) <1 for —0 SxS. We extract then from it a se- 
quence {C,(x)} converging everywhere to a non-decreasing function ¢(x), 
and we take ¥(x) =¢(x—0). 

The following remarks are important: 

(i) The limit-function ¥(x) of the {C,(x)} varies effectively from 0 to 1, i.e. 


W(— ©) =0, -f d(x) = 1.4 


(ii) For any r=0, 1,--- , the convergence of 


0, bow 


b 
lim f x'dF,(x) to f x'dF 


is uniform with respect to m, at least from a certain rank m on. 


(iii) lim x*(1 — F,(x)) = 0, lim | x|*¥,(x) = 0 (m = 1,2, ;s > Oarbitrary). 


(i) follows from the inequalities 


(2r+2) (2r+2) 


m My 
(4) (x) (b > 1); f x'dF,(x) S (a < — 1), 


Js brt2 


* (a) P. Montel, Sur les suites infinies des fonctions, Annales de ’Ecole Normale Supérieure, 
1907; (b) E. Helly, Uber lineare Funktionaloperationen, Sitzungsberichte der Akademie der Wissen- 
schaften, Wien, vol. 121 (1912), pp. 265-297. 

+ This is by no means obvious. Take, for example, F,(x)=0(x<—n), =}(—nSxSn), 
=1(x>n). Here lim;..F,(x) =y(x) =} for 


| 
© 
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which, applied to {C,(x)}, yield, for r=0 and p>, 


a? 
and this proves (i) by letting b+», a>—. 
(ii) follows directly from (4), taking into account the uniform boundedness 
of {m,2+)} (n=1, 2,---). 
In order to establish (iii), we write 


M,°2") 


2r 
b 
(6>0,0<s < 2r), 


and a similar expression for | a|*F,(a)(a< —1). 

5. [2..x"dp(x) exists and=m,(r=0, 1,---). This statement being the 
fundamental part of the theorem, we give for it two proofs. 

Proof I. We apply the two following theorems due respectively to Ham- 
burger* and to Helly,{ the proofs of both of which are very elementary. 


HAMBURGER’S THEOREM. Suppose (i) [1/(z+«) converges for 
z=iy with y>0, y(x) denoting a function non-decreasing in (—~, ~); (ii) 
F(z) [1/(s+«x) ]d¥(x) has, for an asymptotic expansion (in 
Poincaré’s sense) (c, real). Then exists 
and =c, (v=0,1,--- ). 


HELLy’s THEOREM. Given a sequence {V,(x)} of functions of bounded 
variation on a finite interval (a, b) such that (i) the total variations of all V,(x) 
on (a, b) are uniformly bounded; (ii) lim,..V (x) =v(x)t exists forasx<b, 
with the possible exception of a countable set of points not including a, b. Then 
?f(x)dV n(x) = [?f(x)do(x), for any continuous function f(x). 


Going back to the given sequence {F,,(x)} and to the above function y(x) 
we notice, first, that [*.f(x)dy(x), [2..f(x)dF.(x) certainly 
exist if f(x) is bounded on (— ©, ©) and continuous on any finite interval. 
Furthermore, since, as we have seen, {[~.dC,(x) converges uniformly (with 
respect to p), an easy application of Helly’s theorem yields 


* H. Hamburger, Uber eine Erweiterung des Stieltjesschen Momentenproblems, I, 11, III, Mathe- 
matische Annalen, vols. 81-82 (1920), pp. 235-319, 120-64, 168-87. 


Tt Loc. cit. 
t Necessarily of bounded variation, by virtue of the Montel-Helly theorem extended to this class 


of functions. 
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= dCy(x) dy(x) 


z= iy; y>O0). 
( > 0) 


7 li 
(7) 


Consider now the expression 
dC x (r) 1 
f,(2) = = 1)" (v arbitrary), 


Letting p> ©, using (7) and the property 


lim af? = Mm, 


prow 


we get 


Observing that |2/(z+x)|<1 <x<~@, z=iy, y2yo>0), we get 


| Tes,p | = ap; 


1 
1 


(28) 
Sita, , 


tim lim (1+ =1+m, (¢ =0,1;s =1,2,--- 
pro 


2=1y r=0 Z poo 


Formula (10), where » is arbitrary, gives the asymptotic expansion of F(z): 


r=1 2” 
Hence, Hamburger’s theorem is applicable and proves (y). 
Proof II. We restrict ourselves to the domain of real numbers, making 
use of the following extension of Helly’s theorem to the infinite interval 
(- oO, ). 


539 
(r= 0,1,---), 
(9) F(z) = = I, ,p- 
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Given a sequence {v»(x)} defined on (—x%, ©) such that (i) v,(x) is of 
bounded variation on any finite interval, (ii) all v,(x) and their total variations 
are uniformly bounded on any finite interval, (iii) limy...0,(x) =v(x) exists for 
all x, with the possible exception of a countable set of points, (iv) J*f(x)dvn(x) 
converges uniformly (with respect ton) to .f(x)dv,(x)(a—+— ©, if f(x) 
is continuous everywhere (not necessarily uniformly). Then [= .f(x)dv(x) exists 
and =limn..J~ 2f(x)dvn(x). 

We notice, first, that v(x) is of bounded variation (see footnote on page 
538) on any finite interval, secondly (by virtue of Helly’s theorem), that 


=| lim f(x)dv,(x)| <« 
n— 2 b 

(bb'>0, m, |b|, |0’| sufficiently large; «>O arbitrarily small); hence, 

J? .f(x)do(x) exists. Furthermore, 


+ + [sa (a <0, 6>0) 


can be made as small as we please by taking —a, b, and then » sufficiently 
large. Hence lim,.,A, =0. 


Remark. The new condition (iv) is essential. The following example shows 
that if (iv) is not satisfied, the theorem may not hold: f(x) =x, v,(x) =0 (x <0), 
1—1/2*(0<x <4"), 1(x>4"). Here 


lim v,(x) = v(x) = S 0), 1(x > 0); 


no 


1 
lim xdv,(x) = lim a“ = # f xdv(x) = 0.* 

It suffices to apply the above theorem, with f(x) =2"(r =0, 1, - - - ), to the 
above sequence {C,(x)} which satisfies all four conditions stated, and (7) is 
established. 

6. Special case. A direct corollary is the following 


THEOREM. /f lim,...m,” exists (=m,) for r=0, 1,--- , then at least one 
fixed law of probability, say F(x), exists such that m, is its rth moment (r=0, 
1,---), and a subsequence {C,(x)=F,,(x)} can be extracted from the given 


* vn(x), have each a single saltus= 1/2", 1‘at x=4", respectively. 
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sequence {F,(x)} of laws of probability such that lim;.,,C:(x) =F (x) for any x. 
If, in addition, the {m,} are such that the corresponding moments-problem is 
determined, then the sequence {F,(x)} itself converges, for n—+~ , to F(x) at any 
point of continuity of F(x). 

We need a proof for the last part only. Assume that a point x» of conti- 
nuity of F(x) exists such that { F(x) } does not converge to F(x). Hence, a 
subsequence {C;(xo) =F ,,(x0)} can be extracted such that C;(xo) converges, 
for k->~, to a certain number A ¥F(x,). On the other hand, we have seen 
that the sequence {C,(x)} gives rise to a subsequence {d,(x)} which, for any 
x, converges, as i, to a function d(x), having the same moments 
m,(r=0, 1,---) as F(x), and therefore, since, by hypothesis, the moments- 
problem corresponding to {m,} is determined, 

(11) lim dj(xo) = d(xo) = 

(F(x) being continuous at x =x), which is impossible, {d,(xo)} being a sub 
sequence of {C;,(xo)} which converges, but not to d(x»). We have seen also ((i), 
p. 537) that F(— ©) =0, =1. 

The condition that the moments-problem corresponding to {m,} be de- 

termined is not only sufficient for the validity of the limiting relation 

lim F,(”) = F(x) 
(at any point of continuity of F(x)),* but it is also necessary. For if F(x) and 
(x) be two distinct solutions of the moments-problem in question, then 
F,,(x) should converge simultaneously to F(x) and ¢(x) at all points of con- 
tinuity, while at least one such point x» exists where F(%») ~$(xo).T 

7. The classical case: m, = =0, 1,---). Here 


lim x'dF,(x) = f xte-"dx (r =0,1,2,---) 


implies 


lim dF ,(x) = f e~*"dx (x arbitrary). 


* Even everywhere in (— ©, ©), F(x) being a law of probability, hence continuous to the left 
(see Introduction). 

Tt The conditions imposed by different writers on the quantities { my} are such as fo ensure the 
determined character of the corresponding moments-problem. In fact, one sees readily that the conditions 
of R. von Mises, Pélya, and Cantelli (loc. cit.) 


[y(2m) 


<1 (n> m; ©) 


tm c(—-) (C, ¢ = const.), lim new)! 2”) /nis finite, man 


are but special cases of Carleman’s condition (2). 
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In fact, the moments-problem corresponding to {m,} is determined (by 
virtue of (2) or (3)), and 


F(x) = f dx 


is continuous for all x. 

We see that the classical case is but a very special case of the general second 
limit-theorem. 

8. The determined character of the moments-problem in the classical 
case. The conditions (2, 3) ensuring the determined character of the 
moments-problem have been established by means of very profound, but 
also complicated, considerations (continued fractions, singular integral equa- 
tions). It seems of interest to give an elementary proof involving a simple 
theorem of Pélya.* 

We wish to prove the following 


THEOREM. Given a law of probability y(x) such that 


(12) 
dy,(x) = 0 | dx 


Then necessarily 


vi (2) = 


for any x. In other words, y(x) is uniquely determined by (12). 


Assume the existence of two such functions ¥,(x) and ¥2(x). Employing 
the reasoning of §1 (footnote on page 534) and using property (iii), page 537. 


lim x*(1 — y.(x)) = lim |x|"pi(x)=0 (i = 1, 2; s>0 arbitrary), 


we conclude that 


(13) f x'F(x)dx = 0 (1 =0,1,---;F = (1 — — (1 — 


* G. Pélya, Uber den Gaussschen Fehlergesetz, Astronomische Nachrichten, vol. 208 (1919), No. 
4981, pp. 185-192. 


(\21;7=0,1,---). 
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On the other hand, a reasoning similar to that of §4 leads, making use of 
(12) and the asymptotic expression for the f' function, to 


2men 
| F(x) | < (n very large, arbitrary), 


(14) ain 


2n 2/A+1/(2n) 4n 
| F(x0) | < Ce(—1/2)1 < ), 


C=const. independent of and x. 


Therefore, 


exists. But this is precisely the condition imposed by Pélya,* which leads to 
the required conclusion: F(x) =0 at all points of continuity. 


* Loc. cit. p. 187. For the classical case (A=2) cf. M. H. Stone, Developments on Hermite poly- 
nomials, Annals of Mathematics, vol. 29 (1927), pp. 1-13. 

¢ After the present paper had been prepared for publication, we came across an interesting 
article by A. Wintner: Uber den Konvergenzsatz der mathematischen Statistik, Mathematische Zeit- 
schrift, vol. 28 (1928), pp, 470-480, some of the results of which are similar to those obtained 
above. 
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A CERTAIN TYPE OF CONTINUOUS CURVE 
AND RELATED POINT SETS* 


BY 
P. M. SWINGLE 


DEFINITION. A continuous curve every subcontinuum of which is a con- 
tinuous curve will be called a perfect continuous curve.t} In this paper, among 
other things, a study is made of this type of continuous curve. 

An important problem in analysis situs is to determine whether a given 
point set is arc-wise connected. It is known that a connected subset of a per- 
fect continuous curve is not necessarily arc-wise connected.{ Here, however, 
it is shown in Theorem 5 that, if a and } are two points of a connected subset 
N of a perfect continuous curve, then the set common to WN and the arcs ab 
of N’ is connected. And in Theorem 7 it is shown that if NV’ contains but a 
countable number of arcs ab then N contains an arc ab.§ 

A generalization of the problem as to whether there exists an arc joining 
two points in a given point set is the following: when do there exist in a given 
point set where q is a given positive integer, g arcs, distinct except for end 
points, joining two given points; or still a further generalization would be to 
ask when do there exist g such arcs joining two distinct closed point sets? 
This problem is considered in §II of this paper. It might also be asked when 
do there exist g distinct arcs joining two distinct closed point sets? This 
problem is considered in §I. 

I wish to express my thanks and to acknowledge my great indebtedness 
to Professor R. L. Wilder for his suggestions, criticisms, and constant en- 


couragement.* 


* Presented to the Society, April 6, 1928; received by the editors in June, 1929, and June, 1930. 
Because of the delay in publishing this paper the privilege has been taken of using some recent re- 
sults of other authors to abbreviate proofs and to obtain more general results than were originally 
obtained with respect to space and boundedness. These changes have been made in footnotes and 
in Section V with the exception that recent results have been used in proving Theorem 7. In general 
proofs which are well known in recent papers have been omitted here. 

t In this paper a connected im kleinen continuum will be called a continuous curve. For defini- 
tions see R. L. Moore, Report on continuous curves from the viewpoint of analysis situs, Bulletin of the 
American Mathematical Society, vol. 29 (1923), pp. 289-302. 

t B. Knaster and C. Kuratowski, A connected and connected im kleinen point set which contains no 
perfect subset, Bulletin of the American Mathematical Society, vol. 33 (1927), pp. 106-109. 

§ For theorems on arc-wise connected subsets of a perfect continuous curve see R. L. Wilder: 
Characterizations of continuous curves that are perfectly continuous, Proceedings of the National 
Academy of Sciences, vol. 15 (1929), pp. 614-621, Theorem 3; Concerning perfect continuous curves, 
Proceedings of the National Academy of Sciences, vol. 16 (1930), pp. 233-240, Theorems 1 and 2. 
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A TYPE OF CONTINUOUS CURVE 


I. DISTINCT ARCS IN A POINT SET 


In this section the following problem will be considered: when can it be 
said that in a set M, for any given positive integer g, either there exist g dis- 
tinct arcst of M joining two distinct closed point setst A and B or there exist 
qg—1 points such that every arc of M joining A and B contains at least one of 
these points? If M contains no arc joining A and B it will be understood that 
there exist 1—1=0 points contained in every arc of M joining A and B. 
With this understanding it will be shown that one of the two above possibili- 
ties holds for every set M. 


Lemma 1. Jf (#) is a set of arcs contained in an arc ab such that every point 
of ab except a and b is an interior point of an arc of (t) and both a and b are end 
points of at least one arc of (t), then there exists a simple chain of arcs§ of (t) 
joining a and b. 


This follows in a manner very similar to that used by R. L. Moore in 
proving Theorem 10 of his paper On the foundations of plane analysis situs.|| 


Lemma 2. In E,§] let C and K be distinct, closed, and bounded point sets, 
where K is connected and does not separate E,, and let aw; (i=1, 2, -- - , m) 
be m distinct arcs such that a;w;X K =w;. Then there exists a positive number d 
such that for any positive number r less than d there exist m distinct arcs au; 
of a;w; and m arcs u;h distinct except for h such that (1) every point of uih is ata 
distance less than r from K, (2) the arc wu; of a;w; has nothing in common with 
C, and (3) for anyj, ujh X ((axu;)** +C) =ujh Xuja; = uj. 


* Since the theorems of this paper were proved a paper has appeared giving an interesting result 
in this connection: see N. E. Rutt, Concerning the cut points of a continuous curve where the arc curve, 
AB, contains exactly N independant arcs, American Journal of Mathematics, vol. 51 (1929), p. 218. 
For another interesting result see W. L. Ayres, Concerning continuous curves in metric space, ibid., 
pp. 577-594, Theorem 6. See also K. Menger, Zur allgemeinen Kurventheorie, Fundamenta Mathe- 
maticae, vol. 10, p. 100, Theorem 8. In each of these papers the q arcs considered lie in a continuous _ 
curve in contrast to the results of this paper where the containing set may not even be connected in 
Theorem 1 and in Theorem 3 is connected but not necessarily closed. 

t Two point sets are distinct when they have no common point. 

t An arc ab will be said to join the point sets A and B if AXab=a and BXab=b. Under these 
conditions the arc ba will be said to join B and A. 

§ If a and 6 are distinct points, then a simple chain froma to 6 isa finite sequence of arcs 
;(i=1, 2, - - - , m) such that (1) ¢ contains a if and only if i=1, (2) &; contains b if and only if i=m, 
and (3) if 1<iSm and 1S5j<™m, i<j, then 4 has a point in common with #; if and only if j7=i+1. 

|| These Transactions, vol. 17 (1916), pp. 131-164. 

| The notation £, will be used to denote a euclidean space of m dimensions. 

** Throughout this paper the set a:+-a2+ - +a» will be designated by (a;) (i=1, 2,- m). 
Thus (a;)+(5;)=a:+a2+ +++ +am+bitbe+ +++ +bm. The range of values for i, if it is not given, 
will refer to the last mentioned range of values for 7. 
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The proof will first be given for E, as this is the most difficult case. Let 
2; be the first point of C+a; on w,a; and let a,;2; =a; if z;=a;. Let d be a posi- 
tive number such that every point of C+(a,z;) is at a distance greater than d 
from K. Let M=K+C+(a,z;). Then for any positive number ¢ less than d 
there exists* a simple closed curve J bounding a region R such that J X M =0, 
RXM =K, and every point of R is at a distance less than 7 from K. Let the 
first point of J on a,w; be u;, and let a;u; be an arc of a;w;. Let k be any point 
of R. Then there exist in R the m arcs hu;, distinct except for 4, which to- 
gether with the arcs a;u; have the properties described in this theorem. 

For E,, n>2, a connected domain R can be obtained by means of a finite 
set of spheres of radius r and covering K. The proof is then similar to the 
above. 

It will simplify the proof of the main theorem of this section to prove first 
the following lemma. 


LemMA 3. Suppose for the integer k it is true that for every point set G, 
either there exist k—1 points such that any arc of G, joining any two distinct 
closed point sets, contains at least one of these points or there exist k distinct arcs 
of G joining these two distinct closed point sets. Then in E, let a,b; (i=1,2,---, 
k) be k distinct arcs joining two distinct closed point sets A and B and A,B; be k 
distinct arcs such that (1) A contains (A;)X(A+B) and B contains (B;) 
X(A+B), (2) X(A+B), (3) ABix(A+B) 


contains at most A;+B;, and (4) aA; of a:b; does not contain a point of (B;). 
Then there exist k distinct arcs w; of M =(a;b;)+(A,B;) joining A and B and 
there exists an arc of aibi, where W; is contained in (A;) Xabi+a 
and in (B;) Xabi such that (w;) contains ai most Wit+Ws2, 
a,W, of ayb; does not contain and there exists an arc of (wi) which 
contains of ayby. 


Consider for example the case where 4A; is the first point of (A;)+a; on 
b,a,¢ and B, is the first point of (B;)+6; on a,b. Let pig: be an arc of A,B; 
where /; precedes g; on A;B;,, and g;#B;. Let p;B; and g;A; be arcs 
of A,B; and let aA; and 6;B, be arcs of a;b;. Let T, be composed of (p;B;) 
+ (a;b;) +b,B,; (j =2, 3, - - - , k) and also of g;A; if and only if A contains A;; 
let T, be composed of (g;A;)+(a,b;)+a,A; and also of p,B; if B contains Bj. 
Let d be a positive number such that no point of 7, is at a distance less than 
d from a,A; and no point of 7; is at a distance less than d from ), By. 


*R. L. Moore, Concerning the separation of point sets by curves, Proceedings of the National 
Academy of Sciences, vol. 11, No. 8, pp. 469-476, Theorem 1. 

t The first point of a set C on an arc ab is the first point going from a to 6; the first point of C 
on ba is the first point going from b to a. 
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The sets 7, and aA; are distinct, closed, and bounded point sets where 
a,A; is connected and does not separate E,. Taker less than d/3. The arcs 
qiA;, which have a point common with a,b,, have the same properties with 
reference to aA; as the arcs a,w; in Lemma 2 have to K. Say that there are 
m of these arcs g:A; which have a point common with a;),;. Then by Lemma 2 
there exist m arcs and also there exist k —m vacuous point sets, giving a total 
of & sets /ym1;, where hm; is vacuous if A contains A; and consists of an arc 
if A does not contain A;, and similarly there exist k arcs or vacuous sets 
Bywu;, where B,m; is contained in A;B;. It is seen that the sets Bywi;t+mihi 
are distinct except for M1, the set (A :#;+1;/1) XT. =0, where A ,m;=0 or is 
an arc according as A does or does not contain A;, and every point of /,m; is 
at a distance less than 7 from a:A;. From the last mentioned property it 
follows that the new sets /,%; are at a distance greater than d/3 from 6,B,. 
Then Lemma 2 can be again applied where T,+(/i1;) =C and b:B,;=K are 
the distinct, closed, and bounded point sets and the arcs B;p;, which have a 
point common with a,);, are the m distinct arcs of that hypothesis. Thus a 
new set of & arcs or vacuous point sets /2u2;, distinct except for /2, and a set 
of k distinct arcs or vacuous point sets p;#2;, where p;u2; is contained in p;B; 
and so in #;B;, are obtained. There exists then a set of & distinct arcs m1;#2; in 
(A;B;) where 1,;=A; if A contains A; and u:;=B; if B contains B;. Thus a 
set of k arcs + =t;, distinct except for and are obtained 
where (/1%1;-+2;/2) is at a distance less than from a;A;+B,b, and so has no 
points in common with (a;b;). Let G=(a;b;) +4;. 

Suppose that there exists a set H consisting of k—1 points such that 
every arc of G joining A+/, and B+/, contains at least one point of H. 
Therefore there exists one of these points on each of the k—1 arcs a;b;. Since 
then the points of H are on a;b; and since (hy1;+ 2/2) X (a,;b;) =0, the set 
HX (Ay; +-u2:h2) =0. Thus if there exists a point of H on each of the arcs ¢; 
joining A +/, and B+/, there must exist a point of H on each of the & distinct 
arcs 41,42; Of t;. But as H contains only k—1 points this is impossible. There- 
fore it is necessary under our hypothesis that G contain k distinct arcs, 2; say, 
joining A +h, and 

There exist three cases to consider having obtained the & arcs v;: (I) the 
set (v;) contains /,+/2; (II) it contains one and only one of these points; and 
(III) it contains neither of them. 

(I) Under this case there exist two possibilities: one arc of the set (v;) may 
contain both /; and /2 or one arc may contain one of these points and another 
arc contain the other. 

(a) Consider for example the case where 7; contains 4;+/2. Then x con- 
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tains a point of (1;), m2 say, and a point of (m2;), ues say. It will now be 
shown that is such that w:X (2;) =0, 
where 4;A2+ is contained in in A2Bo, u23B3 in A;B3, and in 
Since 21 X (v;) =0, X (v;) =0. Since 2 contains it is the only one 
of the arcs of (v;) which contains a point of /y1;+/2u2;. Hence the set 
(a;b;) + am = (u2:) contains (v;). But the set ad: X ((a;b;) + 
=0 for a,b;X(a;b;)=0 and as a,b; contains at most A;+B; of A,Bi, ab 
X =0. Therefore X(v;)=0. It remains to prove that 
(A ott12 + Bstt23) X (v;) = 0. This follows from the fact that (a,b;) + (wie) — (m1) 
—(u2;) contains (v;). Therefore w:X(v;)=0. Let now w;=2; and let wey: 
= of As shown above, a:b: X (w;) =0 and so we41X(w;) =0. And 
X Wi = Ao +B; while w; contains 5, B;. 

(b) Consider now for example the case where 7;=/b and v2=/2a, where 
A contains a and B contains 6. Then 2; contains a point, #1: say, of (w#;), and 
ONE, say, Of Here (ajb;) + — (t1;) — (ue) contains (v7) +bun 
+auy (f=3, 4,---, k), where contains bu, and v2 contains av. Thus 
does not contain a point of except 
uy, and where A,B, contains and a,b; contains 
Let Ws = Vs, let a,A itA 1411 +uyb, and let W2= 6,B,+ Let Wr+i 
= A,B, of ab). Now w,X (wy) (wy) =0 and wm Xwe=0. Also wi X wes 
= A, and we X wes = Pr, X (w,) = 0 and contains of 

(II) In considering the case where (v;) X (/i1+/2) contains one and only 
one point, there exist two cases according as /, or iz is the point contained. 

(a) Consider for example the case where 7; = /,), where B contains b, and 
say v7; contains my. Let w;=v; and let w)=buy+u%1A1+Aid, where buy is 
contained in 2, in A,B, and A,q; in a,);. Let Then the k 
arcs w; are distinct, w,41X (w;) =0, and 

(b) Consider nc v for example the case where 7,;=a/2, which contains 
M23, Say, Where A contains a. Let w;=2; and let w; = @u23;+%23B3;+B3h1, where 
is contained in 2, in A3B;, and B;b; in a,b). Let of 
Here (wi+wz41) X (w;) =0 and Xwz.1=B; while the arc w; contains },B;. 

(III) For the case where (2;) X (41 +/2) =0 let w;=9; and aids. 

In this manner the lemma is proved for every possible case. 


Lemma 4. Suppose for the integer k it is true that for every point set G, either 
there exist k—1 points such that any arc of G, joining any two distinct closed 
point sets, contains at least one of these points, or there exist k distinct arcs of G 
joining these two distinct closed point sets. Then in E, let a;b; (i=1,2,--- ,k) 
be k distinct arcs joining two distinct closed point sets A and B, and ay an arc 
such that A Xay =a and a,b; Xay =y and (a;b;) Xay =0 (j =2, 3, - - - , k); also 
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let A,B; be k distinct arcs such that (1) A contains (A;)X(A+B) and B con- 
tains (B;) x (A +B), (2) (a:b, +ay) =A,;+B;- (A;+B;) 4 (A +B), (3) 
A,B;X(A+B) contains at most A;+B;, (4) avy of a:b; and ay do not contain a 
point of (B;), and (5) byy of a:b, does not contain a point of (A;). Then there 
exist k distinct arcs w; of M =(a,b;)+(A;B;)+<ay joining A and B and an arc 
where ao is contained in A and x in and such that 
if there does not exist an arc w; containing b; then wi41= yb, or Wx, =ay+yhy 
and (w;) =0, but if say, contains b, then =x and 
=0, and in every case (w;)+wz41 contains byy and there exists a g such that w, 
contains of ayb,. 


The proof is similar to that of Lemma 3. 


THEOREM 1. Jf M is any point set in E,, and A and B are any two distinct 
closed point sets, then, for any positive integer q, either there exists a point set N 
containing g—1 points such that every arc of M joining A and B contains at 
least one point of N or there exist at least q distinct arcs of M joining A and B. 


If g=1, it is evident that the theorem is true. Assume that it is true for 
q=k. It will now be proved to be true for g=%+1. 

There are two cases to consider according as either (I) there are k—1 
points such that every arc of M joining A and B contains at least one of these 
points, or (II) there are at least k distinct arcs of M joining A and B. 

(I) Consider the first case where the k—1 points exist. Then if any point 
is added to these, any arc of M joining A and B contains at least one of these 
k points. Hence in this case the theorem must be true for g=k+1 if it is for 
q=k. 

(II) Consider now the case where there are at least k distinct arcs of M 
joining A and B. Let a,b;(i=1,2, - - - ,k) bek sucharcs. Consider any point p 
of a:),. Either (1) there is a set V of k—1 points such that every arc of M—p 
joining A and B contains a point of N or (2) there are k arcs of M —p which 
are distinct and join A and B. 

(1) For the case where the set N exists, N + is a set of & points such that 
every arc of M joining A and B contains at least one of these points. Thus in 
this case also if the theorem is true for g=& it is for g=k+1. 

(2) Consider now the remaining case where, for every point p of a,b, 
M —> contains at least k distinct arcs joining A and B. For a certain point 
p let ex(i=1, 2,---+,k) be & such distinct arcs. Take for example the case 
where @;+p~+b;. For any 7 there exists a region R containing p and so con- 
taining an arc/ of a,b; having pas an interior point, such that R’ Xe;=0. Let* 


* If M is a point set, M’ will denote M together with the limit points of M. 
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(a,b,—t)’=t;+t.. Then, if 4 contains a;, there exists an arc of e;, s; say, 
joining ¢;+A and é,+B. If a,b; contains both end points of s;, let r; be the arc 
of a,b; joining these two points; if one of these end points is in A and one in 
a,b, let r; be the arc of a,b; joining a; and the end point of s; in a,),; if B 
contains one of these end points and a,); contains the other, let r; be the arc 
of a,; joining }; and this end point in a,),; and if A contains one end point 
and B contains the other, let r;=a,);. Thus to each arc e; there corresponds 
an arc r; of a,b, having p as an interior point. Let # be the arcmXreX - - - 
Xr, of a,b,. Thus for each point of a,b, there exists an arc 4, having p as an 
interior point unless p = a, or p =), in which latter case pf is an end point, and 
a corresponding set, f say, consisting of k distinct arcs e; joining A and B and 
having only end points of common with h. Let (h) be the set of arcs such 
as h and (f) the set of sets such as f. Then by Lemma 1 there exists a simple 
chain, 2, -- , tm of arcs of (h) joining a; and where contains a 
and /,, contains b;. Also there exists a set f; of (f) corresponding to each h;. 

The set f; contains & distinct arcs A,;B,; joining A and a closed subset 
of where each a,B,; of a,b; contains if a,b; contains We 
have here, just as we had in the hypothesis of Lemma 3, & distinct arcs a,b; 
and a set of & distinct arcs A,;B,;. Applying this lemma we obtain a set of k 
distinct arcs a;,);; joining A and B, which are the arcs w; of that lemma, and 
an arc ay; of a:b; joining a; and X (Bi:) +B, which is the arc wz41. 
The new set (a:;b1;)+a1y: is contained in (a;b;)+(A1:Bi:). If B contains y, 
then there exist k+1 distinct arcs of M joining A and B provided a), 
X (a::b1;) #b:; and if B does not contain y;, as was shown in Lemma 3, there 
exists an arc, say, where = containing of Thus either there 
exist k+1 distinct arcs of M joining A and B or there exist k+1 arcs of M 
joining A and either B+), or B+,y,, which are distinct, with the exception 
that two of them contain a common end point in b,j, and so in some h,, 
j>1. If this end point is not in 4,,, say for example that it is an interior point 
in t,. We now have k distinct arcs a@;b;;, similar to the arcs a;b; of Lemma 4, 
and an arc 4:y; similar to ay. And there exist in f2 k distinct arcs A2;Bai, 
similar to A,B; of this lemma, joining A+ayy1+x%, and B+), where (¢udu 
and x, contains of aib;. Thus by this lemma it follows that 
there exist & distinct arcs d2,;b2; joining A and B and an arc do2y2 joining A and 
(Bo;) X (deibo;) +B. These k+1 arcs are distinct or else a new set is obtained, 
proceeding in the same manner as above, by the use of Lemma 4. 

It is necessary then that either k-;i distinct arcs joining A and B be 
obtained or there exist an arc ado,y, such that h,, of a,b, contains y,. Hence, 
by one further application of Lemma 4, k+1 distinct arcs joining A and B 
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must be obtained. Thus if the theorem is true for g =& it is true for g=k+1 
in this case. 

In every case the theorem is true for g=k+1 if it is true forg=k. The 
theorem is true for g=1. Hence it is true for any value of q. 


Coro.iary 1. Jf M is a continuous curve in E, and A and B are any two 
distinct closed point sets, then either there exist, for any q, at least q distinct arcs 
of M joining A and B, or there exists a point set N of g—1 points such that M—N 
does not contain a connected subset which contains points of both A and B. 


II. ARCS, DISTINCT EXCEPT FOR END POINTS 


Here the following problem will be considered: when can it be said that 
in a set M either there exists a set of at least g arcs, where q is any positive 
integer, distinct except for possibly their end points, joining two distinct 
closed point sets A and B, or there exists a set N of g—1 points, contained in 
M —A-—B, such that every arc of M joining A and B contains at least one 
point of V? Here also it will be understood that if M contains no arcs joining 
A and B, then the set N is vacuous. A complete solution of the above problem 
is not obtained in this paper. 

In proving the next theorem the following lemma is useful and is stated 
here without proof.* 


Lemna 5. If, in Es, M is a continuous curve which contains a subcontinuum 
which is not a continuous curve and if k is any positive integer, then M contains 
k distinct arcs a;b; (i=1, 2,---, k), and a sequence of distinct arcs x;y; 
(j=1, 2,---) having a sequential limiting set Z, such that xjy;Xaib;<0, 
xyy;Xaibi=x;, and Furthermore x; precedes 
on y; precedes y;41 on axby, every point of a:b; precedes every point of 
on and = ai. 

THEOREM 2. Let g be a given positive integer greater than one. Then in order 
that a continuous curve M, in Ez, be perfect, it is sufficient, if L is the point set 
consisting of the points of any set of arcs of M joining any two distinct closed 
point sets A and B, that either there exist a set N of q—1 points, of L—A—B, 
such that every arc of L joining A and B contains at least one point of N, or there 
exist at least q arcs of L, distinct except for possibly their end points, joining A 
and B. 

Assume that M contains a subcontinuum which is not a continuous curve. 
Then by applying Lemma 5 the arcs of the conclusion there are obtained, 


* The proof follows from the work of R. L. Wilder, Fundamenta Mathematicae, vol. 7, pp. 
362-363, and from Theorem XXI by H. Hahn, Wiener Sitzungsberichte, vol. 123 (Part IIa), p. 2475. 
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taking k=qg+1. On the arc x;y; there obtained, taking j = 2¢—1 (¢=1, 2, - - -), 
let u, be the subarc joining a,b, and a;b3; and taking 7 = 2¢ let v, be the subarc 
of x;y; joining a,b, and Let w, be the subarc of joining and #741; 
and let z, be the subarc of a); joining w, and 7,. Let A =(a;) and B=Z. Then 
every point of L +4 41 is contained in 
an arc of L joining A and B (t=1, 2, -- -). But as (w:+v:+w.+2,) does not 
contain an arc of L joining A and B, L contains at most g—1 arcs, distinct 
except for possibly their end points, joining A and B. However it is evident 
that L—A —B does not contain g—1 points such that every arc of L joining 
A and B contains at least one of these points. As this is a contradiction with 
our hypothesis, M must be perfect. 

Whether this condition is also necessary is not determined in this paper, 
except for q=2. 

The proof of the following lemma can be obtained by means of a theorem 
by H. M. Gehman.* 


Lema 6. If M is a bounded continuous curve in E2,¢ then a necessary (and 
sufficient) condition that M be perfect is the following: let Z be any closed subset 
of M, W any subset of M such that ZXW =0 and every point of W can be joined 
to Z by an arc contained in W except for an end point in Z, and x a limit point 
of W such that (W+Z)xXx=0. Then there exists an arc joining x and Z which 
is contained in W except for its end points. 


THEOREM 3. If g =2 then the condition in Theorem 2 is aiso necessary, if M 
is bounded.t 


Suppose that there exist sets L, A, and B such that there does not exist 
a point which is contained in ZL — A — B and in every arc of L joining A and B. 
Then there exists an arc ab joining A and B. It then follows from the above 
theorem by H. M. Gehman and from Lemma 6 that for any point of ab, 
except possibly a and 3, there exists an arc uv of L having the following prop- 
erties: (1) the set A+ap—p contains u and B+6p— > contains v of uv, where 
ap+pb=ab, and A+B-+ab contains only these points of uv, and (2), unless 
uv joins A and B, in which case the theorem is proved, there does not exist 
another arc in LZ, having only its end points in A+B+dab, which joins 
A+(au—u) and B+(bv—v), where au is either an arc of ab or a, and by is 
either an arc of ab or b; furthermore if au ~a there does not exist an arc of L, 


* Concerning the subsets of a plane continuous curve, Annals of Mathematics, vol. 27 (1925), 
pp. 29-46, Theorem V. 

t This lemma is true if “bounded” is omitted. The sufficiency is true in Z, but the necessity is 
not. See §V. 

t As shown in §V, “bounded” may be omitted. 
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having at most one end point in ab, joining wv» —u and A +au—u nor if bv¥b 
does there exist such an arc joining wv—v and B+bv—v. Let w be the arc 
of ab joining au and bv. Let (uv) be the set of arcs of ZL such as uv and (w) the 
corresponding arcs of ab. Every point of a) —a—6 is an interior point of one 
and at most of two of the arcs of (w). And a+6 contains the limit points of 
the end point of the arcs of (w). Since there exist but a countable number of 
arcs in (w), it is readily shown that (wv) +(w) contains two arcs joining A and 
B, which are distinct except for possibly their end points. Hence the truth 
of the theorem is seen. 


III. CONNECTED SUBSETS OF PERFECT CONTINUOUS CURVES 


It is known that a connected subset WN of a perfect continuous curve 
is not necessarily arc-wise connected. But for any two points a and b of NV 
the set NV’ contains an arc ab. Here the nature of the point set composed of 
the points of NV, which are also on arcs ab of N’, is considered. It is shown that 
this set must be connected. Some preliminary lemmas will be proved. 


THEOREM 4. Jn order that a bounded continuous curve M in E;* be perfect 
it is necessary and sufficient, if p, a, and b be any three points of any subcon- 
tinuum N of M such that there does not exist a point distinct from p which is con- 
tained in every arc of N joining p and a+b, that there exist an arc apb of N. 


By means of Lemma 5, using a device similar to that used in the proof of 
Theorem 2, it is seen that the condition is sufficient. It is also necessary. For 
by Theorem 3 there exist two arcs of N joining p and a+6 which are either 
distinct, except for p, or form a simple closed curve, J say, containing p and 
a point of a+. If they are distinct, they form an arc apd of N; and if they 
are not distinct, since N contains an arc ¢ joining p and a+b—J X (a+b) such 
that ¢x (a+b) a+, it is seen that J+¢ contains an arc apb of N. 


Lemna 7. If p, a, and b are any three distinct points of a bounded,} perfect, 
continuous curve M in E,, and if (p) is the set of points, each of which is on every 
arc of M joining p and a+b, then there exists an arc of M which joins a and b 
and contains a certain point p, of (p) and every arc of M joining a and b con- 
tains ai most p, of (p). 


As () is closed it is seen that there exists a first point of (p) on an arc of 
M, and so on every arc of M, joining p and a+b. And this point, f, say, has 
the property that there exists no other point common to every arc of M@ 


* In §V it will be shown that “bounded” may be omitted here and that the necessity is true 
for 

+ As the proof depends entirely upon Theorem 4, “bounded” can be omitted and the theorem 
stated for 
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joining it and a+. Hence by Theorem 4 there exists in M an arc af,b. And 
it is seen that every arc of M joining a and bd contains at most this point of 
(p). 

Lemma 8. Jn order that a bounded* continuous curve M in Ez be perfect it 
is necessary and sufficient that, if N is any connected subset of M, a and b are 
any two points of N, L is a subset of N’ consisting of all points contained in arcs 
ab of N'’,Q=LXN, pis a point of N—Q, and (p) is the set of all points common 
to every arc of N' joining p and a+b, then there exists a point p, of (p) XQ and 
a subset W of N’—p:, which contains p and is such that WX(a+b) =0, 
N’—pi=W+(N’—pi—W) separate, and every point of W can be joined to p: 
by an arc of W+h,. 


In showing that the condition is necessary it is seen at once, by means of 
Lemma 7, that the point f; and an arc a,b exist. Also there exists a set W 
composed of the points of NV’ which can be joined to #; by an arc but cannot 
be joined to a+6 by an arc of N’ which does not contain p;. As N’—, is an 
open subset of NV’, since N’—,; does not contain an arc joining p and a+), 
it does not contain a connected subset which joins p and a+b.¢ Hence p and 
a+b are separated in the weak sense and so in the strong sensef in NV’. Thus 
the condition is necessary. That it is sufficient follows from Lemma 5. 


THEOREM 5. In order that a bounded continuous curve M in E.§ be perfect 


it is necessary and sufficient that, if N is any connected subset of M of which a 
and b are any two points, L is the point set consisting of the arcs ab of N’, and 
Q=LXN, then Q is a non-vacuous connected point set. 


To show that the condition is necessary it is seen that, since NV’ is a con- 
tinuous curve, Z and so Q is a non-vacuous set. Assume that Q=Y+Z 
separate. By Lemma 8, for each point p of N —Q, there exists a point p; and 
a subset W of N’—p, such that V’—~:=W+(N’—p:—W) separate, where 
W-+p,; contains an arc pp;. Thus sets (W) and (;) are obtained. And 
(W) =(W):+(W)2, where a set W of (W), is such that the corresponding ; 
of (p:) isin Y and otherwise W isin (W)2. Let E=Y+(W), and F=Z+(W)s. 
Then N=Q+(W)XN=FXN+FXN. It is possible to show then that 
N=EXN+FXN separate, which is a contradiction. And that the condition 
is sufficient is seen by assuming that it is not, and so obtaining by Lemma 5 

* “Bounded” can be omitted and the necessity proved for Ey. 

+ R. L. Wilder, Characterizations of continuous curves that are perfectly continuous, Theorem 3, 
loc. cit. 

1 R. L. Wilder, A characterization of continuous curves by a property of their open subsets, Funda- 
menta Mathematicae, vol. 11, pp. 127-131, Lemma 2. 


§ “Bounded” may be omitted, as seen in §V, the necessity holds in E,, as Lemma 8 does, and 
the sufficiency holds in Z,, as may be seen from the Moore-Wilder lemma. 
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N =aybi +x +52, letting a = a, and b = de, and thus obtaining 
a contradiction 
IV. ADDITIONAL THEOREMS 


The main problem considered here is the following: if N is a connected 
subset of a perfect continuous curve M, when does there exist an arc of V 
joining two points of V? Also a property is obtained of a set of arcs of M 
which join two distinct closed point sets. 

THEOREM 6. In order that a bounded* continuous curve M in E; be perfect 
il is necessary and sufficient, if L is the point set consisting of the points of any 
sett of arcs of M joining any two distinct closed point sets A and B, that every 
point p of L’ be contained in an arc of L+p joining A and B. 

That the condition is necessary follows from a theorem by H. M. Geh- 
manj and that it is sufficient is seen by means of the Moore-Wilder lemma.§$ 

TueoreM 7. In order that a bounded || continuous curve M in Ez be perfect 
itis necessary and sufficient, if a and b are any two points of any connected sub- 
set N of M such that N’ contains but a countable number of possible arcs ab, that 
N contain an arc ab. 

The condition is necessary. For assume that N does not contain an arc 
ab. Then every arc ab of N’ contains a point of N’—N. Since these arcs are 
countable in number, let (z) be a set of points obtained by taking a point of 
N’—N from each arc ab of N’. For each point z of (z), W’—z is an open sub- 
set of NV’, and there exist a countable infinity of such sets. As NV is common 
to all these open sets, it is contained in the quasi-open subset, Q, of N’ deter- 
mined by this countable infinity of open subsets of NV’. But as Q is arc-wise 
connected, {] it contains an arc ab. But as this arc does not contain a point of 
(z) a contradiction has been obtained. 

The sufficiency follows from Lemma 5. 


V. Note 


Many of the theorems of this paper have been stated as holding for a 
bounded continuous curve. This is due to the fact that a theorem** by H. M. 


* As shown in §V “bounded” may be omitted here; the sufficiency holds in EZ, but the necessity 
does not. 

ft It is to be noted that this set is not necessarily the set of all arcs of M joining A and B. 

t Loc. cit., Theorem 5. 

§ R. L. Wilder, Concerning continuous curves, Fundamenta Mathematicae, vol. 7 (1927), p. 
371, Lemma 1. 

|| Bounded may be omitted here. The necessity holds for any locally compact metric space. 

] R. L. Wilder, Characterizations of continuous curves that are perfectly continuous, loc. cit., 
Theorem 3. 

** Loc. cit., Theorem 5. 
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Gehman is used in the proofs, which is known to be untrue for unbounded 
continuous curves. However the following lemma could have been used 
everywhere instead, and so the theorems of this paper hold whether the 
continuous curve is bounded or not. 

Lemma. /n order that a continuous curve M in Ez be perfect it is necessary 
and sufficient that M does not contain an infinite sequence of distinct subcontinua 
with two sequential limit points.* 

The sufficiency is evident from the Moore-Wilder lemma which is known 
to hold for the unbounded case in Z,. And the necessity is proved as follows: 
let a and b be the sequential limit points referred to in the theorem. By a 
well known theorem? there exists in M a bounded continuous curve K con- 
taining a and all points of M in a certain neighborhood of a, but not contain- 
ing b. It is clear that there will exist then points of infinitely many of the 
given subcontinua that are not in K. Consequently, since K is perfect,the 
theorem of Gehman is violated by portions of the given continua that lie in K. 

It is known from an example by G. T. Whyburnf{ that neither the theorem 
by H. M. Gehman nor the above lemma is true for E;. This example further 
shows that neither the necessity in Theorem 6 nor Lemma 6 is true for £3. 

The necessity of the following theorem is seen by means of a theorem 
by W. L. Ayres§ and the sufficiency is true because of the proof of Theorem 2. 
The necessity holds for E, and the sufficiency for g>2. 

THEOREM 3’. Let g=2. Then in order that a continuous curve M in Ez be 
perfect it is necessary and sufficient, if L is the point set consisting of the points 
of any set of arcs of M joining any two distinct closed point sets A and B, that 
either there exist a set N of g—1 points of L'—A—B such that every arc of L’ 
joining A and B contains at least one point of N or there exist at least q arcs of 
L’, distinct except for possibly their end points, joining A and B. 

It is seen that the proof of Theorem 4 will go through for E,, if the neces- 
sity of the above theorem, which is true for Z,, is used in place of Theorem 3 
there. 

* A point q is said to be a sequential limit point of a set of continua C;(i=1, 2,--- ) if every 
region containing g contains points of all except a finite number of the sets C;. 

+ H. Hahn, Mengentheoretische Characterisierung der stetigen Kurve, Wiener Sitzungsberichte, 
vol. 123 (Part Ila), pp. 2433-2489; see Theorem XXI, p. 2475. 

t Bulletin of the American Mathematical Society, vol. 34 (1928), p. 551. This paper is to appear 
in Mathematische Annalen. The example has been given ina paper by R. L. Wilder, Proceedings of 
the National Academy of Sciences, vol. 16 (1930), p. 234. Using the notation of Professor Wilder to 
show that Theorem 6 does not hold in £3, let L=N, a=A, b=B, and p=(0, 0, 22/2). Then there 
does not exist an arc apb of L+-p. Similarly Lemma 6 is shown to be untrue in £3. 

§ Loc. cit., Theorem 6. 
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THE GEOMETRIC CONFIGURATION DEFINED 
BY A SPECIAL ALGEBRAIC RELATION OF 
GENUS FOUR* 


BY 
FRANCES HARSHBARGER 


INTRODUCTION 


The double binary form, (at)*(ar)*, of third order in digredient variables 
t and r, when equated to zero, defines a space curve of the sixth order on a 
quadric surface with generators ¢t and r. This space curve is the complete 
intersection of the quadric surface and a cubic surface and hence is of genus 
four. The geometric theory connected with a general (3, 3) form has been 
discussed by Coble.f He introduced the form, with the interpretation also 
used by H. S. White,f that is, as the incidence condition of a point of one 
space cubic curve and a plane of a second space cubic curve. 

It is the purpose of this paper to discuss the special form 


(1) F = + + — 


This form was first investigated by Gordan,§ who followed Klein in con- 
sidering its relation to the solution of the equation of the fifth degree and to 
the icosahedral equation. 

When the equation of the fifth degree has the form 


+ 5ax?+ 564+ 7 = 0, 
then >-i=}x;=0 and >-i=}v? =0, and the x; may be taken as the pentahedral 


i=4 


codrdinates of a point in space and )-'=$x? =0 is a quadric surface unaltered 
by the group of the 120 permutations of the x,’s. Klein|| sets 


Pi = Xo + + x9 + = (i = 1, 2, 3, 4), 


Sa, = + + + eps (v = 0, 1, 2, 3, 4), 


* Presented to the Society, February 28, 1931; received by the editors February 4, 1931. 

+ Coble, Geometric aspects of the abelian modular functions of genus four, American Journal of 
Mathematics, vol. 46 (1924), pp. 143-192; Geometric aspects of the abelian modular functions of genus 
four, Part II, American Journal of Mathematics, vol. 51 (1929), pp. 495-514. 

t White, A variable system of sevens on two twisted cubic curves, Proceedings of the National 
Academy of Sciences, vol. 2 (1916), p. 337. 

§ Gordan, Ueber die Auflésung der Gleichungen fiinften Grades, Erlangen Physikalisch-Medi- 
cinische Societat, Sitzungsberichte, vol. 9 (1877), pp. 183-186; Ueber die Auflésung der Gleichungen 
vom fiinften Grade, Mathematische Annalen, vol. 13 (1878), pp. 375-404. 

|| Klein, Vorlesungen iiber das Ikosaeder, Leipzig, 1884, p. 187. 
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and — pi/p2= ps/ ps, T1/T2 = pi/ ps = — ps. Then 25 =10(pips 
+ pops). That is, the quadric =0 becomes the quadric pips+ pops =0 
with generators ¢=¢,:42 and r=7,:72. If then 


pi = — Shiti, po = Stet1, ps = — Shite, 
a= —)>j=}x,3/15 is in terms of ¢ and 7 equal to 
F = + t2terd + — 


Gordan* computed the complete system of thirty-six covariants for the form 
F as a form in digredient variables. 

In an article referred to above,} Coble derives the complete system of 
covariants of degrees one, two, and three for the general (3, 3) form. He 
then proceeds to the figure of two cubic curves in space. The net of quadrics 
and the net of quadric envelopes on one space cubic curve cut out involutions 
I} on the other. The four /2’s thus determined can be interpreted as four 
rational planar sextics. Any one of the four determines the figure of the two 
cubic curves in space. Connerf{ and Coble§ also discuss the quartic Jacobian 
surface and the quartic surface (the symmetroid of Cayley) which are bira- 
tionally related to each other and to the figure of two cubic space curves. 

It is the purpose of this paper to examine this geometric situation for the 
special form F which admits a Gio. The geometric figures determined by F 
are therefore also invariant under a group. In particular the rational sextics 
admit an icosahedral Geo and from this point of view have been discussed by 
Klein, || and Winger.{] The types of quartic surfaces, of rational space sextic 
curves, and of pairs of space cubic curves considered here, have not been 
examined heretofore. They define interesting configurations with remarkably 
simple geometric behavior and a correspondingly simple algebra and thus are 
useful as a check on the general case. 

Part of the planar configuration can be obtained by the projection of a cer- 
tain family of elliptic norm curves. This procedure is developed in I. It af- 


* Mathematische Annalen, loc. cit. 

t American Journal of Mathematics, vol. 46, loc. cit. 

t J. R. Conner, The rational sextic curve, and the Cayley symmetroid, American Journal of Mathe- 
matics, vol. 37 (1915), pp. 29-42, §4. 

§ American Journal of Mathematics, vol. 46, loc. cit., §10. 

|| Klein, Weitere Untersuchungen tiber das Ikosaeder, Mathematische Annalen, vol. 12 (1877), 
pp. 503-560; also Vorlesungen tiber das Ikosaeder. 

q R.M. Winger, Self-projective rational sextics, American Journal of Mathematics, vol. 38 (1916), 
pp. 45-56; On the invariants of the ternary icosahedral group, Mathematische Annalen, vol. 93 (1975), 
pp. 210-216. 
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fords a simple introduction of the modular functions into the theory of the 
quintic equation as given by Klein.* 


I. Tue (3, 3) FORM AND THE ELLIPTIC QUINTIC IN Si 


The (3, 3) form (1) may be introduced by means of the elliptic quintic E* 
in S,. Klein and Fricke have discussed the general case E* in S,_; and Bian- 
chit and Miss B. I. Miller§ have considered the special case m = 5 in some de- 
tail. 

The parametric equations of Z* in S, as given by Klein and Fricke] be- 
come 


Xq(u) = aa-exp [— — 5m:)/(21))u? + — aw;/10)] 


a We 
(a = 0,1, 2, 3, 4). 


The five linearly independent quadrics which contain and completely define 
are§] 


(2) 0; = agX ? + aX + aX i42X 0 (i = 0, 1, 3, 4), 


where the ratios of the a’s are modular functions. Then the linear system of 
quadrics on E° is 


i=4 


(LQ) = LL: = 0. 


Make the following transformation of variables instead of that used by Miss 
Miller :** 


Yo = 2Xo, fo = Lo, 
Yo = X2+ X3, Z2 = X2— Xs, =Leo+Ls, 0. = Le — Ls. 


In terms of the variables Y and Z, the linear system of quadrics becomes 


4(LQ) =F,+Fi+F3 = 0, 


* Vorlesungen tiber das Ikosaeder. 
{ Klein-Fricke, Theorie der elliptischen Modulfunktionen, Leipzig, 1890-92. 
t Bianchi, Ueber die Normalformen dritter una fiinfter Stufe des elliptischen Integrals erster Gattung, 
Mathematische Annalen, vol. 17 (1880), pp. 234-262. 
§ B. I. Miller, A new canonical form of the elliptic integral, these Transactions, vol. 17 (1916), 
pp. 259-283. 
|| Loc. cit., p. 263. 
4 Bianchi, loc. cit., p. 251. 
** Loc. cit., p. 278. 
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Fi = | (i, j = 0, 1, 2); 
= (i, = 0,1, 2, j > i); 
F3= (i= 1,2, 7 = 0,1, 2). 
In F,, { }, indicates polarization once with respect to ¢ and (af);; in Fe is 


written for a:¢;—a;¢;. The quadrics on E* are the coefficients of ¢ and@. Ex- 
plicitly, they may be written 


a1 a2 
Y? Y? 
Y? 
Y? 
2V — — Vol, 


The £° is invariant under a G5» generated by 


@1 We 
(4) —u, w=ut—, 
5 


or in terms of the coérdinates X,* 
(5) = Xana, W2Xe = Xo-1, = 


The family of Es is invariant under a group Gso.60 generated by (5) and 


, , 
=> 
S: 
= 


or, in terms of the coérdinates X,7 
S: eX! = and T: = 


The Gy» is an invariant subgroup of the G5o.¢0. 

It is obvious that there are two skew spaces which are pointwise invariant 
under the involution u’ = —u, that is, the line S,(Z) for which the Y’s are 
zero and the plane S.(Y) for which the Z’s are zero. The factor group Geo of 
of Gso in Gso.6o is then represented as a collineation group in the spaces S,(Z) 
and S,(Y) and hence must be isomorphic with the icosahedral group. For the 


* Klein-Fricke, loc. cit., vol. 2, p. 264. 
} Klein-Fricke, loc. cit., vol. 2, pp. 292-93. 
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elliptic parameter 1=0, Y;=9. Therefore, the line S,(Z) meets each E® in 
the point For the parameters =w;/2, w2/2, (witwe)/2,Z;=0. That 
is, S2(Y) cuts each E* in the three half-period points. Then by planes on 
S:(Z) the E*’s are projected into doubly covered conics R*(Y) in S,(Y).* 

Let ¢4:=Z,(0) and #,=Z.(0) for a particular E* of the family. Then for 
u=0,Z;=t;and Y;=0. The coefficients of ¢ and @ in F, and F; vanish identic- 
ally. Solving F, for a we obtain 


(6) = tyteit? : . 


Hence for given ¢, that is, for a given point of S,(Z), the five quadrics (2) are 
known and £* is completely determined. Since the three quadrics in F; and F, 
vanish for all values of ¢ they necessarily vanish for =a. But F,=0 for 
¢=a. Therefore, F, gives a quadric which does not contain the Z’s and hence 
must be the conic R?2(Y) in S.(Y). For ¢=a and (6), F; becomes the conic* 


(7) VRQ + + tf + V2? — — 2t?t?ViV2 = 
The parametric representation of S.(VY) in Z and ¢ is obtained from F; in (3) 
which contains Y linearly: 

pV o = 2Z7 + 1? + to, 

pY, = — — 227 

= — 2Z?7 tte — — td. 


For the point or t,::42=Z,:Z2, we obtain in S.(Y) 


(8) pYo = 102773 , py, = t;8 oe pYe 3t t.$. 


This is a rational sextic which is the projection in S.(Y) of the point u=0 on 
the family of E£*’s in Sy. The conics (7) are the osculant conics of the sextic 
(8).* If u=w/2, w./2, (w:+we)/2, the Z’s are zero and hence the locus in 
S2(Y) of the half period points of E* is obtained by eliminating a from F; in 
(3). This gives the sextict 
(9) — Ye V?Y? + + = 0. 

As a quartic in #, (7) has the invariants 


fs = (1/12) (Ve + 
gs = (1/216)[— + 42V A ViV2 — 102V 2 V? V2? — 54Vo(¥15+ + 44¥? Y3]. 


* Miller, loc. cit., p. 279. 
t Miller, loc. cit., p. 283. 
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The conic 
(10) 4ViV2 = 0 


is then an invariant of Ggo in S2(Y). Moreover 
123(g.8 — 27g?) = — Ve V?V? + — + 
-{— 2[-— + 15¥¢ViY2 — VY? VY? — — + ¥:25)]}. 


This discriminant gives the envelope of the conics (7). Since the first factor 
is obviously the locus of the half-period points (9), and since the osculant 
conics touch the sextic (8), the second factor must be the point equation of 
the rational sextic (8). These sextics must be invariants of Geo in S2(YV). 

The quadrics on £° in S, can be expressed in terms of identical covariants 
and the (3, 3) form (1), where ¢;: fz of (1) is replaced by #:: —f and 7:72 of (1) 
is replaced by 62:6:. With this change of variables (1) assumes the form 


(11) G = — OPt?t, + OS tt? + O72 Oot? 
Put the conic (10) in parametric form 
(12) Vo: V1: V2 = 260,02: — 62:02. 
Then 
Fs = 3{0,02t8 — + O3 tt? + 2 
where { },-,z- indicates polarization once with respect to @ and once with 


respect to Z. After the polarization, the @’s and #’s must be replaced by Y’s 
and a’s from (12) and (6) respectively. 


F, = (Zt)(Zt’)(tt’) 
if w and ¢ are expressed in terms of ¢ and ?¢’ respectively from (6). If G is 
written as (a@)*(at)’, it has the covariant* 
H = (at)?(a’t)? 
= + — — — t£0,03. 


Then 

F\(Y, Y’) = — 2H (6°0’2, + 
where F,(Y, Y’) indicates polarization once with respect to Y and H(620’2, 
#*t’?) indicates polarization twice with respect to @ and twice with respect to ¢. 
Hence the family of Z*’s with a common Gj can be expressed algebraically in 
terms‘of the (3, 3) form F and its covariants, and identical covariants. 


* Klein, Vorlesungen tiber das Ikesaeder, p. 196. 
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II. Tue (3, 3) FORM AND TWO CUBIC CURVES IN SPACE 


We now interpret the (3, 3) form F =0 as the incidence condition of point 
7 of the space cubic curve ¢;(r) and plane ¢ of the space cubic curve c(t). Let 
the codrdinate system be chosen so that c:(7) has the equations 


(1) = = 37?, x= 37, = 


and 

fo = 1, 7°, = 
in points and planes respectively. If F =0 is the incidence condition of point 
of ¢:(r) and plane ¢ of c2(#), then 


(2) fo=t, = & 3, & =P, 


and 

are the equations of c2(¢) in planes and points respectively. However, the in- 
cidence condition of point ¢ of c(t) and plane + of c:(r) becomes F=i?—7 
+t%72+t73 =0. But F=F. Hence the point r of c:(7) lies on plane ¢ of c2(¢) and 
point ¢ of c2(t) lies on plane r of ¢:(r) if F =0. 

The two cubic curves have this further property in common. They both 
lie in the same null system whose equations are 


= 3x3, pu, = — ple = %1, pus = — 3X0. 


For convenience we here identify part of the covariants given by Coble* 
for the general case with those given by Gordanj{{: 


(2) 


2 


(2) 


(2/9) [t? (728 373572) + 10¢;to7 t? (738 371725) |, 


(2) (2) (2) 
= 0, C40 = 0, Co,0 = 4/3 


Since there is a group of order 120 for which F is invariant, the space con- 


* American Journal of Mathematics, vol. 46, pp. 147-48. 

t+ Mathematische Annalen, vol. 13, pp. 386-87. 

t By using these values to check the syzygies connecting the comitants of the second degree 
given by Coble (American Journal of Mathematics, vol. 46, p. 155, (18)) it is found that the last one 
is wrong. It should read 

24(cc’)* = 24(vy’)* = 1805" — (bb’)*(88’)4. 
The theorem should read “The forty coefficients of these syzygies furnish the forty linearly inde- 
pendent relations of the second degree among the two-row minors of R, etc.” 
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figuration must be invariant under a group Gio. In the group on F the largest 
subgroup which transforms / into ¢’ and r into 7’ is the icosahedral Gg. The 
further operations interchange ¢ and r. Hence in the space configuration each 
space cubic curve is unaltered by an icosahedral Geo. The operations which 
interchange ¢ and 7 will then interchange the two cubic curves. 

The Geo is generated by S and 7*: 
(4) ti = mT, = er, 


U 
Tz = 


= — (e2 — + — = — + (2 — 
= (e4 — + (e? — = (e2 — — — €)72; 


and, for convenience, 


ty = hy, 


Then as a collineation group on the x’s the operations of Geo are 


ef 


x3; 


S*TS’: = e[— (e — — — ete x, + 5'/2(e2 — 
= 3-5'/2(e — + — — (€ — x2 
— — 
+ — 
= — — — 51/22 — — — xe 
+ (e— 
= €[3-51/2(e2 — — (€ — — (€? — 
— — 


* Gordan, Mathematische Annaien, loc. cit., p. 379. 


ly = 
ti =—b, = 
xi = 
SU: 
= 
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= — 3-51/2(e — + — —(e— xy 
— 3-512 — 
5-5'2xf = e[— (e — — — + — x, 
+ — x5] (u, v = 0, 1, 2, 3, 4). 
The operation which interchanges ¢ and 7 and leaves F invariant is 
R: tj = 11, , = —t, 
where R*?=U. Asa collineation in space for which a point of one cubic curve 


goes into a point of the other, R becomes 


= — x, = — 3x3, = — 3x9, = xe. 


The quaternary icosahedral Geo’s and the symmetric Gi20’s are listed in the 
literature but it is not shown that an icosahedral Gg leaves each of two space 
cubic curves unaltered and a symmetric Gi» interchanges these two curves. 
This collineation group may be enlarged to a correlation group by using 
R to send point and plane of c,(r) into plane and point of c(t) respectively 
and vice versa. The correlation is, then, 
= x2, = —%3, =m, 


xo fo, xy £0, xz x3 fi. 


III. THE RATIONAL ICOSAHEDRAL SEXTIC 
The nets of point quadrics on ¢,(7) and c2(¢) are, respectively, 
Qi: — 3xox2) + — + — = 0, 


and 
Qo: + X2X3) + — XoX3) + — = 0, 


and the nets of quadric envelopes on the planes of ¢:(r) and c2(¢) are, respec- 


tively, 
Q:: — + (fobs — + — fof2) = 0, 


and 
Qo: — 3koe1) + (Eoks + + + = 


The net Q; will cut co() in a linear series J} determined by substituting the 
coérdinates of c2(#) in This gives 


(1) uo(1 — 3t5) + (1003) + + 32) = 0. 


* Coble, American Journal of Mathematics, vol. 46, p. 156. 
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Then (1) may be interpreted as the line sections of a rational plane sextic 
S2(t) whose point equations are 
(2) X=1— 3, 108, xe = + 
Q; on ¢2(t) is found to give the same sextic, that is, S2(t) =S.(t).* The linear 
series cut out on ¢:(r) by Q2 and Q: give the sextics 5,(r) =Si(7): 

Xo = 37, = — 107*, xe = 1 — 


That is, instead of the four sextics of the general case* there are only two for 
the special case. In the same plane these two sextics are also identical since 


both point equations aret 

— — xe + x2 x? + 15x xf xo + x18 = 0. 
Corresponding to the ten nodes of the sextics are the ten common bisecants 
and the ten common axes of the curves ¢,(r) and c2(#) since the two points 
which come together at a node of the sextic do not determine a line section of 


the sextic but a pencil of line sections. 
The cones of the net Q; are given when the constants satisfy the condition 


(3) — uy = 0. 
That is, to the cones in Q, correspond the lines of a conic in the plane of the 
sextic. The equations of the cones become 
uz (xP — + — + uF (x? — 3x = 
The corresponding lines in the plane satisfy (3) and 
uP (1 — 3t5) + + (t® + 34) = 0. 


In the plane of S,(¢) there is a conic such that for every point of the sextic 
there are two lines of the conic and for every line of the conic there are six 
points of the sextic. If the equations of the conic (3) are 
xo = = 2r xe = 1, 
K(r): ‘ 


= =—T, U = 7, 


in points and lines respectively, this (2, 6) relation is obtained from (1) as 


(4) (1 — — + + 3%) = 0, 


which is evidently cf =0, of (3) §II. (4) is then the equation of the sextic 
S2(t) =5.(t) in Darboux coérdinates; that is, 


* Coble, American Journal of Mathematics, vol. 46, p. 157. 
+ Winger, Mathematische Annalen, !vc. cit., p. 211. 
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To a pencil of lines in the plane on a point of S,(¢) corresponds a pencil of 
quadrics in Q, on a bisecant of ¢;(r) on a point of ¢2(t). To the tangents of the 
conic in the pencil of lines correspond the cones in the pencil of quadrics. If 
a point is a node of S.(¢) the pencil of quadrics is the pencil on a common bi- 
secant of c,(r) and c2(¢) and the cones have vertices at the points of intersec- 
tion of this common bisecant with c:(r), say at 7, and 72. Then 7; and 72 give 
two tangents on K(t) which intersect in a node of the sextic S,(7).* 

The sextic S.(¢) is evidently the sextic (8) §I, except for a change in nota- 
tion, which is invariant under the ternary icosahedral group. The ten double 
points are the ten points isomorphic with the ten diagonals of the dodeca- 
hedron. The codrdinates of the points in the notation used here are 


(— 52, (i = 0, 1, 2, 3,4; 7 = 1, 2), 


where 
Winger notes the fact that the double points lie by sixes on a set of ten conics 
associated with the dihedral G,’s in the Ggo.t However, they lie by sixes on 
another set of fifteen conics associated with the fifteen reflexions in the Go. 
Name the diagonals of the icosahedron 1, 2, 3, 4, 5, 6. Then the double 
points of the sextic which correspond to the diagonals of the dodecahedron 
may be named by the three adjacent icosahedral diagonals, that is, (ijk). Let 
the diagonals of the icosahedron be named in such a manner that the double 
points will be 
1, (123), (— 6?, 6, (245), (— 1, 67, 1), 
2 (134), (— 6,7, €), 7, (356), (— €, e‘), 
3, (145), (= 1, 1), 8, (246), (= 
4, (156), (— €, e*), 9, (235), (- 
(162), (- 57, €°), 0, (346), (— €). 
The second column which gives the double points with reference to the icosa- 
hedral diagonals also gives an interesting number system. It is a triad system 
with double couples unaltered by a Gg given by Emch.{ 


The icosahedral group may be written as a substitution group on the six 
diagonals generated by S = (23456) and T =(12)(36). Under the operations 


* Coble, American Journal of Mathematics, vol. 46, p. 157. 

+ American Journal of Mathematics, loc. cit., p. 56. 

tA. Emch, Triple and multiple systems, their geometric configurations and groups, these Trans- 
actions, vol. 31 (1929), pp. 25-42. 
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of period two, two of the double points are fixed and the remaining eight 
are separated into four pairs. If a conic passes through one of each of three 
pairs and the mates of two of the three, it must pass through the mate of the 
third from the symmetry of the configuration. In this way we find two sets 
of conjugate conics, one containing ten and the other fifteen, which pass 
through six double points. 

The conics in the set of ten are the following: 

(123568), (126890), 

(134569), (456789), 

(124570), (236790), 

(234580), (157890), 

(123479), (346780). 
These conics may be associated with the ten diagonals of the dodecahedron. 
Three edges of the dodecahedron meet at the vertex (ijk). The three adjacent 
vertices are named (ijl), (tkm), (jkn). These four vertices represent a set of 
four nodes. The remaining six lie on a conic. 

The conics forming the set of fifteen are the following: 

(124589), (234567), (256780), 

(234689), (123460), (356890), 

(123780), (145680), (136789), 

(134578), (123590), (146790), 

(125679), (345790), (247890). 
These conics may be associated with the fifteen cross lines of the dodeca- 
hedron or with the fifteen reflexions in the Geo. The four vertices of the dode- 
cahedron, consisting of the two on any edge and the vertices opposite this 
edge in each of the adjoining faces, represent a set of four nodes. From the 
manner in which the figure is numbered, the opposite edge gives the same set 
of four nodes. The remaining six nodes lie on a conic. 

The numbers which give these conics also form number systems. The set 
of ten conics gives the arrangement of ten numbers six at a time such that 
each number occurs in six. The set of fifteen conics gives a number system 
with double couples. It gives the arrangement of ten numbers six at a time 
such that each number occurs nine times and each couple occurs five times. 
These number systems are unaltered by a group of order 120. 


IV. THE CUBIC ENVELOPES PERSPECTIVE TO THE RATIONAL SEXTIC 


The planes of ¢,(r) cut any plane, 7o, of ¢:(r) in a line conic which may be 
taken to be the conic 


(1) K(r): uote — ur =O or — x? = 
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This conic may be used as a coérdinate system in the plane to. Any two 
planes, 7; and 72, of c,(r) intersect in an axis of ¢:(r). These two planes cut 7 
in two lines of the conic (1). These two lines intersect in the point « where the 
axis cuts the plane 7». The codrdinates of this point x will be 


(2) Xo = 7T1T2, %1 = T1 Tz, = 


The planes / of c2(#) cut the planes of ¢:(r) in cubic envelopes which may 
be projected by the axes of ¢:(r) onto a plane 7 of c:(r) to give a pencil of 
cubic envelopes in 79.* If c:(7) be chosen as a reference system the plane / of 
is the plane 


(3) F= (at)*(ar)* = tPr?re + t? tors? + tS rir? = 0. 


The point 7, 72, 7 is on this plane if 
(ary) (are) (ar) (at)? = 0. 
Polarizing F in (3) with respect to 7; and 72, we obtain 
+ 3tr) + (ry + 72) — 1) + (342 — 7) = O. 
Substituting (2), we obtain 
(4) xo(t? + 3tr) + — 1) + x2(3t? — 7) = 0. 
That is, the pencil of cubic envelopes cut out by the planes of ¢2(#) on a plane 
of c,(r) are 
(5) E3(t): = + = 1, = t??— 
For 7 =7; and 72 in (4), we have the lines 
+ 3tr1) + — 1) + — 71) = 0, 
Xo(t3 3tre) + ro 1) Xo(3t? ae T?) = 0, 
respectively, of the cubic envelopes (5). These lines intersect in the point 
(6) 412 = 1 — 1023: 3¢ + 
Since the coérdinates of this point are independent of 7, for given ¢ all the 
lines of the ©! cubic envelopes pass through the same point (6). For variable 
t this point describes the rational sextic (2) §III. 
In every plane ¢ of c.(¢) there is an axis of c(r). Since F=0 gives the 
points where plane ¢ cuts c,(r) the Hessian of F as a cubic in r gives the para- 


meters of the planes which intersect in an axis in plane ?. The Hessian of F 
is from (3) §II 


* Coble, American Journal of Mathematics, vol. 46, p. 160. 


f 
| 
' 
| 
| 


FRANCES HARSHBARGER [April 


TP + 3tite®) — rire + (te® — = 0. 


But this is also the rational sextic (2) §III in Darboux coérdinates. That is, 
the rational sextic (2) §III is the locus of points where axes of c,(r) in planes 
of c2(t) cut the plane r» and is perspective to the cubic envelopes in ro cut out 
by the planes of c2(t).* 

The incidence condition of point ¢ of S2(¢) and line ¢’ of E;(¢) becomes (in 
homogeneous parameters) 


(7) (tytd — tot!) [ri(— — te — — *) 
+ — — ts — t25t{2)] = 0. 


For a node of S2(¢) the incidence condition must contain a quadratic in ¢. For 
(—ei, 62, the condition is 


(8) (— eit? 67 + eit?) [52 (€4*tory + + | = 0,j k. 


The quadratic factors in ¢ in (8) equated to zero give the nodal parameters of 
S.(t). If the two roots of one of these quadratic equations are located on the 
conic 
K(é): xo = @, = 2t, x. = 1, 

the tangents at these points intersect in the point %o:41:42=hh:h+h:1. The 
ten quadratics in (8) give the points (—.?‘, 52, e**), which are the nodes of 
Si(r). 7 

Lines on two nodes cut the sextic in two more points whose parameters 
are given by quadratics in ¢ obtained by eliminating 7 from the bilinear forms 
in (8). Locating these with respect to K(¢) as above we have the points 


0, 1), [— + €*), 1, + €*)], 
(— 6; — 3, [— + bi, + 
(— e*, 26;, [— + ©), de, + e*)], 
[— + €4), 5s, + €)] 
(4 = 0, 1, 2, 3, 4; 7 = 1, 2). 
Fifteen of these points, that is, 
in the é-plane are the fifteen points which form a conjugate set isomorphic 
with the fifteen cross lines of the icosahedron. 
The conics on five double points cut the sextic in two other points whose 


parameters will be given by a quadratic in ¢. Out of a possible 252 conics, 150 
are accounted for by the conics on six points. That is, 150 do not give new 


* Coble, American Journal of Mathematics, vol. 46, p. 160. 
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points in the /-plane. The equation of the conic on (12345) is (6:—:)xoxe 
+ (6? —6,°)x? =0. In this equation substitute the codrdinates of the sextic 
S2(t), divide by the ten-ics in ¢ which give the parameters of the points of 
intersection of the conic and the sextic at the five double points, and obtain 
as quotient a quadratic in ¢ which gives the parameters of the two remaining 
points of intersection. In this case the quadratic is ¢;¢2 = 0 and the correspond- 
ing point in the é-plane is (0, 1, 0). Under Gg the conic (12345) goes into the 
five other conics (23680), (34679), (12790), (15689), and (45780). The cor- 
responding points of these six conics in the ¢-plane are the six points which 
Klein calls the fundamental points. Moreover the conics on the comple- 
mentary five points: 
(67890), (14579), (12580), (34568), (23470), (12369), 
give the same six points in the ¢-plane. That is, the six quadratics which give 
the six fundamental points with respect to K(#) give two points each on S,(#) 
through which pass two conics which cut the sextic again in two different sets 
of five nodes. The conic on (12348) gives the point (€, 352, —¢*) with respect 
to K(é) and is transformed into thirty conics by Gg. The conic on (56790) 
gives the point (e, 36,, — €*) and is transformed into thirty other conics. The 
conic (13567) gives the point 
[(3e + 7 + Set), — (4e + 4e2 + 2), (Se + Set + 7)] 


and is transformed into thirty conics. This accounts for the 252 conics. 
Moreover, these points in the /-plane obtained from the lines on two nodes 
and the conics on five nodes lie on the fifteen axes conjugate under Gg. 
V. THE SEXTIC OF GENUS FOUR 
Consider again the form 
(1) (wx) (ar) (at)? = xo(t? + 3tr) + — 1) + x2(3t? — 7), 


which, when equated to zero, gives the cubic envelopes perspective to, the 
rational sextic (2) §III. Some of the comitants given by Coble* to within a 
numerical factor are as follows: 
(2) = — + + (415 + 
(3) (4x) (x’x) (ar) (a'r) (ca’)*(at) = (xoxit? — x1 — i?)r? 

+ — (x? + 2xoxe)tite — xP t? — (xPt? + xoxilite + 
(4) (ar) (a'r) (cxce’) (tt) = 72 + bard 

+ — teri? . 


* American Journal of Mathematics, vol. 46, p. 162. 
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The cubic (4) is apolar to (1) and hence it gives the three cusps of the 
cubic envelope for any given 7. But the cubic in (4) is the original (3, 3) 
form and hence the cusp locus will be a curve of genus four. For a cusp (1) 
must be a perfect cube and hence its Hessian must vanish identically. The 
cusp locus is then obtained by eliminating r from the coefficients of 7, t, ta, t?, 
in (3) which is the Hessian of (1). This gives 


(5) — x25) + + xP + xe = 0, 


the sextic of genus four invariant under the icosahedral group. Klein* states, 
without proof, that an infinite number of triangles whose vertices lie on (5) 
can be circumscribed about the conic 4%ox,—x? =0 and that every point of 
(5) is in one such triangle. One proof is that given by Coble.} The theorem 
given there also means for this case that the lines joining the vertices to the 
points of contact of opposite sides intersect in a point of the rational icosa- 
hedral sextic. 

Consider now the equation G=0 of §I. By means of the above configura- 
tion the solutions of the cubic equation G=0 are obtained as modular func- 
tions. The sextic (9) §I is the sextic (5) where xo:x::x%2 is replaced by 
V2:VYo: —Y;. The sextic (8) §I is also the sextic (2) §III. The sextic (5) in 
coérdinates Y is the locus in S2(Y) of the half-period points of the family of 
E*’s in S; and is of genus four. For every ¢ there are three values of 0, say 8, 
9’, 0’’, in G=0 which give tangents to the conic forming a triangle whose 
vertices lie on (5) and are the half-period points u =,/2, ws/2, (wi+2)/2, 
of an E* in Ss. The lines joining the vertices to the points of contact of op- 
posite sides meet in the point « =0 of the Z£°. Fora given w, a value of t=4,:4 
is obtained as Z,(0):Z.(0) on S,(Z) and ¢ is determined as a function of w. 
The three corresponding values, 6, 6’, and 6’’, which satisfy G=0 are ob- 
tained by means of the half-period points of the Z*°. The coédrdinates 
Yo: Y.: Y2 of the vertices of the triangle are obtained from 


Yo: Y2 => 20:0: 02:02 
Wi Wi Wi 
2 2 2 
(=): (=) (=) = 0 +0": — 06:1 


as 


* Mathematische Annalen, vol. 12, p. 542. 
+ American Journal of Mathematics, vol. 46, p. 179. 
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These expressions give the values of ¢ and @ satisfying G=0 explicitly as 
modular functions. As é takes all values of the line S,(Z), all solutions of 
G =0 are obtained as modular functions. 


VI. THE QUARTIC SURFACES, THE JACOBIAN AND THE SYMMETROID 
OF CAYLEY AND THE STAHL QUADRIC 


The web of point quadrics apolar to Q,+(Q: is 
(1) — + 21(2yoy1 + 3y?) + 22(2¥oye + y?) + + y?) = 0. 


Interpret (yo, 1, v2, ys) as points of the space of c:(r) and c2(¢) and (Zo, 21, 22, 2s) 
as points of a second space. Then the locus of points z for which (1) has a 
double point is 


Di = — 112021223 + 22 — 223 — 2148 + 2022) + + 2227? = 0, 


a quartic surface given by a symmetric four-row determinant whose elements 
are linear functions of z and hence a symmetroid. 

The locus of points y where (1) has a double point is the Jacobian of the 
web: 


Ji = — + (— + ys + + + y? — vy? = 0, 


a quartic surface in the space of ¢:(r) and c2(?). 
The ten double points of 2; are 


(2) (= 1) (i 0, 1, 2, 3, 4;j 1,2). 
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The ten lines of the Jacobian are obtained by substituting (2) in (1). 
The web of quadric envelopes apolar to Q:+(Q: is 


(3) — EP) + + Es") + + + + = O. 
For the web (3) the Cayley symmetroid becomes 

Le = — + — FF — + + + =, 
and the Jacobian is 

Jo = — Mokibots + (— + + + + EFEF — = 0. 


By (1) the points of the cubic curves ¢,(r) and ¢2(¢) map into the planes 
of two rational space sextic curves: 


Ri(r): = 27 — 78, = 27°5+1, 574, = 57’, 


and 
R(t): fo = — St, = Se, be 


f= 


The planes ¢ of these curves on a point z are given by the parameters of the 
points in which the quadrics (1) cut ¢:(r) and c(t). The line sections of S(t) 
and S,(r) give the points of intersection of 0, and Q2 and c2(t) and ¢,(r) re- 
spectively. Since (1) is apolar to Q: and Qs, the sextics Ri(r) and R,(#) are 
conjugate to 5,(r) and S.(é) respectively, that is, the point sections of R,(r) 
are apolar to the line sections of 5,(r), and similarly for R.(t) and S:(é). 
The point sections of R2(t) may be written 
(4) + 2zot® — Szott + Szyt? — 2z3t + = O. 


A line ¢ of the perspective cubic E;(t) cuts 5.(é) in a point ¢ and five other 
points given by (7) §IV. Set 
(tt’) (qt’)5 == (ty te tg ty) [ri(— ti 54.2 10¢/4 td tyto 5t?) 
If (4) is written as (8z)(bt)* =0 the covariant (8z)(bg)*(bt) becomes 
(tt’)(2f) = (tit! — )(— + 2itit: — Zetite + 
which evidently vanishes for ¢=t’. The points z on planes ¢ define on R,(t) 
a linear system of binary sextics which have a common apolar quintic. The 


planes ¢ are then planes of the Stahl quadric.* The parametric equations of 
the Stahl quadric are 


fo= 81 = hin, $2= —hte, §3 = ben, 


* Conner, loc. cit., p. 33. 
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and 
= tote, 2 23 = tiT2, 


in planes and points respectively, or, in quaternary coérdinates, 
— = O and 292; — 2223 = O. 

Introduce the substitution 

(6) = — + + e725. 


Then 
5) = 2 021). 


The Stahl quadric must be invariant under a group of order 120 isomor- 
phic with the symmetric group on five letters. An invariant subgroup of 
order 60 generated by S and T of (4) §II leaves the two systems of generators 
invariant. An operation of period two interchanges ¢ and r and hence the two 
systems of generators. The collineations of the subgroup of order sixty are 


S4*U: 


= Ze 


23 = 


e”[— — — + 5,28], 
= e”[— — — + |, 
e[- — €746121 + — 


[e120 + — + 


e”[— — — + |, 
€ #5029 €7#6 121 4- — | 


(u,v = 0, 1, 2, 3, 4). 


It is more convenient to write an operation of period four which interchanges 
the two systems of generators. Such an operation is 


where R?=U. 
The Stahl quadric cuts the symmetroid 2, in the curve 


ttrir? tP tert = + tAr?re = 0. 
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The bilinear factors of (8) §IV give the double points of the symmetroid.* 
By means of these factors the double points of the symmetroid may be num- 
bered to correspond with the nodes of the rational sextic: 


1 (— 667, 1), 
2 (— €?, 1), 
(— 67,67, 1, 1), 
(— 76,7, 1), 
5 (— 467, €, 1), 
6 (— 6”, 6?, 1, 1), 
(— e767, 1), 
(— €76,7, e457, €, 1), 
(— 57, 4, 1), 
(— e957, 1). 
If six nodes of the rational sextic lie on a conic the complementary four nodes 
of the symmetroid lie on a plane.t Hence the nodes of the symmetroid lie by 
fours on two sets of planes, one containing ten and the other fifteen planes. 
The following are the sets of planes: 
(4790), (1259), 
(2780), (3457), 
(3689), (1230), 


(1679), (1458), 
(5680), (2346), 


(3670), (1890), (1349), 
(1570), (5789), (1247), 
(4569), (2379), (2450), 
(2690), (4678), (2358), 
(3480), (1268), (1356). 


These sets of numbers also give interesting number systems. The set of ten is 
the arrangement of ten numbers four at a time such that each occurs four 
times. The set of fifteen is the arrangement of ten numbers four at a time 
such that each appears six times and every couple twice. These number sys- 
tems as well as those which give the configuration of the nodes of the rational 
sextic are unaltered by the Gi2o which leaves the Stahl quadric invariant. 


* Coble, American Journal of Mathematics, vol. 51, p. 501. 
t Coble, Algebraic Geometry and Thea Functions, 1929, p. 256. 
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Corresponding to a plane section of 2; is a curve of order six and genus 
three on J;.* If the plane passes through four double points of 2, the curve 
of order six on J; becomes the four lines corresponding to the four double 
points and the two lines which intersect these four lines. Hence corresponding 
to the twenty-five planes which contain four double points of the symmetroid, 
there are fifty additional lines on the Jacobian. 

VII. THE TWO SPACE SEXTICS AND THE CUBIC SURFACE 
By (3) §VI the planes of the two space cubic curves ¢:(r) and c2(¢) map 
into the points of two rational space sextic curves: 
Ri(r): = — 27° — 1,2; = — 27 + 15, 
and 
R2(t): = 22 = 
These two sextics lie on the same cubic surface: 
(1) 223 + + — = 0. 
The six four-fold secants of R,(r) are the lines determined by the pencils of 
planes 


(2) ze + dss = 0, 


(3) 529 €746 121 + — + 120 021 — + | = 0. 


Moreover, 22+Az; =0 cuts the sextic Ri(7) in the points whose parameters are 
given by 

(r? + Ar?) = 0. 
That is, the four-fold secants are double tangents of Ri(r). The six four-fold 


secants of R,(¢) are also double tangents and are the lines determined by the 
pencils of planes 


(4) Zo + dz = O, 

Connerj stated an opinion that the two sets of four-fold secants for the 

most general case would form a double six on the cubic surface. In this special 


case it is evidently true. z.+Az;=0 does not intersect z9+Az:=0 but does 
intersect the other five lines in (5). One of the lines (3) intersects z9+Az, =9, 


* Coble, American Journal of Mathematics, vol. 46, p. 191. 
T Loc. cit., p. 42. 
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intersects (5) if uv, but does not intersect (5) ifu=v. Similarly for the lines 
(4) and (5). 
The Stahl quadric intersects the cubic surface (1) in the curve F =0. 
Introduce the substitution (6) §VI: 


+ + 202% — 2127) = 25> 


The cubic surface (1) is the diagonal surface of Clebsch. The symmetroid 
satisfies the following relation: 


(8/25), = y# — y?)?. 
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THE THEORY OF MULTIPLICATIVE ARITHMETIC 
FUNCTIONS* 


BY 
R. VAIDYANATHASWAMY 


INTRODUCTION 


1. The work the results of which are embodied in this paper was carried 
out during the period from August, 1927, to October, 1928, when the paper 
was sent for publication in these Transactions. In October, 1927, I con- 
tributed a note On the inversion of multiplicative arithmetic functions to the 
Journal of the Indian Mathematical Society, pointing out the fact (which I 
then believed to be new) that every multiplicative function of a single argu- 
ment possesses an inverse, which is also a multiplicative function. In this 
note, certain of the ideas of the earlier part of this paper are presented in an 
undeveloped form; in particular, there occur the term “linear function” and 
the notion of “rational integral function.” This note called forth, a year 
later, a paper entitled An outline of a theory of arithmetic functions, by E. T. 
Bell (Journal of the Indian Mathematical Society, October, 1928), wherein 
he pointed out that he had established the existence of the inverse function, 
for a wider class of functions than the multiplicative, and gave a general 
survey, with full references, of his own work on numerical functions. Such of 
the literature indicated by this extremely useful paper of Dr. Bell as was then 
available to me, showed that the particular types of problems, for which I 
was interested in finding a solution, had not been considered previously. 
When, two or three months after the paper had left my hands, his memoir 
An arithmetical theory of certain numerical functions (University of Washing- 
ton Publications in Mathematical and Physical Sciences, vol. 1, No. 1, 1915) 
became available for reference, it became apparent that some of his ideas 
were in close relation with the part of this paper (namely, the first three sec- 
tions) which deals specifically with functions of a single argument. (A precise 
account of the relation is given in §4 of this Introduction.) 

Some of my main results were communicated early in 1928 to the Inter- 
national Congress of Mathematics, Bologna, but the abstract published in 
the Acts of the Congress is imperfect, and does not cover the whole ground 
of this paper. 

* Presented to the Society, April 3, 1931; received by the editors in November, 1928, and 
revised, with new introduction, in December, 1930. 
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In revising the paper, some explanatory passages and further references 
have been inserted, but little new matter has been added to the text. 

2. The arithmetical functions f(N) which have the property that f(MN) 
=f(M)f(N) when M, N are mutually prime, are well known, and are of para- 
mount importance in arithmetic; the functions of r arguments which possess 
the corresponding property 


M2Ne, = f(Mi, , Mr)f(Ni, No, 


when the two products M,M,---M,, NiN2--- N,are relatively prime, are 
less widely known.* The functions with this property have received several 
names, and are here called “multiplicative.”+ Though some of the processes 
and results of this paper could be stated for a wider class of arithmetic func- 
tions, it has been thought desirable to confine it strictly to the functions with 
this property, so that “function” used here without any qualification, means 
always “multiplicative arithmetic function.” 

Though multiplicative functions of a single argument are widely known 
and used, they have not been studied, as such, by any writer before Bell; 
this indeed may be inferred from the fact that there is no recognized name for 
the fundamental process relating to them, here called “composition.” Bell 
has termed this process “ideal multiplication,” referring, for distinction, 
to the ordinary product of two functions, as their “algebraic” or “absolute” 
product.{ The process of convolution of arguments, which is the logical basis 
of composition, does not appear to be known at all, though I have seen it 
used in a solitary instance, for a function of two arguments by Ramanujan.§ 

In Section I fundamental concepts are defined, and certain elementary 
functions are introduced; the method of generating series is explained, and 
the independence of the elements of a multiplicative function is affirmed. 

Section II studies the five fundamental processes of the calculus, multi- 
plication, convolution, composition, inversion and compounding, the last 
of these being new.|| Composition is really a particular case, though a most 

* I am not aware of any writer other than Bell who has treated these functions: see E. T. Bell, 
A ray of numerical functions of r arguments, Bulletin of the American Mathematical Society, vol. 32 
(1926), p. 341. 

+ Bell uses “factorable,” and refers (Journal of the Indian Mathematical Society, October, 1928) 
to the German and French equivalents “zerlegbar” and “réguliére,” which I have not seen. I have 
adopted “multiplicative” from Pélya and Szegi, Aufgaben und Lehrsitze aus der Analysis, vol. II, 
p. 126, where it is used in this sense. 

t An arithmetical theory of numerical functions (loc. cit.) and An outline etc. (loc. cit.). 

§ Collected Papers of Srinivasa Ramanujan, Cambridge, 1927, p. 180. 

|| Bell was led, in 1915, in a purely symbolic manner, to the compounding operation, by working 
with “generators,” without being aware of its arithmetical significance. He called it “ideal addition.” 


The names “ideal multiplication” and “ideal addition” appear to have been chosen under the mis- 
taken impression that the latter distribuces the former; see Introduction (4). 
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important one, of convolution, which is logically prior to it; this is not how- 
ever usually recognized, owing to the fact that in order to explain composition 
in terms of convolution (as is done here), one must work from the start with 
functions of several arguments. The theory of inversion in its widest form is 
due to Bell.* 

Section III studies rational functions of a single argument, proves the 
result that multiplication and compounding are rational processes, and gives 
various applications. 

Sections IV and V, though both of independent interest as treating of 
important special types of multiplicative functions of several arguments, are 
intended to be preparatory to Section VI, which investigates a general form 
of identical relation, which is satisfied by every multiplicative function. The 
special functions are also determined, for which this relation reduces to a 
“Busche-Ramanujan identity,” namely, an identity which, for functions f of 
a single argument, is of the form 


M N 
satw) = 
summed for all common divisors 5 of M, N. The function o.(N), representing 
the sum of the ath powers of the divisors of N, is the known instance of a 


function admitting an identity of this type. On the other hand, the ¢-function 
of Euler also satisfies an identity of the same form, namely 


M N 
= 


summed for common divisors 6 of M, N, provided the values of M, N, are so 
restricted as not to contain any common prime factor to the same power.t 
All functions of a single argument which admit a “restricted Busche-Rama- 
nujan identity” of this kind are also determined. 

The seventh and last section finds the general form of a multiplicative 
function, which can constitute the general element of a determinant capable 
of evaluation by the same method as Smith’s determinant. Two new forms 
of such determinants are added here to those already known, namely, the 
determinants whose general element a, is equal to (1) von Sterneck’s func- 


* On a certain inversion in the theory of numbers, Tohoku Mathematical Journal, vol. 17 (1920), 
p. 221; Extension of Dirichlet multiplication and Dedekind inversion, Bulletin of the American Mathe- 
matical Society, vol. 28 (1922), p. 111. 

Tt This property of the ¢-function was discovered by Mr. S. Sivasankaranarayana Pillai, while a 
research scholar of the Madras University; it suggested to the author the concept of “restricted 
identity.” 
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tion f(m, n), (2) any “integral quadratic function” of the product mn, e.g., 
the sum of the divisors of mn or the number of representations of mn as a 
sum of two squares. 

3. It may perhaps help the reader to follow the paper with greater under- 
standing, if I explain the exact manner in which it arose. The paper is mainly 
an attempt to understand the well known identity 


(A) oa(mn) = Dice (~) oa (= 


summed for common divisors 6 of m,n, and to answer the converse problem sug- 
gested by it, of finding the most general function admitting an identity of this 
form. 
It is also, to a lesser extent, a study of two other particular results: 
(B) > — a)g(s — b)g(s — a — 6) 
n* ¢(2s — a — 


(Ramanujan). 


(C) The determinant |a,,|(r, s=1, 2,---, N), where a,, is the least 
common multiple of 7 and s, has the value [T;_,4(j)]](y), where ¢ is Euler’s 
function and ][(j/) is the product of the negatives of the prime factors of j 
(Cesaro). 

At a fairly early stage in the work, I succeeded in proving that the most 
general multiplicative function f() admitting an identity of the form (A) 


must be an “integral quadratic function.” Thus, it is not possible to answer 
the converse question in (A), without the concepts of “linear” and “rational 
integral” functions. At the same time I had grasped the fact that the identity 
(A) could not be properly understood, unless o,(/N) was treated explicitly 
as a multiplicative function of the two arguments M, JN, and its right side, 
as the composite of two functions, each of two arguments; from this point 
of view F'(6) = 6*u(6) can only be described as “the function of one argument 
equivalent to a ‘principal’ function of two arguments.” The more difficult 
question of the form of the corresponding identity for the general function 
f(N) was solved much later, giving the concepts “cardinal function,” and 
“conjugate function,” so that it became possible to describe the specialization 
which occurred when f became integral-quadratic, as the specialization of a 
cardinal function into a principal function. Also, I had previously been led 
to the compounding process, in working at problems involving the |.c.m. and 
g.c.d. of divisors of a number, but had felt doubtful whether it should be 
taken seriously; the occurrence of the “conjugate function” in this context con- 
vinced me that the compounding process should be given as fundamental a place 
as composition. In the last stage the whole theory was generalized and stated 
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for functions of r arguments, thereby necessitating the concepts “cardinal 
and principal functions of a matrix-set of arguments.” Thus in all (A) has 
been responsible for (1) acceptance and systematic treatment of multiplica- 
tive functions of more than one argument; (2) the concept of rational func- 
tion; (3) the theory of cardinal and principal functions; (4) the systematic 
study of the compounding operation. The secondary line of thought indicated 
by the restricted Busche-Ramanujan identity joins on with (A); it had its 
genesis in the attempt to understand the property of the ¢-function (already 
mentioned), which Mr. S. S. Pillai communicated to me in answer to the 
problem which I proposed to him for solution, namely, either to explain in a 
satisfactory manner why Euler’s function does not satisfy an identity of the 
type (A), or to find some altered form of the identity which it does satisfy. 

After the concept “rational function” had been fully formed, the result 
(B) was recognized as giving “the expression in rational form, of the product 
of the two integral quadratic functions o, and oy.” This suggested the result 
that the product of two rational functions is rational and raised the question 
of expressing it in rational form. In regard to this question, it was easily 
proved that the “integral component” of the product-function was capable 
of immediate derivation from the integral components of the factors; but no 
result, more general than the theorem of III §4, was obtained in spite of pro- 
longed effort, for the specification of the inverse component. The immediate 
extension of (B) to the product of two general integral quadratic functions 
was proved both from the general theory, and by arithmetical methods 
utilizing the compounding operation (Example 9 and III §6 (b)). The theory 
of simplex functions (II §5(d)) has also been suggested by (B). 

The result (C) has necessitated the close study of functions of the g.c.d. 
and I.c.m., the former joining on with the theory of principal functions, while 
the latter gives rise to the new concept of “semiprincipal function.” In 
Smith’s original statement of his determinant-theorem, any multiplicative 
function of the g.c.d. of m, m can serve as the general element a,,, of his de- 
terminant,* whereas in Cesdro’s extension,} it is only the linear function of 
the l.c.m. of m, n which can so serve. This difference in character between 
the l.c.m. and the g.c.d. is explained by the fact that the “semiprincipal” 
function assumes a special form suitable for the production of a “Smith 
function,” only when its equivalent function is an “enumerative totient” (cf. 
Example 2, VII). 

4. The relation between the first three sections and Bell’s memoir An 
arithmetical theory of certain numerical functions. This memoir studies com- 


* Dickson, History of the Theory of Numbers, vol. 1, pp. 122, 123. 
t Dickson, ibid., p. 128. 
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position under the name “ideal multiplication.” Its main object appears to 
be the selection of a suitable subclass of multiplicative functions f(N), ad- 
mitting a theorem of unique (compositional) factorization into primes, and 
the associated arithmetical theory, and the illustration therefrom of general 
principles relating to arithmetical structure. The “generator” of a multipli- 
cative function f(N) is a function f(x, z) of two arguments, such that, for 
every prime 


f(p, 2) = f(p)s + f(p?)22? 
The “generating function” F(x, 2) of f(N) is defined by 
F(x, z)=1 + f(x, z). 


The functions f(), whose generating functions F(x, z) are finite polynomials 
in both x and z, are called “primitive” functions, and also “positive” functions; 
if in addition F(x, z) is an irreducible polynomial in x, 2, f(N) is called a 
“prime primitive.” The inverse of a positive function is called a “negative” 
function, and the composite of a positive and a negative function is a “mixed 
function.” Thus the mixed functions are those whose generating functions 
F(x, z) are rational functions of (x, z), and it is shown that they admit of a 
unique factorization theorem, corresponding to the factorization of the 
numerator and denominator of F(x, z) into their irreducible polynomial fac- 
tors. The mixed functions are special types of the rational functions of this 
paper.* It is clear that, if there had been no insistence on the variable x in 
the generating function, the theory reached would have been identical with 
that of this paper; but in that case, the purpose of the memoir would not 
have been fulfilled, since rational functions admit of (compositional) factor- 
ization, in an unenumerably infinite number of ways (cf. I §3 and remarks on 
Theorem II). The whole difference of outlook turns upon the difference in 
procedure between defining f()) by means of a single function F(x, z), “the 
generating function,” and defining it by means of an infinity of generating 
series F(p, 2), where p stands for each prime in turn. In actual application 
there may not appear to be much difference between these, but theoretically 
there is this profound distinction, that the latter definition affirms the indepen- 
dence of the elements of the general function f, while the former denies it. 


* The inversion in the nomenclature, indicative of the difference in view point, may be noted; 
namely, the “negative” and the “positive” functions of Bell are, respectively, rational integral func- 
tions and their inverses. From the view point of arithmetical structure, the functions f(V) whose 
F(x, 2) is a finite polynomial are fundamental, and are therefore called positive functions by Bell. 
On the other hand, from the view point of the multiplicative property, the functions f()) which 
possess it unconditionally are the fundamental ones, and should be termed “linear integral,” even 
though their generating series to any base is the expansion of a fraction of the form 1/(1—a7r). 
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Thus, the concept of rational function is present in the memoir, but does 
not reach full clarity, as it is not freed from the admixture of elements ex- 
traneous to the nature of the multiplicative function. 

The memoir also defines the compounding operation, under the name 
“ideal addition,” in a purely symbolical manner, from the addition of genera- 
tors, the author indeed appearing to believe that it does not possess any 
simple arithmetical significance.* The ideal difference is also defined in the 
same manner, without the concept of the conjugate function. It is stated 
without proof on page 32, 5.34, and repeated on page 35, 6.26, that ideal ad- 
dition distributes ideal multiplication; that this is erroneous is shown by 
Theorem XIV of this paper, which proves that compounding is not distribu- 
tive but only quasidistributive, in respect to composition. 


SECTION I. PRELIMINARY 


1. Definition. An arithmetic function f(Mi, Ms, ---, M,) is one which 
is defined for all (non-zero) positive values of its arguments. The arithmetic 
function f(M,, Mz, ---, M,) is multiplicative, if 


M2N2,---, = f(Mi, Mr)f(Ni, No, +, Nr), 


whenever the products M,M,---M,, NiN2---N, are relatively prime. 
With the convention that unity is both prime to and a factor of every num- 
ber, we see that f(Mi, 1,---,1)=1;0r 

THEOREM I. Every multiplicative function takes the value unity, for simul- 
taneous unit values of the arguments. 


2. The elements of a multiplicative function. Let the arguments 
M,, Mz, ---, M,off(Mi, Me, - - - , M,) be resolved into their prime factors, 
so that 


(i 


M; = pi po ps 


=1,2,---,r;pi< ps<--:), 


the a;, being zero, or positive integers. Then it follows from the multiplicative 
property, that 


f(M1, = TL (A = 1, 2,--- 


We shall mean by the element of the multiplicative function f to the base py 
the aggregate of values f(p,", p,", - - - , px‘), for all zero and positive integral 


* “It is clear that in no quantitative sense is an ideal sum or difference a sum or difference; the 
ideal sum expresses a relation between functions, which is only remotely connected with their argu- 
ments”; p. 32, 5.33. 

+ Introduction dated November 2, 1930. 
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values of t, 42,---,¢,. Thus the values of f for arbitrary arguments can be 
found by multiplication, if the elements of f to every prime base are known. 
In other words, the elements of a multiplicative function completely determine 
the function. 

3. The independence of the elements. The definition of the multiplica- 
tive function f implies no necessary relation between its elements. In fact, 
not only can the system of values which constitute an element be chosen in 
an arbitrary manner, but also the 1 elements can be chosen in entire in- 
dependence of one another. It therefore appears that the general multipli- 
cative function falls apart into a series of elements, which while unrelated to 
one another, generate the function by multiplication. 

This independence of the elements is the most characteristic property 
of the multiplicative function, and our method of generating series is based 
directly upon it. It introduces, however, an element of indefiniteness into the 
multiplicative function, allowing it, as it were, an infinity of degrees of free- 
dom. To illustrate, let f:, f, be two function-types, both possessing a multi- 
plicative property P (i.e., a property which is implied by a property of the 
elements of the function only). Then each of the unenumerably infinite 
number of functions f, whose elements with respect to certain prime bases 
are the corresponding elements of f:, and with respect to the remaining bases, 
the elements of fs, also possess the property P. Hence, when fi, fz are solu- 
tions of the problem of determining the functions with the property P, each 
of the unenumerably infinite number of crosses f between fi, f2 is also a solu- 
tion. Several examples of this will occur in this paper. 

4. Generating series. With each element to a base f, of the multipli- 
cative function f(M,, M2, --- , M,) we associate the power series 

We call this power series the generating series of f to the base ~,. From 
Theorem I, it follows that the constant term in every generating series is unity. 

If the generating series is the formal expansion of a function 
Sin) (%1, X2, + +» , *,) we call this latter the generating function of f to the base 
pr. 

We shall generally use the generating series as the representative of the 
corresponding element of the function. The variables x;, x2, - - - , x, are not 
to be regarded as quantities, but purely as algebraic symbols, which are in 
formal correspondence with the arguments, and exhibit the element in an 
ordered shape; thus no questions of convergence of the generating series can 
arise. 
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5. Linear functions. The multiplicative function f(M,, - - - , M,) will be 
called a Jinear function, if the equation 


(1) M?2N2, M,N,) = f{(M,, M2, M,)f(Ni, No, 


holds not merely when M,M, -- - M, is prime to N,N, --- N,, but for all 
values of M;, Ni(i=1, 2,---,7). 

It is clear that a linear function of r arguments can be expressed as the 
product of r linear functions, each of one of the arguments. Thus, from (1), 
we have 


S(M1, M2, ---, M,) = f(Mi,1,---,1)f(1, M2, 1,---,1) 


and f(M,, 1,---, 1) isa linear function of the argument M;. 
The generating function to the base # of a linear function f(M) is 


foo (x) =14+ f(p)x + +--- 
1+ f(p)x + {f(p)}2x?+--- 


» if f(p) =a. 
1 — ez 
Similarly the generating function to the base # of a linear function of r argu- 
ments is of the form (1 - - - (1—a,x,)-!. 

6. The elementary functions. These are of fundamental importance, and 
may be divided into four groups: 

(1) the E-functions, 

(2) the A-functions, 

(3) the 7-functions, 

(4) the power units 7x, €x. 

We shall first define these functions for a single argument. 

E,(M) =k’; v=the number of different prime factors of M. For k a posi- 
tive integer, E,(M) may also be defined as the number of decompositions of 
M into k factors every two of which are mutually prime. 

dx(M) is defined to be the linear function, which takes the value k when 
M is a prime; hence A,(M) =k’; v=total number of prime factors of M, 
multiple prime factors being counted as often as their multiplicity. 

The general linear function of M is obviously a cross between an infinity 
of functions A,. 

I,(M) is the linear function M*. 

The power units 7;, €, are defined (for positive integral values of k) as 
follows: 
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0 if M is divisible by a kth power, 

1 otherwise; 

1 if M is a kth power, 
ex(M) = 

0, otherwise. 


The corresponding elementary functions of r arguments are defined by 
E,.(M,, M2, M,) E,(M\M, Ads M,); 
=k 

if M,, M2,---, M, are all powers of a prime p; 

€x(M,, M,) = e.(M,). 
Among the E-functions, those which occur most frequently are Eo, Ei, £1, 
E,. We shall write simply E for E;. The function E> vanishes for all values 
of its arguments, excepting simultaneous unit values, for which it takes the 
value 1 (Theorem I). The function E=£, takes the same value 1 for all 
values of its arguments. Among the E-functions, EZ, and E are the only ones 
which are linear. 


Among the \-functions, the most important is \_1, which we shall write 
simply as A. It will be noticed that 


= Xo = Ep; 
The function J; (which is equal to the product of its arguments) will be 
written simply J. 
The generating series to the base p of these elementary functions are 
easily obtained; they are 


| 

Ex(p)(%1, 2, °° Xr) = — (k —1); 
(1 — x:)(1 — x2) --- (1 — 2,) 

Eop)(*1, X2, °° tr) = 1; 

(1 — — (1 — 2,) 


MULTIPLICATIVE ARITHMETICAL FUNCTIONS 
Aip)(X1, Xr) = 
Tk¢py(%1, 
€x(p)(%1, 


(41, 


SECTION II. THE PROCESSES OF THE CALCULUS 


The calculus of multiplicative functions consists of certain processes, 
which while applicable to arithmetic functions in general, have the character- 
istic property of yielding only multiplicative functions, when performed on 
multiplicative functions. These processes are the following: 

(1) Multiplication (including division) of functions; 

(2) Convolution of arguments; 

(3) Composition of functions (including inversion); 

(4) Compounding of functions. 

We shall consider these in turn. 


1. Multiplication of functions. If f(M,, M2, ---, M,) 
be multiplicative functions of the same r arguments, their product 


M2, M,)¢(M,, M,), 


which we shall denote by ({X@)(M:, M2, --- , M,), is also a multiplicative 
function of Ms,---, M,. 

If the generating series of f, ¢ to the base p are 
Sip) (*1, %2,°° Xr) 


My Me 


then the generating series of their product f X¢@ is given by 


m, 


(fX)(p) (41, °°, tr) = Xo 


Also, if @ does not vanish for finite values of its arguments, we can define its 
reciprocal function 1/¢ by 


1 
— (My 
o(M,,---,M,) 


i — Xj 
1 x;* 
——- 
l— xy, 


590 R. VAIDYANATHASWAMY ‘ [April 


then 


1 1 m, my my 
(—) X2, xr) = — Xe 
By taking the product of f and the reciprocal function of @, we have the case 
of division. 

We have defined the symbol f X¢ only for the case in which f and ¢ are 
functions of the same r arguments. We can extend the scope of the symbol 
by a device which will be generally useful. If f isa function of M,, M2,---,M, 
while ¢ is a function of M;, M2, - - -, M; only (é<r), we regard ¢ as a function 
of M,, Ms, ---, M, which vanishes unless Mi41=Mii2= --- =M,=1, and 
is then equal to M2, - - - , M;); that is, we consider (Mi, Me, - - - , M;) 
to be the function Ms,---, Mi) Eo(Miss,---,M,). The justification 
for considering these to be identical is that the generating series are the same 
for the two functions (since the generating series of Ey to any base is simply 1). 
With this convention, then, f X¢ is seen to be a function of M,, M2, ---, M,, 
which vanishes unless Mj,1=Mii2= --- =M,=1, that is, for all practical 
purposes, a function of the common arguments only, of f and ¢. In following 
this convention, it should not be forgotten that we are making a distinction 
between the functional multiplication in fX¢, and the multiplication of 
quantities; thus, if f(M), @(N) are functions of different arguments, 
(f X)(M, N) should be the same as E,(M, N) according to our interpretation, 
but f(M) X(N) is not E,(M, N), the multiplication in the former case being 
functional, and in the latter, quantitative. The distinction between the two 
senses of multiplication will be generally evident from the fact that the 
arguments will appear explicitly in algebraic multiplication, while they will 
usually be dropped in functional multiplication. 

If we take for ¢ the elementary function E,(Mi, M2, - - - , M,) (Section I), 
we have 


m, m, 


where the summation on the right is for all zero and positive integral values 


of m,, m2,--- , m,, with the exception of simultaneous zero values. In par- 
ticular, 

E=f, 

f 4 Eo = Eo. 


Thus the functions EZ, E, behave like unity and zero, with respect to func- 
tional multiplication. 

The linear functions have a special property with respect to multiplica- 
tion, namely: 
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THEOREM II. The product of linear functions is also a linear function. 
For, if 

Kp) (%1, = — ax), 


Lip) (%1, Xr) = — 


then it is clear that 


In particular, the multiplicative powers of L, namely LXL, LXLXL, etc., 
are all linear functions. Conversely, we may expect the existence of linear 
root-functions Li, Le, - - - , such that 


L;:-:. 


Supposing, for simplicity, that Z is a linear function of a single argument, we 
can take 


Lip) (x) 
Then, since LZ; is to be linear, we must have 


1 + + + = (1 — 
x)= 
or 1 — + (— = (1 + 


Thus each element of the root-function L; has two determinations, and there- 
fore by choosing one of the two admissible elements for each prime base 
(which we are at liberty to do, from the independence of the elements of a 
multiplicative function), we can construct the root-function Z; in an un- 
enumerably infinite number of ways. This shows that the concept “root- 
function” is an unprofitable one. We shall however see later on, that we can 
construct a unique function called the “root-composite” from the elements 
of the root-function. 

2. Convolution of arguments. Let f(M:, M2,--- , M,) be a multiplica- 
tive function of r(>1) arguments. The process of convolving Mi, M2 in f 
consists in forming the function 

o(M, Ms,---,M,)= f(Mi, M2, Ma,---, 
M,M,;=M 
From the multiplicative property of f it is easy to show that ¢ is a multi- 
plicative function of its r—1 arguments. 
If the generating series of f to the base p be 


| 
| 
| 
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m, ™, m, 
then 
m3 mM, 
Thus the generating series ,,)(*, x3, - ,x,) is obtained by putting x, 
in ftp) (%1, %2, +--+, %,). Therefore, 


THEOREM III. Convolution of arguments is equivalent to identifying the cor- 
responding variables in the generating series. 


The process of convolution is evidently applicable to any number s of 
arguments, and is equivalent to the identification of the s corresponding 
variables in the generating series. Hence in convolving several arguments, 
it is immaterial whether we convolve them all together, or in stages. 

The functions obtained by convolving sets of arguments in all possible 
ways in f(M,, M2, --- , M,) may be called convolutes of f. Among these con- 
volutes, there is one which is a function of a single argument only, namely, 
that in which all the arguments have been convolved together. This par- 
ticular convolute may be termed “the convolute of f.” 

We shall also use the term convolute in another special sense. If ¥(M) is 
a multiplicative function of a single argument, we can define a multiplicative 
function M2, ---, M,) of r arguments by 


(M,M,---,M)=¥(M), 
v’'(M,, Me, -- - , M,) =0, if two of the arguments are unequal. 
The function y’ is termed the principal function of r arguments equivalent 


toy(M). The convolute y,(M) of ¥’(M,, Me, - -- , M,) will be referred to as 
the rth convolute of ¥(M). 


TuHeoreM IV. The rth convolute ~,(M) of ¥(M) is the function defined by 
¥(M'!"), if M is an rth power, 
(0, otherwise. 
For, by the definition, 
¥-(M) = Me, ---, M,), 


where y’ is the principal function of r arguments equivalent to ¥(M), and the 
summation on the right is for all values of M;, M2,---,M, such that 
M,M,---M,=M. Since ~’ vanishes whenever two of its arguments are 
unequal, it follows that the right side vanishes when M is not an rth power, 
and is equal to N,---, N)=W(N), if M=N’. As an illustration, the 
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elementary function ¢; is the kth convolute of Z. It is obvious that the 
generating series of the rth convolute of ¥(M) is obtained by substituting x” 
for x, in the corresponding generating series of y. 

To avoid misunderstanding, we shall use the phrase rth convolute of ~ 
with the second meaning of convolute, only for functions y of a single argu- 
ment. The great utility of this concept will be seen from the applications 
in II §5 (c). 

3. Composition of functions. Let Mo, - --,M,),fo(N1, No, - -, 
be two multiplicative functions of r arguments. Then fi(M;, M2, --- , M,) 
Xfe(Ni, Ne, ---, N,) is a multiplicative function of 2r arguments. The re- 
sult of convolving the r pairs of corresponding arguments (M;, N;) in this 
product is therefore a multiplicative function f of r arguments. We call f the 
composite of fi, f2, and denote it by the functional symbol (f;-f2). 

From the arithmetical significance of convolution, it follows that the 
composite can be defined arithmetically by 
M, 


f(Mi, >, = ba, fal 


summed for all divisors 6; of M; (i=1, 2,---, 7). 

There is a simple relation between the generating series of f,, f. and their 
composite f. If ficp)(*1, %2,--- , (v1, Yr) are the generating 
series of fi, fe to the base p, the generating series of f:(M:, Mz,--- , M,) 
Xfe(Ni, No,--- , N,) to the same base is evidently fic») (x1, , 
Xfecp) (V1, V2, ¥r). Since convolution of arguments is equivalent to identi- 
fication of corresponding variables in the generating series (Theorem III), 
it follows that the generating series of the composite is given by 


Sipy (21, 22, * Zr) = facpy (21, 22, Be) facpy (Zs, 22, Br)- 
Thus, 


THEOREM V. Composition of functions of r arguments is equivalent to the 
multiplication of their generating series to each base, after identifying corres pond- 
ing variables. 


Hence composition of several functions of r arguments is associative and 
commutative. 

The process of composition of f;, fs implies a correspondence between their 
arguments. A convenient way of expressing this fact would be to say that 
f(M,, M2, - -- , M,) is the composite of the functions f,, f2 of the same r argu- 
ments M,, M2,---,M,. With this understanding we can interpret the com- 
posite of functions of different arguments in the same way as was done in the 


| 
| 
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case of multiplication. Thus the composite of ¥(M,) and f(M,, M2, -- - , 
is to be interpreted to mean the composite of ¥(M1)E.(Me, --- , M,) and 
f(Mi, M2, ---, M,), which are functions of the same r arguments. In the 
same way, the composite of functions fi(Mi, Me, -- -, M,), fe(N1, No, -- -, 
without common arguments is to be interpreted as the composite of 
and E,(M,, Ms, ---, M,)fe(Ni, Ne, --- , and is easily seen to reduce to 
the product fi(Mi, Me, ---, Xfo(Ni, Ne, ---,N,). Theorem V is easily 
seen to hold when composition is extended in this manner.* 

The composites of f(M/,, M2, - - - , M,) with itself will be indicated by ex- 
ponents. Thus f-f=/?; f-f-f=f*; etc. To avoid confusion, products like f xf 
will not be denoted by exponents, but will be written out in full. 

The composite of f(M,, M2, ---, M,) and E(M,, M2, - - -, M,) is given by 


(f-E)(Mi, Mo, --+, M,) = d2, 


* The object in introducing the extended sense of composition as well as functional multiplica- 
tion in addition to quantitative multiplication may be explained here. Composition in the unextended 
sense has two defects; namely 

(1) The symbol f; : fz is not completely defined by f; and f2, but requires in addition a knowledge 
of the correspondence between the arguments in f,, fo. 

(2) Since composition has been defined only for functions of the same number of arguments, 
we cannot speak of an expression like )_¥(5)f(/5, N) summed for divisors 5 of M, as a composite. 

Both these defects are removed if we adopt the following conventions: 

(1) Corresponding arguments in the composition /; -f2 shall be thought of as identical, so that 
composition becomes a process which is defined (in the first instance) only for two functions of the 
same r arguments. ; 

(2) Iff1, fe are not functions of the same arguments, they are converted into functions F), F2 of 
the same arguments, by multiplication by Zo (as explained in the text), and f,- fz is defined to be 
F, Fs. 

If we accept these conventions, it follows that between any two functional symbols fi, f2 there 
exists a relation, which is expressed by one of the three statements “f, and f2 are functions of the 
same arguments, or f; and fz have some or no common arguments.” Does this relation between 
ti, f2, which, by our accepting the conventions, has become implicit in the functional symbols them- 
selves, affect the product f; fe? The answer is: f; X f2 must be interpreted as the functional product, 
and this is the only possible answer if we wish Theorem VII (namely @X (fi-f2)=(@Xfi) - (@Xf2), 
when @ is linear) to be unconditionally true. For example 0(M)X(fi(M)-/2()) is equal to 
6(M) x (fi(AD f2(N)) (by the use of the extended definition of composition), which cannot be equal 
to (0(M) x fi(M))- (@(M) Xf(N)), unless we interpret X as functional multiplication, in which case 
we should have 

X (fi(M)f2(N)) = Ai) Eo), 
X f(N) = Eo(M, N), 
(0(M) X fu(M))- (O(M) X f(N)) = fil Eo(M, = EWN). 
Even without this example, functional multiplication and extended composition may be justified by 
using generating series, as the reader may easily verify for himself. 

The reader may note the elegan*. application of extended composition, made in the proof of 

Theorem X below. 
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summed for all divisors 6; of M; (¢=1, 2,---,7r). We call f-E the numeri- 
cal integral or simply the integral of f. The function E? is the integral of E, 
and is given by 
E*(M) = number of divisors of M, 
E*(M, M2,---, M,) = E*(M,)E*(M2) - - - E?(M,). 


The function E*(M), where k isa positive integer, is equal, from the definition 
of composition, to the number of ways of expressing M as a product of r 
factors, attention being paid to the order of the factors. 

The composite of f:, fo has been defined as the result of convolving the r 
pairs M;, N; in the product fi(Mi, Me, - - -,M,)Xfe(Ni, No, ---,N,). Now, 
we have seen that the result of a series of convolutions is independent of the 
order in which they are performed. Hence the result of performing any con- 
volution on the composite of f1, f2 is the same as that of first performing this 
convolution on f; and f2, and then taking their composite. Hence 


THEOREM VI. Convolution is distributed by composition; or, explicitly, 
Q(f1-fe) = (fi) - (Qfe), where fi, fe are functions of r arguments, and Q represents 
any convolution of the arguments. 

In particular the rth convolute of the composite of {(M), ¢(M) is the com- 
posite of their rth convolutes. 

We have already observed that, given a linear function L, we can always 
find a linear function L’, such that L’XL’~ - - - (to r factors) =L, and that 
each element of L’ has r determinations. Therefore we can find r linear func- 
tions L;(i=1, 2, - - - , r) no two of which have any elements in common, such 
that 

Li (r factors) = L, 


It is clear that the elements of L; to any base p are the r determinations of 
the elements of L’ to the same base. Hence, even though the functions L; 
can be chosen in an unenumerably infinite number of ways, yet their con- 
tinued composite L,-L.-L;3 - - - L, is the same function f in every case; we 
call f the rth root-composite of the linear function L. An important property 
of the linear function is 


THEOREM VI(a). The rth root-composite of a linear function is also its rth 
convolute. 
For, if 


1 
Lip)(x) = 


then 
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1 1 
= - 


(1 — a!/tx)(1 — -- (1 — ax? 


w being a primitive rth root of unity. But 1/(1—4az2”) is clearly the generating 
series, to the base ?, of the rth convolute of L; hence the theorem. 

The function E, plays a special réle in composition. For, since its generat- 
ing series to any base is 1, we must have 


f° Eo =f; E,* Eo. 


It was observed that Ey behaves like zero with respect to functional multi- 
plication. Accepting the analogy, the fact that f-E,=f suggests that com- 
position must be considered analogous to addition. Like addition, composi- 
tion is associative and commutative, but unlike addition it does not distribute 
(functional) multiplication. It has however a restricted distributive property 
given by 

THEOREM VII. The compositional operation distributes multiplication, 
whenever the multiplier is a linear function. 


For, let 0(M,, M2,---, M,) be a linear function multiplying the com- 
posite (f-¢)(Mi, M2,---, M,). Wehave 
f):(@ X ¢)} Gh, Me, ---, M,) 
M, Me =) (= 


M, . 
= M2,:--, M,)f(61,--- , ), since @ is linear, 
1 r 


= {ax (f-¢)} (Gh, M2, M,). 


It is easy to see that the same result will hold even if some of the arguments 
in @ are different from those in the composite, 

4. Inversion. From each generating series f(,)(%1, X2, - - , of a multi- 
plicative function f(/;, M2,---, M,), we can determine uniquely a second 
power series #2, such that, on term-by-term multiplication, 
we get 


-1 


(apart from any questions of convergence which are irrelevant). The series 
fi have all the constant term unity, and are therefore the generating series 
of a determinate multiplicative function f-!, which we call the inverse of f. 
The relation between the functions f, f-! is clearly symmetrical, each being 
the inverse of the other. 
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Since every generating series of Eo(M,, Ms, - - - , M,) is 1, the composite 
of f and its inverse function f-! is Ey. This property may be taken as the 
definition of the inverse function. It also follows from this that in a com- 
positional equation we can transpose any term from one side to the other, 
provided we replace it by its inverse. Thus from 


= 
we have 
= = En-b2 = oo. 

The only function identical with its inverse is the function Ey. Since E(M) 
has the generating function 1/(1—.x) to any base, the generating function of 
E-'(M) to any base is 1—x; hence E~'(M) is the same as Mertens’ function 
u(M) which is equal to zero if M has a squared factor, and to (—1)’ if M is 
the product of v different primes. The function E-'(M,, Mo,---,M,) is 
equal to - - - E-*(M,). 

THEOREM VIII. Jnversion is permutable with convolution. 

For the equation f,p)(x1, #2, - - , (1, %2, - - , =1 continues to 
be true if we put «:=%.=x. Hence if 2 represents any convolution or series 
of convolutions of the arguments, Q2(f-') must be identical with (Qf)-'. It 
also follows from this theorem, that the inverse of the rth convolute of f(M) 
is the rth convolute of its inverse. 

THEOREM IX. Inversion is distributed by composition; that is, the inverse 
of the composite of any number of functions is identical with the composite of 
their inverses. 


For, the generating series to base of the inverse of the composite of ff’ is 


X2,°° Xr) xX fin) (%1, ar) 


while the generating series to the same base of the composite of their inverses 
is 


Since these series are the same, the theorem follows. 


Corotiary. [t follows from this theorem that (f{-!)"=(f")-". We may ac- 
cordingly denote each of these by f-", so that 


= = oy", 
frit = f'-f*, for positive or negative integers r, s; 


f° = Ey. 


| 
| 
| | 
| 
| 
| 
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It was already observed that the product of two functions 
Mo, M,), fo(N1, No, Ne) 


without common arguments is the composite of the two functions 
M2, M,)EAN,, No, N,) and E(M,, M2, M,)f(N,, 
N2,---, N,). Now, it is easily seen that the inverse of f:(Mi, Mo,--- , 
is Mo, --- , Hence, from 
Theorem IX we have 
THEOREM X. The inverse of the product of functions without common argu- 
ments is the product of their inverses. 
An important property of the linear functions with respect to inversion 
is given by 
THEoREM XI. If 6 is a linear, and f an arbitrary, function, the inverse of 
Oxf is OXf-'. 
For 
(6X f)-(0 X f-') = (f-f-') (Theorem VII) 
=6X Ey 
= Eo. 


Since 0=0XE, the inverse of 0 is OX E-'. 


5. Some applications to functions of a single argument. (a) Examples. 
The following functions of the argument WN are of frequent occurrence: 

(1) r(N) =number of divisors of N = E*(N); 0(N) =sum of the divisors of 
N =(I-E)(N);¢,(N) =sum of the kthpowers of the divisorsof N = (J,-E)(N); 
u(N)=E-(N). 

(2) #(N) =Euler’s function representing the number of numbers less than 
and prime to N =(I-E-')(N); =Jordan’s function* representing the 
number of sets of k numbers not greater than N, whose greatest common 
divisor is prime to V, = (J;-E-!)(N); 7.(N) =7(N*) =(Ey- E)(N). 

(3) I,.(N)=N’, if N is an sth power, and =0, otherwise; in other 
words /,,, is the sth convolute of /,. 

To prove the statements in (2), we note that the number of numbers not 
greater than N which have the greatest common divisor 6 with it, is ¢(N/3). 


Hence 
N 
(=) N, 
\O 


* See Dickson’s History of the Theory of Numbers, vol. 1, p. 147. This book will be hereafter 
quoted by the author’s name. 
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or ¢-E=I,so that¢@=J-E-'. An exactly similar type of grouping shows that 
and also proves Cesaro’s general result* 


N ‘ 
= (f-4)(N), 
j=l 
where d; denotes the greatest common divisor of j and N. 
To prove that r,=E,-E, we note that E,(N) is equal to the number of 
divisors of N* which do not divide 6*, where 6(< J) is any divisor of N. For, 
if N = pp ps? - - - p'», the divisors in question are the terms of the product 


(a,—1) k+1 (a@,—1) k+2 k+1 


(p1 + pi 92"), 

and are hence &” in number. Now to each divisor D of N* we can make cor- 
respond a unique divisor 6 of NV, such that D divides 5*, but does not divide 
the kth power of any other divisor of 6. Hence (E,-£)(N) enumerates all 
the divisors of N*, or r,=E,-E. 

As applications of Theorem VII, we have 

Example 1. If Lisa linear function, E*, where is a positive or 
negative integer. For 


Le =L-L-L---=(LX E):(LX 
=LX(E-E---) (Theorem VII) =LX E*. 


For the case of a negative integer, —, 
(LX E*)-(L & E-*) = L X (E*-E-*) (Theorem VII) 
=LX E,= Eo. 

Hence 

L-* = (L*)-! = (L X E*)-! = L X E-* (Theorem XI). 
As an example, 

o-o = 1-E-1I-E = (I X 
or, explicitly, 
N 


= Dir@)r(—) (Liouville). 


6 8/N 


Example 2. 
N N 


6/N 6/N 


* Dickson, p. 127, Note 57. 
t Dickson, p. 285, 25. 
t Dickson, p. 286, 30. 
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For the left side 

= (Theorem VII), 
and the symmetry of this in \, p proves the result. 


(b) Relations between the elementary functions. The following relations 
between the elementary functions are fundamental: 


(1) ext, = E; 

(2) = E-dz'; 
in particular, 

(3) 

(4) 

(5) = 

(6) E, Xx 


These relations are immediately evident from the generating series and are 
also capable of direct arithmetical proof. For instance the truth of (1) follows 
from the fact that a number can be expressed in only one way as the product 
of two factors, the first of which is an exact kth power, and the second is not 
divisible by any kth power. To prove (3), we observe that E-\~-!(N) enumer- 


ates all the divisors of N which possess no squared factor, and is therefore 
equal to E,(N). The relation (4) expresses the fact that the second convolute 
«2. of E is also its second root-composite (Theorem VI (a)); for, the linear 
functions EZ, \ have no common elements, and each of them yields E on 
multiplication with itself, and therefore the second root-composite of E is 
E-. To prove (5), we note that the number of divisor-pairs 5, N/6 of N 
with a given greatest common divisor 6, is zero if 5,2 does not divide NV, and 
E,(N/é2) otherwise. Hence (E;-¢2)(N) is equal to the total number of 
divisors of N. The relation (6) is a consequence of (3); for, by (3), 


= 
therefore 
E, XX} =X (E-d“") = A-(A X AW") (Theorem VII) 
= = Ez! (Theorem IX). 
Example 3. E,-E?=E*XE?. For (E*X E*)(N) is the number of divisor- 
pairs of N. Let 4, 5, be two divisors of NV, / their least common multiple, and 


t their greatest common divisor. Group the divisor-pairs in such a way that, 
for each group, //t is a fixed divisor 6 of N. It is clear that, for each group, ¢ 
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is an arbitrary divisor of N/6, while 6:, 6. must be of the form ¢1,, tl, where 
l,, lz are relatively prime, and /,/,=6. Thus the number of divisor-pairs in the 
group specified by 6 is r(N/6)E2(5). Thus = E* x 

As an alternative proof, the number of divisor-pairs of NV, which have 6 
for their greatest common divisor, and N for their least common multiple, is 
E.(N/6). Hence (E,-E)(N) is the number of factor-pairs which have N for 
their least common multiple. Hence £,-E-E=(E,-E*)(N) is equal to the 
total number of factor-pairs of V, that is, to (EZ? E*)(N). 

The following results bear on this and previous theorems: 


(1) (7 X 7): (Ee X A) = (E? X E*)- = E?, or 


> {7(6)}°a (-) = 7(N) (Liouville)*; 


(A X = (A X Ee)-d-E-I, (Theorem VII) 
= = = E*)-1,; or 


(82) (=) = (Liouville) +; 


(3) te = = E?, or 
>>7(62)A(N/5) = (Liouville). t 
Example 4. >>7(é:)r(5:) summed for all pairs of numbers 6;, 5. with the 


least common multiple N is equal to {r(N) }?. 

To prove this, let us introduce the term “block-factor of N” to denote a 
factor 6 in which each prime factor has the same exponent as in N, that is, a 
factor 6 which is relatively prime to V/6. Two factors 6,, 6: which have N for 
their least common multiple, can be evidently put into the form 


6, = PQr, 

52 = PRq, 
where P, Q, R are block-factors such that POR=N, and q, r are respectively 
factors of Q, R, having no common block-factors with them. Hence 

7(81)7(2) = 
= 

Thus >>7(6:)r(52) is of the form r(N)>-r(5), where each 6 occurs as many 
times as N/6 can be expressed as the product of relatively prime factors. 
That is, =7 X = E*X E?X E? (Example 3). 


* Dickson, p. 285, 27. 
t Dickson, p. 286, 29. 
t Dickson, p. 285, 27. 
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If we make WN vary over the factors of a given number M, and sum each 
side of this result, we obtain Liouville’s theorem :* 


{ = >°{r(6)}*, or X = (E? X X E2)-E. 
6/M 


(c) Applications of Theorem VI. The following results due to Liouville 
and Gegenbauer serve as applications of the theorem that the rth convolute 
of a composite is the composite of the rth convolutes: 


N N 
(1) = DDE, (=):t 
N N 
(2) = (5): 
N 
(3) 


where the summations extend over the square divisors D? and the biquadrate 


divisors of NV. 
Writing conv f and conv, f for the second and the rth convolutes of f, we 


have 
(1) - conv = conv /-conv E£-!-r 
= conv FE? 
conv I- 
which proves (1); 
(2) conv = conv Es 
= conv £2:conv E- E2 
conv (£2: E)- Ez 
= conv 72: E2, which proves (2); 
(3) conv \-E? = conv Ee 
conv (E-))-E2 = conv €2: = €4: E2, which proves (3). 
In what follows, d,; denotes a divisor of N such that V/d, is a tth power, d 


denotes an arbitrary divisor of NV, px,.(N) =) d,*, and the summation is for 
integers m, n such that N =mn?. 


N 
(4) = 


* Dickson, p. 286, 28. 
t These results are taken from Dickson, p. 285, 27. 
t Results 4-12 are taken from [Vickson, p. 298, 72, and p. 299, 73. 
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For the right side is E-€2:-J;-€:, while the left side is J,-E-conv; (E-€:) 
= Ty: 


For conv, E-!) = conv; = = Tek K 


For (J; X o,-x)- conv, (E*) = = 

(7) = 

For 


conv, (A) = I,-conv; (E-A) = conv; €2 = 
In the following, / is put for (N/d2)*/*. 
(8) = 
For 


€, = conv €2 = conv (E-A) = es-conv 

Hence = A~!-€g:conv A = E-conv 
(9) DUE s(h)u*(ds) = 
For 

= conv (E-A~") = A“! conv A“! = E-conv 
(10) = Es(h). 
To prove this, note that the kth convolute of F(N) =f(N*) is fXex. Hence 

conv (F2-E) = conv 72 = E? X eg. 

Therefore 

(E? X = conv E)-A~! = conv = E-conv Ep. 
(11) Dir(d2)u(h) = E2(N). 
For E*-conv E~! = = Ep. 


(12) de (=) = Didstu(h). 


For 
= E-!- = conv 


| 
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(d) Zeta-series and simplex functions. When the necessary conditions of 
convergence are satisfied, we obtain by Dirichlet multiplication 


N* N* 


Hence 


(1) DE*(N)/N* = {¢(s)}*, 
(2) = (ks), 
(3) = — &). 


More generally, if 7,,, is the ‘th convolute of J,, we have 


(N)/N* = — 1); = 


t(ts — 


We shall refer to the functions J,,., 7;,' (where r is unrestricted, and ¢ is a 
positive integer) as the elementary simplex functions. A composite of a func- 
tions of the type /,,, and 8 functions of the type J;;' will be called a simplex 
function of structure (a, B). 


THEOREM. The composite of simplex functions, and the inverse of a sim- 
plex function, are simplex. Also, every convolute of a simplex function f is a 
simplex function with the same structure as f. 

If f is a simplex function, >. f(N)/N*, supposed convergent, can be evaluated 
as a product of quantities of the form §(ts+k)+!, where k is arbitrary and tis a 
positive integer; and conversely. 


The first part follows from the definition. To prove the second part of 
the theorem, we observe that the kth convolute of a simplex function must 
be the composite of the kth convolutes of elementary simplex functions 
(Theorem VI). Since the pth convolute of the gth convolute of f is its pgth 
convolute, we have 


Thus any convolute of a simplex function f(N) is a composite of elementary 
simplex functions of the same type as the components of f, and so is a simplex 
function of the same structure as f. 

The generating series of a simplex function f to any base must clearly be 
of the form 


N=1 

1 
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Since J>=E, it follows that, among the elementary functions, the /- 
functions, as well as the functions E and E**, are simplex. The power units 
ex, being convolutes of £, are simplex, while the power units 7; are simplex 
because 7;,:€,=E. Also, since \=«,-E-', it follows that A is simplex; and 
lastly, E, is simplex, since E,= E-d-!. It is easy to verify that no others from 
among the elementary functions are simplex. 

The values of the zeta-series determined by m;, E2, \ are 


(1) = 
(2) DMN)/N* = 
(3) DE(N)/N* = 


The product of simplex functions is not in general simplex. Ramanujan’s 
result that 


_ — a)g(s — b)s(s bd), 
N® ¢(2s — a — 


shows that the product of the simplex functions ¢., 0 is also simplex. It does 
not appear to be easy to obtain any general theorem to cover such exceptional 


cases. The following results in this direction seem to be worthy of notice: 

(1) The product of two elementary simplex functions is either an ele- 
mentary simplex function, or a simplex function of structure (1, 1). 

For 

(a) I,,.XJ,.4-=TI,,-, where 7 is the least common multiple of #, ¢’, and 
p=(rr/ttr's/t’). 

(b) I,4XI7/=TIipiyy or Eo, according as t’ =kt, or is not a multiple of ¢. 

(c) KI Tay, or Eo according as ¢ is or is not equal to 

(2) More generally, the product of two simplex functions of structure 
(1, 1) is also a simplex function of the same structure. 

It follows from this, that f XA is a simplex function when f is simplex. For, 
d being linear, multiplication by it can be distributed to the simplex com- 
ponents of f (Theorem VII); and since A is a simplex function of structure 
(1, 1), its product with an elementary simplex function must be simplex, by 
the present result. 

(3) Iff is any simplex function of structure (2, 0) or (1,1), fX is simplex, 
and therefore f(N*) is simplex. 


* Collected Papers, p. 135, = Messenger of Mathematics, 1916, p. 83. 
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For example o.(N?) and ¢;(N?) are simplex functions of NV. 
(e) Crosses between elementary functions. Some of the most important 
functions of arithmetic are crosses between elementary functions. We men- 


tion a few such below. 

(1) The function 7(N) =(—1)*-' is easily verified to be a multiplicative 
function of N. For the base 2 it has the same element as E_;, and for the 
remaining bases it has the same elements as E. We may conveniently repre- 


sent it by the notation 
2 
4. 2 (N). 


Hence, if @ is Euler’s function, 


2 
-T)(N) = N). 
(¢-T)(N) ow) 


Now and but =7-1(2), and so 
(p- E_;)(2™) =E,(2™). Hence, we have the result of Liouville* 


N 
dY“(- 1)4"9 (=) = 0 or N, according as N is even or odd. 


(2) Let R(N) ‘denote the number of representations of N as the sum of 
two squares, all representations being counted twice, with the exception of 
those of the form 0?+ M?, /*+M?, which are counted only once. It is known 
that R(N) is equal to the excess of the number of divisors of V, of the form 
4k+1, over the number of those of the form 44—1. Thus R(N) =(E-€)(N), 
where (J) is the cross between E, \, Eo, given by 

4k+1 E 
4k—1 

6. Compounding of functions of a single argument. We confine ourselves 
in this subsection to functions of a single argument; the compounding of func- 
tions of several arguments is treated in Section V. 

By a block-factor 6 of M we shall mean a factor 6 which is relatively prime 
to M/6. If 6 is a block-factor, the complementary factor M/3 is also a block- 
factor. We have to consider 1 and M also as complementary block-factors of 
M. If f(M), F(M) are given multiplicative functions, the sum 

> /(6)F(M/6) 


* Dickson, p. 121, 29. 
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extended to all the block-factors 6 of M, is easily seen to be a multiplicative 
function @ of M. We call ® the compound of f and F, and denote it by the 
symbol f @F. 
If the generating series of f, F are 

fin = 1+ a,x + ax? +---, 

F (p)(x) = 1 + dix + box? + 
it follows immediately that the generating series of their compound is given 
by 


(f ® F) = 1 + (a, + + (a2 + 


The constant term here is not 2, but 1, as must be the case with every multi- 
plicative function. Similarly the generating series of the compound of r 
functions is obtained by adding the corresponding generating series of the 
functions, and replacing the constant term 7 by 1, in the sum. If we say that 
two power series in the same variables are equivalent (symbol ~), when they 
differ only in their constant terms, we have 


THEOREM XII. The generating series of a compound is equivalent to the 
sum of the generating series, to the same base, of the functions compounded. 


Hence compounding is associative and commutative. 


THEOREM XIII. The compounding operation distributes multiplication. 


For, let the functions fi, fe, f have the generating series 
fic» (4) = 1 + aix + 
(x) = 1+ dix + box? +---, 


Then 


{f xX (fi fe) } (x) = 1+ + di)x + + +---, 


while 
{(f x fi) ® Uf X fa) } coy (x) = 1 + + + (code + 
which establishes the distributive property. 


THEOREM XIV. Compounding is quasidistributive with respect to composi- 
tion. 


For, consider the composite of f with the compound of fi, fe,--- ,f-- We ; 
have 


SC 
| 
| 
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{f-(f: fo ® ® fr) } 
= fip)(x) X (x) + few +--+ +S (x) +1—7} {Theorem XII} 


fi + (Ei, X f)(*) 


Hence 


= ® (E+ xX f). 


This formula is fundamental. The term “quasidistributive” in the enuncia- 
tion refers to the occurrence of the additional term @ (£i_, Xf), which marks 
the failure of the distributive property. 

The compound of two linear functions is capable of simple expression as 
a composite. 

THEOREM XV. The compound of two linear functions Ly, L, is the composite 
of Li, L2 and the inverse of the second convolute (or root-composite) of 
Ly = (Li XL). 

More generally, the compound of the rth convolute of L, and the sth convolute 
of L2, is their continued composite with the (r +s)th convolute of L;,'. 


For let 


1 1 
L x= L x)= 
1(p) (2) 2(p) (x) 


onv, L = 
(c 12) (p) () 


(L; ® L2) (x) = + —= 1 — aBx? 
l-ax 1— (1 — ax)(1 — Bx) 
(Ly-Ls- conv Liz )¢p)(); 
(conv, L; ® conv, L2)(p)(x) = : 1 1 — 
1—ax’ (1 ax’)(1 Bx") 


(conv, L;- conv, Le: conv,+s Liz) (p(x). 


As a corollary from this theorem it follows that the compound of simplex 
linear functions is also simplex. For instance, if 


so that 
Then 
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Sap = Ia = 
S, = I,@xX = I,-d-conv (I, X A)“ = 


then S.,5, S/ are simplex functions, and 


g(t — a)g(t — 5) 
N l ¢(2t — a — 5) 
> Sa'(N) — a)g(2t — a) 
N Nt — 2a) 
We note also that £; is a particular case of S.,,, namely, So, o. 
The conjugate of f(M) is the function conj f defined by 


f ® conj f = Ep. 


If the generating series of f to any base is 1+} >n-1¢mx™, the generating series 
of conj f to the same base is evidently 1—}>,-1¢,*«™. Hence an alternative 
definition of conj f is 


conjf =f X E-4. 
The conjugate function has evidently the properties 
conj conj f = f; conj (f X ¢) = conj f X ¢ =f X conj ¢; 


conjugate of a compound = compound of the conjugates. 

The £-functions play an important part in relation to the compounding 
operation. In fact, their algebra under compounding and functional multi- 
plication is isomorphic with the algebra of ordinary numbers under addition 
and multiplication, so that any identity between ordinary numbers can be 
translated into a relation between E-functions. Thus 


E, ® E, = E, X E, = En; conj E, = E_,; 
f@f@®---(torterms) = f X E,. 


We give below several results involving the Z-functions. 
Example 5. f-(E,X¢) =f-(¢0¢@ ---)={(f-¢)XE,} 
rem XIV). As particular cases, we have 


(1) conj (f-¢) = @(E2Xf) {r= —1}; 
(2) fE={fE XE} {¢=E}; 
(3) f- (EB =f}; 


(4) f-conj f-! = E, xX f 
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Example 6. 
(EX f(E 
{ Es) Xx f} { Exar) x fo} 


Putting r=s = —1, we have conj f-conj f-!=E_2.x(f@f-). 
Example 7. 


(1) E’-E, = X E,) ® X Ei). 
In particular, putting r=1, E* X E, = (£,-E) ® E,-1. 

(2) X E,-1 = Mr X E,. 

For, since E,-\,_,=E (II §5 (b)), 


x E, = (E,-!- BE) x E, 
= (E,-!-E,) ® (E,-1 X E,“') (Example 5) = X £E,-1. 
In particular, Ey' = E, XX, as has been already proved. 


Example 8. 
(1) E,-E, = Trs Ever) 


(2) To E = x Tr. 


E,-E, = {(E,-E) X E,} ® X 
(E? X E, X E.) ® (Ei-+ X E,) ® X 
= (E* X 
= (Ey: E) ® (Example 5, (2)) 
and 
1X1, = E?X (E-E,) = E? X {(E? X E,) ® E:_,} (Example 5) 
(E? X E? X E,) (E? X 
| (E?-E:) X E,} ® (E? X E,_,) (Example 3) 
E?-(E, ® E,®---torterms) (Theorem XIV) 
= E?. Es, = tx E.* 
* The results in Examples 5-8 are proved here only for the case in which r, s are positive integers; 
they may be easily proved for arbitrary values of r, s, by considering the generating series. It is 


also possible to deduce their truth for arbitrary values of r, s, from their truth when s, s are integers, 
by purely logical considerations. 


| 
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Example 9. 

(a) Do fi(ds)fe(de) - - - summed for all sets of divisors di, dz, - - , dx 
of N, such that every two are relatively prime, is equal to {(fi@f2® - - - 
@fx) -E} (NV). 

(b) >ofi(d:)fo(de) - - - fx(dx) summed for all sets of divisors d;,d2, - - -, of 
N, with the least common multiple N, is equal to [{(fi:-E)X(fe-E)X - -- 
X (fr: E)} -E-(N). 

The first part is obvious. To prove (b), we observe that if the required 
sum be F(N), then (F- E£)(N) is equal to >> fi(d:)fo(d2) - - - summed for 
all sets of divisors d,, d2,--- , dx of N; that is, to {(fi-E)X(fe-E) --- 
(fe: E) } (N). 

Putting k =2, we can deduce an important result from these two theorems. 
Let d,, d; be divisors having the least common multiple V. If their greatest 
common divisor is 6, we can write d, = 6t,; where t,, are relatively 
prime, and ¢,42= N/6. Hence, if are linear functions. 


DL i(ds)Lo(d2) = 
= L12(5)L1 (ty) Lo(te), where Lie = Li x 
(Theorem XV). 
But the left side is, by the present theorem, equal to { (L,-E) X(Lz-E)}-E-. 
Hence, if Zi, Lz be linear functions, 
(L1-E) X (L2-E) = E-conv Ly. 
In particular, (J.-E) X E) which proves Rama- 
nujan’s result (II §5(d)) that 
> ga(N)o(N) — a)g(s — b)g(s — a — 
N N* ¢(2s — a — 


SEcTION III. RATIONAL FUNCTIONS OF ONE ARGUMENT 


1. The concept of rational function. A function of N which is the com- 
posite of r linear functions will be called a rational integral function of degree 
r*. If f(N) be such a function, 


fin)(x) = 


1 
(1 — ayx)(1 — (1 — a,x)’ 
= (1 — arx)(1 — (1 — a,x), 


* The notion, though not the actual expression “rational integral function,” as well as Theorem 
XVI, occur in the last part of my note On the inversion of multiplicative arithmetic functions, Journal 
of the Indian Mathematical Society, October, 1927. 
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so that f-'(p") =0, if m>r. Hence 


THEOREM XVI. The condition that f(N) be a rational integral function of 
degree r is the vanishing of f-'(N) for all values of N divisible by an (r+1)th 
power. 


The composite of a rational integral function P, of degree r, and the in- 
verse of a rational integral Q, of degree s, will be called a rational function of 
degree (r, s); P, will be called the integral component, and Q;', the inverse com- 
ponent, of the rational function. The linear components of P, and Q, will also 
be called, respectively, the linear and the inverse-linear components of the 
rational function P,-Q;'. Also,a rational function will be said to be expressed 
in rational form, when its integral and inverse components are put in explicit 
evidence. 

It follows from the above that the generating series f,,)(«) of a rational 
function f of degree (r, s) is the expansion of a rational function of x, whose 
denominator and numerator are of degrees r, s respectively; f,»)(x) is thus a 
recurring series of order r according to the usual definition. 

Rational functions of degree (1, 1) will be called totients. 

The fundamental theorem in the theory of rational functions may be 
stated as follows: 


THEOREM XVH. All the processes of our calculus, excepting division,* are 
rational processes, in the sense that, when performed on rational functions, they 
yield only rational functions. 


The truth of this theorem is obvious from the definition, so far as com- 
position and inversion are concerned. For, the inverse of the rational function 
P,-Q;' of degree (r, s) is the rational function Q,-P;' of degree (s, 7); and the 
composite of the rational functions (P,-Q;'), (P,-Q7') is the rational func- 
tion (P,-P,)-(Q.-Q,)~', which is in general of degree (r+p,s+o). It remains, 
therefore, to prove the fundamental theorem for multiplication and com- 
pounding. 

We shall prove in a general manner that the product of two rational func- 
tions is a rational function. Let f, ¢ be two rational functions, whose integral 
components are of degree 7, p, respectively. Then the generating series 


fip)(*) = 1+ aye + +---, 
= 1+ + +--- 
* That division is not a rational process may be seen from an example. The series Yn isa 


recurring series, but the series )_x"/n is not a recurring series. Thus the quotient of two rational 
functions need not be rational. (Cf. the form of the generating series of a quotient obtained in II §1.) 
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are recurring series of orders r, p, respectively. To prove that (fX¢) is a 
rational function, we have to show that the series 


(f x (p(x) = 1 + ayayx + doaox? + 


is also a recurring series (in fact, of order rp, as we shall see). To prove this, 
observe that when m is sufficiently large, the two sets of quantities 


m—1,°* * » 


are connected respectively by t—r+1 and ¢—p+1 linear equations. On 
multiplying each of the linear equations between the a’s by each a, and each 
of the equations between the a’s by each a, we obtain (¢+1)(2¢—r—p+2) 
linear equations connecting the (¢+1)? quantities a,a,. Of these, (¢—r+1) 
-(¢—p+1) equations are redundant, since we obtain this number on multi- 
plication of each of the t—r+1 equations between the a’s with each of the 
t—p+1 equations between the a’s. The remaining (¢+1)?—rp equations be- 
tween the products a,a, are in general linearly independent; if the (¢+1)? 
— (t+1) products a,a,(u#v) are to be just capable of elimination from these, 
we must have 


(¢ + 1)? rp = + 1)? @+1) +1, 


t=rp. 


Hence the series 1+a:0:.x+d20.%?+ - - - is a recurring series of order rp, as 
was to be proved. 

This result may be looked upon as a particular case of Hadamard’s theo- 
rem on the multiplication of singularities,* according to which, the singulari- 
ties of the analytic function represented by the power series >.a,b,x" are in- 
cluded among the products a,(A, u=1, 2,--- ), the a’s and 6’s being the 
singularities of the analytic functions represented by the respective series 
and °b,x"; for, if and are both rational functions, then 
the a’s and #’s, as well as their products, must be finite in number, so that 
><a,b,«" has only a finite number of isolated singularities and is therefore a 
rational function. This theorem shows also that the integral components of 
the product-function fX@ may be specified in terms of the integral com- 
ponents of f and ¢. We shall indicate below a second proof of this theorem, 
which has the advantage of specifying the integral component of the product- 
function. 


* Bieberbach, Encyklopadie, Band II, Teil 3, erste Hilfte, p. 464. 
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The behavior of inverses of integral functions under multiplication, com- 
position and compounding is noteworthy; we have 


THEOREM XVIII. The product; composite, or compound of inverses of in- 
tegral functions is also the inverse of an integral function. 


To prove this, we have only to observe that the generating series of in- 
verses of integral functions to the base ,are all finite polynomials 1+) a,«”, 
1+>°b,,«™, etc. Hence each of the power series 1+) ambnx™, (1+) 
and is a finite polynomial. 

We may also note that the composite of two rational integral functions is 
a rational integral function. Thus, composition is not only a rational, but 
also an integral, process. It will appear that it is the only one of our pro- 
cesses which is integral. 

2. Properties of totients. Totients being rational functions of degree 
(1, 1), are functions of the form Z,-LZz', where L;, LZ. are linear. Two special 
types of totients are of great importance. The totients of the form L,-E- 
(including Euler’s and Jordan’s functions as special cases) will be called 
enumerative totients. It follows from this definition, that the integral of an 
enumerative totient is a linear function. 

The inverse of an enumerative totient T=Z,-E-' is of the form 
T-'=E-L7;', and will be called a level totient. The property of the level 
totient which gives it its name is 7-'(p) = T-!(p?) = - - - =T-*(p"), where p 
is any prime. The level totient is consequently the integral (=composite 
with E£, II §3) of the inverse of a linear function. Since E,(p) =E.(p?) = - - - 
it follows that the elementary functions EZ, are level totients, though of a 
special type, since the value of E,(p) is independent of the prime p. Hence, 
also, the general level totient may be regarded as a cross between (in general, 
an infinite number of) Z-functions. Consequently, from the independence of 
the elements of a multiplicative function, we can deduce properties of level 
totients from known theorems on £-functions. For example 

Example 10. The product and compound of level totients are level to- 
tients. 

To deduce the truth of this for level totients, from its truth for E-func- 
tions, we observe that . 


E, = Ey X Ex = Exp = 


Hence 


(Aix: E) X (Aree E) = ® x -E. 
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Now, if 7:=Lr;!-E, T,=Lzy'-E are two given level totients, and if 71, 72 
have the same elements as E,, E,, for the base p, then for the same base, 
L,, Lz should have the same elements as \i_;, \1_x. Hence the two functions 


-E) X (Lz -B), 


have identical elements for every base, and are therefore identical. Since the 

part within braces is the inverse of a linear function (Theorem XVIII), this 

expresses the product of the level totients in rational form as a level totient. 
In the same way, since 


E, ® Ey = = E = OD )-E, 
it follows that the compound of the level totients L7!-E, Lz'-E is the level 
totient given by 
(Li @L; )-E. 
Example 11. It was proved that 
({-¢) X E, = f-(@ X E,) ® (E,-1 X f) (Example 5). 
Hence, if T is a level totient, 
(f-¢)X 


It follows from this, that if f is a rational function, fXT is also a rational 
function, with the same integral component as f. For, if f=P-Q-', where 
P, Q are rational integral functions, then 


P-.(f X T) {(P--f) x T} ® (conj T B)} 
= T} {Px (conj T@ B)}. 


Since the expression on the right is the inverse of an integral function, this 
expresses f X T in rational form. 

The enumerative totients do not form, like the level totients, a closed 
system under multiplication, or compounding, but they possess this property 
for a different process of combination. It was proved that the function f(N) 
defined by 

= Df ilds)f2(de) + fe(dx), 


where the summation is for all sets of divisors dd, - - - d; having the least 
common multiple N, is equal to [ {(fi-E) X(fe-E)X - -X (fe: E)}-E-](N) 
(Example 9). The function f may be called the combinant of fi, fe, - - - , fx. 
From the expression for the combinant, we immediately have 
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THEOREM XIX. The combinant f of any number of enumerative totients 
fi, fo, «+ +, fi is also an enumerative totient; the linear component of f is the prod- 
uct of the linear components of f,, fo, - fr 


As an example, the Jordan function ¢,; is the combinant of & functions 
each identical with the Euler totient ¢.* 

The general totient may be investigated by means of a canonical form, 
which expresses it as the product of a level totient and a linear function. 


THEOREM XX. The totient L,-Lz!=T is the product of its integral com- 
ponent L, by the level totient L-E-', where L is the linear function defined by 
L(N) =L.(N)/L,(N). 


For, let 
L icp) (x) => 
then 


T 


where 


a 


where 
L,(N) 
Li(N) 


1 
Lip) (x) = or L(N) = 


1—-—*x 
a 

The theorem will however become invalid if Z; vanishes for finite values 
of its argument, that is, if L; has common elements with Eo. 

We may call the totient K = L-E~ the associated level totient of T. We 
also observe that the general totient can be obtained by multiplication of the 
general level totient and the general linear function. 

We shall use this expression for the totient to prove 


THEOREM XXI. The product of the totients T,, T, is a totient T, whose linear 
component is the product of the linear components of T,, T2. 


For, let K,, K. be the associated level totients of 7:1, T2, and let 


* This property of the Jordan function is due to von Sterneck; see Dickson, p. 151, 215. 
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T, = ; T: = Ly-Ps 


Then 
K2=LXK, 


where L=L, XI», and K is the level totient which is the product of the level 
totients Ki, Ke Thus the product is a totient whose linear component is 
I,XL,=L. The inverse-linear component of T may be easily shown to be 


(Li X X Pi) © (Pi_ ). 
This proof will, however, become invalid, if Z; or L, has the same element as 
E, for certain prime bases p. For such prime bases, however, either T, or T, 
or both must reduce to the inverse of a linear function, and therefore, also, 
their product. Since the inverse of a linear function may be considered as a 
degenerate case of the totient, the theorem is always true. 

As a special case of the theorem, we may note that the conjugate 7” of a 
totient 7, being equal to the product T x E_i, is also a totient. By Example 
11, the linear components of T, T’ are the same. 

3. Compound of rational functions. Let F=A-B-'!, 6=C-D-'; A, B, 
C, D being rational integral functions. Also let L be the least common com- 


posite of A, C, that is, the integral function of least degree, which is of each 
of the forms A -L;, C- L2, where Li, Lz are rational and integral. Then 


F = (A-B-) (C-D“) 
= 
= L-{D-(B-L,) (D-L:)-"} @L 
= L-{(B-L,)“ ® (D-Lz)-'} ® X L) (E1 XL). 

Now 
E, X L = L-conj L~! (Example 5(4)). 
Hence 

F (D-L2)“ conj L“}. 


This shows that the compound of the rational functions F, ® is a rational 
function, and (since the expression within the braces is the inverse of an in- 
tegral function) also expresses it in rational form. 

4. Product of compositional powers of linear functions. The following 
theorem which expresses the product Li XL}, where are linear func- 
tions, in rational form, is of fundamental importance. 
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THEOREM XXII. Jf Li, Le are linear functions, and Ly.=11XL2, 


r+s—1 —(r—1) —(s—1) 


XL), 
r and s being positive integers. 
To prove this, let 


1 1 
L (x » L (x = 
1(p) ) 2(p) ) Bx 


Also, let r/ denote the coefficient of x in (1—x)-’, and (;,), the usual bi- 
nomial coefficient. Then 

(Li X = (a) "2%, 
and 


r+s—1 —(r—1) —(s—1) 


{Liz X Le )} w(x) 
1 


(1 


We have therefore to show that 


r+s—1 r—1\/s—1 
F(r, s, n) ( - ( ). 
1 n n 


To prove this, we note that when »>r+s—1, F(r, s, 2) is a polynomial in ” 


of degree r+s—2, and represents Aj**~'(r! - st’), where the operator A, is de- 


fined by 
Anf(n) = f(n) — f(n — 1). 
Hence it follows that 
F(r, s,n) = 0, ifn 2r+s—1, 
since rs! is a polynomial of degree r+s—2 in m. Also, when n<r+s--1, 


r+s—-1 H H 


O=A, (fn°Sn) 


oun [(r+s—1 [{r+s—1 
(r, s,m) + ( ) ,)+ 


Nowr”,=Ounless k =r; hence the part within the braces will contain no signif- 
icant terms if r+s—1—n<r, or if r+s—1—n<s. Hence F(r, s, n) =Oif nis 
greater than either r—1 or s—1. Also when n<r+s—1, F(r, s, n) is a poly- 
nomial in r, and also in s, of degree m, and we have just proved that it vanishes 
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for the ” values r—1=0, 1, 2,--- , m—1, and also for the m values 
s—1=0,1,---,m—1. Hence we must have, identically. 


r—1\f/s-—1 
F(r, s, n) = ). 


By putting r=s =0, we immediately find that y(n) =1. The theorem is thus 
established. 

We may note that the relation E* x E?=E,-E? (Example 3) is a very 
special case of this theorem. 

5. Regular rational functions. By an elementary rational function, we 
shall mean a function which is either the inverse of a rational integral func- 
tion, or is of the form 7 XL’, where T is a level totient, and Z a linear 
function (r being a positive integer). 

A rational function will be said to be regular, if no two of its distinct 
linear components have any common elements. 


THEOREM XXIII. A regular rational function can be expressed as the com- 
pound of elementary rational functions. 

For, let the integral component of the rational function f be Lj'- Ly - - - Lj, 
I, In, --- , L; being the distinct linear components of f. Also let 


(x) 


(1 — ayx)"(1 — (1 — 


fin) (x) = 


where ¢(x) is a polynomial. Now, if the function f is regular, then no two of 
the linear functions Z;, Le, - - - , L; have common elements, and therefore the 
quantities a), a2, - - - , a; will be unequal for every prime ». Hence for every 
prime p, we can express f,,) (x) in partial fractions in the form 


bit ber Dit 


(x) = di(x) + + —— + ::-+ 


(1 — a,x)* t=1 (1 a2x)' t=1 (1 a,x)‘ 


¢:(x) being a certain polynomial. That is to say, the function f can be ex- 
pressed as the compound of the inverse of an integral function, and functions 
of the type TXL‘, where T is a level totient, j=1,2,---,7i, and ¢=1, 

If, however, two of the functions L, say LZ, Lz, have identical elements 
for the base g (so that g is an irregular base of the function f), then f,q)(x) is 
not of the above form, the quantities },,, Le.(s=1, 2, 72) 
now becoming infinite with certain mutual relations. We may however deal 
with this as a limiting case when a,—a;. The limiting process will show 
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generally that results proved for regular functions may be interpreted as 
true for irregular functions as well. 


THEOREM XXIV. The product of regular rational functions is a rational 
function. 


For, a regular function is the compound of elementary rational functions. 
Hence the product of two regular rational functions can be expressed as a 
compound of products of pairs of elementary rational functions. Now, the 
product of the inverse of an integral function by any other function is also the 
inverse of an integral function. And the product of the elementary functions 
Ti: XLi, is where f’ is the rational function 
xLzr"-») (Theorem XXII). Also 7; and 7, being level totients, their prod- 
uct 7, XT-> is also a level totient, and 7:X7:X/" is a rational function with 
the integral component Ljz°~' (Example 11). Thus the product-function 
can be expressed as a compound of rational functions with known integral 
components, and is therefore a rational function. 

To specify the integral component of the product-function, let the in- 
tegral components of the regular functions F, F. be 

+++ 
Kj, 
respectively, the L’s and K’s being distinct linear functions. By what has 
preceded, FiXF;, is the compound of rational functions, whose integral 
components are of the form 


Le’, Ly = L, X K, 


The integral component of F, XF, is therefore the least common composite 
of these (III §3); but this latter is evidently identical with the least common 
composite of the ij functions L#+*”~'. This least common composite will co- 
incide with the continued composite, if the 7 linear functions L,, are all 


distinct. 
If m2, n are the degrees of the integral components of Fi, and F; X F2, 


so that 
it is easy to see that 


nm = jn, + ine — if. 
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These results: will hold generally, even when the functions are irregular, 
provided we consider that the product function has a certain number of 
elements in common with £, for the irregular bases. 

6. Some special cases. (a) The rational form of f XL’, where L is linear, 
and f is rational. We can immediately find f XZ, where L is linear; for 


(f X = (lx), where Lip) = I. 
Since L’= LX E’, it follows that it is sufficient to evaluate fx EZ’. If 


Sip) = 1 + aux + agx?+---, 
then 


Uf X = 1+ tarry 


1 r—1 


@—1)! deo 


When f is rational, this can be evaluated in finite terms. For example, 
E? X E? = E?- E, (Example 3). 
Hence 


1 
(Et X = 


(1 — 


Therefore 


djx(1+x)) 
2 2 2 on «nu == 
(E? X E* X E*)()(x) a— = (1 — 


so that 
E? X E? X = E*.(E-? X E-*) = E"'-(E* X E*) (Theorem XXII). 


This gives a second proof of Liouville’s theorem (Example 4): 


= 


d/N 
(b) Product of integral quadratic functions. If the L’s are linear func- 
tions, Li = L; x Lj, and x Is, then 
(Li-L2) X (L3-La) = Lis: L23-Le4- conv 
This may be proved directly from the generating series, or by the method 


of grouping factors according to their greatest common divisor and least 
common multiple, employed in Example 9. Let the function f(1) be defined 


by 


N N 


2 


| 
|_| 
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where the summation is for all pairs of numbers d,, dz having the least com- 
mon multiple V. We shall evaluate f(N) in two different ways. First group 
the terms in the sum according to the greatest common divisor 6 of dy, de. 
Writing 

= 6t1; = 
so that 

N = tite, 
we have 


N 
f{(N) = Leo(te) £3 (6) Ls (te) Lats) 


= 

= { Lis: (Lis ® 

= { L23- conv (N) 
(Theorem XV). 


Secondly, let us evaluate f-Z2,. We have 


(6)L (-)- L3(6 L (-) 


N N 
1 2 


the summation extending to all pairs of numbers 6, 6: having the least com- 
mon multiple 5. Summing both sides of this over all divisors 5 of V, we see 
that (f-L2:)() is equal to 


6 


summed for every pair of divisors 5, 0f NV, that is, to {(Li-L2) X(L3-Ls)} (N). 
Combining the two relations, we have immediately 


(Ly-L2) (L3-L4) = Lis: conv Liss. 
As a special case of this, we have the result already proved (Example 9): 
As another special case: 


(Z,-L2) X (Ly-L2) = conv (Lie X Liz)! 
= (Liz X 
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SecTION IV. THE CARDINAL, PRINCIPAL, AND SEMI-PRINCIPAL FUNCTIONS 


1. Derivates of a function of r arguments. The derivate of the multi- 
plicative function f(M,, M2,---,M,) with respect to any subset Mi, 
M2,--- , M; of its arguments, is defined to be the function of the remaining 
r—i arguments, obtained on putting M:=M,=.--- =M;=1 in f(M,, 
M2,---,M,). This derivate is clearly a multiplicative function, and may 
be denoted by the symbol Dy, m,...;(f). 

If fi») (1, X2, - - - , X,) is the generating series of f to the base p, the gener- 
ating series of Dy,u,...u,(f) to the same base is clearly f(»(0, 0,---, 
Xi41, +, From this we immediately deduce 


THEOREM XXV. If f, ¢ be two multiplicative functions of Mi, M2,---,M,, 
then 


= 
(c) = 


Or briefly, the product or compound of derivates is the derivate of the product or 
compound, and the derivate of the inverse is the inverse of the derivate. 


It will be seen in the next section, that the derivates also possess a similar 
property with respect to the compounding operation. 


THEOREM XXVI. The necessary and sufficient condition that a multiplica- 
five function f of the r arguments M,, M2,---,M,, be also a multiplicative 
tunction of a subset M,, Mo, - - - , M; of its arguments, is 


= E(Misi, M,). 


The condition is obviously necessary, since a multiplicative function of 
M,, M2,---,M; must be equal to 1, when M,i=M,=--- =M;=1. 
To prove that it is sufficient, we observe that, when Dy,m,..-.m,(f) 
=E(Mis,---,M,), the value of f(M1, Mo, --- , M,) is not affected either 
by introducing into, or removing from, the last r—7 arguments, such factors 
as are relatively prime to M,M,--- M;. For, if p be any prime which does 
not divide M,M, -- - M,, 


= {(M,M2, , M,) X f(1,1, - +) 
= -, M,) = f(M,, M2, » Mi, M M 


Hence, writing 
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Miss = Misip*; Mise = etc., 


—-a=da; B’ —B =); etc., 


we have 


++, Mi, Mins, Mr) = f(Mi, Mi, Minip , ), 


where is any prime not occurring in M,, M2,--- , M;. This proves our 
statement. 

To prove that f(M., M:,---,M,) is a multiplicative function of 
M,, M2, ---, that is, that, whenever M,M; - - - M; is relatively prime 
to NiN.--- Ni, 


f(MiNi, MiNi, Mint, 

= f{(M,, M,) x f(M1, Ni, M,), 
suppose that M/,,, M’’,, are the maximum factors of Mj.., which contain 
only prime factors occurring in M,M,--- M;,N,N2--- Ni, respectively. It 
follows that M’/,, are relatively prime, and therefore 
where T;,; is relatively prime to - Ni. 


Now, since are respectively prime to N,N2--- Ni, MiM2--- Mi, 
it follows that 


f(M,, Me, M,) = f(Mi, Me, Mi, Mins, Migs, , 
f(N1, No, Migs, ++, Mr) = f(N1, No, ++, Ni, Mins, Miya, My’). 


Now, however, M;, is relatively prime to - - 
N; Hence, since f(M;, M2, - - - , M,) isa multiplicative func- 
tion of its r arguments, it follows that the product of the left sides is equal to 


S(MiN,, M2No,---, MiNi, 


Here, the factors 7;,,, which are relatively prime to the first ¢ arguments of 
this function, may be introduced into the last r—7 arguments, without af- 
fecting the value. Thus 
f(Mi, Mi, Mir, +>, Ni, Mins, Mr) 


establishing the multiplicative property in respect to Mi, M2, --- , 
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As an illustration of the theorem, any multiplicative function f(g) of the 
greatest common divisor g of M,, M2, - - - , M, is seen to be a multiplicative 
function, not only of M,, M2,---,M,, but of any subset of them as well; 
for when any of the arguments Mi, M2, - - - , M, becomes equal to unity, g 
and therefore also f(g) take the value unity. 

2. Cardinal functions of r arguments. A cardinal function of M,, M2, - - -, 
M, is defined to be a function f, all of whose derivates are identical with Ep; 
it is clearly necessary and sufficient for this that the r derivates Dy,(f) 
(i=1, 2,---,7) beidentical with Eo. This implies that the generating series 
(fr) (a1, of a cardinal function f, is of the form - -2, 
F (21, %2,-- + , X), where F(x1, x2, ,%,) is some power series. The arith- 
metical property of the cardinal function f, implied by this, is evidently that 
f(Mi, Me, --- , M,) =0, whenever M; admits a factor relatively prime to M;, 
or in other words, that f(M:, Mo, - - - , M,) =0, unless each of the arguments 
has the same distinct prime factors. 

From Theorem XXIV, we now have, immediately, 


THEOREM XXVII. The product of a cardinal function and an arbitrary 
function of the same arguments, is also a cardinal function. The composite of a 
cardinal function and an arbitrary function f has all its derivates identical with 
the corresponding derivates of f. Lastly, the inverse of a cardinal function is also 
a cardinal function. 


To prove the last statement, let F be a cardinal function. Then, 


Du,(F)-Du,(F-) = Du,(F-F-) 
Du (Eo) = Eo. 


But, since F is a cardinal function, Dy,(F)=E». Hence Dy,(F-') = Eo, or 
F-' is also a cardinal function. 
The converse of this theorem is of great importance; it is as follows: 


THEOREM XXVIII. If 1, $2 are functions of M2, - - - , M,, whose cor- 
responding derivates are identical, then each of them is the composite of the other 
with a cardinal function; also, each is the product of the other and the integral of 
a cardinal function. 


For, if 
o1 = = X (F-£B), 


then 
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Du(o1) = = Du X (Du,(F)-E) (since Du;(E) = EB). 
Since Du,(¢:1) = D,(¢2) by hypothesis, it follows that 
Du (f) = Eo, 
Du (F):-E = E, or Du;(F) = Ep. 


Thus both f and F are cardinal functions. 


1. If are functions of Mi, M2,--- , M, which are known 
to be equal to one another, whenever two of the arguments M,, M2, ---, M, are 
relatively prime, it is thereby implied that the functions are also equal when any 
of the arguments is equal to unity. Thus dx, 2 have identical derivates, and the 
theorem applies to them. 


Corotiary 2. The most general function f(M,, Mz,---,M,) with the 
property of being a multiplicative function of every subset of its arguments is 
the integral (II §3) of an arbitrary cardinal function. 


3. Cardinal functions of a matrix-set of arguments. A function f of the 
matrix-set of rXs arguments | Mi, Miz,---, Mi,| (i=1,2,---, 5), is said 
to be a cardinal function, if the derivate of f with respect to the s arguments 
of any column (or, briefly, if each column-derivate of f) is the function Eo. 
This reduces to our earlier definition for s=1. It follows that a cardinal func- 


tion of the matrix-set | Ma, Mi, ---, (é=1, 2,---, vanishes if any 
of the r column-products M,;M2; - - - M.; (j=1, 2,--- , r) contains a prime 
factor not dividing one of the others. We have the following obvious analogue 
of Theorem XXVIII: 


THEOREM XXIX. /f di, 2 are two functions of the matrix set | Mis, 
Mi,---,Mir| (6=1, 2,---, 5), which have identical column-derivates, then 
each is the composite of the other with a cardinal function, and also the product 
of the other with the integral of a cardinal function of the matrix-set. 


The proof is on the same lines as the proof of Theorem XXVIII. As in 
Corollary 1 of that theorem, this also applies to two functions of the matrix- 
set, which are known to be equal to each other, whenever any two column- 
products are relatively prime. 

From the definition of the cardinal function of a matrix-set | M;,|, it is 
easy to specify the peculiarity of its generating series to any base. Let x;; be 
the variable corresponding to the argument M ;;. Since every column-derivate 
of the cardinal function is Zo, it follows that the generating series must re- 
duce to 1, if we put the variables corresponding to any column equal to zero. 
Thus the peculiarity of the generating series is that every non-vanishing 
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term of it contains at least one representative from each column of the matrix 
| x;;|, or in cther words, the terms which involve none of the variables of a 
column vanish. 

4. Principal functions. These constitute a very important subclass of 
cardinal functions. The function M2, ---, M,) is called principal 
function, if it vanishes whenever two of its arguments are unequal. The 
function 

¥(M) = f(M, M,---, M) 


is called the function of one argument equivalent to the principal function f. 
It is clear that y determines f completely; for, if 


Vip) (x) =1+ aox?+--- 
then 


Sin) (*1, Xr) =1+ Xr) 


This will be indicated by writing 


f = princ, y (f is the principal function of r arguments, equivalent to y). 


More generally, a function f of the matrix-set | Ma, Mi,---, (¢=1, 
2,--+, 8) will be called a principal function, if it vanishes whenever two 
arguments in the same row are unequal. The function ¥(M;, M2,---, M,) 
to which f reduces when Mj =My=--- =M;,=M; (i=1, 2,---, 5), is 
called the function of s arguments equivalent to the principal function f. It is 
clear that y determines f, and that the generating series of f is obtained 
from Yp)(%1, %2, Xs), by substituting - - - for x(i=1,2,---, 5). 
We also call f the principal function of rs arguments equivalent to ¥(M,, 
---, M,), and denote it by princ, y. 


THEOREM XXX. If yp, Y’ are functions of s arguments, and princy, princy’ 
the equivalent principal functions of r Xs arguments, then 


(a) prince y-princ y’ = princ (y-y’), 
(b) (princ = princ (y~"). 

These relations follow immediately from the fact that the generating 
series of princ y is obtained from the generating series of y by substituting 


5. Functions of the greatest common divisor (g.c.d.). We prove the fol- 
lowing theorem. 
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THEOREM XXXI. The necessary and sufficient condition that f(M,, 
M2,---,M,) be a function (g) of the greatest common divisor g of Mu, 
M:2,:--, M,, ts that f be the integral of the principal function of r arguments, 
equivalent to (y-E-")(M). 

The necessary and sufficient condition that f(|Mu, Mi, ---, Mir|) (¢=1, 
2,--+, 8) beafunction(gi, go, --- , gs) of theg.c.d.’s g:of Miu, Miz, ---, Miz, 
is that f be the integral of the principal function of r Xs arguments, equivalent to 
M2, --- , M,). 

This theorem illustrates Theorem XXIX; for, if two column-products 
are relatively prime, it is clear that gi, go, --- , g. all become unity, and so 
f=1=E£. Hence, by Theorem XXIX, fis the composite of £ and a cardinal 
function. The present theorem identifies the cardinal function as a certain 
principal function. 

To prove the first part, let 


m m 


so that 


where 
b(m1, mo, mr) = a(my, — — 1, mo, , m,) 
— 1, mz — 


terms with negative suffixes not appearing in the summations. Since f is 
given to be a function of the g.c.d. of its arguments, a(m1, me, , 
must depend only on the least of its suffixes. Suppose that m is the least of 
, m,, and that 


mM, = = = = M; Misi, Mizz, > M; 


a(m,, = A(m). 


Now group the expression for b(m;, mz, - - - , m,) in such a way that in each 
group the values of the first 7 suffixes remain the same. If m=O, then, since 
negative suffixes are not permitted, there will be only one group, and the 
value of b(m, mz, - - - , m,) will be 1, or 0, according as all the m’s do, or do 
not, vanish. (This result might of course have been anticipated, since we 
know that f-£-! must be a cardinal function.) If m>0O, then there are 2‘ 
groups of terms, and we have 


b(m,, ++ ,m,) = Am)(1 — 1)7* (| acm — 1)(1 


mr 
Xr 


MULTIPLICATIVE ARITHMETICAL FUNCTIONS 


+ (| ~ 1)(1 — — ete. 


= — Alm — 1)} (1 — 
This vanishes unless r=i, and is then equal to A(m)—A(m-—1). Thus 
b(m,, m2, ---,_m,) vanishes unless all the m’s are equal, and is equal to 
A(m)—A(m-—1), if --- =m,=m. Now the series 

1+ — A(m — 1)}x™ 

m=1 
is evidently the generating series to the base p, of the function y-E-'. Thus 
f-E- is the principal function equivalent to the function (y-Z-')(M). 
The same method will apply to the case of a matrix-set of arguments. 

For convenience of writing we may take s =2, so that 


( Mu, M2, - - 


= ( 
Mx, Mo ) V(g1, g2 


Let 


Vip) (x, y) = >A (m, n)x™y", 


dia 
eee Vr, nN, N2, Ny 


¥1, 
so that, as before, 


M,, M2,° °° 
a = A(m, n), 
M1, 


where m is the least of mm, mz, --- , m,,and n, the least of m, - - - 


Xi, 
(f-E 
V1, 
M1, M2,° °° 
- 


m1, 


then 


mM, M2,°** , Mr M2,° °° 

b =a 

Ne,°** Nr Ny, Ne,* 
+ 


m, — 1, m2 — 1, m3,--- 


ni, 
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where the kth summation sign indicates that every set of & suffixes from 
among M,, are to be diminished by unity, terms 
with negative suffixes being omitted. 
As before, let 
mM, = = = Mi = Miri, > M; 


Group the terms in the expression for 
™M1,°°** » M, 
b 
nN, 
in such a way, that, in each group, the first 7 suffixes in the top row and the 


first 7 suffixes in the bottom row have the same values. Then it is easy to see 
that, on evaluating each group separately, we obtain 


Ny, , My 


+ A(m,n — 1) i-0(7) 


v=1 v 


+ A(m —1,n—1) 
= (1 — n) — A(m — A(m,n — 1) 


+ A(m — 1, —1)}. 


M1, M2,° °° 
( 

%1, Me,°°° 
is equal to zero, if two of the m’s or two of the m’s are unequal, and to 
A(m,n)—A(m—1,n)—A(m, n—1)+A(m—1, n—1), if --- =m, 
=m; ---=n,=n. Thus is the principal function equivalent 
to y-E-'. 

COROLLARY 1. The generating function to the base p of the multiplicative 


function of M,, M2, - - - , M,, which is equal to their g.c.d., must, by the present 
theorem, be 


1 — 


(1 — — a) (1 — a,)(1 — 


Thus 
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This may be easily verified by direct expansion. 

2. The composite of F(Mi, M2,---,M,) and a principal 
function can be expressed as the composite of F- E-' and a function K(g) of the 
g.c.d. g of My, M2,---, M,. 


For 
F-princ = F- E-princ E- E~) 
= F-E“. (y-E)(g). 


As an illustration we may show that 


M 
= M* N* 


where ¢; is the Jordan function, and the summation is extended to all divisors 
5, of M, and 6: of N, 612 being the g.c.d. of 6, 62, and gtheg.c.d.of M,N. For, 
if we write ©,(M, N) = I.(M,N) E-"(M, N), so that ©,(M,N) =¢.(M)¢.(N), 
the left side is 
E*(g) = &,-E-princ (E?- E~') 
= [,-princ E 
M*N* >°6-?* summed for common divisors 6, 


M*N *oox(g)/g?*. 


6. Semiprincipal functions and functions of the least common multiple 
(l.c.m.). The semiprincipal functions are analogous to the principal func- 
tions, in that they are determined by functions of a smaller number of argu- 
ments; but they are not cardinal functions. 

The function f(M,, Me, - - - , M,) is said to be the semiprincipal function 
equivalent tow(M), if, for any prime p, f(p", - - - , vanishes, whenever 
any two non-zero exponents ¢ are unequal, and is equal to (—1)"*'y(’), if 
u of the exponents ¢ are zero, and the remaining are equal to r. Otherwise 
expressed, the semiprincipal function of Mi, Mo,---,M,, equivalent to 
¥(M), vanishes unless the g.c.d. gi; of M;, M; is relatively prime both to 
M ‘/gi;, and to M ;/g;; (i, 7 =1, 2, - - - , r), and is equal, when this condition 
is satisfied, to 


- - - E_1(M,) 
E_,(I) 


where / is the least common multiple of M,, M2,---, M,. 
It follows from this definition that if 


Vip) (x) = 1+ ax? +---, 


631 
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then 
+ as} > x? x2 + x2 x? } 
i i,j,k 
We may denote f by the symbol semiprinc y, or if we wish to put the number 
of arguments in evidence, by semiprinc, y. It will be noticed that the deri- 
vate of semiprinc, y with respect to s of its arguments is simply semiprinc,_, p. 
An analogous definition holds for the case of a matrix-set of arguments. 
f(| Ma, Mi, Mir|) (@=1, 2, - - - , s) is called the semiprincipal function 
of rXs arguments, equivalent to ¥(M,, M2,---, M,), if, for any prime p, 
f(\p™, pt,---, pte|) vanishes unless all the non-zero numbers among 
tix, tio, , are equal to each other (i=1, 2,---, 5), and is equal to 
teeta) (pnp, pr), if all but o;of the exponents tie, -, 
t;, are zero, and these equal to 7;(i=1, 2,---, s). As an alternative defini- 
tion, the semiprincipal function of rXs arguments M ;;, equivalent to ¥(M,, 
Mz, - - , M,), vanishes whenever the g.c.d. of Mi;, Mi. is not relatively 
prime.to both M ;;/gi;, and Mix/gij(7, R=1,2,--- 
is otherwise equal to 


where /; is the least common multiple of Mi, Miz, --- , Miz. 


THEOREM XXXII. The necessary and sufficient condition that f(M,, 
M,) be a function of the l.c.m.l of Mi, M2, - - - , M,, is that f be 
the integral of the semiprincipal function of r arguments equivalent to 
(y-E-)(M). 

The necessary and sufficient condition that f(|Mia, Mi, ---, Mie|)(i=1, 
2,---, 8) bea function le, --- , 1.) of thel.c.m.’sl;of Ma,Mi2,---, Mir, 
is that f be the integral of the semiprincipal function of r Xs arguments, equiva- 
lent to M2,---, M,). 


The sufficiency of the conditions may be easily proved for each case. To 
prove that the condition is necessary, let 


Vin(x) = (m)x™; 
Sip) (%1, Xr) = me2,***, 


(f: (p)(*1, Xr) = Me, My) x1 
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where 
b(m, m,) a(m,, mr) 
— — 1, me, mp) + — 1, me — 1, ms, -- m,) — ete. 


Since f(M,, M2, , M,) is the function y of the l.c.m. of Mi, Mo, --- , M,, 
a(m,, m2,---, m,)=A(m), where m is the greatest of the suffixes m, 
M2,---,m,. Asin the proof of Theorem XXXI, let 


mM, = = = = M; Miz1, Mp <M. 


Also, let ¢ of the ry—7 numbers mj41, mis, - - - , m, be equal to zero. Group- 
ing the terms in the expression for b(m, me, - - - , m,) in such a way, that in 
each group the values of the first 7 suffixes remain the same, and summing 
each group, we obtain 


b(m,, m2, , Mr) 


i i 
= (1 acm) A(m)( 1 ) + A(m( 


+ (— 1)'A(m »} 


= (— 1)**1(1 — 1)-**{A(m) — A(m — 1)}. 

Thus b(m, m2, - - - , m,) vanishes unless all the non-zero m’s are equal, and 
is equal to (—1)*+1(A(m)—A(m—1)), if r—i of the m’s vanish, and the re- 
maining 7 are all equal to m. This proves that f-E~' is the semiprincipal 
function of r arguments, equivalent to (y-E-')(M). 

An exactly similar proof holds for the case of a matrix-set of arguments. 

Example 12. The semiprincipa! function of two arguments equivalent 
to an enumerative totient. 

Let ¢=L- E-' be the enumerative totient, and let T denote the totient 


@'XL=LX (L'-E) =L-(LX Lp". 


Also, let the functional symbol ¢@ denote the function ¢(M)¢(N) of two 
arguments. If 


= 


Lip) (x) = 
1 — ax 


1 — a*x 
Tip)(x) = {L-(L X (p(x) = 
1 — ax 
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1— zy 


{semiprincs (¢) } (»)(x, ¥) = 
1—ax 1-—ay 1-—azxy 


_ (1 — a’xy)(1 — x)(1 — y) 
(1 — ax)(1 — ay)(1 — axy) 


Hence, 


semiprinc = ¢¢-princ T. 
As a consequence of this result, it follows that, if/ is the l.c.m. of M, N, then 
L(l) = E-semiprinc (L- E~*) 
= E-o¢-prine (L-(L X L)~') 


= LL-princ (L-(Z X L)~), 


L(l)-prine (LZ X L) = LL-prine L. 
In particular, it also follows that 


1 


We add two illustrative results. On putting L =/,, it follows, from the ex- 
pression for the semiprincipal function, that 


(A) I,(2)-prine I2qg = Iq-prine Iq. 
Composing both sides of this with E, we obtain 


I,(l)-E-prine E-E~') = I,-E-prince (I,: E- 


M M N\2 


6: de 6162 


Here, the summation extends over all divisors 5, of M, and 6 of VN, and/ and 
g denote functions, whose values are respectively the l.c.m. and the g.c.d. of 
their arguments. 

Composing both sides cf (A) with E-princ E-', we have 
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E-1,(l)-prince = Iq: E-princ ¢a, 


where the @’s are Jordan functions; or 
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SECTION V. COMPOUNDING OF FUNCTIONS OF SEVERAL ARGUMENTS 
1. The formula for the compound. We define the compound f@¢ of two 
functions M2, M,), o(M,, M2, M,), by 


M, M 
1 2 
summed for all block-factors 6; of M;(i=1, 2,---, 7). 
It follows from this definition that the compounding operation performed 
on several functions is both associative and commutative; also, if 


Mm, 


Sip) (%1, °° = Diam, °° M,) Xe 


then 


Me 


® (p) (*1, X2,°""y Xr) My) Xe 
where 


c(m,, mo, ++, Mr) = a(my, me, ---,m,) + > a(0, ma, -, m,)b(my, 0, 0, - - , 0) 
+ > a(0, 0, m3, m,)b(m, me, 0,---,0) + etc. 


Here on the right, the non-zero suffixes among m1, m2, --- , m, are par- 

titioned in every possible way between a and 3, so that the expression for 

c(m,, M2, , m,) contains 2‘ terms, when r =i of m, me, - - - , m, are zero. 
The expression for c(m, me, - - - , m,) shows that 


THEOREM XXXIII. The derivate of the compound of any number of func- 
tions is the same as the compound of the corresponding derivates of the functions. 


Another expression may be given to the compound of f and ¢. Write 
+ 23, (x1, 42,0, - -,0) +etec., 


9 
1931] 635 
| 
Xr 
mr 


R. VAIDYANATHASWAMY 


+etc., 
¥i(%1, = > v0(x1, Xi); 
summed for every set of i of the variables. 


Then 


For the coefficient of - - - xf (mm, mz, - - - , on the left is 
C, = a(m,---, my, 0,---, 0) 
+ me, ---, mx, 0,---, 0)b(m, 0,---,0) + Dietc., 


while its coefficient on the right is seen to be 


—k 
Ck — ( = (2 1)" *c, = Cx. 


This formula for the generating series of the compound is more complicated 
than the corresponding formula for functions of one argument. But it is 
important to notice that the two formulas are of the same type, if either f or 
¢ is a cardinal function. For, if f is a cardinal function, then every coefficient 
a with a zero suffix vanishes, and the expression for c becomes simply 


c(m,, Mr) = a(my, m,) + mo, , Mr). 


The generating series of the compound of functions, all but one of which are 
cardinal functions, is therefore obtained by adding the generating series of 
all the functions, and replacing the constant term by unity. 

It follows that, while the distributive and quasidistributive properties of 
the compounding operation (Theorems XIII and XIV) do not hold in general 
for functions of several arguments, the former continues to hold in the same 
form, when all but one of the functions compounded are cardinal functions, 
and the latter, when in addition, the function which enters into composition 
with the compound is also a cardinal function. Thus iff is a cardinal function, 
and all but one of fi, fe, - - - , f, are cardinal functions, then 


where £,_, is the elementary function of r arguments, which takes the value 
1—k when the arguments are powers of the same prime. We notice that 
E(M,, M2,---,M,) compounded with itself k—1 times does not give 
E.(M,, M2, M,) but cee E,(M,). 

From the fact that the derivate of the compound is the compound of the 
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derivates (Theorem X XXIII), it readily follows that theorems like XXVIII 
and XXIX should hold with respect to compounding also; namely 


THEOREM XXXIV. If two functions of r arguments have identical derivates, 
each is the compound of the other with a cardinal function. 

If two functions of a matrix-set of arguments have identical column-derivates 
each is the compound of the other with a cardinal function of the matrix-set. 


2. The conjugate function. We define the conjugate function by 
conj f ® f = Ep. 


We shall determine the conjugate of a given function, and thereby show that 
it exists and is unique. Let 


Mm, Me 


Since the derivate of a compound is the compound of the corresponding deri- 
vates, it follows from the definition of the conjugate function that any 
derivate of conj f is the conjugate of the corresponding derivate of f. Hence 
from the formula for the conjugate of a function of one argument (II §6), it 
follows that 

b(m;, 0, 0,---,0) = — a(m, 0,---, 0) (m; ¥ 0). 


Similarly, by taking the derivate of conj f@f with respect to r—2 of the 
arguments, we have 

b(m,, me, 0,--- , 0) + me, 0,--- , O)a(m, 0,--- , 0) 

+> b(m,, 0, , 0)a(0, me, 0, , 0) + a(my, mo, 0, , 0) = 0 Me 0). 


Therefore, using the previous result, 


b(m,, m2, 0,--- , 0) = — a(m, m2, 0,--- , 0) 
+ 2!a(m,, 0,--- , 0)a(O, me, 0,---, 0). 


This process might be continued. We shall prove by induction that, generally, 


(A) b(m, mr) 
1)*i! a(m, me, 0, 0)a(0, 0, m3, M4, Ms, 0, 0)a( 


where, on the right, the suffixes of the a’s constitute a partition of the non- 
vanishing m’s into i parts, and the second summation is for all such distinct 
partitions. 

Assume this formula to be true for conjugates of functions of r—1 argu- 
ments. Then by taking derivates of both sides of the relation 


mer 
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conj f Eo, 
it follows that the formula is also true for functions of less than r—1 argu- 
ments. To establish its truth for the conjugate of a function f of r arguments, 
we observe that it follows from the definition of the conjugate that 


(B) 0 me, m,) + >a(0, Mme, m,)a(m,, 0, 0) 
+ +--+ a(m, me, ---,m,). 


If any of the m’s is zero, then the expression for 5 follows from the proved 
truth of formula (A) for functions of less than r—1 arguments. We may 
therefore take all the m’s to be different from zero. Substituting on the 
right of (B) for b’s with zero suffixes, from formula (A), it becomes evident 
that the expression for b(m, mez, - - - , m,) isa sum of products of a’s, whose 
non-zero suffixes constitute a partition of m, m2,---,m,, multiplied by 
certain numerical coefficients. To find the numerical coefficients of any a- 
product corresponding to an i-part partition, say a(m, me, 0, - - - , 0)a(0,0, 
Ms, M4, Ms, 0,--- , 0) -- +, we observe that this product could have come 
from exactly i terms on the right of (B), namely 


a(m,, m2, 0, -- - , 0)b(0, 0, ms, --- , m,), 


a(0, 0, m3, ms, ms, 0, - - , 0)b(m,, me, 0, O, me, - - - , mr), 


Substituting for the b’s from (A), it follows that the product in question oc- 
curs on the right of (B) with the coefficient 7-(—1)*-1(¢—1)!. Hence it occurs 
in the expression for b(m,, mz, - - - , m,) with the coefficient (—1)‘i!, proving 
the truth of (A) for functions of r arguments. Since (A) has been proved to 
be true for functions of 2 arguments, the induction is complete. 

In particular, for the conjugate of a cardinal function f, we have the 
result that if 


™m m mr 


m2,---,m, = 1,2,---), 
then 


m, m 
(conj f)(p)(%1, Xr) =1- Dam, M2,°°**, M,) Xr . 


Thus the formula which gives the conjugate of a cardinal function is analo- 
gous to the formula for conjugates of functions of a single argument. 

3. The compounding of functions of a matrix-set. The two theories of 
the compounding process, which have been stated for functions of one argu- 
ment and of several arguments, respectively, have yielded formally dif- 
ferent results, even though they have the same arithmetical basis. The reason 


638 


1931] MULTIPLICATIVE ARITHMETICAL FUNCTIONS 639 


for the difference lies in the fact that, while in (f@@)(M) a term of the type 
f(1)@(M) occurs only once, there are in (f@¢@)(M,, M2, - - - , M,) (27-1) 
terms of the type f(:, 52, -- - , 6-)X(Mi/b:, - - - , M,/6,), in which 
one or more of the block-factors 6 are equal to unity. It is of course open to 
us to develop a theory of the compound of functions of several arguments, 
which is formally similar to that for a single argument; we could to this by 
using the definition 
M, 
(f ® )(Mi, Me, = 62, 
1 2 

where the summation is for all sets 6,, 62, --- , 6, of block-factors, which 
have the property that no factor of any 6 is prime to any other 6 (in other 
words, that the distinct prime factors of every 6 are the same), with a similar 
property for the set M;/6;. It is clear that the compound defined thus is a 
multiplicative function, and indeed (as will be seen below) a cardinal func- 
tion, of M,, Mz,---,M,. We shall describe this definition of the compound, 
by saying that, in it, the argument-group (Mi, M2,---, M,) behaves like a 
single argument. ‘The possibility of this alternative definition suggests a 
more general view of the compounding operation, which embraces the two 
theories as aspects of itself. 

Let a given set of arguments be divided into mutually exclusive groups 
in any manner. The most general definition of the compound of two func- 
tions of these arguments is then that the compound is formed in the usual way, 
with the modification that each group of arguments behaves like a single argument, 
in the sense defined above. 

This generalized view of the compound will always be understood, when- 
ever there is any indication of grouping in the arguments. For example, when 
we talk of the compound of two functions of a matrix set of arguments, it 
will be understood, by convention, that the arguments in each column of the 
matrix have been grouped together, so as to behave like a single argument 
in the above sense. 

It is easy to see that the generating series, to any base, of the compound 
of two functions f, of the matrix | Mia, Mi,---, Mi-|(i=1, 2,---, 8), 
need not be worked out ab initio, but may be seen at a glance, by a proper 
interpretation of the formula (V §1) for the case of r arguments, viz. 


c(m,, m2,---,m,) = a(0,0,--- , O)b(m,-- , m,) 


+ 0, , 0)b(0, me, - - , mr) + etc. 


To do this, we consider that m2, - - > b(m, - - -, 
m,)xf" - - - x7 still represent the generating series of the functions f, ¢ of the 
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matrix set, on the understanding that each x?" stands for xjj!4x7j?/ - - - xJ}*7, and 
each m; in the coefficients stands for the group of indices m;, m2;, - , Ms;. 
If, further, we interpret the occurrence of a zero in place of m; to mean 
M,;=M2;= =m,;=0, then the above formula determines the generating 
series of the compound. For, the expression for the compound of two func- 
tions f, ¢, when regarded as functions of the matrix | M;;|, differs from the 
corresponding expression when they are regarded as functions of the rXs 
arguments M;;, in the suppression of all those terms f(5;;)6(M;;/5;;), for 
which the elements in any column of | 6;;| or | M;;/8,;| do not all involve the 
same prime factors; hence it follows that the expression for the general coef- 
ficient c(m;;) of the generating series of the compound in the former case, 
differs from its expression in the latter in the suppression of those terms 
a(m;;), 6(m;;), in which some only of the elements of a column of | m;;| are 
zero. 

In particular, it follows from the expression for c(m;;), that c(m;;) =0, 
when one element from each column of |m;;| is zero, without all the m’s 
vanishing simultaneously. 

Definition. A function F of the matrix - -M;,| (é=1,2, - - -,s) 
will be called a transcardinal function, if its derivate with respect to every set 
of r arguments, chosen one from each column, is the function Eo. 

The following points may be noted in connection with this definition and 
the correlated definition of the cardinal function of a matrix: 

(1) A transcardinal function of | M;;| is necessarily a cardinal function of 
the transposed matrix | M;;|, but the converse is not true. 

(2) A transcardinal function of the “long matrix” | Mi, M2,-:--, M,|is 
any arbitrary function of M,, M2, --- , M,; a transcardinal function of the 
“deep matrix” 

M, 


M 


is a cardinal function of M,, M2,--- , M,. 

(3) A cardinal function of the long matrix | M,, - - - | is a cardinal func- 
tion of M,, Mz, --- , M,, a cardinal function of the deep matrix | M;| is an 
arbitrary function of M,, M2,---, M,. 


THEOREM XXIII (a). The compound of any two functions of a matrix | M;;| 
is a transcardinal function of | M;;\. 


This may be seen directly from the definition of the compound, or thus. 
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By definition, a transcardinal function vanishes when one argument in each 
of the columns of | M;;| is equal to 1, unless all the other arguments are also 
equal to 1. Hence, the coefficient c(m;;) of the general term of its generating 
series vanishes when one element from each column of | m;;| is zero, unless 
all the remaining m’s are also zero. But this property was noted above to 
hold for the compound of two functions of a matrix, hence the theorem. 
From this theorem it follows that if f is a function of the matrix which is 
not transcardinal, f@, cannot be equal to f; as a matter of fact we see 
directly that f@£, is that transcardinal function of the matrix, which is 
equal to f for all sets of values of the arguments, except those for which it 
vanishes in virtue of being a transcardinal function. We shall write 


® = terd f, 


and call terd f the transcardinal part of f. 


THEOREM XXIII(b). The compound of two functions f, o of a matrix de- 
pends only on the transcardinal parts of f and 9. 


For, if f@¢=y, then y is transcardinal by the previous theorem, so that 
tcrd y=y. Hence 
=yO 
=f terd¢. 


The conjugate of the function f of the matrix | M,,| is defined to be another 
function conj f of the same matrix, such that 


f ® conj f = Ep. 


Since the formula for the generating series of the conjugate function is simply 
a consequence of that for a compound, it follows that we can deduce the 
generating series of conj f from that of f, from the result (V §2) 


b(my, me, , M,) 1)*i! da(m, me, 0, )a(0, 0, m3, -) 


by proceeding in the same manner as was done in the case of the compound. 
In particular it follows that the conjugate of a cardinal function f of the 
matrix is another cardinal function of the same matrix, whose generating 
series to any base is obtained from that of f, by changing the sign of all the 
terms except the constant term. 

4. Rational functions of several arguments. (Cf. III.) The function 
f(Mi, M2, -- +, M,) is said to be a rational function, if 
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F (py) (1, X2,°°" y Xr) 


where F,,) and ¢,,) are polynomials for every p, whose degrees pi, o; in %; 
have finite upper bounds as p> (i=1, 2,---,7r); the functions whose 
generating series are ¢,,) and F,,) are, respectively, the integral and inverse 
com ponent of f. 

Since polynomials in more than one variable are not necessarily factor- 
able, a rational function can not in general be expressed as a composite of 
functions of lower degrees. 

The composite of rational functions f,, f2 is clearly a rational function, 
whose integral and inverse components are, respectively, the composites of 
the integral and inverse components of f:, f. Thus composition is a rational 
and integral process. It is easy to show that the compound of fi, fis a rational 
function whose integral component is the composite of the integral compo- 
nents of fi, fe, and of all products of complementary derivates of fi, fe. The 
product of rational functions is also a rational function. This may be proved 
by a method similar to the one adopted for functions of a single argument. 
It could be inferred directly, if Hadamard’s multiplication theorem can be 
extended to power series in several variables; the extension appears however 
to have been carried out so far only to two variables. * 

We have to distinguish between a linear function of r arguments, and a 
rational integral function of degree 1; the former is a product of linear func- 
tions of single arguments, and is a particular case of the latter. We define a 
totient as the composite of a linear function and the inverse of a linear func- 
tion; thus the totient is, like the linear function, a separable function, being 
the product of totients of single arguments (a function of r arguments is 
separable, if it is the product of functions of fewer arguments). Thus a totient 
of r arguments is not the most general rational function of degree (1, 1) in 
each of the arguments. 


SECTION VI. THE IDENTICAL EQUATION OF THE MULTIPLICATIVE FUNCTION 
1. The cardinal functions associated with a function of r arguments. The 
multiplicative property of M2, - - - , M,) implies that 


whenever the products M,M,---M,, NiN.--- N, are relatively prime. 
Now the functions on both sides of this equation are functions of the matrix- 


* Cf. U. S. Haslam-Jones, An extension of Hadamard’s multiplication theorem, Proceedings of the 
London Mathematical Society, (2), vol. 27. 
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set of 2Xr arguments | M,, N;|(i=1, 2,---,7), and the equation asserts 
the equality of the functions, whenever the column-products are relatively 
prime. Hence it follows from Theorems XXIX, and XXXIV, that 
M2N2, -- M,N,) is 

(1) the composite of ff and a cardinal function C, of the matrix | M;, N;| 
(where we use ff as the functional symbol for f(Mi, M2,--- , M,)f(M1, 
N2, N,)), 

(2) the product of ff and the integral of a cardinal function C; of the same 
matrix, 

(3) and, lastly, the compound of ff and a cardinal function C;, of the same 
matrix. 

It will be convenient to refer to Ci, C2, Cs, as the first, second, and third 
cardinal functions associated with f(M;, M2,---,M,). Unlike the second 
and third cardinal functions, the first cardinal function can be expressed in a 
simple manner in terms of f, by means of the processes of the calculus. 
Namely, when F is a function of a matrix-set of arguments, let us denote by 
crd F (the cardinal of F) that cardinal function of the matrix-set, which is 
equal to F, except for those values of the arguments for which it vanishes in 
virtue of being a cardinal function. It is easy to see that the generating series 
of crd F is obtained from the corresponding generating series of F, by sup- 
pressing all those terms, in which the variables corresponding to a column of 
the matrix-set are entirely absent. With this notation, it will now be shown 
that the first cardinal function of f(M,, Ms, --- ,M,) is the conjugate* of 
crd f-1(MiN,, M2N2, - - - , M,N,), where f-! represents the inverse function 
of r arguments, of f. 

2. The expression for the first cardinal function. The first cardinal func- 
tion C,(| M;, N;|) associated with f is given by 


M,N.) = ff-Ci- 
Now, the inverse of ff is f-'f-' (Theorem X). Hence 
Ci = 
To show that this is equal to 
conjcrd f-!(M,N,, M:N2, ---,M,N,), 


we shall, for convenience of writing, take r=2, the method being the same 
for any value of r. Let 


* Notice that this is the conjugate of a function of a matrix, and must therefore be understood 
not in the sense of V §2, but in the generalized sense of V §3. 
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Sip) x2) = Yam, m2) x1 
= m2) x1 x2", 

so that 

(A) — m2 — = 1 or 0, 


according as m, mz are, or are not, simultaneously zero (ui:=0, 1, -- - , m4; 
me). Then, 


{f(MiN1, MzN2)} y1, ¥2) = + m1, + m2) x1 


{f-"(My, M2) f-"(N 1, } (21, 22, 91, ¥2) = x2 


Hence, if 
nm, Re 


m m 
Cicp)(%1, X2, V1, = De(m, M2, M1, Ne) y2 ; 

we must have 
Mz, N2) = + v1, Me + v2)b(m, — M2 — w2)b(m — V1, — v2) 
(m1 = 0,1,---, m1; = 0,1,---, m2; = 0,1,---, m1; v2 = 0,1,--- , me) 

= — v1, m2 — v2) rr, — me— 

Since C; is a cardinal function, c(m, m2, m, m2) vanishes when m, mz (or 
M,, M2) are simultaneously zero. We may therefore suppose that mm, mz are 
not both zero, so that m,+ , and m2+v2 are not simultaneously zero, for any 
admissible values of 11, v2. Hence, by (A) above, 


+ v1, + v2)b(m, — wi, M2 — pe) 
Bi Be 
= — — ki, ve — k2)b(m, + bi, m2 + he) 
ky ke 


(ki = ko = 0,1,---, v2; ky and ke not both zero). 
Therefore, 
c(m,, M2, 24, = — — M2 — v2)a(v1 — ki, v2 — ke)b(m + ki, me+ ke) 


+ ki, M2 + ko) — k1,v2— ke) 


ky 


(vy = ki, ki M1; v2 = Re, ke me). 


It is clear that here the value of the inner sum is zero, unless m;—h1, m2—ke 
are simultaneously zero, in which case it is 1. Now ki=m, k2=me is a set of 
values within the range of ki, k2, only when m, m2 are not both zero. We see, 
therefore, that 
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c(m,, M2, 1, M2) = O, if either m, me, or m, m2 are both zero, 
— b(m, + 1, me + ne), otherwise. 

But the cardinal function, the generating series of which has —b(m,+m, 
for the coefficient of is obviously conj crd f-!(M,N,, 
M:N,).* The same method shows that, generally, 

= conj crd M2N2, ---, M,N,). 
The equation 

MoNo, M,N.) = ff-conj crd f-'(MiN1, ---, M,N,) 


is thus identically satisfied by any multiplicative function f, and will be 
referred to as the identical equation of f. 
For functions of one argument, the identical equation takes the form 


f(uo) = {f(u)f(r)} {conj crd 


3. The identical equation of a totient. Let T=L,-Lr! be a totient- 
function of a single argument, so that its identical equation is 


‘T(MN) = T(M)T(N)-conj crd 7-'(MN). 
Let 


Tons) 
1 x 


Then 


{conj crd T-'(MN)} (p(x, y) = 1 


1 — B(x + y) + 
(1 — Bx)(1 — By) 


Hence 
conj crd T-'(MN) = (1.c.m of M,N) X Li (g.c.d of M, N)}. 
Thus the identical equation for T becomes 
T(MN) = L\(M)L\(N)-Le (N)-L2(M)L2(N): {La K Li (g)} 
= L,(M)L\(N)- {Lo(l) X Li(g) X w(M)u(N)} 


where g, / are, respectively, the g.c.d. and the l.c.m. of M, N. 
For example, the identical equation of the totient ¢,,.=J,-Az! (which 


* Compare V §3. 
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reduces to Jordan’s function for k =1, and for k =a positive integer, is iden- 
tical with Schemmel’s extension of Euler’s function,* when the argument 
has no prime factors equal to, or less than &) is 


M NN’ 
= ) he {1(61, 52) } { 52) 


102 
or 


¢,,x(MN) { g(51, 52) 
(A) (MN) = Ex (6152) (659)? u(51)u (62) 


If T is an enumerative totient, then L,=E, and the identical equation takes 
the form 


T(MN) = Li(M)L,(N)- {Li(g)u(M)u(N)}. 
In particular, for the Jordan function 


{ g(51, 
= p(61)u(62), 


a result which may also be derived from (A). 
4. The Busche-Ramanujan identity. E. Buschef stated that 


MN 
o4(M)o.(N) Lio —), 


summed over the common divisors d of M and N; Ramanujan has utilised 
this result (for the case a=0), as well as its inverse form:{ 


M N 
aMN) = al — Joa — Jd*u(d). 
o,(MN) 


We shall say generally that a function f(M,, M2, - - - , M,) admits a Busche- 
Ramanujan identity, if we have identically 


M (= 
5, 


f(MNi, ---, M,N) 


* Dickson, p. 147. 
t Dickson, p. 319, Note 147. 
t Collected Papers, p. 134. 


M, M, N2 
61 be be 6, 
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summed for common divisors 6; of M;, N; (¢=1, 2,---,7r), F being some 
(necessarily multiplicative) function of r arguments. 

A relation of this form asserts that f(MiNi, M2N2,---,M,N,) is the 
composite of ff and a principal function of the matrix-set | M;, N;|(i=1, 
2,---,¥7). Hence a function f admits a Busche-Ramanujan identity, if, and 
only if, its first cardinal function is a principal function; that is, only if 
conj crd f-'(MiNi, M:N2,---,M,N,), and therefore also crd 
M:.N2,---,M,N,), becomes a principal function. To find the condition 
that this may be the case, let 


Mm, Me 


= 
Tip) (41, tr) = M2,*** M,)X, Xe 


so that 


where, on the right, simultaneous zero values of mm, m2,---,m, and m, 
N2,--~ , mM, are excepted from the summation. The condition that this may 
be a principal function is the vanishing of m2+Me, -- , 
when any m;n; (with the understanding that neither all the m’s nor all the 
n’s vanish together). In other words - - , Ar) =0, whenever the 
admit a partition A; =m;+n; (i=1, 2,--- , 7), in which at least one m;¥nj, 
neither the m’s nor the n’s being all zero. Hence 

(1) Xe, - , Ar) =0, if any A>2. For if A;=3 (say), we can write 
m;=1, =2; m;~0, +0. 

(2) b(Ax, Ae, - - - , Ar) =0, if at least two of the \’s do not vanish. For, if 
No = do. 

It results that b(Ai, Ax, - - - , A,) can have only 2r non-vanishing values 
b;, corresponding to A,=1 or 2;A;=0 for 7 Thus it follows that 


fan (x, + box2+--- 
+ b,x, + + cox? +--+ 
Therefore 
) 
41, %2,°°*, %) = 


Hence f(M;, M2, - - - , M,) isan integral function of a special type, quadratic 
in each of its arguments, its special property being that f-'(M,, M2, - - - , M,) 


mr 
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vanishes unless every two of its arguments are relatively prime.* Also, when 
f is a function of this form, 
Now the derivate of f(Mi, M2, - -- , M,) with respect to the y—1 arguments 


other than M;,, is evidently an integral quadratic function of M;, which we 
may denote by L;:L/; we have , 


(L;-Li) = 


1 
1 + + 
(Li X L!) (xi) = 1 — 


It therefore follows that conj crd f-'(M,M,, - - - , M,N,) is a principal func- 
tion, princ F (say), where 


F(M,, M2, ---,M,) = 0, if two of the arguments have a common factor, 


K, (M;)Kz K, (M,), otherwise, 
where 
L! 


We have thus reached the following theorem: 


THEOREM XXXV. The only functions of r arguments which admit a Busche- 
Ramanujan identity are the integral quadratic functions, whose inverses vanish 
unless every two of the arguments are relatively prime. The identity for a function 
f of this type has the form 


---,M,N,) = ff prince F, 


where F(M,, M2, - - - , M,) =0, if any two of its arguments have a common fac- 
tor, and is otherwise equal to -- - K7(M,); Ki=L:iXLi, 
and L;-L!(M;) is the derivate of f with respect to the r—1 arguments other than 
M;. 

In particular, the functions f of one argument, which admit a Busche- 
Ramanujan identity, are the integral quadratic functions and these only. When 
f=L,-L, the identity has the form 


f(MN) = f(M)f(N)-princ (Li X 


* Functions with this property are, in a sense, the exact opposites of cardinal functions; they 
may be called “anti-cardinal functions.” 
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As illustrations of the identity for functions of one argument, we have 
(1) since 


M N 


summed for common divisors 6, of M and N; 
(2) in particular, 


N\)? 
o,(N?) = {-{=)} 5%u(5), summed for divisors 6, of 


Generally, if f=Z,-L2, and Li:=L, XL», then when M is a multiple of N, 


f(MN) = =) (= 5), 
= 


the summation extending to divisors 6, of NV, in each case. 
In particular, if M=N*, 


N* N\ _- 
= 
k+1 
S(N»)f(N) = 
A different form may also be given to the Busche-Ramanujan identity 


for f(M) =(L,-L:)(M). Namely, we have 
{(MN) = f(M)f(W)-conj crd 


= ff-E'- E-princ  ) 


=Iff-E 


where g is the g.c.d. of M, N. 
For example, 


ou(MN) = { (Ia E)(g)} 


M! 


192 


where g(6:, 5.) denotes the g.c.d. of 6:, 6: and F(N) =the product II(1 — p*) 
extended over all the prime factors of N. 
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An alternative form of the same result is 
f(M)f(N) = f(MN)-E-'- E-prine (Li2- E- E-") 
= f(MN)-E-!- | (Lis E)(g)} 


MN 


E)(g(61, 
1 1 )) 


(f{- E)(M)(f-E)(N) = 


which is valid, when f is any integral quadratic function. 

5. The second and third cardinal functions. We shall next investigate 
the form of the functions, whose second, or third, cardinal functions become 
principal functions. 

The second cardinal function C.(| M;, N;| ) of f(Mi, M2, - --, M,) is given 


by 
f(M\Ni, M2N2, ---, M,N.) = ff X (CoB). 


Writing 
, m m 
it follows that 


a(m, + me + mM, + 


a(m 1, M2, Ne, 


This determines C2. If C2 is to be a principal function, C;- Z must be a func- 
tion of the g.c.d.’s g; of M;, N; (Theorem XXXI). Hence 


a(m, + me + me,---,m, + 


a(m,, M2, , Ne, , Mr) 


must depend only on the smaller element of each of the pairs (mm, m1), 
(mz, M2), +. Hence, if m 2m, 


a(m, + k + me + Me, + N,) 


a(m, + k, mo, , m,)a(m, Ne, , Mr) 


is independent of k, and is equal to 


a(m, + m,--+,m, + 


, mM,)a(m, , Mr) 


It follows from this that if m;>0, 


M2, - Ai (My, Me, +, 1, Mint, = 1,2,---,7). 


[April 
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Also 
a(i,1,0,---,90) a(0, 1,0,---, 0) 


a(0, 1, 0, , O)a(1, 0, 0) a(0, 1,0, , 0)a(0, 0, 


since in both cases the lesser of m;, n; is the same. Hence 
a(1,1,0,---,0) = a(0,1,0,---,0)a(1,0,---,0). 
Similarly 
a(i,1,---,1) = 
Thus 
m—1 


= a(1,0,---,0)} a(0,1,0,---,0)} --- 


where 
m1, 


Writing 
a(1,0,---,0) =A, — a; a(0,1,0,---,0) = — ay, etc., 
it follows that 


(1 — a,x1)(1 — aoxe) --- (1 — a,x,) 


= =  ~ ke) 


Thus f is a totient. Also it is easy to see that (C.- £)(|M;, Ni| ) now becomes 
T'(g:, , Where T” is the level totient such that T’ Xf =the linear 
component of f. Hence 


THEOREM XXXVI. The totients are the only functions of r arguments, 
whose second cardinal function is a principal function. Also,if T(M,, Me, -- - , 
M,) is a totient, and T’ is the level totient such that T XT’ is a linear function, 


T(M1Ni, M2N2, ---, 
= T(Mi, Mo,---, M,)T(Ni, No, - ++, 
For instance, if ¢.(M) is the Jordan function, 
More generally, if ¢.,-=J;-A,—! is the Jordan-Schemmel totient (VII §3), 
N) g* 
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The third cardinal function is less interesting than the other two, and 
becomes a principal function only in a trivial case. 


THEOREM XXXVII. [If the third cardinal function C; of f is a principal 
function, it is the principal function Eo, and f must be a linear function. 


For, with our previous notation, it follows that when C; is a principal 
function, we must have, 


a(m, + 21, m2 + +, + — a(my, me, m,)a(My, Ne, 
whenever any m;#n; (i=1, 2,---,7). Hence writing 
a, = a(1, 0,--- , 0); ag = a(0, 1, 0,--- , 0) etc., 
we have 
a(m,,0,---,0) = a(2,0,---,O0)a™-? 
and similar equations. Also, if m42,m+2,m#m, 


—4 


}a(2, 0) }? a(m,, O)a(m, 0) 
= a(m, + m, 0,--- , 0) 
me: 
Hence a(2, 0, = - - , 0) =a?, so that a(m, 0,--- , 0) =a™(m,=0, 1, 2,-- - 
Also, if m2, --- , m;#0, 
a(m,,---,mj,0,---, 0) 
= 


Thus f is the linear function whose generating series 


Sip)(*) = 


II(1 a;X;) 


6. The restricted Busche-Ramanujan identity. If F(M,N), F’(M, N) 
are two functions with identical derivates, then Theorems XXVIII and 
XXXIV state that each of F, F’ is the composite of the other with a cardinal 
function, and also the compound of the other with a cardinal function. We 
can however state the relation between F, F’ in the more general form, that 
each of F, F’ can be obtained from the other by composing it first witha 
cardinal function, and then compounding the cemposite with a second car- 
dinal function; that is, 

F’ == (F-C)) Co. 


0, 
). 
0) 
de 
1 
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Now, if f(M) be a function of a single argument, f(MN) and f(M)f(N) have 
identical derivates. The relation between f(MN) and f(M)f(N) can there- 
fore be put in the general form 


{(MN) = (ff -C1) Ca, 


where Ci, C2 are cardinal functions of M, N. It is clear that, in this relation, 
either of the cardinal functions C,, C, may be arbitrarily chosen, and that the 
other becomes then determinate. We enquire, in regard to this equation, 
when it can happen that both C, and C; are principal functions. 

The arithmetical significance of the assumption that C; and C, are simul- 
taneously principal functions is clearly that f satisfies a Busche-Ramanujan 
identity for certain restricted values of M, N. For it is evident that the 
compound of F(M, NV) and a principal function of M, N has the same value 
as F(M, N), whenever M, N do not both contain any prime factor p raised 
to the same power. Thus, when C,, C2 are principal functions, f satisfies the 
Busche-Ramanujan identity 


S(MN)=ff 


for all such values of M, N as have no common block-factor. We say in this 
case that f admits a restricted Busche-Ramanujan identity. 


To investigate when C,, C2 are both principal functions, take 
=1+aix+ ax?+---, 
coy) (2, = 
Cup) vy) = they + +---, 
Carp) (x, y) = 1+ kixny + kex?y? +---. 


== ( ( + tixy + tex?y? 
+ kixy + kex*y? +--- 


(V §1). Hence, if 


(A) = Inman + m—14n-1 + lod + 


Hence, if m>n+2, 


Aman+2 + + Om—n—wtn+2 
= Amin+2 


= + Aminti (by (A)) 


i 

a 

4 

3 

Then A 

i 
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+ + + + Am—ntn) 
= + + + + + 
so that 
(1) + bndm—n(d2 — a? =O (m>n+ 2). 
By varying m in this equation, it follows that 
(2) a constant A = (r > 2). 
a? +t; — a 
Similarly, by varying ”, we have 
(3) = tnle. 
Now from (2), 


a3 = + ait; = aid, 
therefore 


(4) either a; = 0, or\ = a2 + hh. 
Again from (2), a;a,=d2a3. Hence 

G2d3 + + = + = Gy = + + aye. 
Hence, 


(5) either a; = 0, or ft = ¢?. 


Now, the relation @m41—@m@1 —@m—it; =0 holds from m=2 onwards, on ac- 
count of (A). Hence the series f,,)(x) is a recurring series of the second order, 
its value, in finite terms, being evidently 


1 + (a2 — — 


1 — — tx? 


Sip) (x) 


There are now three possibilities to be considered. 

Case 1. a,.—a? —t,=0. For this case the element of f to the base p is that 
of an integral quadratic function; from (2) and (3), we easily see that t, =0 
forn>1. We also see that C, reduces to Eo, so that our restricted identity 
becomes the unrestricted identity, which, we know, is satisfied by every 
integral quadratic function. 

Case 2. a,—a? —1,40, a,:+0. For this case it follows from (4), (5), that 

le 


lo = —— 
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These imply the vanishing of a? —a?(a2+), which is the resultant of the 
numerator and denominator of f,»)(x). Thus the element of f reduces to that 
of a totient. Conversely, when f is the totient L,-L,-', 


1 — ax 

Sip) (x) = Bx’ 

1— a(x + y) + 

(1 — ax)(1 — ay) arxy 
Hence f=L,-L,~' has the restricted identity 
S(MN) = {ff-princ (Li X L2)}. 

Case 3. a,—a? —1,40, a,=0. Now 
1 + (a2 — t;)x? 

1 — 
so that f is the convolute of a totient. Conversely, when f is the second 
convolute of a totient, 


= 


1 + ax? 
1 — Bx? F 
1+ a(x? + y?) — aBx*y? + (a + B)xy 
(1 — Bx)(1 — By?) 
(1 + ax?)(1 + ay?)(1+ Bxy)  axy(1 — axy) 
~ (1 — Bx*)(1 — By®)(1 + 1 + 
Hence if f is the second convolute of the totient T=L,-L,~', it has the re- 
stricted identity 


fin) (*) = 


{{(MN)} «p(x, = 


= ff-princF, 
valid whenever M, N have no common block-factor, where 
L,(N)L2(D) 
L\(D) 
D being the greatest number whose square divides N. Combining these 
results, we have 


THEOREM XXXVIII. The only functions of M which admit a restricted 
Busche-Ramanujan identity (namely an identity valid when M, N have no com- 
mon block-factor) are (1) the integral quadratic functions, (2) totients, (3) 
second convolutes of totients, and (4) crosses between these types. 


F(N) = 


4 
q 
3 
{ 
} 
€ 
¥ 
a 
> 
if 
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As illustrations of the theorem, we have the following identities, valid 
when M, N have no common block-factor:* 


M 
(1) $(MN) = 


summed for common divisors 6, of M, N, where ¢ is Euler’s function. 


M N 
(2) conv ¢(MN) = pe conv (=) conv (—\ro, 
where F(N) is the least divisor of NV, which is divisible by its complementary 
divisor. 


SEcTION VII. THE THEORY OF SMITH’S DETERMINANT 


1. Ordinal functions of r arguments. A function f(M,, M2, ---, M,) of 
r arguments may be called generally an ordinal function, if it vanishes when- 
ever certain prescribed inequalities of the form M;>M; hold between the 
arguments. Since we restrict ourselves to multiplicative functions, this 
property may be shown to imply a more specialized property of f. 


THEOREM XXXIX. I[f a multiplicative function of M,, M2,---, M, 
vanishes whenever M;> M j, it necessarily vanishes whenever M; is not a factor 
of M;. 

For by hypothesis, f(p™, p™, - - - , p™*) vanishes, for any prime p, when- 
ever m;>m;; that is, unless p” is a factor of Hence f(M;, M2, ---, M,) 
vanishes if any prime # occurs to a higher power in M; than in M,;, that is, 
unless M; is a factor of Mj. 

We shall concern ourselves only with two types of ordinal functions; 
namely, the functions f(M,, M2, ---,M,), which vanish whenever a pre- 
scribed argument M; is greater than any of the remaining arguments, and 
functions F(M,, Ms, - - - , M,) which vanish whenever a prescribed argument 
M;; is less than any of the other arguments. We call f(M:, M2,---,M,)a 
minor ordinal function with the minor argument M;, and F(M,, M:2,--- , M,) 
a major ordinal function with the major argument M;. We shall usually indi- 
cate the major or minor argument by writing it without the suffix. 

2. Major ordinal functions and functions with a modulus. There exist 
multiplicative functions Me, - -- , M,1, M), whose value is unaltered 
if M; is increased by any multiple of M (¢=1, 2, - - - , r—1); such functions 
may be said to possess the modulus M. We shall now show that, with each 

* These two results (the first of which is due to Mr. S. S. Pillai, as already stated) have been pub- 


lished as questions for solution in the Journal of the Indian Mathematical Society (December, 1928, 
last page, Nos. (1529) and (1530)). 
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function f(Mi, Mz, ---,M,-1, M) possessing the modulus M, we can as- 
sociate a major ordinal function F(M,, Me, ---, M,1, M) with the major 
argument M, in such a way that 


M2, M,-1, M) = F(g,, $2,° °° » M), 


where g; is the g.c.d. of M;, M (i=1, 2,---,r—1). 
For, since f(Mi, M2, - - - , M,-1, M) has the modulus M, and is a multi- 
plicative function of its arguments, it follows that 


M2, M,-1, 1) = f(1, 1, 1). 


Hence Du(f) =£, so that by Theorem XXVI, f is a multiplicative function 
of its modulus M alone. Further, let N be any number prime to the 
modulus M. Then by a well known theorem, Mi, Mi+M, Mi+2M,-:-.-, 
M,+(N-—1)M is a complete residue system mod NV. Hence there exist inte- 
gers Ae, - - - , Such that M;+,M is prime to N (¢=1, 2,---,r—1). 
Hence 
M2, M,-1, M) 

1, 1)f(M,, M2, M,-1, M) 

=> 1, 1)f(M, AM, Me eM, M,-1 + 1M, M) 


(since f is a multiplicative function of its ry arguments) 
= f(MiN, Me,---, M,-1, M) 


(since f has the modulus M). 

Hence the r—1 arguments M,, M2,---,M,-1 of a function f(M, 
M2, - - - , M,1, M) with the modulus M can not only be increased by multi- 
ples of M, but can also be multiplied by any number prime to M, without 
affecting the value of the function. Hence f depends on Mi, M2,---, Mr 
only through their g.c.d.’s with M. 

Now, if f(Mi, Me, --- , M,1, M) be any multiplicative function, we can 
define a function F(M,, M2, ---, M,1, M) by 


F(M,, Mo,---, Myr, M) = f(Mi, M2,---, M), 
when each M; is a factor of M, 
= 0, in other cases. 


The multiplicative character of F follows from that of f. Thus an arbitrary 
function f(M,, M2, - - -, M,_1,M) defines a major ordinal function F(M,, - - -, 


£ 

a 

i 
$ 

Le 

a 
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M,-1, M); but it is obvious that F does not determine f uniquely. If, how- 
ever, {(M,, Mo, - - - , M,-1, M) possesses the modulus M, then from what we 
have proved, f both determines and is determined uniquely by F. 

As an illustration, we may mention von Sterneck’s function f(N, M) 
which represents the excess of the number of partitions of NV into an even 
number of parts mod M, over the number of those into an odd number. This 
function can be shown to be multiplicative, and possesses, by definition, the 
modulus M. Hence it must be a multiplicative function of the modulus alone, 
and can be expressed as a function of M and its g.c.d. with V.* 

3. Minor ordinal functions. If f(M, M,,--~-,M,-:) is a minor ordinal 
function with the minor argument M, we shall call ¥(M)=/(M, M,--- , M) 
the kernel of f. 

We can associate with every minor ordinal function f(M, M,,--- , M;-1) 
a general multiplicative function F(M, Ni, Ne,--- , N,-1), of r arguments, 
defined by 


F(M, Ni, No, Nea) = f(M, MN2,---, MN,-1). 


Conversely, from any multiplicative function F(M, Ni,---, N,-1), we can 
define a minor ordinal function f(M, M,,--- , M,-1) by 


M, M2 M,-1 
I(M,M,, = =="), when Af divides each M;, 


M 


= 0, otherwise. 


Thus the minor ordinal functions are in reversible one-to-one correspondence 
with all multiplicative functions. We observe, in particular, that the derivate 
of the function F(M, Ni, No, --- , N,-1) with respect to Ni, No,---, 
is the kernel of the corresponding ordinal function f(M, Mi, - - - , M,-1). 

The case in which the associated function F(M, Ni, - - - , N,-1) is of the 
form ¥(M)Y(Ni, Ne, ---, N,-1) is of special importance. For this case we 
have 


THEOREM XL. When the associated function of the ordinal function 
f(M, My, --- , M,-1), with the minor argument M, is of the form 
No, -- Ny-1), then 

(1) pW is the kernel of f, 

(2) the ordinal function f is the composite of princ ~ and a function of 
M,, M2, --- , only. 


Conversely, the composite of a principal function P of r arguments, and 


* See Bachmann, Niedere Zalwen-Theorie, part 2, p. 230 ff. 
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any function of r—1 of the arguments, is a minor ordinal function, whose 
kernel is the equivalent function of P. 

The first part of the theorem follows from the fact that the kernel is the 
derivate of the associated function. To prove the second part, let the as- 
sociated function have the generating series 


m m, 


Then, the generating series to the same base of the minor ordinal function is 
evidently 


m m+m, m+my, m+mr—-1 
= { Dan(xx ™} { * fy 


which proves the theorem. 

Definition. The composite of a minor ordinal function with any function 
of its minor argument M, will be called a Smith function in respect to M. 
Also, the kernel of the ordinal function will be termed the kernel of the cor- 

esponding Smith function. 

It follows from this definition, that, if S(M, Mi,---, M,-1) is a Smith 
function in respect to M, there exists a function ¥(M), such that S-y is a 
minor ordinal function with the minor argument M. 

4. Smith’s determinant. Let S(M, M,,---,M,-1) be a Smith’s func- 
tion in respect to M. The values taken by S when its r arguments range from 
1 to m may be taken as the elements of an r-dimensional matrix of the mth 
order, |S(M, M,,---, M,-1)|, the r arguments of S serving as the indices 
of the matrix. This matrix can be evaluated as a determinant, if we assign 
a signant or a non-signant character to each index.* We shall call the de- 


* The modern theory of the r-dimensional determinant 
|a(my, ms, - , mr) | (m,, m2,+ ++, m, = 1,2,--+,m) 
assigns either a signant or a non-signant character to each index m. The value of the determinant is 


n! 

summed for all permutations (m1 min) of 1, (i=1, 2,-++, 1), so that there are 
(n!)" terms in the summation. If ¢ represents +1 or —1 according as (mj: mj2° - * min) is an even 
or odd permutation of 1, 2,--- , ”, the sign of the general term is defined to be []«, where the 
product extends over those values of i for which m, is a signant index. 

The theory is due to Rice (P-way determinants with an application to transvectants, American 
Journal of Mathematics, vol. 40 (1918)) and was also discovered independently by Lecat and the 
present writer (On mixed determinants, Proceedings of the Royal Society of Edinburgh, 1925). For 
further information reference may be made to the works of Lecat, e.g. Coup d’Oeil sur la Théorie des 
Déterminants Supérieurs, Bruxelles, 1927, and also to a recent article of Lecat, Le déterminant su- 
périeur, qu’est il exactement? Les conceptions de Cayley, Gasparis, Rice et autres, Revue Générale des 
Sciences, 1929. 


= 
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terminant |S(M,M,,---,M,1)| a Smith determinant, if the signant 
character has been assigned to the index M. 


THeEorEM XLI. The value of the Smith determinant |S(M, M,, - - -,M,-1)| 
=A,, of order m, is zero if the number of signant indices is odd, and is 
F(1)F(2) - - - F(m) otherwise, F being the kernel of S. 


The first part follows from the fact that a determinant vanishes identi- 
cally, unless it has an even number of signant indices. 

The elements of the Smith determinant A,,, in which the index M has 
the value k, constitute an (r—1)-dimensional matrix of the mth order, 
which we may call the kth section of A,,. Since M is a signant index in A, 
it results that we may add to the elements of a section, any the same multi- 
ples of the corresponding elements of any other section. Also, since S is a 
Smith function, there exists a function ¥(M), such that S-y is an ordinal 
function with the minor argument M. Therefore if we add to the elements of 
the mth section ¥(m/6) times the 5th section (where 6 represents successively 
each divisor of m other than m itself), and denote the new elements of the 
mth section by S’(m, Mi, ---, M,-1), we have 


S'(m, M,,--+, M,-1) 
(S-w)(m, M,,---, M,-1) 


= 0, if any M; ¥ m, 
(S-y)(m, m,-+-,m) 
= F(m),if Mz =---=M,1 =m. 


Now, expanding the determinant in terms of the elements of the mth section, 
it follows immediately that 


Am = F(m)An-1 
= kF(m)F(m — 1) --- F(2)F(1), 


where k is easily seen to be zero or 1, according as the total number of signant 
indices is even or odd. 

It will be noticed that the result does not depend on whether the signant 
or non-signant character is assigned to the remaining indices. 

The following are applications of the theorem: 

(1) Any function F(g) of the g.c.d. of Mi, Mz,---, M, is a Smith func- 
tion in respect to any of the arguments, with the kernel F-E~-'. For, 
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F(g) = E-princ (F- E~), 
therefore 
E-"(M;)-F(g) = E(M,,--- , Min, , M,)-prine (F- E~') 


=an ordinal function, with the minor argument M,, and the kernel F- E-'. 
Hence the corresponding Smith determinant of order m and any number of 
dimensions has the value 


(F-E“)(m) X (F-E“)\(m — 1) X---, 
if the number of signant indices is even. 
(2) Any linear function L(/) of the l.c.m. / of two arguments M, N isa 
Smith function with respect to M or N. For 
L(l) = E-semiprinc (L- 

= E.{(L-E~)(M)(L- E“)N} -princ { (E-L-") L} (Example 12) 

= L(M)L(N)-princ {(E-L-!) L}. 
Hence 
L-\(M) - L(l) = L(N)-princ {(E-L~) x L} 

= an ordinal function with the minor argument M, and kernel 

(E-L-) X L. 


Hence the Smith determinant of order m and two dimensions formed with 
the elements L(g), has the value 


In particular, if L=J, the value is 
j -++,m) (Cesaro)* 


where II(j) is the product of the negatives of the prime factors of . 

(3) Von Sterneck’s function f(N, M), which is equal to the excess of the 
number of partitions of NV into an even number of distinct parts mod M, 
over the number of those into an odd number (zero not being admitted as a 
part), is a multiplicative function with the modulus M, and may be shown 
to be equal to E-1(M)E(N)-princ J.f Hence it is a Smith function with the 
kernel J, the value of the corresponding Smith determinant being therefore 
m!. 


* Dickson, p. 128, 61. 
¢ Cf. Bachmann, loc. cit. 
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(4) If f(M) =(L,-L2)(M) is an integral quadratic function, f(MN) is a 
Smith function with the kernel (1; x L2)~'; for, from the Busche-Ramanujan 
identity, 


f(MN) = f(M)f(N)-princ X 


Since the kernel is the inverse of a linear function, it vanishes for all numbers 
with a squared factor, and so the corresponding Smith determinant of order 
m vanishes unless m <4. 
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REMARKS CONCERNING THE PAPER OF W. L. AYRES* 
ON THE REGULAR POINTS OF A CONTINUUM? 


BY 
KARL MENGER 


The reading of Ayres’ interesting paper suggested to me the following 
remarks: 

1. The order of a subset of a set S in a point pf cannot surpass the order 
of S in p. Hence if S? denotes the set of all points of S of order 2, then S? has in 
each point of S the order 2, the order 1, or the order 0, where the terms “order 
0” and “0-dimensional” are used synonymously. may denote 
the set of all points of S in which S? has the order 0, 1, 2, respectively. The 
points of order 2 of S are also called the ordinary points of S, and the set S? 
of all ordinary points of S may be called the ordinary part of S. The set S™ of 
all ordinary points of the ordinary part of S may be designated the ordinary 
kernel of S. We have 

S?2 = + + Su, 


Ayres has proved§ that an ordinary point of a continuum C in which the 
set C? is at least one-dimensional (i.e., in our terminology a point of C? 
+C"), and which is besides a local cut point of C, is always an end point of a 
free arc of C; that is, of an arc which, after omission of its two end points, is 
open in C. Exactly in the same way it can be proved that a point p of C™, 
which is a loca] cut point of C, lies in the interior of a free arc of C. Ayres fur- 
ther proves|| that each point of C* +C™, and therefore especially each point 
of the set C™, is a local cut point. It follows then that each point of the ordinary 
kernel of a continuum lies in the interior of a free arc. 

2. If C is a given continuum, let us call an ordinary element of C a set E 
which is open in C, homeomorphic with either the straight line or the circle, 
and which is saturated with respect to these properties; that is to say, E is not 
a proper subset of a set EZ’ which is open in C and homeomorphic with a 
straight line or a circle. It is very easy to prove that two ordinary elements of 
a continuum are either identical or mutually exclusive, and that the system 
of all ordinary elements of a continuum is at most denumerable. 

* These Transactions, vol. 33, pp. 252-262. 

+ Presented to the Society, June 13, 1931; received by the editors April 13, 1931. 

t Cf. the references concerning the concept of curve and of order at the end of this paper. 


§ Loc. cit., p. 257. 
|| Loc. cit., p. 259. 
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According to our first remark, each point of C™ is contained in a free arc 
of C and therefore in an ordinary element of C. Conversely, each point of an 
ordinary element of C is evidently a point of C™. Hence C™ is the sum of all 
ordinary elements of C and we have proved the following 


ORDINARY KERNEL THEOREM. /f C is a continuum, then the ordinary ker- 
nel C™ of C is either identical with C (which is the case if and only if C is homeo- 
mor phic with the circle), or C™ is the sum of an at most denumerable system of 
sets, each of which is homeomor phic with the straight line, and each two of which 
are mutually exclusive. Further, each of the sets is open in C and saturated with 
respect to the properties of being open in C and homeomor phic with the straight 
line. 

3. Let E be an ordinary element of the continuum C which is not identical 
with C, and therefore not homeomorphic with the circle, but homeomorphic 
with the straight line. The closed cover E of E may be homeomorphic with 
the circle. In this case E— E contains exactly one point which is necessarily of 
an order greater than 2. As an example, C may be the lemniscate with the 
cut point p of order 4, and EZ may be one of the two components of C — p. 
The set E may be an arc; for instance, C is an arc, and E, the arc diminished 
by its end points. It is obvious that E—E cannot contain more than two 
end points of E, though the set E—E may contain more than two points, 
which are, however, necessarily irregular points of C_ For an example of this 
consider for C the curve y =sin (1/x),0<x<1,and —1<y<1, x = 0, and for 
E the set y =sin (1/x),0<x<1. 

If pis a point of C?™, that is, an end point of the ordinary part of C, then 
p does not lie in an ordinary element of C since ordinary elements contain 
only ordinary points of the ordinary part of C. But # is an end point of a free 
arc of C and therefore a point of the closed cover of at least one ordinary 
element of C. As p is a point of C? and hence a regular point of C, it must be 
an end point of the closed cover of an ordinary element of C. Since the set of 
all ordinary elements is at most denumerable, and the closed cover of each 
of them contains at most two end points, we have proved the following: 
The set C?™ of all end points of the ordinary part of a continuum is, at most, 
denumerable. 

4. The set C2 being 0-dimensional, we have now a complete knowledge 
of the structure of the ordinary part of a continuum. We state this in the 
following 


ORDINARY PART THEOREM. The ordinary part of a continuum is the sum of 
the ordinary kernel, the, at most, denumerable set of all end points, and the, at 
most, 0-dimensional set of all points in which it is 0-dimensional. 
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5. If S is a set and #, g, r are three distinct points of a connected subset 
S’ of S, then it is said that qg separates S’ in S between the points p and r if 
S—q is the sum of two separated subsets containing p and r respectively. The 
definition would be applicable also to the case where S’ is not connected, but 
would not be useful in this case. 

We call the point g of S a separating point of S if the component of S that 
contains g contains two points p and r such that g separates this component 
in S between p and r. Further, we call a point g of S a cut point of S if the com- 
ponent of S containing g is not connected when q is deleted from this set. 
Evidently, a separating point of S is a cut point of S, whereas a cut point or 
S need not be a separating point of S. If S is a continuum then the cut points 
and the separating points are identical. 

G. T. Whyburn* calls the point g of S a locally separating point of S pro- 
vided that there exists a neighborhood U of p such that q is a separating point 
of a-S. A point g is called a local cut point of S provided that there exists a 
neighborhood U of g such that g is a cut point of #-S. From the relations be- 
tween separating points and cut points it is evident that each locally separat- 
ing point is a local cut point, but not conversely; whereas, if S is especially a 
locally connected continuum, the local separating points and the local cut 
points are identical.7 

An important result of G. T. Whyburn’s mentioned paper is that for each 
continuum, the set of all locally separating points of an order greater than 2 
is, at most, denumerable. This theorem may be expressed as follows: All 
locally separating points, with the exception of an, at most, denumerable set, are 
ordinary points. Ayres has proved that all points of S*+S™ are local cut 
points. As these points lie in free arcs of the continuum, they are even locally 
separating. The set of all ordinary points of C which are not locally separating 
is therefore a subset of C2 and hence, at most, 0-dimensional. We may, 
therefore, say All points of a continuum, except those of an, at most, 0-dimen- 
sional set, are locally separating points. We formulate these two results (the 
first result somewhat weakened) in the following way: 

For each continuum, the set of all ordinary points and the set of all locally 
separating points may be obtained from each other by omission of an, at most, 
0-dimensional set. 

6. Ayres has provedf the following lemma: If C is a continuum contain- 
ing two end points, a and 6, such that each set that separates a and 6 inC 
contains at least one ordinary point of C, then C is an arc between a and 5. 

* Monatshefte fiir Mathematik und Physik, vol. 36, pp. 305-314. 


+ Whyburn, loc. cit. 
t Loe. cit., p. 257. 
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Evidently this condition is satisfied by each arc and therefore characteristic 
for the arcs among the continua. But it is of interest that it is also charac- 
teristic for the arcs among general (not closed) connected sets. We show that 
in order that a connected set be an arc between the two end points a and b, it is 
necessary and sufficient that each set that separates a and b in C contain at least 
one ordinary point. 

Let C be a connected set satisfying the condition. Then each point of C 
that separates a and d is an ordinary point. Let S(a, 5) be the set of all points 
of C separating a and b in C. According to Whyburn the set a+5+.S(a, b) may 
be ordered in the following way: p is before gq if there exists a decomposition 
of S—gq into two separated subsets, one of which contains a and p, while the 
other contains b. We prove now that the set a+6+.S(a, d) is closed (not 
merely closed in C). If p is a point of accumulation of S(a, b) different from 
a and db, then there exists a sequence of points { p,}(m =1, 2,---) of S(a, 6) 
converging towards » and monotonic (in the sense of the order of S(a,5)). 
Let us assume the sequence to be monotonic increasing; that is, such that 
for each integer m the point ?, lies before p,,; and before p. Ii C—p, =A, 
+B, is a decomposition of C— >, into two separated sets (A, containing a, 
B,, containing 6), then the set A =>\~_,A, is open in C and contains a, but 
not 6, whereas # lies in A—A. Furthermore, it is easily proved that if the set 
A-—A should contain any point besides #, then all points of 4—A would be 
irregular points. Hence the point b, supposed to be an end point of C, would 
not lie in A—A. Then the set d—A would separate a and } in C, and must 
contain, according to the hypothesis on C, at least one ordinary point, 
whereas all its points (provided that it contains a point different from p) 
are irregular. Hence A —A contains only the point p. As C is connected, this 
point belongs to C. It separates a and d in C and is therefore a point of S(a, b) 
and an ordinary point of C. Since the set S(a, b) is closed, it is identical with 
C. The set C is therefore a continuum which, besides two end points, contains 
only points that separate these two end points, i.e., an arc. This completes 
the proof of the characterization of the arcs. 

This characterization contains as a special case the characterization of the 
arcs among the general connected sets by the fact that besides two end points 
they contain only ordinary points.* 

7. It seems probable to the writer that the methods of Ayres, as well as 
the preceding remarks, admit generalizations to higher genus. If m is an 
integer and @ an isolated ordinal number of the first or second class, then we 
say that the point ~ of the compact space C is of genus a and of order nif pis 


* Cf. Frankl, Fundamenta Mathematicae, vol. 11 (1928), pp. 96-104. 
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contained in neighborhoods, arbitrarily small, such that the (a—1)st deri- 
vatives of their boundaries contain at most ” points, whereas p is not con- 
tained in arbitrarily small neighborhoods such that the (a—1)st derivatives 
of their boundaries contain less than m points.* It seems very likely that for 
each isolated ordinal number a the set of all points of a compact space of 
genus @ and order x is 0-dimensional for each n ¥2. It appears not impossible 
that even the set of all points of order » for some isolated genus is 0-dimen- 
sional if m2. As to the ordinary parts of higher genus, they admit decom- 
positions analogous to the case of genus one treated in these remarks. As 
ordinary kernel of genus 2 of the continuum C we also might define the or- 
dinary kernel of the closed set C—C™ and so on, by transfinite induction. 

8. Finally, by way of more complete citation of the literature on the con- 
cepts and results of the theory of curves than is given in Ayres’ paper, I 
quote in what follows the references concerning the concept of curve and of 
order of points given by the Encyklopidie der Mathematischen Wissenschaf- 
ten, ITIAB 13, 1930 (Tietze-Vietoris), p. 234, footnote 276: 

“K. Menger, Hinterlegung Nr. 778 (1921) bei der Wien. Akad. d. Wis- 
sensch.; Monatshefte f. Math. u. Phys. 33 (1923); Mathem. Annalen 95 
(1925); Proc. Ac. Amsterdam 28 (1925); P. Urysohn, Paris C. R. 175 (1922); 
Fund. Math. 7 (1925).” 

The characterization of the arc among the continua by the property that 


it contains besides two end points merely points of order 2 is mentioned 
without proof by Menger, Hinterlegung Nr. 778 (1921) (cf. Proceedings of 
the Amsterdam Academy, vol. 29, p. 1122, and Monatshefte fiir Mathe- 
matik und Physik, vol. 38, and by Urysohn, Paris Comptes Rendus, vol. 175 
(1922). This theorem is proved by Menger, Mathematische Annalen, vol. 95 
(1925), and by Urysohn, Amsterdam Verhandelingen, vol. 13 (1927). 


* Cf. Menger, Fundamenta Mathematicae, vol. 10, pp. 96-115, and Reschovsky, Fundamenta 
Mathematicae, vol. 14. 
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1. Introduction. Some results have recently been proved on the approxi- 
mation to arbitrary functions of a complex variable by rational functions: 
first, general results on the possibility of approximation with an arbitrarily 
small error; and second, results on the degree of approximation, connecting 
the degree of approximation with the analytic or meromorphic character of 
the function approximated.f{ In connection with both types of results, it is 
of interest to know that a sequence of rational functions of best approximation 
exists, and the present paper undertakes to prove this existence in certain 
cases. The term best approximation may here be interpreted for error meas- 
ured in the sense of Tchebycheff, or for error measured by an integral taken 
in any one of several ways. 

In the study of both possibility of arbitrarily close approximation and 
degree of approximation, much significance is attached to the position of the 
poles of the approximating rational functions, and consideration of such posi- 
tion is of central importance in the sequel. 

2. Sequences of rational functions. By a rational function of z of degree 
n we mean a function which can be written in the form 


aos" + +--+ + ay 
bo” + + + b, 


where the denominator does not vanish identically. 


THEOREM I. From any infinite family of rational functions all of the same 
degree n, there can be extracted a subsequence of functions converging continuously 
in the entire extended plane with the omission of at most 2n points. If the limit 
of the sequence is not the infinite constant on the entire extended plane (except at 
these 2n points), the limit function is a rational function of degree n, the con- 
vergence of the sequence is continuous in the entire extended plane with the omis- 


* Presented to the Society, December 30, 1930; received by the editors January 28, 1931. 

+ Walsh, these Transactions, vol. 31 (1929), pp. 477-502. 

t Walsh, these Transactions, vol. 30 (1928), pp. 838-847. 

Still further results, on interpolation and approximation by rational functions with assigned 
poles, are expected shortly to appear in these Transactions. 
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sion of at most n points, and these points are limit points of poles of the functions 
of the sequence. 


A sequence is said to converge continuously in a region if in any closed 
subregion the sequence converges uniformly. In particular the limit of the 
sequence may be the infinite constant. 

From the given family f(z) (or from any infinite subsequence of it) can be 
extracted a new subsequence such that except in » arbitrarily small circles of 
the plane,* each function of the subsequence, with the possible omission of a 
finite number of functions, is analytic. Let a limit point of poles a/ of the 
given family be the point a’: 

lim a’ = a’ 

Let functions f/ (z) of the given family (or subsequence) have these respec- 
tive poles a. We did not require that the poles a; should belong to distinct 
functions of the original set. This is a matter of indifference, for no function 
f(z) can have more than m distinct poles, and if the functions f(z) are not 
all distinct functions of the original set, we can revise the sequence f/f; (z) if 
necessary and choose all the functions f; (z) distinct functions of the given 
set. We suppose this to be done. Let a second limit point of poles a/’ of the 
set f/ (z) be a’’, different from a’: 


lim a! 


We assume, which is no restriction of generality, that the functions f/’ (z) 
of the set f/ (z) which have the respective poles a/’, are all distinct functions 
of that set. We consider further possible limit points of poles of the set fi’ (z), 
and finally arrive at a subsequence f,‘™(z) whose poles have only the limit 
points a’, a’’, - - - , this number m is obviously not greater than for 
if k is sufficiently large each function f{”(z) has at least one pole near each 
point a“, 

It is conceivable that an infinite number of functions of the given set 
should be constants. In this case the points a’, a’’, - - - , a” need not exist, 
but the theorem itself is obviously true. We now assume none of the functions 
ff (z) to be identically constant. 

Let the circle y; be a neighborhood of the point a;; we denote by D the 
extended plane with the omission of these circles. All but a finite number of 
functions of the sequence /{”(z) are analytic in D. The family f{”"(z) is a 


* If one of the points a; used below is the point at infinity, one of these excepted regions is a 
neighborhood of that point, hence the exterior of a large circle instead of the interior of a small circle. 
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quasinormal family of analytic (i.e. holomorphic) functions in D, by virtue 
of the following theorem due to Montel:* 

A family of functions analytic in a region D where they take on the value 
unity no more than p times and the value zero no more than q times is quasi- 
normal in D, of order at most equal to the smaller of the integers p and q. 

The family f{”(z) is quasinormal in D, of order not greater than n, no 
matter what may be the size of the circles y;, for each function of the family 
is rational of degree » and can take on no value in the extended plane more 
than x times. Hence that family is quasinormal in the entire extended plane 
with the exception of the points a’, a’’, - - - , a‘™; this fact is readily proved 
by a diagonal process, with the use of variable circles y; which approach the 
respective points a ®.7 

It will be noticed that we cannot assert that we have a normal family of 
analytic functions in D. The order m of the quasinormal family is actually 
attained, as is shown by the example 

(n) + + 2)--- (¢ +7) 


fe —1— 1/k)(2 — 2 — 1/k)--- (2 —n — 1/k) 


Theorem I follows directly from the fact that this family f{”(z) is quasi- 


normal in the extended plane with the omission of the points a“. The remark 
that the limit function of the sequence is a rational function of degree 


presents no difficulty; the functions of the sequence take on no value more 
than » times in the extended plane and therefore the limit function if not a 
constant can in D take on no value more than ” times, by Hurwitz’s theorem 
on the uniform convergence of analytic functions. The limit function is 
analytic at every point of the extended plane other than a’,a’’,--- , a™. 
These points are isolated singularities and none is an essential singularity, 
by Picard’s theorem. Hence the singularities are either poles or removable 
singularities. This ensures the rationality of the limit function. Since no value 
is taken on by this function more than times, except perhaps in the points 


a’, a’’,- ++, a™, the function is of degree n. 


THeorEM II. Jf the moduli of an infinite family of rational functions all of 
degree n are uniformly limited in 2n+1 pointst of the extended plane, then there 


* Familles Normales, Paris, 1927, p. 67. The method of proof of Theorem I is analogous too to 
Montel’s proof of his theorem. It is more convenient here for us to use the theory of quasinormal 
families of holomorphic functions than of quasinormal families of meromorphic functions. 

+ Compare Montel, loc. cit., $13. 

t In connectien with the number 2+1 which appears here as the number of points in which we 
suppose the given functions uniformly limited, it is of interest to mention the case n=1. There exists 
a function 
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can be extracted an infinite subsequence of these functions converging continuously 
in the entire extended plane with the omission of n points. The limit of this 
subsequence is a rational function of degree n. 


We apply Theorem I directly. The limit of the subsequence cannot be the 
infinite constant, for if it were, the infinite constant would be the limit of the 
sequence at every point of the extended plane except the points a‘ and ex- 
cept the possible points corresponding to the order of the sequence as a 
quasinormal family. The moduli of the functions of the set are uniformly 
limited in 2n+1 points, hence surely in some point of the plane different from 
those enumerated.* 

If there is given a sequence of rational functions of degree n convergent 
in a given region C, or on a point set C containing at least 27 +1 points, the 
hypothesis of Theorem II is naturally satisfied. Denote by F(z) the limit on C 
of this sequence. The subsequence whose existence is ensured by Theorem II 
converges to some rational function R(z) of degree which naturally coin- 
cides with F(z) on C. That is to say, If a sequence of rational functions all of 
degree n converges to some function F(z) on a point set C consisting of at least 
2n+1 points, then on C the function F(z) is a rational function of degree n. 

It is impossible to say here that the origina] sequence converges at every 
point of the extended plane, with possible exception of m points. Indeed, let 
us enumerate all the points on or within the unit circle with rational coérdi- 
nates: 21, - - . The sequence 

1 3 4 43 
, 


converges at every point exterior to the unit circle, yet converges at none of 
the points 2;, 22, - - - . However, we can add the following complement to the 
result just proved: If the rational function F(z) of degreen possesses effectively 
n poles (not neccessarily all distinct), then the given sequence converges at every 
point of the extended plane with the exception of these n poles. The convergence is 
continuous in the plane so deleted. 

In the general case treated above, from every subsequence of the given 
sequence can be extracted a new subsequence which converges on C to the 
rational function R(z) of degree 2 and which converges continuously in the ex- 


oz +B 
w= 
+6 
which takes on arbitrarily prescribed distinct values, #1, «2, ws, in arbitrary distinct points 21, 2, Zs. 
Limitedness or convergence of a sequence of such functions in the points 3; and 22 implies nothing 
concerning limitedness or convergence in the point zs. 
* Compare Montel, loc. cit., p. 70. 
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tended plane with the possible omission of m points. As we change this new 
subsequence, the rational function R(z) cannot change, for it coincides with 
F(z) on C,* but the n exceptional points may vary with this subsequence; this 
actually occurs in the explicit example just given. However, if R(z) possesses 
n poles, each of them must be an exceptional point. If R(z) possesses a mul- 
tiple pole at a point a, the poles of the functions of the subsequence which 
approach a must agree in multiplicity with a as a pole of R(z); we discuss this 
fact more in detail in §4. Hence in this case the m exceptional points cannot 
vary with the subsequence. From every subsequence of the original sequence 
can be extracted a new subsequence which converges continuously to R(z) 
in the extended plane with the omission of the poles of R(z). Hence the origi- 
nal sequence converges in the extended plane to the function R(z) except at 
these poles, and the convergence is continuous in this region of convergence. 

The discussion we have just given of the convergence of sequences of 
rational functions of degree m has been carried far beyond our needs for appli- 
cation to functions of best approximation. The results obtained can be much 
simplified if the poles of all the functions of the sequence lie in the same n 
points, not necessarily all distinct (this is true, for instance, if all the func- 
tions of the sequence are polynomials, and also in the situation of §10). In 
this case convergence in +1 points different from the poles implies con- 
vergence of the given sequence on the entire extended plane, except in these 
poles. 

3. Application to Tchebycheff approximation. We are now in a position 
to make application of Theorem II to the problem of the existence of the 
rational function of best approximation. 


THEOREM III. Let the function F(z) be defined and continuous on a point 
sel C which is dense in itself. Suppose there exists at least one rational function 
r(z) of degree n such that \F(z)—r(z) | is limited on C. Then there exists a ra- 
tional function of degree n of best approximation to F(z) on C in the sense of 
Tchebycheff. 


The measure of approximation of r(z) to F(z) on C ist 


(1) bound [| F(z) — r(z)| ,zonC], 


and a rational function of degree of best approximation to F(z) on C in the 


* Two rational functions of degree m which coincide in 2n+1 points must be identically equal, 
for their difference is a rational function of degree 2” which vanishes in 2n+1 points. 

} The symbol bound is intended to indicate the least upper bound of the quantity which follows 
it. 


1931] RATIONAL FUNCTIONS OF BEST APPROXIMATION 673 


sense of Tchebycheff is that rational function of degree or one of those 
rational functions for which (1) is least. 

It will be noticed that the point set C need not be closed. We contemplate 
only finite values for F(z) on C, but in effect we allow for certain infinite 
values, for if on a set C’ the given function F(z) becomes infinite at a finite 
number of points, we delete those points from C’ and study the approximation 
of the function F(z) on the remaining point set C. The expression (1) has the 
same value for any rational function r(z) for the two sets C and C’. 

We proceed to the proof of Theorem III. By hypothesis there exists at 
least one rational function r(z) of degree m for which (1) is finite. The set of 
numbers, values of the expression (1) when all possible rational functions of 
degree n are substituted for 7(z), has a greatest lower bound b. If the numbers 
(1) constitute merely a finite set, the theorem is obvious. In the contrary 
case, we choose a sequence {5,} of finite numbers (1) whose limit is b: 

lim & = b. 


Denote by r;,(z) a rational function corresponding to the value b,.: 


bound || F(z) — rx(z)|,z on C] = dy. 


In each point of C the functions r,(z) are kounded, for if bo is the largest 
of the 6, we have 
F(z) — r;(z) 


|< 
| re(z) | S bo +| F(s)|, on. 


It is to be remembered that we have excluded the infinite value for F(z) on C. 
The set C, being dense in itself, contains more than 2 points; the functions 
r,(z) are naturally bounded in 27+1 points of C, so we can apply Theorem 
II. From the set 7;(z) can be extracted a subsequence 7; (z) converging con- 
tinuously in the extended plane with the omission of » points. Denote by 
R(z) the rational function which is the limit of this sequence except possibly 
at these omitted points. 
It is not yet possible to write 


(2) bound | | F(z) — R(z) , zonC]| = 8, 
for it is conceivable that one or more of the » exceptional points considered 
in Theorem II should lie on C, and hence that the equation 


(3) lim (z) = R(s) 


should fail for some points z on C. Equation (3) can of course fail at no more 
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than ” points of C. The left-hand member of (2) cannot be less than b, by 
the very definition of b. 
Let us prove that the inequality 


(4) bound [| F(z) — R(z)|,zonC] 


is impossible. We assume (4) to hold and reach a contradiction. Since C is 
dense in itself, inequality (4) holding even at a single point of C yields the 
inequality 

(5) | F(z) — R(z) | > b,zonC, 


on an infinite subset of C. Hence (5) must hold at some points of C where the 
sequence 7; (z) converges to the function R(z), in contradiction with the in- 
equality |F(z)—R(z)|<b obtained from |F(z)—ri (z)| <b. by allowing & 
to become infinite. Theorem III is now completely proved. 

Theorem III can be applied to the problem (1) mentioned in §1. Thus,* 
let M be a closed point set whose boundary consists of a finite number of 
Jordan arcs which do not separate the plane into more than a finite number 
of regions. If the function f(z) is continuous on M, analytic in the interior 
points of /, there exists a sequence (not necessarily unique) of rational] func- 
tions 7,(z) of respective degrees n, which converges to f(z) on M as rapidly 
(approximation being measured in the sense of Tchebycheff) as does any 
sequence of rational functions of respective degrees n. 

Theorem III is not true if we omit the restriction that C shall be dense in 
itself. For let C be the circle |z| =1 together with the origin z =0. Let the 
function F(z) to be approximated be zero on the unit circle and unity in the 
origin. We consider approximation to F(z) by rational functions of the first 
degree. The function r(z) =1/(mz+1), m>1, approximates to F(z) on C (in- 
cluding the origin) with a maximum error 1/(m—1), which approaches zero 
with 1/m. Yet there is no rational function of the first degree which approxi- 
mates F(z) on C with a zero error. Such a function would vanish everywhere 
on the unit circle and hence be identically zero, but would fail to coincide 
with F(z) in the origin. 

4. Restriction of location of poles. Theorems I and II admit of interest- 
ing generalizations. In each of these theorems #f the poles of the given rational 
functions all lie on some closed point set E, then the poles (if any) of the limit 
function also lie on E. This follows from the proof as already given; the points 
a belong to E. If E is composed of the distinct closed point sets Ei, Ea, 

-- + , £, containing respectively not more than m, mz, - - - , m, poles of the 
given rational functions, m,+m2+ - - - +m,2n, then contains not more 


* Compare Walsh, loc. cit., p. 479. 
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than m; poles of the Jimit function. The proof is not difficult. Let 7;.(z) be the 
functions of the final sequence and r(z) the limit function. Only points a‘ 
can be poles of r(z). We prove first that the multiplicity of a as a pole of 
r(z) is not greater than the multiplicities of the poles of the functions r;(z) 
approaching a‘, Let y be a circle whose center* is a‘ and which contains 
on or within it no zero of r(z); if a is itself a zero of r(z), nothing more needs 
to be proved. The circle y is also to be chosen so small that it contains on or 
within it only the one point of the set a’, a’’, - - - ,a‘™. We have the relation, 
by the uniformity of the convergence on y, 
koe L2ri Jd, rx(z) r(z) 

The right-hand member is the multiplicity of a“ as a pole of r(z). The left- 
hand member is the limit of the number of poles of r;,(z) interior to y di- 
minished by the number of zeros of 7;(z) interior to y, which is not greater 
than the number of poles of 7;(z) interior to y. If the point a‘ belongs to a 
point set £;, the poles of r,(z) interior to y must, for & sufficiently large, also 
belong to £;. Hence £; contains not more than m; poles of r(z). In particular 
if --- +m, =n and if the limit function has effectively poles, 
the function 7;(z) must have precisely m; poles on £;, for k sufficiently large. 

The remark we have made concerning generalizations of Theorems I and 
II suggests a generalization of Theorem III which is now entirely obvious. 
If F(z) is continuous on a point set C which is dense in itself and if there exists 
at least one admissible rational function r(z) of degree n such that |F(z)—r(z) | 
is limited on C, then there exists an admissible rational function of degree n of 
best approximation in the sense of Tchebycheff to F(z) on C, that is, whose poles 
(if any) are restricted to lie on an arbitrary closed point set E. 

The choice of £ is entirely independent of the choice of C. In particular 
if E is the point at infinity, there are in Theorem I at most exceptional 
finite points in the plane for a sequence converging to the infinite constant 
and no exceptional finite points in the plane for a sequence whose limit is not 
the infinite constant. The limit function is naturally a polynomial of degree 
n. In Theorem II it is sufficient to require the polynomials to be bounded in 
but 2+1 finite points of the plane. The case that £ is the point at infinity 
thus yields from Theorem III a proof of the well known existence of the poly- 
nomial of degree of best approximation. 

More generally, we remark in connection with Theorem I that from any 
infinite family of rational functions all of degree m and all with their poles 


* The notation here assumes a“ to be finite. This situation can be attained by a suitable linear 
transformation of the complex variable if it does not present itself. 
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on a closed set £, there can be extracted a subsequence of functions converg- 
ing continuously in that part of the extended plane exterior to E with the 
omission of at most ” points. If the limit of this sequence is not the infinite 
constant, the limit function is a rational function of degree , and the con- 
vergence of the sequence is continuous on that part of the extended plane 
exterior to E. If in Theorem II we admit to consideration only rational func- 
tions with their poles on some closed point set Z, we need only assume that 
the moduli of the functions of the given family are uniformly limited in »+1 
points exterior to £; continuous convergence of the subsequence is assured 
on the extended plane exterior to E. 

In Theorem III there need be no restriction whatever on the point set C if E 
is closed and has no point in common with C, provided that C has at least n+1 
points. There need likewise be no restriction on the function F(z) except that it 
be uniformly bounded on C. 

There is also an interesting case in which each of the point sets E,, Es. 

. . +, &, considered above is a single point. We assume, as we may do with 
no loss of generality, that none of these points is the point at infinity. The 
given rational functions of Theorems I and II are of the form 


(k) 
A Im, 


(3 — a,)™ 


(k) 
Asn, 


(k) 
Asn, 


and the limit function is of the same form without the superscripts. There 
are in reality two different situations according as the individual numbers m; 
are prescribed, m,+m2+ - - - +m, =n, or not. In either situation the gen- 
eralization of Theorem III announces the existence of a minimizing rational 
function of the given form, provided that C contains at least n+1 points and 
contains none of the points aj. 

5. The rational function of best approximation need not be unique. It 
is interesting to notice that easily proved results, analogous to those men- 
tioned in §1, on uniform convergence of the sequence of rational functions of 
best approximation, on the degree of convergence of the sequence of rational 
functions of best approximation, and even on overconvergence, do not de- 
pend in any way on the uniqueness of the sequence of rational functions of 


(k) (k) 
(k) Ain | 
re(z) = Ag +—— 
Z—a (2% — 
(k (k) 
hee | 
4+ —— + ———- + -- -+ 
k) (k) 
+———+- -+---+———_, 
(3 — a,)* 
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best approximation, but merely on the existence of such a sequence. This 
remark applies not merely if best approximation is considered in the sense of 
Tchebycheff, but also (compare §§7 and 8) if certain integral measures of 
approximation are used. 

We now show by examples that the sequence of rational functions of best 
approximation in the sense of Tchebycheff may fail to be unique. It is not 
our purpose here actually to determine all Tchebycheff rational functions of 
best approximation for the functions to be considered. We shall content our- 
selves with the proof that the rational function of best approximation is not 
unique. Moreover, we restrict ourselves in this detailed discussion to the 
study of best approximation in the sense of Tchebycheff. The reader can 
easily study the same examples and show that the rational function of best 
approximation fails to be unique also if an integral measure of approximation 
is used. 

Let us approximate to the function F(z)=z on the point set C: |z| =1. 
The rational functions which approximate to F(z) shall be of the first degree 
and have their poles (if any) on the point set E: |z| =r>2. 

If we have best approximation to F(z) on C by the function 


(6) 


then we also have best approximation to F(z) on C by the function 


waz + w8 


Z— 


(7) 


where w is an arbitrary quantity whose absolute value is unity. For we have 


waz + 2? — — waz — | 
= 
Z— WrZg Z— 


Substitute now z =wf, so that the above expression is 


— — wat — af + 


— 


wl — | 


The maximum of the first expression for |z| =1 is equal to the maximum of 
the last expression for |¢| =1, from which it follows that an infinity of ra- 
tional functions (7) are as good an approximation to F(z) on C as is (6), so 
the latter cannot be a unique function of best approximation. 

The formulas given mask one difficulty: it is conceivable that (6) should 
be the constant zero, in which case (7) would also be zero, and the example 


+ 
= are | = 1, 

120 
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would be pointless; in every other case the two functions (6) and (7) are dis- 
tinct. Rather than go through the detailed determination of a function (6) of 
best approximation, we merely indicate rapidly that the difficulty just raised 
is apparent rather than actual. The measure of approximation of the function 
(6) to z on C is the maximum of 


The measure of approximation of the particular function rz/(z+r), whose 
pole lies on E, is the maximum of 

| | 3? 

ls — |= 

If r is greater than 2, as we suppose, this last maximum is less than unity. 
Some admissible rational function which is not identically zero is therefore 
a better approximation to z on C than is the rational function zero, because 
the measure of approximation of the latter function to F(z) on C is unity. 
Hence the rational function whose poles lie on E of best approximation to 
F(z) on C is not identically zero. The validity of the example given is now 
completely established. 

In the example just given we might equally well have chosen for the point 
set C the region -|z|<1, and/or for the point set E the region |z|<R>2. 
There is no change to be made in the reasoning given. Or we might have 
chosen merely two distinct points on the circle |z| =r >2 as the point set EZ; 
again the rational function of best approximation is not unique. The example, 
moreover, considers explicitly approximation only by rational functions of 
the first degree. It can obviously be modified so as to apply to the approxima- 
tion of the same function F(z) =z on the same point set |z| =1 or |z| <1, by 
rational functions of an arbitrary degree m whose poles are restricted to lie on 
the point set E: |z| =r >2 or |z|<r>2. 

We give another example to show that the rational function of degree n 
of best approximation may fail to be unique, even when the point set EZ is the 
entire plane. The function F(z)=z+1/z is to be approximated on the point 
set C: |z| =1 by a rational function r(z) of the first degree. The rational 
function r(z) of best approximation is not identically zero, for we have 
max[|z+1/z|, z on C] =2, but for r(z) =1/z we have max[|F(z)—r(z) |, 
z on C] =1. There is no unique rational function r(z) of best approximation 
which is identically a constant k, for we have by setting w = —z, 


max [| z+ 1/2 — k|, on C] = max [| — z — 1/2 + &|, on C] 
= max [| w+ 1/w+ k|, wonC], 


= 
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so the rational function r(z) = —k is as good an approximation to F(z) on C 
as is r(z) =+k. There is no unique rational function of the first degree of 
best approximation, for we have, by setting w =1/z, 

max [| z + 1/s — r(z)|, 2 on C] = max [| w + 1/w — r(1/w)|, w on C], 
so the rational function r(1/z) is as good an approximation to F(z) on C as is 
r(z). The two functions r(1/z) and r(z) are distinct unless r(z) is a constant; 
this has already been shown to be impossible. 

6. A lemma on integrals. The following lemma is to be applied later, in 
the study of measures of approximation involving integrals. The integrals 
may be taken either in the sense of Riemann or Lebesgue, but in any case the 
functions ¢,(«) are naturally supposed to be integrable. 


Lemma. Let T be an arbitrary closed point set. If we have, for the non- 
negative functions o;(x), 


(8) lim oi(x) = 
uniformly on every closed subset of T not containing n particular points of TY, 
and if 
(9) lim o,(x)dx = a 
r 


kw 


exists, then 


(10) f o(x)dx 


exists and is equal to or less than a. 

The ” exceptional points of IT are isolated, so in order to prove the exis- 
tence of (10) it is sufficient to consider a neighborhood y of one of those 
points, P. We assume that y contains no other exceptional point. Let y’ be 
a neighborhood of P interior to y. The inequality 


where the positive quantity ¢ is arbitrary, obviously holds for & sufficiently 
large. Moreover, since equation (8) holds uniformly as stated, it holds uni- 
formly in y—~’. Hence we have 


o(x)dx = lim o.(x)dx Sate, 


from which follows immediately the existence of 


| 
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f 
A 
and hence the existence of (10). 
Let €>0 again be arbitrary. Choose the neighborhoods y’, y’’, - - - , y™ 
mutually exclusive neighborhoods of the ” exceptional points, in such a way 


that 
f s — 
y 2n 


There exists A such that for k>A we have 


[o(x) |dx | 


for on the point set [—y’—y’’— - - - —y™, the sequence {¢,(x) } converges 
uniformly to the function ¢(x). That is, we have 


€ 
< f + o(x)dx + — 


f o:.(x)dx +. 


This inequality holds, once the neighborhoods vy’, y’’, - - - , y‘ have been 
chosen, for all sufficiently large k. Allow k to become infinite. The last in- 
tegral on the right approaches a limit, by the uniform convergence of the 
sequence ¢;(x). This limit is, by (9), not greater than a. Hence the integral 
(10) is not greater than a+ e, hence not greater than a. 

7. Integral measures of approximation. In the integral measures of ap- 
proximation now to be considered, the weight or norm function n(z) [or n(w) | 
is to be taken as integrable, non-negative, and of course not identically zero. 
This last restriction avoids a trivial case; if the integrals considered are taken 
in the sense of Lebesgue, this restriction is naturally taken to mean that the 
weight function is greater than zero on some point set of measure greater 
than zero. 


THEOREM IV. Let the function F(z) be defined on the rectifiable arc, curve, 
or other closed point set C which is linearly measurable. Suppose there exists at 
least one rational function r(z) of degree n such that 


(11) f | F(z) — r(z) |» n(z)| dz|, p > 9, 
Cc 
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exists. Then there exists a rational function R(z) of degree n of best approxima- 
tion, namely such that 


Cc 


is not greater than the expression (11) formed for an arbitrary rational function 
r(z) of degree n. 

There exists, as in the proof of Theorem III, a sequence of rational func- 
tions r,(z) all of degree » such that we have 


(13) lim F(z) — r.(z) |" n(z)| dz| = 8, 
Cc 

where b is the greatest lower bound of all expressions of type (11). From this 
set r.(z) there can be extracted, by Theorem I, a subsequence which con- 
verges continuously in the entire plane with the omission of at most 2” 
points. The limit of this subsequence cannot be the infinite constant, by (13); 
the number 0 is of course not the infinite constant, by the hypothesis on the 
r(z) of the theorem. 

We can apply the Lemma just proved. The subsequence of the set 7,(z) 
converges to a function R(z), which by Theorem I is a rational function of 
degree n. By Theorem II and the Lemma, we now have 


fire — R(z)|" n(z)| dz| < b. 
Cc 


The number 6 is the greatest lower bound of all expressions of type (11), so 
the inequality is excluded and the theorem is proved. 

The argument just used is also valid if C is an arbitrary measurable set, 
where the integrals are taken as surface integrals. 

THEOREM V. Let the function F(z) be defined on the closed measurable point 
set C and suppose there exists at least one rational function r(z) of degree n such 
that 


(14) ffs F(z) — r(z)|»n(z)dS, p > 0, 


exists. Then there exists a rational function R(z) of degree n of best approxima- 


tion, namely such that 
ffir — R(z) |?n(z)dS 
c 


is not greater than the expression (14) formed for an arbitrary rational function 
of degree n. 


4 
= 


682 J. L. WALSH [July 


In Theorems IV and V we have made no mention of the location of the 
poles of the functions 7(z) of degree m, and these poles are naturally unre- 
stricted as to location. Here as in Theorem III it is of course possible to ad- 
mit to consideration only rational functions r(z) of degree ” whose poles (if 
any) lie on an arbitrary closed point set E. It is still true that in each of these 
situations (Theorems IV and V) there exists an admissible rational function 
R(z) of degree n of best approximation; that is to say, the poles of R(z), if any, 
also lie on £. Indeed, practically the whole discussion of §4 applies here and 
to Theorem VI below without essential alteration. 

8. An integral measure of approximation after conformal mapping. Two 
other cases are of interest where the measure of approximation is an integral, 
at least in the analogous situation of approximation by polynomials: (1) 
where C is a simply connected region which is mapped* onto the interior of 
the circle y: |w| =1 and the integral is taken over y, and (2) where C is an 
arbitrary closed point set whose complement D is simply connected, and D 
is mapped onto the interior or exterior of y and the integral is taken over y. 
To be sure, the conformal map is strictly defined only in the interiors of the 
regions mapped, but if the correspondence is extended by continuity when- 
ever possible to the boundaries of the regions, in the w-plane say by radial 
approach to , we still have the approximated and approximating functions 
defined almost everywhere on 7, so the integrals on y may be studied.t There 
is a possibility of complication in extending the reasoning of §7 to both (1) 
and (2), for to a single point of the boundary of C may correspond even an 
infinity of points of y. Such a point of C is a possible point of failure of the 
uniform convergence of the sequence or subsequence 7;.(z). The Lemma per- 
mits of failure of the uniformity of convergence in only a finite number of 
points of the set over which the integrals are taken. Thus the Lemma is not 
applicable in the most general cases (1) and (2). A detailed study of the con- 
formal map and its implications in these general cases would lead us too far 
afield from the main object of the present paper, so we content ourselves with 
stating the following: 


THEOREM VI. Let the function F(z) be defined on the boundary B of the 
simply connected region C and suppose there exists at least one admissible ra- 
tional function r(z) of degree n such that 


* An arbitrary point interior to C is made to correspond to the center of y and the rational func- 
tion of best approximation depends on the particular point chosen. But approximation for an arbi- 
trary choice of this point and an arbitrary weight function »(w) is equivalent to a particular choice 
of this point and a suitable choice of the weight function. 

A similar remark applies in case (2). 

{ Compare Walsh, these Transactions, vol. 32 (1930), pp. 794-816. 


RATIONAL FUNCTIONS OF BEST APPROXIMATION 


fire — r(z) |? n(w) | dw|, p > 0, 


exists, where the region C is mapped onto the interior of the unit circle y: |w| =1. 
If the region C has no boundary point which corresponds to more than a finite 
number of points of y, or more generally if the poles of the admissible rational 
functions are restricted to lie on a closed point set E which contains no point of 
B corresponding to more than a finite number of points of y, then there exists an 
admissible rational function R(z) of degree n of best approximation, namely such 
that 


flr R(z) |? n(w) | dw| 


is not greater than the integral (15) formed for any other admissible rational func- 
tion r(z) of degree n. 


The present application of the Lemma is not essentially different from 
the previous ones, and will not be given in detail. One minor difference may 
be noted, namely that the Lemma requires uniform convergence on certain 
point sets, and in the present case we can assert merely uniform convergence 
with the possible exception of sets of measure zero. This does not of course 
essentially alter the validity of the application. 

Theorem VI requires only that F(z) should be defined on the boundary 
of C, and approximation is in reality measured only on this boundary. It ordi- 
narily occurs, however, that we are interested in studying the convergence of 
the approximating sequence not merely on the boundary but also in a region 
or on a more general point set. Two distinct interpretations are possible here, 
as mentioned above, according to whether we consider further convergence 
(1) on C or (2) on the complement of C. That is to say, in effect we consider 
(15) as a measure of approximation (1) on C or (2) on the complement of C. 
These two cases are quite distinct when one studies approximation by poly- 
nomials or approximation by rational functions whose poles are restricted to 
lie on closed point sets E which lie (1) on the complement of C, or (2) in C, 
but the two cases merge into a single case when one considers approximation 
by rational functions with no restrictions on their poles. 

So far as the present writer is aware, there has never been studied the 
problem of overconvergence of sequences of rational functions of best approxi- 
mation, where the poles are restricted to lie on a closed point set E and where 
the measure of approximation is taken as in (11), (14), or (15). Overconver- 
gence can be studied in all of these cases, however, by the methods already 
used elsewhere for polynomials and for more general rational functions.* 


* See the preceding reference and also the references given in §1. 
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Our methods of proof of the existence of rational functions of best ap- 
proximation apply, it may be added, to many measures of approximation 
other than those we have considered. 

9. Approximation with auxiliary conditions. A variation of the problems 
of approximation already considered is to require that the rational function 
of best approximation (considered in any one of the several ways) shall take 
on prescribed values in certain points a;. This requirement may be inter- 
preted as restricting certain derivatives of the approximating functions in the 
points a; if the latter are not taken all distinct: 


R(a;) = m;, R’(a;) = ROO (a) = (i= 


The points a; may or may not belong to C. The discussion we have given for 
the various measures of approximation is not valid in the present case, for 
one of the exceptional points of convergence in Theorem II may be a point 
a;. The equation r;.(a@;) =m; does not in this case imply lim;... 7.(a;) =m. It 
is true, however, that all the exceptional points in Theorem II are limit points 
of poles of rational functions of approximation, and if we restrict those poles 
so that they lie on a closed point set E which contains none of the points aj, 
the auxiliary conditions satisfied by the functions 7;(z) are also satisfied by 
the limits of those functions. This follows from the uniformity of the con- 
vergence of the sequence or subsequence {7;(z)} in the neighborhood of each 
point a;. 

Let us state the theorem resulting from this discussion if the Tchebycheff 
measure of approximation is used. The other theorems are so similar that they 
are readily supplied by the reader. 

If the function F(z) is defined and continuous on a point set C which is dense 
in itself, we consider approximation to F(z) on C by rational functions r(z) all 
of degree n which satisfy the prescribed auxiliary conditions 

r(a;) = = mi,---, 

rE (a) = (¢ = 1,2,---, &), 
and whose poles lie on some closed point set E which contains none of the points 
a;. If there exists at leasi one admissible function* r(z) such that \|F(z)—r(z) | 
is limited on C, then there exists an admissible function R(z) of best approxima- 
tion, namely such that 


bound | F(z) — R(z)| , s on C, 


exceeds no expression of the same form where R(z) is replaced by any other ad- 
missible function. 


* The existence of rational functions satisfying auxiliary conditions is considered in some detail 
in $10. 


1, 2,---,k). 
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If we are willing to require that E shall have no point in common with C, 
we do not need to assume here that C is dense in itself, but merely, as in the 
comment on Theorem III, that C contains more than m points. Even this 
number may be lessened by the number of points a; not belonging to C. The 
function F(z) need merely be uniformly limited on C. 

The theorem itself is not true if we omit the requirement that E shall con- 
tain none of the points a;. We illustrate this by a simple example similar to 
the example already used in §3. Let us approximate to the function F(z) =0 
on the point set C: |z| =1 by rational functions r(z) of the first degree which 
satisfy the single auxiliary condition r(0) =1. The measure of approximation 
is 


bound | r(z) |, zoncC. 


The lower limit of this measure of approximation, considered for all admis- 
sible functions r(z), is zero; indeed, the function r(z) =1/(mz+1), m>1, is 
admissible, yet the upper bound of its modulus on C is 1/(m—1), which 
approaches zero with 1/m. There naturally exists no rational function r(z) 
of the first degree which satisfies the auxiliary conditions whose least upper 
bound on C is zero. Such a function, being zero on C, would vanish identically 
and could not satisfy the auxiliary condition. 

10. Uniqueness of rational functions with preassigned poles. There is one 
case, interesting for the applications, where the rational function of best 


approximation not only exists but is unique. 
If the rational function of degree n is required to be of the form* 


Ay 


tn(z) = Aco + 


a 


=m, + m.+---+m,, 


* There are two distinct points of view regarding rational functions of form (16), namely (i) to 
require that r,(s) should be of the form (16) where 7 is prescribed and the individual numbers m; are 
not prescribed, although the numbers m; may be subjected to restrictions m;Sm;', i=1,2,---, », 
where the m;,’ are prescribed, n<m,’+m2’+ - +--+ +m,’; (ii) to require that r,(z) should be of form 
(16), where » is prescribed together with each individual number m;, n=m+m2+ +--+ +my,. In §4 
it is shown that in both of these cases (i) and (ii) there exists an admissible rational function r,,(s) of 
best approximation. Only in case (ii) can it be proved that there exists a unique rational function of 
best approximation; compare the examples given in §5. 


|| Ap Aim, 
Ag 
(16) Z— a2 — a)? (3 — ay)" 
Ay Aye 
Z— (s — a,)? is — a} 
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where the numbers ai, Gy, Mi, M2,---, m, are prescribed but the 
numbers A;; are not prescribed, and if the continuous function F(z) is approxi- 
mated on a closed point set C containing none of the points a; but containing 
more than n points, then the rational function of best approximation is unique. 

We shall proceed to prove the truth of this theorem, whether best approx- 
imation is considered in the sense of Tchebycheff, or in the sense of least 
weighted pth powers (p>1) measured by a line or surface integral, with or 
without conformal mapping. The theorem is also true in each of these cases, 
as we shall prove, for sufficiently large m even if we have prescribed auxiliary 
conditions relating to points distinct from the a;, provided that if approxima- 
tion is measured in the sense of Tchebycheff the auxiliary conditions are of 
the form r,(8;) =(F6,) for all points 8; belonging to C. This equation need 
not be taken to imply 7,’ (6;) =F’(8;) in case two or more of the @, fall to- 
gether in 6; on C. 

A case which is clearly admissible, though not covered by a literal reading 
of (16), is that of prescribed poles at infinity; it is no loss of generality in the 
proof to assume all of the points a; finite, for that situation can be obtained 
by a suitable linear transformation of the complex variable. 

In connection with the results to be proved, it is necessary to know that 
under certain conditions there exists at least one function of the form (16) 
satisfying given auxiliary conditions. Let us show that there exists a unique 
function of type (16) which takes on prescribed values B, in p =n+1 prescribed 
points 8, distinct from the points a;. We give the proof under the hypothesis 
that the points 8, are all distinct, but the result holds in the more general case 
that two or more of them coincide. The condition is then naturally inter- 
preted to mean the prescription of r,(z), r/ (z), - - - , *(z) in the points 8, 
concerned, the number & depending on the number of points 8, which are 
considered to coincide. 

The existence and uniqueness of the function 7,,(z) depends on the solution 
of p obvious linear equations for the numbers A ;;, and this solution depends 
on the non-vanishing of the determinant 
(17) a. 1 1 1 1 

Bi— a, (B1—a1)™ By— a2 (81—a2)? 
1 1 1 1 1 


1 
B2— a, (B2—a)? (B2 — a1)™ a2 (B2—ae)* \ 


1 1 1 1 1 
B, — a (B,—a)? (8,—a1)™ B,—a2 (8,—a2)* 


(8,—ay)™ 
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The vanishing of A is a necessary and sufficient condition that the homoge- 
neous system of equations (corresponding to B, =0) for the determination of 
the numbers A ;; should have a non-trivial solution. The vanishing of A im- 
plies then the existence of a rational function of degree ” which is not identi- 
cally zero and which has at least m+ 1 zeros, in the points 8,; this is impossible. 
Thus we have 40, and the proof is complete. 

The result just proved is of interest in the present connection as showing 
the existence of at least one admissible function r,(z), satisfying the given 
auxiliary conditions in p points 8, different from the a;, p<n-+1. Under these 
conditions, it follows from §§3, 4, 7, 8, 9 that there exists at least one admissible 
function r,(z) of best approximation. We now prove further: The uniqueness of 
the function r,(z) of best approximation, with or without auxiliary conditions, 
follows directly from the inequality 


if best approximation is measured by an integral as previously considered. For 
if there exist two distinct admissible rational functions 7,,(z) and 7,/ (z) of best 
approximation to the given function F(z), then (r,(z)+7rx (z))/2 is actually 
an admissible function of better approximation: 


tn(z) + fn (2) |? 1 
f — ra(z) |Pds 


1 
+ n(z) | F(z) — rf (2) 


= fre | F(z) — rn(z) |?ds, 


which is of course impossible. The proof holds whether the integral be a line 
integral or surface integral; the numbers a and 8 to which the inequality is 
applied must be different from zero on a point set of measure greater than 
zero. If r,(z) and 7,’ (z) both satisfy given auxiliary conditions, so also does 
(r,(z)-+r,/ (z))/2, and the proof is valid even if auxiliary conditions are pre- 
scribed. 

Our proof of the uniqueness of the rational function of best approximation 
with or without auxiliary conditions is now complete in the case that ap- 
proximation is measured by an integral. In order to complete the proof of the 
theorem already stated it remains for us to study further the case that ap- 
proximation is measured in the sense of Tchebycheff: 


) 

q 
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Let F(z) be an arbitrary function continuous on a closed point set C, which is 
distinct from the points a2, , &, and contains at least n+1 points.* Then 
there exists a unique rational function r,(z) of form (16) of best approximation 
to F(z) on C in the sense of Tchebycheff with preassigned auxiliary conditions 


(18) r,(Bi) = Bi (i = 1, 


where the points B; are distinct from the a;, provided n=k—1 and provided that 
B; =F (B;) if B; is a point of C. 


The case k =0 is not excluded here and simply means the omission of 
auxiliary conditions. In case the points 8; are not all distinct, equation (18) 
is interpreted to define not merely 7,(8;) but also one or more derivatives of 
r,(s) at the multiple points 8;, depending on the number of points 8; which 
coincide; the number & is intended to denote the number of equations (18), 
not the number of distinct points 8;. The equation B; =F (,), required to hold 
if 8; is a point of C, is not intended necessarily to restrict the values of any 
derivatives of r,(z), even if 8; is a point of C.T 

We have already proved the existence of at least one admissible function 
of best approximation. The proof of the uniqueness may be carried out by 
the original method due to Tonelli and used by him in the case that 7,(z) is 
a polynomial and & =0, although the details for the present case follow closely 
a modification of Tonelli’s proof recently given by the present writer.{ The 
complete proof can easily be constructed by the reader. Our preliminary re- 
sult on the existence and uniqueness of functions of type (16) which take on 
prescribed values in prescribed points is needed. Moreover, the theorem (with 
or without auxiliary conditions) can be extended to include even Tchebycheff 
approximation with a norm function, that is, the determination of a rational 
function 7,(z) of form (16) such that the maximum value of 


n(z) | F(z) — ra(z) | ,zonC, 


* It is sufficient here to require that the set of points C plus the (; contains at least n+1 points. 
Moreover, if is sufficiently large it is allowable that some of the points a; should coincide with 
points 6; and even that some points a; should lie on C if a sufficiently large number of those points 
do not lie on C. 

Tt Indeed, if we denote by e, the maximum error | F(s)—rn(s) |, zon C, for the best approximation 
r,(z) (with the given auxiliary conditions) to F(z) on C in the sense of Tchebycheff, it is sufficient to 
require |B;—F(8;) | <en instead of B;= F(3;). 

The equation B;=F(8;) or some other restriction is actually necessary for the uniqueness of the 
function of best approximation, as is shown by the case n=1, a= ~, C: 05531, F(z)=1, with the 
auxiliary condition 7;(0) =0. 

t These Transactions, vol. 32 (1930), pp. 335-390, §10. 
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is least; here m(z) is supposed positive and continuous on C. This proof too 
follows closely the original proof due to Tonelli.* In our previous work in the 
present paper we did not trouble to consider Tchebycheff approximation with 
a norm function. The introduction of such a function throughout the paper 
offers not the slightest difficulty. 


* Compare Walsh, these Transactions, vol. 32 (1930), pp. 794-816; p. 797, footnote 
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1. Introduction. The principal contribution of this article is a set of 
theorems on the structure of the direct product of a normal division algebra A 
over F and an algebraic field F(m), with applications of the Galois theory of 
equations. The theorems are useful new tools for research on normal division 
algebras. In particular it is shown that it is possible to extend the reference 
field F of any normal division algebra A of order ~? over F, p a prime, such 
that A’=A XF(n) is a cyclic normal divison algebra over F(n). A new proof 
is given of a little known theorem of R. Brauer? which reduces the problem 
of determinining all normal division algebras of order n? over F to the case 
where is a power of a prime. 

2. Known theorems. We shall repeatedly use the theorems given in the 
author’s paper On direct products, cyclic division algebras, and pure Riemann 
matrices, and shall refer to it by the letter T. All our algebras A will be linear 
associative algebras with a modulus over any non-modular field F, and all 
sub-algebras of A will have the same modulus, 1, and the same zero quantity, 
0, as A. 

The symbol X shall mean direct product, A XB the direct product of an 
algebra A and an algebra B over the same field F. In A XB the algebras A 
and B will be taken, without loss of generality,to be sub-algebras of A x B. 

We shall require three well known theorems. 


THEOREM 1. The direct product of two total matric algebras of orders m* and 
n’ respectively is a total matric algebra of order (mn)? and conversely. 


THEOREM 2. Every simple algebrat A over F is expressible as a direct pro- 
duct BXM of a division algebra B over F and a total matric algebra M over F in 
one and only one way in the sense of equivalence, and conversely. 


* Presented to the Society June 13, 1931; received by the editors April 17, 1931. 

t This theorem seems to be almost unknown in America. It was obtained independently by the 
author, and this paper was, in fact, already received by the editors of these Transactions when the 
author discovered Brauer’s priority. However, Brauer obtained his results in three memoirs using 
complicated theorems on linear groups going back fundamentally to two memoirs of I. Schur, and 
his papers are far from self-contained. The author’s independent proof is a simple application of his 
new theorems on direct products. For references and Brauer’s theorems, see his third paper in the 
Mathematische Zeitschrift, vol. 30 (1929), pp. 79-107. 

t Not a zero algebra of order one, since we assume throughout that A has the modulus 1. 
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THEOREM 3. Let A contain a normal simple sub-algebra B. Then A is the 
direct product of B and another sub-algebra C of A. 


We shall also use the author’s theorems* TJ 3, 4, 7, 8, 13. They are re- 
spectively 


THEOREM 4. Lei A be a normal simple algebra. Then A is the direct product 
of a normal division algebra and a total matric algebra, and conversely. 


THEOREM 5. Let A=B XC where B and C are normal simple algebras over 
F. Then A is a normal simple algebra over F. 


THEOREM 6. Let A=BXC where A is a normal simple algebra. Then both 
B and C are normal simple algebras. 


THEOREM 7. Let A=BXC where A and B are total matric algebras. Then 
C is a total matric algebra. 


THEOREM 8. Let A be a normal division algebra of order m* over F and B be a 
normal division algebra of order n* over F such that m and n are relatively prime 
integers. Then A XB is a normal division algebra of order m*n* over F. 


3. Extensions of the field F. Let A be a normal divison algebra of order 
n? over F. We shall study what happens to A when we extend F by a quantity 
n which is commutative with all the quantities of A and is such that F(7) isa 
algebraic field of order r over F. We shall thus consider the algebra A’ which 


has the same basis and multiplication constants as A, but which is an algebra 
over F(n). It is evident that A’, considered as an algebra over F, is the direct 
product 


A' =A XF(n). 


Let A be as above and let x in A haveyt ¢(w) =0 as its minimum equation 
with respect to F. We shall say in this case that ¢(w) =0 is an equation which 
belongs to A. It is well known that when A is a normal division algebra over F 
every equation belonging to A is irreducible in F. 

Let « in A have ¢(w) =0 as its minimum equation with respect to F so 
that, if m is the degree of 4(w), the quantities 1, x, x2, - - - , x”~' are linearly 
independent with respect to F. Then in a direct product A XF(n) these quan- 
tities will be linearly independent with respect to F(). If ¢(w) is reducible in 
F(n), then =¢1(w)db2(w) and ¢1(x)-¢2(x) =O where the ¢;(x) are each 
polynomials in x of degree less than m with coefficients not all zero in F(n). 
But then ¢;(x) #0, and ¢2(x) 0 while their product is zero. This is impossi- 
ble in a division algebra. We have 

* These Transactions, vol. 33 (1931), pp. 235-243. 


+ We shall use the symbol w to represent a scalar variable and ¢(w), ¥(w) as polynomials in w 
with coefficients in F and leading coefficient unity. 


692 A. A. ALBERT [July 


THEOREM 9. Let A be a normal division algebra over F and F(n) an algebraic 
field over F. Then 
A’ = A X F(n) 
is not a division algebra if some @(w) =0 which belongs to A is reducible in F(n). 
We continue with the following well known result.* 


THEOREM 10. There exist an infinity of irreducible equations ¢(w) =0 of 
degree n belonging to any normal division aigebra A of order n* over F. 


We shall henceforth in general restrict our consideration of equations 
¢(w) =0 belonging to A of order * over F to equations of degree , and shall 
say that such a ¢(w) =0 properly belongs to A. 

Let ¢(w) =0 properly belong to A and let ~ be a quantity such that $(é) 
=( so that F(£) is an algebraic field of order over F. Consider the algebra 
A’'=AXF(é) where & is therefore taken to be a quantity which is scalar 
with respect to all quantities of A. J. H. M. Wedderburn has proved? that 
A, an algebra of order n? over F, is equivalent to an algebra of n-rowed square 
matrices with elements in F(£). The n? basal quantities of A are equivalent 
to n® matrices which are linearly independent in F(£) and hence form a basis 
of the set of all -rowed square matrices with elements in F(). Thus A’ 
=A XF(t)=MXF(é), where M is a total matric algebra of order n’ over F, 
for this latter algebra is evidently equivalent to the set of all -rowed square 
matrices with elements in F(é). 


THEOREM 11. Let A be a normal division algebra of order n* over F and let 
o(w)=0 be an equation which properly belongs to A. Consider the algebra 
A'=AXF(£) where (£) =0. Then 


(1) A' =A XF(é) = M X F(8), 


where M is a total matric algebra of order n* over F. 


Let ¢(w) =0 properly belong to A of order n? over F. Let B be a normal 
simple algebra of order n* over F and let B contain é satisfying ¢(£) =0. The 
direct product A XB has (1) as a sub-algebra, and hence M as a sub-algebra. 
By Theorem 3 we have 


AXB=MXC, 
where C is a sub-algebra of A XB. By Theorem 5 the algebra A X B is a nor- 


mal simple algebra, so that, by Theorem 6, C is a normal simple algebra. The 


* Cf. the author’s Note on an important theorem on normal division algebras, Bulletin of the 
American Mathematical Society, vol. 36 (1930), pp. 649-650. 
+ These Transactions, vol. 22 (1921), pp. 129-135; p. 133. 
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order of A XB is mn‘, the order of M is n?, so that the order of C is n?. Algebra 
C is obviously the set of all quantities of A x B which are commutative with 
all the quantities of M. Hence C contains £. 


THEOREM 12. Let A be a normal division algebra of order n* over F and let © 
(w) =0 of degree n belong to A. Suppose that B is a normal simple algebra of 
order n? over F and that ¢ in B is such that (£) =0. Then 


(2) AXB=MXC, 


where M is a total matric algebra of order n* over F and C is a normal simple al- 
gebra of order n® over F and contains &. 


We shall now study the general theory of the extension of F by 7. In the 
author’s proof of his Theorem 74 the following result was obtained. 


THEOREM 13. Let B be an algebra over F and let there exist an algebraic field 
F(é) such that B’=BXF(é) is a total matric algebra over F(&). Then B is a 
normal simple algebra over F. 


We shall apply the above result as follows. Let F(n) be an algebraic field 
over F and consider the algebra B= A XF(n) over F(n). The algebra B’=B 
x K(é) is an algebra over K(£) where K =F(n) and, when considered as an 
algebra over F, contains A X F(£) =M XF(é) as a sub-algebra. It is thus evi- 
dent that B’=MxXF(é, n)=M’, a total matric algebra over A(é). By 


Theorem 13, algebra B is a normal simple algebra over K = F(n). 


Lemma 1. Let A’=A XF(n) where A is a normal division algebra. Then A’ 
is a normal simple algebra over F(n). 


By Theorem 4 algebra A’ = A X F(n) is expressible in the form A’=H’XB 
where H’ is a total matric algebra of order s? over F(n) and B is a normal 
division algebra of order ¢ over its centrum F(n). Evidently A’ is a simple 
algebra over F and, when considered over F, A’=H XB where H is a total 
matric algebra of order s* over F and B is a division algebra of order /r over 
F such that r is the order of F(n). Also, since A’ has order n? over F(n) we have 
st=n. 


Lemma 2. Algebra A'=A XF(n) =H XB, where H is a total matric algebra 
of order s? over F and B is a division algebra of order t?r over F which is a normal 
division algebra of order t® over its centrum F(n) of order r over F such that s*t? =n’, 
the order of the normal division algebra A over F. 

Consider the equation 
(3) ¥(w) = w + aw !+---+a, = 0 (a, inF), 


irreducible in F. It is well known that the r-rowed square matrix 


E 
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0 
0 — 


has ¥(w) =0 as its characteristic equation wl —n | =0, where J is the r-rowed 
identity matrix. Hence if F(n) is any algebraic field of order r we may assume 
that 7 is a quantity in a total matric algebra G of order r* over F. 

Consider the normal simple algebra A XG. By Lemma 2 this algebra has 
A’=H XB asa sub-algebra, where H is a total matric algebra of order s? over 
F. By Theorem 3, AXG=HxXC, where C is a normal simple algebra. By 
Theorem 4 we may write C=D XK where D is a normal division algebra and 
K is a total matric algebra. Hence 


(5) AXG=DxX (HX &). 


By Theorem 1 algebra H XK is a total matric algebra. By the uniqueness in 
Theorem 2 algebra A is equivalent to D and G to HXK. If the order of K 
is e®, then 7”, the order of G, is equal to s*e*. Hence s divides r as well as n. 


THEOREM 14. Let A be a normal division algebra of order n® over F, and let 
F(n) be an algebraic field of order r over F. Then 
(6) AXF(n) = HX B, 


where H is a total matric algebra of order s* over F and B is a division algebra 
of order t*r over F such that 


(7) n = st, r = Se, 


and the integer s divides both r and n. Algebra B is a normal division algebra 
of order t? over F(n). 

We shall use the above theorem and its consequences repeatedly in our 
theory. In particular we have as immediate corollaries 

THeoreM 15. Jf A XF(n) =H XF(n), then the order n? of A is a divisor of r?. 

THEOREM 16. If r and n are relatively prime, then A XF(n) is a division 
algebra. 


TueoreM 17. If A XF(n) is a total matric algebra of order n* over F(n) and 
ris prime ton, thenn=1. 
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We may now obtain two results of intrinsic interest but which will not 
be used in our later work. We have shown that A XG=HXC where G is a 
total matric algebra of order r? =s*e?. But then G=H, X K, where Aj is equi- 
valent to H and K;, to K in (5), by Theorem 1. Since A is equivalent to D 
and K, to K, the algebra A XK, is equivalent to DX K =C. But C contains 
the sub-algebra B of Theorem 14, since C is the algebra of all quantities of 
AXG commutative with all the quantities of H, while A XF(n)=H XB. 
Hence we have 

THEOREM 18. Let A and F(n) be as in Theorem 14, so that r=es. Then there 
exists a total matric algebra K of order e over F such that AXK contains an 
algebra equivalent to B as a sub-algebra. 


In particular let r = p, a prime. If A X F(n) =A’ is a division algebra, then, 
by Theorem 9, A contains no x whose minimum equation is that of 7 and 
hence reducible in F(n). Conversely let A contain no ~x satisfying ¥(w) =0, 
the minimum equation of 7. Since r is a prime, s=1 or p. If s=p then e=1, 
and, by Theorem 18, A contains a sub-algebra equivalent to B and hence a 
quantity x satisfying ¥(w) =0, the minimum equation of 7, a quantity of B. 
Hence s = 1 and A’ isa division algebra. As a corollary of Theorem 18 we thus 
have 

Coro.iary. Let A be a normal division algebra of order n? over F and F(n) 
an algebraic field of order p, a prime. Then A XF(n) is a division algebra if and 


only if A contains no quantity satisfying the minimum equation of n with re- 
Spect to F. 

4. Applications of the Galois theory of equations. We shall require the 
well known theorems* 

Lemma 1. Every rational function n with coefficients in F of the roots of an 
equation having the group T for F belongs to a definite sub-group A of T. There 
exist functions belonging to any assigned sub-group of T. 


Lemma 2. If the rational function n with coefficients in F of the roots of an 
equation having the group T for F belongs to a sub-group A of index r under IT, 
then the substitutions of T replace n by exactly r distinct functions called the con- 
jugates of n under V. They are the roots of an equation Y(w) =0 of degree r with 
coefficients in F which is irreducible in F. 

Lemna 3. Let T be the group for F of an equation $(w) =0 with coefficients 
in F. Let A be the sub-group to which belongs a rational function n with coeffi- 
cients in F of the roots of ¢(w) =0. By the adjunction of » to F the group of 
(w) =0 is reduced from T to A. 


* Cf. L. E. Dickson’s Modern Algebraic Theories, Chicago, 1926, pp. 170-174, for these Lemmas. 
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We shall frequently use the very well known 

SyLow’s THEOREM. If the order g of a substitution group T is divisible by a 
power p” of a prime p, then T has a sub-group A of order p’. 

Let IT be a transitive group on p letters, where p is a prime. Then g is 
divisible by p and T has a sub-group A of order p. Every substitution s may 
be written as a product of cycles involving different letters and the order of s 
is the least common multiple of the number of letters in each cycle. If s is 
not the identity substitution and is in A of order p on # letters, the order of s 
is a divisor of p and must be #. Since p is the L.C.M. of the number of letters 
in the individual cycles of s, these cycles must all have # letters. But the let- 
ters in different cycles are different, and there are p letters altogether, so that 
s is a single cycle (123---). The group A contains the substitutions 
1, s, s?, - - - , s®-! and hence is composed solely of these substitutions. Thus A 
is the regular cyclic group of order p. 


Lemma 4. Every transitive group T on p letters, p a prime, contains the regu- 
lar cyclic group A of order p whose substitutions may be taken to be 1,s,s*, - - - ,s?-* 
where s=(123--- p). 

We may obviously apply Lemmas 1, 2, 3 to any equation belonging to A, 
a normal division algebra over F. In our environment they become 


THEOREM 19. Let ¢(w) =0 belong to a normal division algebra A over F 
and let T be the group for F of ¢(w) =0. Then if A is a sub-group of T of index r 
under YT there exists an algebraic field F(n) of order r over F such that in 
A'=AXF(n) over F(n) the group of @ for F(n) is A. 

We shall first apply this theorem to the case where A has order p?, pa 
prime. Let ¢(w) =0 have degree p and belong to A, so that the group IT of 
¢(w) =0 for F is transitive and has order pr. By Lemma 4 the group I has 
a regular cyclic sub-group A of order p and index r. The order rp of T divides 
p! so that r divides (p—1)! and is prime to p. By Theorem 19 there exists an 
algebraic field F(n) of order r such that the group of ¢(w) =0 for F(n) is A. 
By Theorem 16 algebra A’ = A XF(n) is a normal division algebra over F(n). 
The quantity x in A whose minimum equation is ¢(w) =0 is in A’ and satisfies 
an equation with cyclic regular group for F(n). The equation ¢(w) =0 is a 
cyclic equation for K =F(n), the field K(x) is a cyclic normal field, and A’ 
is a cyclic (Dickson) normal division algebra over K. 

THEOREM 20. Let A be a normal division algebra of order p* over F, p a 
prime. Then there exists an algebraic field F(n) of order r over F such that r 
divides (p—1)! and is prime to p and such that the algebra A'’=A XF(n) is a 
cyclic (Dickson) normal division algebra of order p* over F(n). 


1931] ON DIRECT PRODUCTS 697 


We shall next obtain an important theorem for the case where m is not 
the power of a single prime. Let = p‘q where is a prime, e>0, and g >1 is 
not divisible by p. Consider a normal division algebra A of order n? over F 
and let ¢(w) =0 belong properly to A, that is, have degree m and be the mini- 
mum equation for F of x in A. The group I of ¢(w) =0 has order g divisible 
by x since T is transitive. Hence g is divisible by p and we may write g=p’r: 
where 7; is prime to p. By Sylow’s Theorem the group I has a sub-group A 
of order p” and, by Theorem 19, there exists a scalar ; of grade r; such that 
the group of ¢(w) =0 for F(n) is A. By Theorem 14, A =A XF(n)=Hi XB, 
where 7, is a total matric algebra of order s* over F and B, is a normal divi- 
sion algebra of order /? over F(n) such that 2 =st, r=se. Since r is prime to p 
so is 5;. Also A’ is not a division algebra, by Theorem 9, since ¢(w) =0 belongs 
to A, has degree and group A of order p* <m for F(n;), an intransitive group. 
Since and is prime to p, we may write = where is prime to 
p and qi <q. If g:>1 we apply the same process to B, over F(n:) =F; to ob- 
tain a scalar m2 such that B,XF,(n2)=H2xB. where H; is a total matric 
algebra of order s? over F, and Bz is a normal division algebra of order ¢? 
such that fe = with 1Sq2<q:. The field Fi(n2) =F (m, has order rire 
prime to p with respect to F. We define in this way a sequence of scalars 
71, 22, 93, * Sequence of integers 71, 72, - - - , and a decreasing sequence of 
integers g>gi>qg2> --- 21. This latter sequence must terminate at some 
gx =1, and if =F (m, m2, ne), then F,=F(n), an algebraic 
field of order r=r,r2- - - r, over F such that A XF(n) =H XB, where H isa 
total matric algebra of order s?=s?s? - - - s? =g? and B is a normal division 
algebra of order = p* over =F(n). 

THEOREM 21. Let A be a normal division algebra of order n* over F, where 


n= pq, e>0, g>1, 


and p is a prime not dividing q. Then there exists an algebraic field F(n) of order 
r over F such that ris prime to p and 


AXF(n) = HX B, 


where H is a total matric algebra of order g* over F and B is a normal division 
algebra of order p* over its centrum F(n). 


We shall also require the well known theorems 


Lemna 5. Let n and ¢ be rational functions with coefficients in F of the scalar 
roots of an equation whose group for F is 1, and let both n and ¢ belong to the 
same sub-group A of T. Then each of n and § is expressible as a rational function 
with coefficients in F of the other. 
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Lemna* 6. Let T be a group of order p’, p a prime, and let I’, have order p* 
and be contained in T. Then 1’, is an invariant sub-group of index p of a sub- 
group A of T. 

Let now ¢(w) =0 have degree p*, coefficients in F and a transitive group T 
of order p” for F. Let n bea scalar root of ¢(w) =0 and let I, of order p’ be the 
sub-group of T' to which 7 belongs. By Lemma 6 there exists a sub-group A 
of order p**! of I which contains I, self-conjugately. The group A contains 
a substitution g not in I’, and the cycle of g containing 7 has order g a power 
of p, and replaces 7 by a root 72 of ¢(w) =0, a conjugate to 7 under A. The 
root nz belongs to g=T, since I, is self-conjugate under Hence 
nz =0@(n) by Lemma 5, where @(n) is a polynomial in y with coefficients in F. 
The substitutions J, g, g?, - - -, g*~! are all in the group A and replace 7 by 
6*() respectively. These g polynomials are all conjugates to 7 under A, while 
there are exactly p such conjugates to 7 under A, since the index of I, is p. 
Since qg is a power of f, g is p and 


6°(n) = 6° (n) = O(n), 67(m),--- , 


are distinct and satisfy ¢(w) =0. They are all in F(n). Passing to any field 
F(x) equivalent to F(n) we have 


Lema 7. Let x satisfy ¢(w) =0 whose group for F is a transitive group of 
order p*, pa prime. Then F(x) contains a quantity 0(x) such that 


= 6°(x) = x, O(x),-- , 
are p distinct roots of (w) =0. 


Consider now the set of all quantities of F(x) symmetric in the poly- 
nomials 6‘(x). This set evidently forms a sub-field F(y) of F(x). The equation 


¥(w) = [w — -- [w — 0(x)][w — 2] 


evidently has coefficients in F(y) and is also evidently not reducible in F(y). 
Hence «x has grade p with respect to F(y) and F(x) is a cyclic field of order p 
over F(y). 


THEOREM 22. Let o(w) =0 have degree p*, coefficients in F, and a transitive 
group of order a power of p with respect to F where p is a prime. Then if x is a 
quantity satisfying @(w) =0 the field F(x) of order p* over F contains a sub-field 
F(y) of order p*— over F such that F(x) is a cyclic field of order p over F(y). 


Let now A be a normal division algebra of order p**, p a prime, and let x in 
A have grade p* and ¢(w) =0 as its minimum equation for F. Let the group of 


* Cf. Burnside, The Theory of Groups, Cambridge, 1897, pp. 64-65. 
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¢@(w) =0 have order p’r; where 7; is prime to p. As in the proof of Theorem 21 
there exists an algebraic field F: = F(n1) of order r,over F such that the group of 
¢=0 for F, is a group I of order p’. By Theorem 14 the algebra A’ = A X F(m) 
is a normal division algebra over F (1), so that, by Theorem 9, the equation 
pfw) =0 is irreducible in F(n,;), and I is a transitive group. We may therefore 
apply Theorem 22 and obtain the existence of a quantity y in F,(x) such that 
this field is a cyclic field of order over F;(y) of order p*!. Apply this same 
process to the minimum equation of y with respect to F;. We obtain the 
existence of a quantity 72 of grade r2 prime to p with respect to F(,) =F; 
such that the algebra A’’=A’XFi(n2) is a normal division algebra over 
F,=F(m, n2) =F i(n2) and the field F2(y) contains a sub-field F:(z) of order 
p* with respect to F2 and is a cyclic field of order p over this field. It is evi- 
dent that the field F(x) is a cyclic field over F2(y). Continuing in this fashion 
we obtain 


THEOREM 23. Let A be a normal division algebra of order p** over F, p a 
prime, and let x in A have grade p* with respect to F. Then there exists an alge- 
braic field K =F(n) of order r prime to p with respect to F such that 


A' =A X F(n) 


is a normal division algebra over K, the algebraic field K(x) has order p* over K, 
and there exist quantities 


in K(x) such that if 
Kyo = K, K; = K(x,) (¢=1,2,---,e), 


then K; has order p‘ with respect to K and is a cyclic jield of order p over Kj-1. 
In particular A’ contains a cyclic field K(x,) of order p over K. 


5. Cyclic algebras. Let ¢(w) =0 have degree n, coefficients in F, and have 
the cyclic regular group for F. Then if x is a quantity satisfying ¢(x) =0 the 
algebraic field F(x) is a normal cyclic field of order m over F, and there exists 
a quantity 0(x) in F(x) such that if we define by induction 

x) = x, O*(x) = 
then 
6"(x) = x, 
aud 
$(w) = [w — --- [w — — a). 


Consider an algebra A over F with the basis 


(8) (a,8 = 0,1,---,— 1), 
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and the multiplication table 

(9) o(x) = 0, in F, y8f(x) = (8 = 0,1,---), 
for every f(x) of F(x). Such an algebra is always associative and is the general 
Dickson algebra. We shall say that a Dickson algebra is a cyclic algebra wh@n 
it is a normal simple algebra. The field F, the equation ¢=0, the particular 
polynomial 6(x) in (9), and the quantity y in F formally define A, and we shall 
use the notation 


A = F[¢, 6, y]. 


Let y=0 so that y"=0 and y#0 is a nilpotent quantity of A. If 
a=)..=)a,(x)y* is any quantity of A then 


(10) (ay)" = by" = 0. 


For 


ya = Fae (x) y= ( [0°(x) 


a=(0 a=() 


and we may carry the m factors y in (ay)” to the right and obtain (10) with 
bin A. It follows that ay is nilpotent in A for every a of A. Hence y is properly 
nilpotent in A and A contains a radical. Hence A is not even a semi-simple 
algebra and is not a cyclic algebra. 

Let next y ~0 and é be a scalar quantity with respect to quantities of A 
such that #(£)=0. Then Wedderburn has shown* that A X F(£) =M XF(é) 
where M is a total matric algebra, so that, by Theorem 13, A is a normal sim- 
ple algebra. We thus have 

THEOREM 24. A Dickson algebra is a cyclic algebra if and only if y #0. 

Professor Wedderburn in fact actually obtained formulas for the quanti- 
ties of A in terms of those of M and conversely. He used a form of A re- 
ciprocal to ours and we shall use, instead, the form of L. E. Dickson.7 Every 
quantity f of A has the form 


= folx) + filx)y + +++ + 
Let é be as above, and write 


fi = = 


Then if we let the quantities of MXxF(£) be represented by matrices, the 
quantity f of A will be represented by 


* These Transactions, vol. 15 (1914), pp. 162-166. ¢ 
t Algebren und ihre Zahlentheorie, Zurich, 1927, p. 68, equation 54. 
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So fi fe 


(11) 


We require the representation of the basal quantities of M in terms of the 
quantities of A x F(é). Let then e;; be the quantity of M which corresponds to 
the matrix with unity in the 7th row and jth column and zeros elsewhere, so 
that the n? quantities e;; are a basis of M with respect to F. The quantity x 
has the form above with fo(x) =1 and all the other f’s zero, while y=0+y+0. 
Hence (11) implies that 


(12) += = + + + VEn,1, 
i=] 

where we define 

(13) = 


By a very easy computation the quantity (x—é) (~x—&)-- + (w—&i1) 
-(w—£i41) - (wv—&,) has zero for the coefficients of all the e;; except e;; it- 
self, and, in fact, 


From (12) we obtain 


(14) Ci 


under the assumption that subscripts are reduced modulo m when they ex- 
ceed n. In particular 


(16) euy = yer, 
where we shall require the form of 


(x — &2)(x — &)--- — 


= 


(&: — &)(&1 — &3) - — En) 
(x — — &)--- (x — — &) 
— &3)(2 — &4) (& — En)(E2 — £1) 


From y* in (11) we obtain 


(17) 


€22 
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(18) eny* = err, Yer = y"t**en, 

where we are using always 

(19) = = O (j i,j, k,t = 1,2,---,m). 
Since y ~0 has an inverse y~! in F we have finally e;;=ee:; and, from (18), 
(20) = te, yi! (t,7 =1,---,m). 


We shall apply the form obtained in (20) as follows. Let A =F [¢, 6, ¥:] 
and B=F |[@, 0, y2| be two cyclic algebras differing only in their quantites y. 
We shall use (8) as a notation for the basis of A with y" =7, and, correspond- 
ingly, for a basis and multiplication tables of B shall use 


(21) B= (&*n*) (a, B = 0, 1, eee 1), 


(22) o(&) = 0, = 2, = f[6°(E) In? 
so that if £;=6'—(¢) then 

(23) = 

where £,.; =. We shall consider the algebra 


(24) C=AxXB, 


which contains A XF(n) =M x F(n) as a sub-algebra, where M is the total 


matric algebra whose basis is given by (20), (17), with (16) holding. By 
Theorem 3 algebra C is expressible in the form 


(25) C=MxXD, 


where D is the algebra of all quantities of C which are commutative with all 
the quantities of WV and obviously contains F(é). Also D contains 


(26) z= yn = ny. 
For from (23) and (17) it is obvious that 
(27) = C207. 


But (16) states that ze:; = y(nei1) = yeoon =€113. The quantity z is commutative 
with e;, and with y, and, since y~' is in F, with all of the quantities e;; of (20), 
a basis of W. Hence zis in D. 

We have thus shown that D contains é and z. Since D is an algebra over 
F it contains all the quantities 


(28) (a,8 = 0,1,---,"— 1), 


where, since y is commutative with £ and z, we have 


[July 
(6 =0,1,---), 
(i = 1,2,---,m), 


1931] ON DIRECT PRODUCTS 703 


(29) 2" = = vive, = (8 = 0,1,---), 


for every f(£) in F(é). The quantity z is merely a scalar multiple y7 of n, with 
respect to B, since y is scalar with respect to B. When (21) form a basis of B, 
the quantities (28) are thus linearly independent in F, and in fact in F(y). 
Algebra D has order n? from Theorem 3 so that (28) form a basis of D, and 
the multiplication table of D is (29). Since y: #0, y20, the quantity yry2+0 
and D is the cyclic algebra F [¢, 0, yry2]. We have proved 

THEOREM 25. Let A =F 0, y:| and B=F 0, y2| be cyclic algebras with 
the same , 8, and order n* and thus differing possibly only in their quantities vy. 
Then 


(30) AXB=MxC, 


where M is a total matric algebra of order n? over F and C is the cyclic algebra 
F [9, 9, vvv2]. 

6. Direct powers of normal simple algebras. If A is any normal simple 
algebra over F and B is equivalent to A, then we can form the direct product 
A XB in such a fashion that A and B are sub-algebras of A XB, by passing 
to equivalent algebras. We may evidently represent such a direct product 
symbolically by A XA where, in view of the direct product symbol, the two 
letters A mean merely equivalent algebras. As a generalization we may de- 
fine the direct power* 


(31) = AX = A*X A 


by an obvious induction on a, where A =A!. The powers here behave like 
ordinary powers of integers, as in a direct product we have commutativity 
and associativity of the symbols representing algebras, so that 


(32) xX = x Be = (AX B)*, AXB=BXA, 


for any normal simple algebras (in fact for any algebras) A and B. By 
Theorem 12 we have 


A? = M 4 By, 


where M is as in (2) and B; is a normal simple algebra. By Theorem 12 
algebra B, contains a quantity whose minimum equation with respect to 


* We shall use the notation of direct power so frequently in the following theory that to alter the 
above even slightly would make the work less clear and the printing too bulky. Hence although the 
symbol of (31) is customarily used in linear algebra theory to mean ordinary product, this meaning 
will not occur in the present paper. We shall then assume that the symbol of (31) represents through- 
out direct power. 


(w= 1,2,---), 


704 A. A. ALBERT [July 


F has degree u and belongs to A, a normal division algebra of order n? over F. 
Again by Theorem 12 we have A4*=MX(AXB:)=MXM XB.=M?XBz, 
where B; is a normal simple algebra of order ? over F and also contains &. 
In general we have 


(33) At = M*"%&X 
But B,_, is a normal simple algebra and we may write 
(34) Ba. = Ha X Aa; 


where A, is a normal division algebra of order ¢2 over F and H, is a total 
matric algebra of order s? over F such that sat, =n. 


THEOREM 26. Let A be a normal division algebra of order n* over F and M 
be a total matric algebra of order n* over F. Then the direct power 


(35) A* = (M*" X Ha) X Aa (a = 2,3,---), 


where H,, is a total matric algebra of order s2 over F and Aq is a normal division 
algebra of order t2 over F such that the relation 


(36) Sala = 1 


holds. 


Suppose that A were a normal division algebra for which ¢, =1 for some 
integer* a. In this case A*=M-*, a total matric algebra. We shall say that 
when such an integer a exists the least integer p for which A? is a total matric 
algebraistheexponentofA. 

7. Algebras of order p’, p a prime. Let first A be any cyclic algebra of 
order p?, p a prime, over F. The author has shown that a necessary and suffi- 
cient condition? that A be a division algebra is that y be not the norm, NV(a), 
of any ain F(x), and also that this condition was equivalent7 to the condition 
that y*+ N(a) (a=1,2,---,p—1). Henceif A =F [¢, 6, y], then the algebras 
F[¢, 6, y*] (a=1, 2,---, p—1) are also normal division algebras. But in 
Theorem 23 we have A XA = A?=M XAz where A2=F[¢, 8, y*] is a normal 
division algebra. Similarly A4* = M? X A; = M?XF 6, y*], and in general 


A® = Mx A,, A? = MX B, 


where B =F [9, 0, y”] is a cyclic algebra by Theorem 22, and A. =F [¢, 6, y*] 
is a normal division algebra for a=1, -- - , p—1. Algebra B is not a division 
algebra since y? = V(y). Since B has order p*, p a prime, Theorem 4 implies 
that B= M. We have proved the theorem 


* We shall prove the existence of such an integer for any normal division algebra A in §8. 
t These results are Theorems T 18, 19. 
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THEOREM 27. Every cyclic division algebra A of order p* over F, p a prime, 
has p as its exponent p. Thus 


(37) A* = M=XA,, A? = M? (a =2,3,---,p— 1), 
where A has the direct product sequence 
(38) A, = A, Ap =F, 


of normal division algebras A, of orders p* over F except for A , which has order 
unity. 

Let next A be any normal division algebra of order p” over F, p a prime. 
By Theorem 26 we have 


(39) AP = (M?"X H,) xX Ap, 


where A , has order # and p=st so that t=1 or p. By Theorem 20 there exists 
an algebraic field F(n) of order r prime to p such that if A’ =A XF(n) then A’ 
is a cyclic normal division algebra over F(n). By Theorem 27 we have 
(A’)” =(M’)? where M’=M XF/(n) is a total matric algebra of order p? over 
F(n). Evidently 

(A’)” = (M?"! X H,,)’ X (A,)’ = (M’)? 


in algebras over F(n), where the meaning of the symbols is clear. But then, 
by Theorem 7, algebra (A ,)’ is a total matric algebra over F(n), since so are 
(M’-'XH,)' and (M’). Since r is prime to p and the order of A, is unity 
or p?, Theorem 17 implies that ¢,=1, and A? is a total matric algebra. If 
A«=M* with a<p, then (A’)*=(M’)« where A’ is a cyclic normal division 
algebra over F(n), contrary to the proved fact that p is the exponent of A’. 
Hence p is the exponent of A. 


THEOREM 28. Every normal division algebra of order p® over F, p a prime, 
has p as its exponent p, such that 


(40) = A,, A? = (a2 =2,3,---,p—1), 
and algebra A has the direct product sequence 


of normal division algebras of orders p*, p?, - , 1 respectively. 


8. The general case. Let A be a normal division algebra of order n? over 
F. We shall first treat the case n= p*, p a prime. For e=1 we have proved 


Lemma 1. Let A be a normal division algebra of order p** over F, p a prime. 
Then if n= p*, the algebra A" = M" is a total matric algebra over F. 


4 

4 

rt 
i 
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Assume, then, as the basis of an induction on e that the lemma is true for 
e<f. Let then A have order p¥ and set n=)’, t= p/-'. We may form, from 
(35), 

At= M*'X At, 
where M/ and H/, are total matric algebras and A; is a normal division algebra 
over F whose order is a power of ». By Theorem 24 there exists an algebraic 
field A =F (n) of order r prime to p over F such that A’=A X F(n) isa normal 
division algebra over K and contains a quantity x of grade p with respect to 
K. In algebras over K we have then 


(A’)* = X (Hi)! X (Ad)’, 
and (A,)’ is also a normal division algebra over K. Let ¢ be a scalar root of 
the minimum equation of x with respect to K so that thealgebra A” = A’ X K(é) 
is not a division algebra over K(£), and by Theorem 14 we have 
A" =GX B, 
where G isa total matric algebra of order p? and B is a normal division algebra 


of order p*-* over K(é). By the assumption of our induction B' is a total 
matric algebra. Hence, in algebras over K(é), 


_(A")* = Gt X BY = (M")' XK X (Ad)” 


is a total matric algebra. It follows from Theorem 7 that (A,)’’ =(A,)’ xX K(E) 
is a total matric algebra over K(¢). By Theorem 15 the order of (A,)’ is 1 or 
p*. Hence the order of A, is 1 or p? and, in either case, 


(A‘)P = = (H,)” x (A,)” 


is a total matric algebra M", by Theorem 28. Our induction is complete and 
Lemma 1 is proved. 
Let next A have order nu? where n= p’q and p is a prime, q is prime to p. 
If g=1 then A"=M" as we have proved. Let then g>1 be prime to p, an 
arbitrary prime factor of n. Form 
= H, X An, 


where A, is a normal division algebra whose order divides n?. By Theorem 21 
there exists an algebraic field F(n) of order r prime to p such that A’ = A X F(n) 
=H XB where H isa total matric algebra of order g? over F and B is a normal 
division algebra of order / = p* over F. Then 


(A’)" = H" X B* = H" X (B‘)2 
is a total matric algebra over F(n), by Lemma 1. Hence (A,)’ is a total 
matric algebra. By Theorem 15 the order of A, is a divisor of r and is prime 
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to p. But p was any prime factor of m and hence the order of A,, a divisor of 
n*, is prime to # and is unity. We have 


Lemma 2. Let A be a normal division algebra of order n* over F. Then A” 
is a total matric algebra. 


We have thus proved very simply the existence of an exponent p for any 
A where p is the Jeast integer for which A? is a total matric algebra. Let 
A«=M* bea total matric algebra and write the positive integer a in its form 


a=Ap+u, OSu<p. 


The integer \<0 since p is the least integer a. If then A*= is 
a total matric algebra and hence A+ is a total matric algebra, a contradiction 
of the definition of p. Hence A* = M° if and only if a is divisible by p. 

In particular p divides » by Lemma 2. Let n=tq where t=)*, p a 
prime and g>1 is prime to p. Then, as in the proof of Lemma 2, we have 
A’=A XF(n) =H XB where B isa normal division algebra of order é over F(n) 
and H isa total matric algebra of order g?. Then (A’)* = H* X B’ isa total ma- 
tric algebra since so is A*. Hence B? is a total matric algebra and p is divisible 
by the exponent of B, a power of p. Hence p is divisible by every prime factor 
p of n. 


Lemma 3. Let A be a normal division algebra of order n* over F. Then A has 
an exponent p whose prime factors coincide with those of n and which is a divisor 


of n. 


Consider the sequence of algebras 


(42) A = Aj, Ao,:++,A,zi, A, =F, 


a set of normal division algebras A ; of order ¢? over F such that ¢; divides n. 
Let A; and A; be any two algebras of this sequence and let i+j=k(mod p), 
where 0<kSp, i+j7=Ap+k. Then since A ;XA; is a normal simple algebra 
from Theorem 5, 


Ati = M*!X< H;XAiX HA: X A; X AX B, 
where H is a total matric algebra and B is a normal division algebra as in 
Theorem 4. But 

Aiti = Adetk = M+k-1 Ay. 
From the uniqueness in Theorem 2 algebra B is equivalent to A;. Hence, in 
the sense of equivalence, 


(43) A; X A; = Hi; X Ax, 


J 
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where H ;,; is a total matric algebra. It is also obvious that if a=Ap+h, where 


0<k<p, then 
At = Mx Hy, X At, 


since A» = M** and does not affect the H and A with subscripts k. We have 
proved 


THEOREM 29. Every normal division algebra A of order n* over F has an 
exponent p which divides n and which is divisible by every prime factor of n.* 
For every integer ~a=2 we have 


(44) 0O<k<p, 420, 
and, in the sense of equivalence, 

(45) = MX Hi X 
where A, is the kth member of the direct product sequence 


(46) Aj = A, Ao, A,-1; A, on F 


of A. The sequence (46) is a set of normal division algebras A ; of orders t? re- 
spectively dividing n®. If A ; and A ; are any two members of (46) such that 


(47) itj=k (mod p), 
then, in the sense of equivalence, 
(48) A; x A; = Ay X Hi;, i, 
where H ;,; is a total matric algebra. 

Let us assume for the moment that two of the algebras A ; and A ; in (46) 
were equivalent. We may take i <j. Since A is in (46) we have 

A,-i x A; = Hi, 

a total matric algebra in view of the fact that A, =F. But when A ; and A; are 
equivalent we have then A,_;XA; a total matric algebra while p+j—740 
(mod p), a contradiction of Theorem 29. Hence the algebras of (46) are all 
non-equivalent. 

THEOREM 30. The direct product sequence of any normal division algebra is 


com posed of non-equivalent algebras. 


9. The fundamental theorem. We shall now prove R. Brauer’s principal re- 
sult on normal division algebras. Let A be a normal division algebra of order 
n* and exponent p over F, and suppose that = p’q, where g is not divisible by 
the prime # and is not unity. Write p =or, where 


* The theorem to this point was first proved by Brauer. 
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7 = > 1, 

and a is prime to p. There exists a positive integer \ such that 
hc = 1 (mod 7), 

since o is prime to p. Also there exists a positive integer u such that 

ur =1—do (mod p) 
since the greatest common divisor 7 of p and r divides 1—Ag. Then 

Ao + wr = 1+ 
where evidently vy >0. We form 
= X A = AX 
But if 6=)e, then 
A’ = Hy X As, 

where A; is a normal division algebra whose order divides ?. But A**=A* 
is a total matric algebra so that (A;)* is a total matric algebra and the ex- 


ponent of A; is a divisor of p° =r and is a power of ». By Theorem 29 the 
order of A; is also a power of p, p?*. Similarly, if ¢=yr7, then 


= A‘ = M= H, x 
where A, is a normal division algebra. As before (A.)’ is a total matric alge- 


bra, the exponent of A, divides o and is prime to #, and the order of A, is s?, 
a divisor of g*. Now 


Alte = MX A = M*+*? x H; X X (As X Ad. 


By Theorem 8 the algebra A; X A. is a normal division algebra. By Theorem 2 
algebra A is equivalent to the direct product A;XA.. Since m is then equal to 
ps, we have a=e and s=q. Using Theorem 8 we obtain 


Lemma 1. Let A be a normal division algebra of order n* over F, n=p'q, 
where pis a prime and q>1 is prime to p. Then 


A=BXC, 


where B is a normal division algebra of order p** over F and C is a normal divi- 
ston algebra of order q* over F, and conversely. 


Suppose that A = BXC =D XE where B and D have the same order s? and 
C and E have the same order /* such that s and ¢ are relatively prime integers. 
By Theorem T 12, there exists a normal division algebra Bo of order s*? over 


: 
a 
te 
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F such that BX By isa total matric algebra.* Similarly there exists an algebra 
E, of order # over F such that E X Ep isa total matric algebra. Then 


A X By X Ey = (B X Bo) X (C X Eo) = (D XK Bo) X (E X Ey). 


But CX £,)=H xG, where H isa total matric algebra and G is a normal divi- 
sion algebra whose order divides ¢*, the order of CX £o. Similarly DXB, 
=QxS, where Q is a total matric algebra and S is a normal division algebra 
whose order divides s*. Since 


(BX B) XHXG=(EX XOXS, 
it follows from Theorems 1 and 2 that G and S are equivalent and have the 


same order, a divisor of both s‘ and /*. But s is prime to / so that this order is 
unity. Hence 


CX E,=H, DXB, =0, CX (EX E)=HXE, 


where H and EXE, are total matric algebras. By Theorem 2 algebra C is 
equivalent to E. Similarly algebra D is equivalent to B. 


Lema 2. Let A have order n* over F and let n=st where s and t are relatively 
prime integers. Then A is expressible as a direct product BXC of a normal divi- 
sion algebra B of order s* and a normal division algebra C of order t? in only one 
way in the sense of equivalence. 


We now apply our two lemmas as follows. Let 


where the /; are distinct primes. By Lemmas 1 and 2 we have A = B, XC 
where B, has order p?°: and C, has order m? in one and only one way in the 
sense of equivalence, and conversely. Also C;=B2XC2, where Bz has order 
p?*:and C: has order n?. Again this expression is unique, so that the expres- 
sion A=B,XB2XCz is also unique. Finally we evidently obtain C,_, 
=B,,.1.XB, in one and only one way in the sense of equivalence and A 
=B,XB:X --- XB,, a direct product of normal division algebras B; of 
orders p,° respectively in one and only one way in the sense of equivalence, 
and conversely, by Theorem 8, every such direct product is a normal division 
algebra of order n?. 


FUNDAMENTAL THEOREM. Write any positive integer n in its unique fac- 
ltored form 


&2 en 


n= pi po Pm 


* In fact if p is the exponent oi 3 then By is B,_;. 
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where the p; are distinct primes. Every normal division algebra A of order n* over 
F is expressible as a direct product 

A= B,X Bn 


of normal division algebras B; of orders p?*‘ respectively in one and only one 
way in the sense of equivalence, and conversely.* 


This completely reduces the problem of the determination of all normal 
division algebras of order n? to the case where m is a power of a prime. In 
particular it furnishes a determination of all normal division algebras of 
orders 36 and 144 over F since all normal division algebras of order 16, 9, 4 
are known.t 


* Brauer did not obtain the converse of the above, an immediate consequence of our Theorem 8. 

7 Cf. the author’s A determination of all normal division algebras of order sixteen, these Transac- 
tions, vol. 31 (1929), pp. 253-260. The above result for the case of algebras of order 36 over F evi- 
dently replaces completely the author’s partial results on Algebras of type Rez in thirty-six units, 
American Journal of Mathematics, vol. 52 (1930), pp. 283-292, and On normal division algebras of 
type R in thirty-six units, these Transactions, vol. 33 (1931), pp. 235-243. 
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CONDITIONS FOR THE SOLUBILITY OF THE 
DIOPHANTINE EQUATION «x? — My? = -1* 


BY 
MORGAN WARD 


1. In this paper I apply the theory of Lucas’ functions to determine 
conditionsf under which the well known diophantine equation 
(1) x? — N°*Dy? = — 1 
is soluble for given integers§ N and D. 

I show first of all that it is sufficient to consider (1) in the case when V 


is an odd prime P and D is square-free and not divisible by P. Suppose that 
N =P. Clearly, a necessary condition that (1) be soluble is that the equation 


(2) x? — Dy? = —1 


be soluble. If D is not a quadratic residue of P, this condition is also sufficient 
for the solubility of (1). However, if D is a quadratic residue of P, the follow- 
ing additional restriction must hold. 

Let (u,v) be the least positive integral solution of (2), and suppose that P 
is of the form 2*+1(2M+1)+1 with] (D|P)=+1. Then in order that (1) 


be soluble it is necessary and sufficient that 
(3) + oD — 1 (mod P). 


In case P is of the form 8M +5, (3) may be replaced by the following condi- 
tion. Let 


P = (a+ bij(a — bi), un+i=e[] (e+ (a, odd) 


be the decomposition of P and «+i into primary factors in the field §(¢= 
(—1)**). Here ¢ is equal to 1 or 1+7 according as the norm of u+7 is odd or 
even, and ¢€ is a unit chosen so that the integers a are all odd. Then a necessary 
and sufficient condition that (1) be soluble is that 


(4) + a + Bi) = (| a + di). 


* Presented to the Society, April 11, 1931; received by the editors March 3, 1931. 

7 A recent paper by D. H. Lehmer, Annals of Mathematics, (2), vol. 31 (1930), pp. 419-448, 
gives references to the literature on these functions. 

t Very few general conditions are known. See Dickson’s History, vol. 2, chapter XII. 

§ On considering (1) modulo 8, it is obvious that NV must be odd and D or D/2 odd for a solu- 
tion to exist. Furthermore, every odd prime factor of N2D must be of the form 4n-++1. 

q (A |B) denotes as usual the quadratic character of A with respect to B. 
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If P is of the form 8M +1, this condition is necessary, but not sufficient, 
for the solubility of (1). 

For a given value of D, (4) gives an easily applied criterion for the solu- 
bility of (1). Its use is illustrated in the closing sections of the paper for the 
case D=5. 

2. To prove these statements, consider equations (1) and (2), where we 
assume that (2) is soluble and that N is odd. If (wu, v) is the least positive in- 
tegral solution of (2), every other solution is given by the formula 


t, + = (u + vD1/2)” (s = + 1, + 3, +5,---). 


Hence a necessary and sufficient condition that (1) be soluble is that there 
exist an odd m such that 


Sn, = 0 (mod 


Now lety so that y +6 =2u,y —6=20D"?, yb = —1. 
Then 7,+5,D!?=y", r,—5,D"? so that 27, =V,, s,=vU,, where 


are the Lucas functions associated with the quadratic equation 
x? — 2ux —1=0. 


Thus if NV =md, v=0'd, (m, v’) =1, s,=0 (mod N), when and only when 
U,,=0 (mod m). 

Now let u(m) denote the least positive value of m such that U,=0 (mod 
m). We shall refer to this number as the rank of apparition of m in (U),. Its 
more important properties are as follows:* 


I. U, is divisible by m when and only when n is divisible by u(m). 

II. /f a and b are co-prime, u(ab) is the least common multiple of u(a) and 
u(b). Consequently 

Ill. Jf m=p},---, pit is the decomposition of m into its prime factors, 
then is the least common multiple of u(p>), , 

IV. If m is a prime p, and (D |p) denotes the quadratic character of D with 
respect to p, then u(p) divides p—(D |p) and u(p*) = p'u(p), bSa—1. 

V. If m is odd, u(m) is odd when and only when all of the V,, are prime tom. 


The first property of u(m) gives us immediately the following theorem. 


* D. H. Lehmer, paper cited. 
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THEOREM. [f (u, v) is the least positive integral solution of 
(2) x? — Dy? = 


and N =md,v=v'd; N odd and (m, v') =1, then a necessary and sufficient condi- 
tion that the equation 


(1) a? — N°Dy? = 


be soluble is that the rank of apparition of m in the Lucas function (U), asso- 
ciated with the quadratic equation x? —2ux —1=0 be odd. 


3. The question of the solubility of (1) is thus reduced to the problem of 
determining the parity of u(m) for any odd m. It follows from ITI and IV that 
if 


| 


is the decomposition of m into its prime factors, u(m) is odd when and only 
when y(p:), --- , u(ps) are all odd. Since if p divides D, (D|p) =0 and u(p) 
divides p, we can assume that m is prime to D. 

Thus it is sufficient to discuss the solubility of (1) when D is square-free, 
and N is a prime P of the form 42 +1 not dividing 7D. We shall therefore re- 
place (1) by 


(5) x? — P?Dy? = — 1, (P, WD) = 1, Pa prime, D square-free, 
where 
(6) P =2*4(2M+1)+1, k21. 

From V we have immediately the following theorem. 

THEOREM. If x?— Dy? = —1 is soluble, and P is an odd prime, then at most 
one of the equations 

x? — P*Dy? = —1, P*x? — Dy? = —1 

is soluble. 


Suppose that (D|P) = —1. Since (P+1)/2 is odd, we see from IV that 
u(P) is odd when and only when u(P) divides (P+1)/2; that is, when and 
only when 


(7) U pene = 0 (mod P). 


Referring back to the equations in §2 defining U,, we see that (7) holds 
when and only when the congruence 


yPti=—-1 (mod P) 
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holds in the Galois field of order P? associated with the root y of x?—2ux—1 
=0. But 


= (4 + P+ = 4 /2 = 42 — Dy?= —1 (mod P). 


We thus have established the following result: 


Tueorem. If P is a prime of the form 4n+1 such that (D|P)=—1, the 
diophantine equation x*--P*Dy* = —1 is soluble when and only when the dio- 
phantine equation x? — Dy? = —1 1s soluble. 


4. The case when (D|P)=+1 is considerably more difficult. Since 
(P —1)/2*+1is odd, u(P) is odd when and only when u(P) divides (P —1)/2**. 
This condition is easily shown to be equivalent to the criterion stated in §1, 


(3) (u + = — (mod P). 


It is now necessary to discuss separately the increasingly more compli- 
cated cases* k=1, 2, 3, 4, - - - , corresponding to primes of the form 8”+5, 
16n+9, 32n+17, 64n+33,---. 

I shall confine myself here to the simplest case k=1 where the criterion 
(3) can be put into a much more manageable form. 

Suppose then that 
(8) (uw + vD/2)(P-)/2 = — 1 (mod P), where P = 8M + 5 and (D| P)=+41. 
(8) is equivalent to saying that the congruences 
(8.1) £2 = u — (mod P) 
have no solutions. Now let 


£=Kx — 


Then the congruences (8.1) are insoluble when and only when the con- 
gruences 


are insoluble. On eliminating \ and 2, we obtain 
(2x? — uw)? +1=0 (mod P). 
Hence if w*= — 1 (mod P), 4x?=2(u+w) (mod P). On recalling that P is of 


the form 8M +5, we see that the congruences (8. 1) are insoluble when and 
only when the congruence 


2@=ut+w (mod P) 


* For the case k=2, D=2, u=v=1, see a paper by Perott, Sur l’équation f— Du?= —1, Crelle’s 
Journal, vol. 102 (1888), pp. 185-223. 
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is soluble. Since (u+w)(u—w)=u?+1=v02D (mod P), u+w and u—w have 
the same quadratic character modulo P. Hence a necessary and sufficient 
condition that (8) should hold is that 


u+ w 
(9) ( > ) = + 1 where w? = — 1 (mod P). 


By passing into the field §(7), i? = —1, we can apply the reciprocity law* 
to simplify the criterion (9). Suppose that 


P = (a + bi)(a — bi), a odd, 


is the decomposition of P into primary factors in § (7). 
Since 
(u + ila — bi) =(u — ila + bi) and (w+ ila + bi) =(u — ila + bi), 


a necessary and sufficient condition that (9) should hold is that 
(10) (u+ila+bi)=+1. 
Let 
u+i=e i) 

be the decomposition of u+i into primary factors in §(i) where ¢=1 or 1+i 
according as the norm of u+i=v"D is even or odd and € is a unit so chosen 
that the a@ are all odd. Then by the reciprocity law in § (7), 

(u + i| a+ bi) = (&| a+ bi) [] (a + a+ Bi). 


If P is a prime of the form 8u+1 and (D |P) = +1, we see from (3) of the 
previous theorem that a necessary condition that «*—P?Dy? = —1 be soluble 
is that 


(u + oD1/2)(P-D/2 = | (mod P). 


On proceeding as in the previous case, we find that this condition is again 
equivalent to the criterion 


(u+ila+bi)= +1. 
Hence we have the following theorem. 


THEOREM. Let (u, v) be the least positive integral solution of the diophantine 
equation 


(2) x? — Dy?= -1 
and let P be a prime of the form 4n+1 such that (D|P) = +1, (v, P) =1. 


* Bachmann, Kreistheilung, Lecture 13. 
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Then if 
P = (a+ bi)(a — bi), u+i=e¢ [] (a+ Bi) 
(a, a odd; € a unit; § =1 or 1+2) are the decompositions of P and u+i into pri- 
mary factors in the field §(i), a necessary condition that the diophantine equation 
(5) x? — P*Dy? = — 1 
be soluble is that 
(4) II (a + bila + Bi) = + di). 
If P is of the form 8M +5, this condition is also sufficient for the solubility of 
(5). 
5. We shall now apply our results to the case D=5. Here u=2, v=1 so 
that the norm of u+i=5, and a=1, B= —2, ¢=1, e=i. (4) becomes simply 
(a + bi| 1 — 24) = (i| +bi){ 
a _ = 


We easily find that the square of any integer in §(z) is congruent modulo 
1—2i to 0, +1 or +27; morever since P =a?+0? is a quadratic residue of 5, 
we must have either a=0 or b=0 (mod 5). Hence 
1,P=1 (mod 5), 
2,P=4 (mod 5), 
2,P=4 (mod 5), 
1,P=1 (mod 5). 


=0, 

a=0, d= 
b6=0, 
a=0, b 


= +14 


> 
+ 
+ 
+ 


(0+ bil 1-2) = ~14 


Now every odd prime save 5 must belong to one of the forms 
40n + 1, 3, 7, 9, 11, 13, 17, 19, 21, 23, 27, 29, 31, 33, 37, 39. 
Hence if P is of the form 
40n + 3,7, 11, 19, 23, 27, 31, 39, 
the diophantine equation 
(11) a? — 5P%y? = — 1 
is insoluble, since P=3 (mod 4), while if P is of the form 
40n + 13, 17, 33, 37, 

(11) is soluble since P is then a non-residue of 5. 

There are left primes of the forms 

40n + 21, 40” + 29 and 40” + 1, 40x + 9 

congruent to 5 and 1 modulo 8 respectively. For such primes, we have from 
the results just given the following remarkable theorem: 
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THEOREM. Let P=a’+0? be the representation of any prime of the forms 
40n+1, 9, 21, 29 as the sum of two squares, where a is assumed to be odd. Then 
a necessary condition that the diophantine equation 


(11) = —1 


be soluble is given by the following table: 
Residue of P (mod 40) Criterion for solubility 
1 b=0 (mod 5) 
9 a=0 (mod 5) 
21 a=0 (mod 5) 
29 b=0 (mod 5). 

In the last two cases, this criterion is also sufficient for the solubility of 
(11). 

In the concluding table, we apply this theorem to all the primes of the four 
forms considered less than 1000. Soluble cases are marked with S, insoluble 
with I and doubtful with ?. In conjunction with our previous results, we see 
that for the 168 primes < 1000, we are left in doubt as to the solubility of (11) 
only in the six cases P =89, 401, 521, 761, 769 and 809. 


Table of Primes of the Form 40n+1, 9, 21, 29 Less than a Thousand 


a+b, 5P? P=40n+9 a?+b?, 5P? 
a odd a odd 
52+ 42 8405 52+ 8? 39605 
152+ 4? 290405 3?+-20? 836405 
257+ 4 394805 72+20? 1008005 
804005 20? 1618805 
112+ 20? 1357205 252+-12? 2956805 
1806005 52+-28? 3272405 
25°+ 4 2054405 23?+ 20? 4315205 
192-20? 2895605 
252+ 16? 3880805 


P=40n+21 
61 3+ 6 18605 
101 12+ 10? 51005 
181 92+-10? 163805 
421 15*+ 142 886205 
461 192+- 10? 1062605 
541 212+-10? 1463405 
661 252+ 6? 2184605 
701 5?+ 26? 2457005 
821 257+ 14? 3370205 
941 212+20? 4427405 


52+ 2? 4205 
3?-+ 10? 59405 
7+ 10? 111005 
15?+- 2? 262205 
13*+ 10? 361805 
18? 609005 
17?+-10? 756605 
5?+-22? 1294055 
15°-+22? 2513405 
10? 3436205 
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P=40n+1 
41 
241 
281 
401 
521 
601 
641 
761 
881 
P=40n+29 
29 I 
109 $ 
149 
| 229 I 
269 S 
349 I 
389 S 
509 I 
709 I 
829 S 


ON A SOLUTION OF LAPLACE’S EQUATION WITH AN 
APPLICATION TO THE TORSION PROBLEM FOR 
A POLYGON WITH REENTRANT ANGLES}; 


BY 
I. S. SOKOLNIKOFF 


I. INTRODUCTION 


In this paper will be found a general method of solution of the two-dimen- 
sional Laplace equation with certain boundary conditions prescribed aiong 
the sides of any rectilinear polygon. The applicability of this method to the 
solution of technical problems will be illustrated by the treatment of the tor- 
sion problem for an infinite T-section. The mathematical solution of this 
problem, and of that for a finite T, is not to be found in the existing litera- 
ture.{ 

It will be seen that this scheme of solving Laplace’s equation can readily 
be applied to any region which can be mapped conformally onto the upper 
half-plane in such a way that the boundary of the region goes into the entire 
real axis while the interior of the region transforms into the upper half- 
plane. 

Despite the considerable scientific interest in the behavior of structural 
members subjected to pure torsion, only a limited number of torsion problems 
have been brought within the range of mathematical analysis. A torsion 
problem is solved when one has determined a function ® which satisfies the 
equation V’@ =0, and which on the boundary of the section subjected to 
torsion reduces to§ &* =3(x?+y*). The determination of © for such simple 
regular sections as the circle, ellipse, equilateral triangle, and rectangle has 
been achieved with comparative ease.|| 

In 1908, F. Kétter{ succeeded in obtaining a solution of the torsion 
problem for an L-section by the use of the known solution for the rectangle 
and by application of the scheme of conformal transformation. Kétter’s 


7 Presented to the Society, April 18, 1930; received by the editors February 24, 1931. 

t For practical methods of solution, and for an extensive bibliography, see 15th Annual Report 
of the National Advisory Committee for Aeronautics, 1929, pp. 675-719, The torsion of members 
having sections common in aircraft construction, by W. Trayer and H. W. March. This work was also 
published by the Bureau of Aeronautics, Navy Department, as a separate Report No. 334, bearing 
the same title (U. S. Government Printing Office, 1930). 

§ Love, A. E. H., Theory of Elasticity, pp. 318-319, 3d edition, 1920. 

|| Love, loc. cit., pp. 322-333. 

{| Sitzungsberichte der Kéniglich Preussischen Akademie der Wissenschaften, 1908, pp. 935-955. 
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method, however, does not lend itself readily to the solution of the problem 
involving more than one reentrant angle. Apparently the first paper propos- 
ing a general method of solution of the two-dimensional Laplace equation, 
with the torsion boundary conditions prescribed along the sides of a recti- 
linear polygon, was published in 1921 by E. Trefftz.t The method which 
Trefftz employed possesses a distinct disadvantage in that it makes the ulti- 
mate solution of the problem (as applied to an L-section) depend upon some 
graphical scheme. Moreover, the success of the Trefitz method depends 
upon the particular form of the boundary conditions occurring in the torsion 
problem. The method used in the present paper is more general, and does not 
restrict the choice of the boundary conditions to those of the torsion problem. 


An 
2z-PLANE ¢-PLANE 


Fic. 1 


II. BOUNDARY VALUE PROBLEM 


It is known from a fundamental] theorem of potential theory that a har- 
monic function is uniquely determined by the values assigned along the 
boundary of the region within which the harmonic function is sought, the 
boundary conditions and the region being subject to certain well known as- 
sumptions of continuity, connectivity, etc. In particular, when the values of 
the potential function are prescribed along the é-axis, the value of the func- 
tion at any point of the upper half-plane is given by 


1 sin adé 


(1) P(p, a) = — 


p? — cosa + 


where é is the value of ¢ along the real axis of the complex ¢-plane, (p, a) 
are the polar coédrdinates of the point in the {-plane, and @*(£) is the function 
prescribed on the boundary. 

Consider a rectilinear polygon in the complex z-plane (Fig. 1), and de- 
note the interior angles of the polygon at the points 1, 2, 3,---, by 
TQ}, TO2, , It is allowable for some of the angular points of the 
polygon to recede to infinity. It is possible to map the z-plane conformally on 


t Mathematische Annalen, voi. 82 (1921), pp. 97-112. 
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the ¢-plane in such a way that the boundary of the polygon transforms into 
the real axis of the {-plane, and the interior of the polygon maps into the up- 
per half of the ¢-plane. Such a transformation was given independently by 
Schwartz and Christoffelt and its form is 


(2) — aide + Co, 
i=1 

where C,; and C, are constants determinable from the orientation, scale, and 
position of the polygon. The points a;, @2, a3, --- , @, are the points on the 
rea] axis of the ¢-plane corresponding to the angular points (1, 2, 3,--- , m) 
of the polygon. Since it is possible to transform any three given points of the 
z-plane into any three desired points of the ¢-plane, we are free to prescribe 
the location of any three points a; along the axis of reals, while the position 
of the remaining (x —3) points will be determined from the dimensions of the 
polygon. It is necessary to remark that the order of the points a1, a2, - ++ , dn 
along the ¢-axis must be the same as that of the angular points (1, 2, - - - , 2) 
around the polygon. 

If one succeeds in integrating (2), and further if one decomposes it into 
its real and imaginary parts, there result two equations of transformation 


x = gilé,n), 


3 


where gi(é, 7) and ge(é, 7) are real functions of the real variables £ and 7. 
These equations of transformation, when applied to the analytic equations 
representing the boundary of the polygon in the z-plane, will transform it 
into the real axis of the ¢-plane. 

Consider now the problem of determining the harmonic function ®(x, v) 
in the interior of the region bounded by the rectilinear polygon, and let the 
prescribed values of (x, y) along the sides of this polygon be given by 
* =f(x, y). The application of the equations of transforination (3) gives 


(4) = f[gilé, n), ga(é, 2)]. 


In (4), &* is a function of & only, since, by hypothesis, the boundary of the 
polygon in the z-plane is transformed into the £-axis of the ¢-plane. 

The substitution of this new boundary value function in (1) gives an ex- 
pression for the determination of the value of ® at any point (é, 7) of the 
upper half of the ¢-plane. In view of the fact that the upper half of the ¢-plane 
corresponds to the interior of the polygon, it is clear that the integral (1), 


+ Schwartz, Gesammelte Werke, vol. II, pp. 65-83. Christoffel, Annali di Matematica Pura ed 
Applicata, (2), vol. 1 (1867), pp. 95-103. Ibid., vol. 4 (1871), pp. 1-9. 
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together with the equations of transformation (3), constitute the solution of 
the problem in parametric form. 


III. APPLICATION TO THE TORSION PROBLEM 


The foregoing considerations can be applied to the solution ot the torsion 
problem for a long prism whose cross section is in the shape of the letter T. 
In this case we wish to determine a function ® which satisfies the differ- 
ential equation 
2 


ax? Oy? 


(5) 


and assumes on the boundary of the section the values given by 


x? + y? 
2 


(6) o* = 


z-PLANE §-PLANE 


(&, n) 


Fic, 2 


Let the width of the flange and web be d. We shall consider the web and 
flange of the T as extending indefinitely along the X and Y axes. This assump- 
tion will lead to useful results since the behavior of ®, at points of the flange 
and web sufficiently far removed from the reentrant angles, is essentially the 
same as that in a rectangle.t 

The theory outlined in §II is applicable to the section in question. We are 
at liberty to transform any three desired points of the boundary of the poly- 
gon in the z-plane into any three points of the £-axis. Let the point B (see 
Fig. 2) go into the point 1 of the é-axis, the point C(io) into ~ of the 
£-axis, and the point A into some point a of the é-axis. The value of a will 
be determined from the dimensions of the polygon. It is obvious from sym- 
metry that the point D will go into —1, and the point EZ into —a. 


+ For an exposition of the torsion theory see Love, loc. cit., pp. 315-333; Trayer and March, 
loc. cit., pp. 10-20. 
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A direct substitution of the coérdinates of the points a; and of the values 
of the interior angles a;7 into the Schwartz integral (2) gives 


2— 4)1/2 
(7) 0, 


It is to be remarked that the values of the interior angles of the T-polygon 
are 0, (3/2)z, 0, (3/2)z, and 0, at the points A, B, C, D, and E respectively. 

The integral (7) can be readily evaluated by making an elementary trans- 
formation ¢ =sec 6 and dividing the numerator of the resulting expression by 


the denominator. The result is 
z = C,; log (¢ ¢ a an — 2. 
The constants of integration C; and C2 are complex numbers, and must be 
determined from the geometry of the polygon. Choosing for this purpose the 
points 0, —1, and 1 in the ¢-plane, and substituting the corresponding points 
of the z-plane in (8), one obtains with little effort the following values: 
1 di 
where d is the width of the section. The substitution of these constants in (8) 
gives the explicit form of the transformation of the T-polygon into the upper 
half of the ¢-plane. It is 
2d (¢2 — 1)1/2 
2¢ 
We proceed next to decompose the equation of transformation (9) into its 
real and imaginary parts. By substitution of the symbols 
1 1/2 
A= (¢? 1)1/2 and B = 
(9) becomes 
2di/1 
z= log A + tan“! B) + — + 
w\2 
Then 


1 1 1 
§) log A + 4 — B — + 


ala alfa 


— 
2° 1— BB 


RB) 


| 
| 

4 

i 

"4, 

— 

+ 
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1+ BB 
d 
1+|B|? 


d 


2 


23(B) ) d 
1+ |B\? 2 

In order to obtain the transformed boundary value function for sub- 
stitution in (1), one must compute the value of ®* =}(x*+-y?) in terms of &. 
Since the boundary of the T-polygon transforms into the real axis of the 
¢-plane, (6) will be a function of € only, and one obtains with a little effort 
the following equations: 


j tforg>1 


= 


<(- arg A — tanh! 


T 


\ — foré < —1, 
(10) 


— cosh—!| + 2 tan“! — , for > 1. 


On account of the multiple-valued functions entering in (9), it is necessary 
to compute four sets of equations, analogous to (10), which correspond to 
the ranges} (—1<&< —1/51/*), (O<&<1/5"/), and 
<£<1). Since the equations of transformation so obtained lead to six dis- 
tinct forms, it is necessary to decompose the range of the integral (1) into 
six parts corresponding to the different forms of the boundary function de- 
fined over these ranges. A reference to (10) partly indicates the complexity of 
the resulting integrals. 

It will be shown next that it is possible to dispense with the task of evalu- 
ating the four integral expressions corresponding to the range —1<£<1 
by means of the following expedient. Consider the function 

(11) = + yd 
which obviously satisfies V’@ =0. Let ©, be the function which satisfies 
V’@ =0, and which assumes on the boundary the value 


(12) @,* = y? — yd. 


t The appearance of 1/5'/? is to be expected since, for ¢=1/5'/?, (9) is not defined, inasmuch as 
in the period strip tan ¢ assumes every complex value except +7. The points ¢= +1/5"”? andg¢=+1 
are the singular points of transformation (9). 
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It is clear that (12) vanishes when y =0, or when y =d, and that 


2 2 
= @*, 


Thus, if the function ®,(«, y) satisfying Laplace’s equation with the boundary 
condition (12) be found, then the function 


is determined. The advantage in seeking ®.(x, y) rather than ®(x, y) directly 
from (1) lies in the fact that along the boundary of the flange (i.e. the portion 
corresponding to the £-axis between —1 and +1)#,.*=0. Consequently four 
of the six integral expressions vanish, since they involve the boundary value 
function in the numerator of the integrand. 

The substitution of (10) in (12) gives for |£|>1 


2 


(14) = y? — yd = “(cosh-*| + 2 tan- 
(g2 — 1)1/2 


+ 2 tan 
cos. €| + 2 tan @- 
and for —1<é<1, 
= 0. 


Using (1), and observing that (14) is an even function, we have 


sina 
(9,0) = fp — y(e)d](p? — cos + dé 


sina 
+ f [y2(&) — y(E)d](o? — cos + 
1 


us 1 


sina sin a 


Q(p, &) = 


IV. EVALUATION OF THE INTEGRALS 


A brief perusal of the integrals involved in (15) is sufficient to make one 
abandon the hope of evaluating them in closed form. For reasons which will 
be made clear later, it is found advantageous to divide the range of integration 
from 1 to © into two ranges, say from 1 to m and from m to ~, where m is 
some positive number greater than 1. As will be seen, the choice of m will 
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depend upon the degree of accuracy desired in computing the value of 


p n—1 p 
(*) sinva, for|—|]| <1, 


(16) can be written as 


( 
=< 


| 
p 


Moreover, for some value of 2m, (14) may be simplified, inasmuch as 
cosh-! = log (€ + (& — 1)"), 


which is asymptotically equal to log 2, and 


With these approximations (14) reads 
1 
(17) = y? — yd = d*(a, log? + az log? + a3)+ 


where 
1 


2 


Now detine 


6 
O(y, 6) = f (vy? — yd)Q(p, 
7 


6 
2 sin (2n + Na f (y? — if p < y, 


n=(0 


| 
| 
| 
122. 


n=0 


sin (21 + 1)a@ 


2n+2 
p 


f (y? — yd)é*"dé, if p > 6. 


Conditions for inversion of the order of integration and summation are 
clearly satisfied, if in (16) p is prevented from approaching & by an arbitrarily 


®,(p, a). 
Since 
p 
g 
tan~! —————_ ~ tan“! 2. 
(&? 1)3/2 
= ————- — — a3 = —(tan™! 2)? — — tan"! 2. 
(18) 
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small positive quantity e«. Moreover O(y7, 5) is continuous in both y and 4, 
when y 0, 640. 
Now, if p>m, 


« lim lim [@(m, p 6) + +¢,6)]} 


(19) 


{O(1, m) + O(m, p) + lim Oo, b)}, 


since © is continuous. 
Substituting in (19) from (18) and simplifying we have 


p 2d? (ma, Tas — Ta? 
— —O(1,m) = — 4 — log? 2p + —— log 20 + —- + ——— a, 
2 2 2 
d3 + az log 2m + a, log? 2m 2mp sin a 
(20) tan-! ————— 


2 p>—m? 
/m\2"+! sin (2n + l)a 
+ (2a, log 2m + ay (“) 
p (2n + 1)? 


m\ 2"+1 sin + 1) a) 


n=0 


p 


In computing (20) use was made of the equalities 


sin (27 + 


n=0 


© sin (27 + l)a 


In like manner for p<m we obtain 


p 2d? 
a) — —O(1,m) = — { 


a, log? 2m + az log 2m + az ; 2mp sin a 


2 m* — 


p\2"*! sin (217 + l)a 
21 2a, log 2 — 
(21) + (2a; log m+o) ( ) 


(4 (Qn+1)3 f 


m 


n=0 


In order to complete the solution of the problem it remains to establish 
the magnitude of m and to evaluate 90(1, m). It will be shown next that one 


p 
1 2x sin a 
= — tan“! ——— | 
2 1 — x? 
and 
Ta — Ta’ 
8 
{ 
+ 
$ 
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attains a sufficiently high degree of accuracy by choosing m =1, and noting 
thatt @(1, 1) =0. 
The expression for the relative error made in assuming 
2 
cosh—! + 2 : 


log + 2 tan-! 2 ds (#2 — 1)1/2 
1 + 2Epcosa + p? 1 + 2& cosa + 


f [f(é) — o(é) 


f 


2 
cosh—! + 2 
— 1)1/2 log + 2 tan-! 2 


2tpcosatp? + 2Ep cosa 


and for m sufficiently large 


E 


where 


= 


1 


(22) E 


f sox 


It can be readily established that the numerators of the integrands in the 
foregoing expressions for E are monotone increasing functions and that their 
difference is a monotone decreasing function within the limits of integration. 
Therefore (22) is certainly less than 


f [cosh—1(1 + — log 2 + 2 tan-! 2](é? + 2&p cos a + p?)~Mdé 
1 


2 
f (cost 2 tan“! (2 + cosa + p?)—'dé 


which, in turn, is less than 


(2? + cos a + p?)~'dé 
(23) (x — log 2 — 2 2) 
M f (€2 + 2tp cos a + 
1 


t Asomewhat elaborate investigation of the character of the function O(1, £) for small values of 
£ enabled the author to compute (20) and (21) to a higher degree of accuracy than any practical 
considerations would warrant. See the author’s thesis, 1930, in the Library of the University of 
Wisconsin. 


is 
} 
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where M is the lower bound of 


cosh—! + 2 tan-! —————— 


in the interval 1S £< ©. Moreover, (#+2£p cos a+ is always positive 
and it is clear that the quotient of the integrals in (23) is less than unity. 
Therefore (23) is less than 


mw — log2 — 2tan“!2 — log2 — 2 tan“! 2 
= = .0748. 
M 
cosh! + 2 tan~! ——————_ 
(#2 1)1/2 


This result is quite significant, since it states that, even allowing such 
crude approximations as were made above in estimating the relative error, 
the latter is always Jess than 7.48 per cent. This rough estimate of the degree 
of approximation gives ample justification for the development of the ap- 
proximate formulas for ®2(p, a) by consideringt m =1. 

Replacing m by 1 in the formulas (20) and (21) and substituting the nu- 
merical values of a;, @2, and a;, leads without difficulty to the following ex- 
pressions. For p31, 


2 2p sin sin (2n — l)a 


(24) a) = { — .209 + 1.703 > 
1 — p? — 1)? 


+ 1.272 >> 


(2n 


and for p21, 


2 


d 
$2(p, a) = — 2p + ra — a? + .209 tan-! 


2p sin a 
| 
<. sin (2n — 1)a 


1.703 
(2m — 1)? 


2nt+1 


sin (2n — 1 
n=1 (2n 1)8 


+ 1.282 log 2p — 2.07} 


{ The uniformity of the results obtained by using this approximation suggests that the actual 
error is in the neighborhood of one per cent. 
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V. GRAPHIC EXPRESSION OF THE RESULTS 


If we use the notation of §III, and introduce a new function defined by 
the equation 
= @ — + 
we find that satisfies 


ay 
—+—+2=0, 
Ox? 
subject to the boundary condition Y =0 on the sides of the polygon.t One 
can easily obtain expressions for the components of the shearing stress in 
terms of V. They are 
X, =Gr—, 
dy 
ov 
Gr 
Ox 
where 7 is the angle of twist per unit length, and G is the modulus of rigidity. 
The tangential traction at any point of the area of the polygon is directed 
along the tangent to the curve of the family 


(26) ; W(x, vy) = const. 


which passes through the point in question.{ 
It will be recalled that in the case of the T-section 


— 


and the expression for ¥ becomes 


(27) yd y’. 


Equation (27) served for computing the level lines of the shearing stress func- 
tion. A sufficiently large number of these lines is shown in the accompanying 
drawing of the contour elevations. The width of the web and flange was taken 
to be unity for convenience. 

It may be shown§ that the torsional rigidity of the section is equal to 


C= 2G ff 


t Love, loc. cit., pp. 325-327. Trayer and March, loc. cit., pp. 10-13. 
} See preceding footnote. 
§ Trayer and March, loc. cit., p. 12. Love, loc. cit., pp. 325-327. 
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where G is the modulus of rigidity, and where the integration is carried over 

the area of the section. In other words, the torsional rigidity of the prism is 

equal to twice the product of the modulus of rigidity and the volume con- 

tained between the surface z = W(x, y) and the plane z =0. From the knowledge 


Distribution of Lines of Shearing Stress 
in T-section 


Only one half of the section is shown, distribution 
being symmetrical about the Y-axis 


of the contour elevations, the “torsion constant” K=C/G depending solely 
on the shape and the dimensions of the cross section may be easily computed. 

Trayer and Marchf succeeded in developing a set of formulas for the 
torsion constants of sections whose components are rectangles, by combin- 
ing results obtained from soap-film tests with known mathematical facts. 
The value of the torsion constant computed from their formula agrees closely 
with that obtained from the accompanying graph of the contour elevations. 


Tf Loc. cit., p. 12. 
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VI. CONCLUDING REMARKS 


It is necessary to point out that the method of solution of Laplace’s equa- 
tion outlined and illustrated above depends neither upon the number of 
reentrant angles, nor the special form of the boundary conditions. 

Such ingenious devices as were used by Bromwich,{ K6tter,f and Trefitz$ 
do not furnish direct means for solving an important group of classical prob- 
lems, the solution of which is regarded to be of considerable technical value. 

It remains my pleasant duty to acknowledge that Professor H. W. March 
is responsible for directing my attention to this problem and for offering 
many helpful suggestions. To Professors R. E. Langer and Warren Weaver 
my thanks are due for their valuable criticisms. 


tT. J. l’A, Bromwich, Proceedings of the London Mathematical Society, (2), vol. 30 (1930), 
pp._165-173. 
t Loc. cit. 
§ Loc. cit. 
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THE TRANSFORMATION C OF NETS IN HYPERSPACE* 


BY 
V. G. GROVE 


1. INTRODUCTION 


It is the purpose of this paper to extend some of the ideas related to the 
transformation C of nets in projective space of three dimensions to nets in 
hyperspace. In three dimensions two nets NV, and N, are said to be in relation 
C if the developables of the congruence G of lines joining corresponding points 
x and y intersect the two sustaining surfaces in those nets, provided however 
that neither surface is a focal surface of the congruence. If NV, and N, are in 
relation C, the tangents at x and y to corresponding curves of the nets inter- 
sect. 

We shall say that two nets NV, and N, in space S, of m dimensions are in 
relation C if the two sustaining surfaces S, and S, are such that corresponding 
tangent planes intersect in a line, and if the developable surfaces of the con- 
gruence G of lines g joining corresponding points x and y intersect the two 
surfaces in the nets. It is to be understood that the two sustaining surfaces 
are not the focal surfaces of G. Not all nets V, in S, for n24 can have a C 
transform N,. A net in S, which permits of having a C transform will be 
called a C net. 

We derive necessary and sufficient conditions that a non-conjugate net 
be a C net. Another geometrical interpretation is given for two covariant 
points found by Bompiani.f 

Let S, and S, bé two surfaces in the same space S, of m dimensions and 
with their points in one-to-one point correspondence. Let the parametric 
equations of these surfaces be 


= v), y = y(u, v) (4 = 1, 3, nN +1), 


the parameters being so chosen that corresponding points have the same 
curvilinear codrdinates. Suppose furthermore that the tangent planes to S, 
and S, at corresponding points intersect in a line. There exist therefore scalar 
functions m, s, f, A, etc., such that 


* Presented to the Society, June 13, 1931; received by the editors March 1, 1931. 

7 V. G. Grove, Transformations of nets, these Transactions, vol. 30 (1928), p. 483. 

} E. Bompiani, Determinazione delle superficie integrali d’un sistema di equazioni a derivate 
parziali lineari ed omogenee, Rendiconti del Reale Istituto Lombardo di Scienze e Lettere, vol. 52 
(1919), pp. 610-636. In particular see p. 634. Hereafter referred to as Bompiani, Surfaces. 
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V. G. GROVE 
Yu = mx, + sx, + fx + Ay, 
Vo = tx, + nx, + gx + By. 
Any point z on the line g joining corresponding points x and y is defined 
by an expression of the form 
2= y+ 
Consider the surface S, generated by the point z, and a curve C on S, with 
parametric equations 
u = u(t), v = v(t). 


The tangent line to C at z is determined by z and z’ =dz/dt where 
(2) = + to’ |x, + [su’ + (n + + + (dy. 


Hence the line g generates a congruence in the ordinary sense, that is, the 
lines of the two-parameter families of lines may be grouped into two one- 
parameter families of developable surfaces. The curves on S, corresponding 
to these developables are defined by 


(3) sdu® — (m — n)dudv — tdv? = 0. 


We shall assume that these curves are not indeterminate and are distinct. By 
a change of parameters we may make the curves determined by (3) para- 


metric. Let us suppose that this transformation has been made. If two surfaces 
are such that their parametric nets are in relation C, the functions x and y de- 
termining the surfaces satisfy equations of the form 


Yu = mx, + fx + Ay, 


(4) 
vy, = nx, + gx + By, mn(m — n) ¥ 0. 


From (2) we find that the focal points of g are defined by 


(5) rT=mx— y, = nx — 


The nets defined by 7 and 7’ will be called the focal nets of G. The tangent to 
the curve v=const. (w=const.) on the focal surface S,- (S,) will be called the 
minus first (first) derived line of g, and the congruences generated by them the 
minus first (first) derived congruences of G. 

If we differentiate equations (4) with respect to v and wu respectively, we 
find that x and y satisfy an equation of the form 


(6) Xuv = + bx, +cex+ My 


wherein a, b,c, M are defined by the formulas 
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(m—n)a=g+ Bm—m,, (m—n)c = 
(n —m)b=f+An—m, (m—n)M = B,— Ay. 


(7) 
Since y is not in the tangent plane to S, at x, the vanishing of M is a necessary 
and sufficient condition that the net Nz be conjugate. 

If the coefficients of the equations corresponding to (4) and (6) with the 
roles of x and y interchanged are denoted by @, f, etc., we find that 


1/m, % = 1/n, f = — A/m, 2 = — B/n, A = — f/m, B = — g/n, 
a+m,/m, b=b+n,/n, 
— m|aA/m + bB/n + {B/(mn) — M — (A/m),], 


M=-— m|af/m + bg/n + fg/(mn) — ¢ — (f/m).]. 


2. THE RELATION S,, 


Denote by R™ the ruled surface formed by the tangents to the curves 
v=const. at the points where they meet a fixed curve w=const. A ruled 
surface R“ may be defined similarly. 

Let l’ be any line lying in the tangent plane to S, at x, but not passing 
through x. Let / be a line passing through x but not lying in the tangent 
plane at x. The line /’ intersects the tangent to the curves v=const. and 
u=const. in points r and s respectively. If the tangent planes to R‘ and R™ 
at ry and s respectively intersect in the line / the given lines / and /’ will be 
said to be in relation* R with respect to N:. 

The points 7 and s are defined by expressions of the form 


(9) f= AX, S = — pr. 

A point in the tangent plane to R™ at 7 is 

(10) ry, tar+ Bx = Xu, + ax, — AX, + (B — ad — x. 

A point in the tangent plane to R™ at s is 

(11) Su ta’s + B’x = xy, + a’x, — wx, + — — 


From (10) and (11) we observe that the tangent planes to R™ and R™ atr 
and s intersect in a line joining x to z defined by 


(12) Z = — — Ady. 


* In a footnote on p. 86 of his paper Memoir on the general theory of surfaces and rectilinear con- 
gruences, these Transactions, vol. 20 (1919), Green defined the relation R between two lines with re- 
spect to a net in S;. The definition we have used for the relation R between two lines with respect to 
a net in S, reduces to Green’s definition when n=3. It is to be noted however that not all lines / 
in S,, for 2>3 and protruding from the surface at x have a line /’ in relation R to Nz. 
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The line 1 in relation R to I’ therefore joins x to the point z defined by (12). 

If #0, we see readily from (6) that the line g’ in relation R to g with 
respect to V, joins the points 
(13) p= x, — bx, o = X% — ax. 

The line 2’ in relation R to g with respect to NV, is determined by the points 
& defined by 
(14) B= yu — by, = — ay. 

An examination of equations (5) readily shows that the derived lines of g 
intersect the tangents to the curves of Nz and N, in the points determining the 
lines g’ and g' in relation R to Nz and Ny. If N,z and N, are in relation* F, 
that is, if they are in relation C and are both conjugate nets, the derived 
lines intersect the tangents to the curves of the nets in the focal points of these 


tangents. 
The tangent to the curve «=const. at p on the surface generated by that 


point intersects g in the point 

(15) (ab b,)x+ My. 

Similarly the tangent to v=const. at o intersects g in the point 

(16) (ab + ¢ — ay)x + My. 

The points defined by (15) and (16) coincide if Vz is conjugate, or if 
(17) a, — b, = 0. 


3. THE THIRD-ORDER DIFFERENTIAL EQUATIONS OF THE PROBLEM 


Let us assume that the nets V, and N, are not conjugate. If we differenti- 
ate equation (6) with respect to u and 2, and use (4) and (6), we find that the 
functions x must satisfy two differential equations of the form 

Xuuv = AXuy + Exus + Gx. + Hx, + Jz, 


18 
Xuvy = Xu» + bxv» + + H'x, + J'x, 


wherein 
E=b+A+M.,/M, E'’=a+B+M.,/M, 
=a,+ce+mM —a(E-—b), — a), 


(19) 
H = b, — b(E — 3B), G’ = a, — a(E’ — a), 


J=a+fM — c(E — 5), J'=c,+gM — c(E’ —a). 


* L. P. Eisenhart, Transformations of Surfaces, Princeton University Press, 1923, p. 34. 
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Similar third-order differential equations are satisfied by the functions y. 
Hence if two surfaces S, and Sy, are in one-to-one point correspondence with 
corresponding tangent planes intersecting in a line, and if the nets on S, and S, 
which are in relation C are parametric, the functions x (and y) satisfy two third- 
order differential equations of the type (18). Differential equations of this type 
have been studied by Bompiani* and Lane.f 

Conversely suppose the coérdinates « defining a surface S, satisfy a pair 
of differential equations of the form (18). In case the two-osculating space 
S(2, 0) of S, at x determined by the points Xuu, Xuv, Lev) Vu, Xr, X is an S;, the 
integrability conditions{ of system (18) are 


aE’ +G’ -—-@-—a,=0, bd, =0, 
bE’ + E,’ + H’ = aE+E£,+6G, 
E'G + 6G'+G/ + J' = EG’+aG+G,, 
EH'+aH+H,+J = F'H + + Hy’, 
E’'J + bJ'+J,' = EJ’ + a3 + Jy. 
We shall show that every net N, whose defining functions x satisfy dif- 
ferential equations of the form (18) is a C net. Since x and y must satisfy equa- 


tions of the form (4) it follows that the point y is defined by an expression 
of the form 


(21) Y = — — MX, + Ax. 


Case I. Suppose that S(2, 0) is an S;. Differentiating (21) with respect to 
u and v we find readily that 
Yu = + [G+ ME — w) + + — 
+ [J — h(E — + + (E — w)y, 
+ [J’ — h(E’ — + |x + (E’ — 


Hence NV, will be in relation C to NV, if and only if \=a, w=), h arbitrary. 
The functions x and y satisfy equations of the form (4) with 
m=aA+G-—-a,+h, 
(23) f=J—Ah+h, g=J'—Bh+h,, 
A=E-5, B= E'—a. 


* Bompiani, Surfaces, p. 632. 

7 E. P. Lane, Integral surfaces of pairs of partial differential equations of the third order, these 
Transactions, vol. 32 (1930), pp. 782-793. 

Bompiani, Surfaces, p. 632. 
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There exists, therefore, in this case one and only one line passing through x and 
not lying in the tangent plane to S, at x, such that every point y on the line, not 
a focal point of the line, generates a net N, in relation C to N,. The space S, is 
such that n25. 

Case II. Suppose that S(2, 0) is an S,. It follows that the functions x 
satisfy an equation of the form 


P ten + QO’ xu» + R’X vy + L' xy + N'x, + K’x =0 


such that not both P’ and R’ are zero. To fix the notation, suppose that 
R’ #0. The functions x therefore satisfy a system of differential equations of 
the form 

= + + Law + Nx, + Kx, 
(24) Xuuv = + Exuy + Gry + Hx, + J x, 

= + + + + J'x. 

Subcase (a). Suppose that x does not satisfy a differential equation of the 

form 


(25) Xuuu = AXun + Bxpy + bx, + ex, + Ox. 


Some of the integrability conditions of system (24) are 


P=D'=0, akE’+G-a-a,=0, aQ+Ll=0., 
From (21) we find that 
Yu = (a — + [G+ — + ME — w) + — 
+ |J — — p) + + (E - wy, 
yo = 1G’ —d, — + ME’ nO) + — uN th 
+ —— nO) +h, — 10) |x 
+ (E’ —r— 


Hence .V, will be in relation C to N, if and only if 


(26) 


A arbitrary. 
The functions x and y satisfy equations of the form (4) with 
m=aA+G—-a+h, n= 
(27) f=J—-Ah+h, g=J'’—wK+h, — Bh, 
B= E’—a-— 


Hence, in this case, there exist lines g through x such that any point y on any one 
of the lines generates a net N, in relation C to Nz. These lines g belong to a pencil 
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of lines with center at x and in the plane determined by the points x, X,, Xuy—@Xu. 
The lines g at a point x are projectively related to the lines g through any other 
point of the curve v=const. through x. The space S, is such that n=5. 
Subcase (b). Suppose that x satisfies a system of differential equations of 

the form 

= + + Lay + Nx, + Kx, 

Xuuv = AXuu + Ete» + Gx, + Hx, + Ix, 

= + + + H'x, + J'x, 

= AXux + + + EXy + ox. 
Some of the integrability conditions of system (28) are 

+a,+ ED’ + HP = aD’ +D,' + ak’ +G, 
D'=L+aQ+aP+ Py. 


We may show from (21) that the net NV, is in relation C to NV, if and only 


(28) 


(29) 


if 
D’—wP=0, H =0, 
G’ — a, — + aE’ — p(L + aQ) = 
The value of » determined by the second of (30), if substituted in the last 
two of (30), gives two conditions on the coefficients of system (28). These 


conditions are however a result of the integrability conditions (29). Hence, 
in this case, there is a unique line joining x to 


Y = Xuv — AXy — D'x,/P + hx 


(30) 


any point of which generates a net in relation C to N,. The space S, is an S:. 
The functions x and y satisfy equations of the form (4) with 
m=aA+G,—a.+h, n= H' — D'N/P — (D'/P),+D'B/P 
f=J—-—Aht+h, g =J'— D'K/P — Bh—h,, 

A =E-D?’/P, B= 
We may state the results of this section as follows: A non-conjugate net 


is a C net if and only if the functions x defining the net satisfy a pair of equations 
of the form (18). 


4. THE BOMPIANI TRANSFORMS OF A C NET 


Suppose the functions x determining a net NV, satisfy differential equations 
of the form (18). Bompiani* has shown that there exist two covariant points, 


* Bompiani, Surfaces, pp. 634-635. 
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one on each tangent line to the curves of the net, characterized in the 
following way: The point 

p = x, — bx 
is the only point on the tangent to »=const. on S, generating a surface for 


which the osculating plane to the curve u = const. at p lies in the S; determined 
by the points x, x., %,, Xu, and tangent to the ruled surface R along the 


generator through x. The point 


Xy ax 


has a similar characterization. We shall call the point p(o) the minus first 
(first) Bompiani transform of x, and the nets described by p(c) the minus first 


(first) Bompiani transform of Nz. 
Suppose that the functions x satisfy a system of differential equations of 
the form (24), but no equation of the form (25). We find that the point p, 


defined by 


p = Xy — pr, 


generates a surface of the type described above for every value of uw. The 
point o defined by 


= Xy — aX 


is the only point on the tangent to the curve u =const. at x generating a sur- 
face of the desired type. We shall say in this case that the minus first Bom piani 
transform of x (N.) is indeterminate. The first Bompiani transform of x (N,,) 
is the point o (net V,). Hence a necessary and sufficient condition that a net 
permit of having Bompiani transforms is that the given net be a C net. 

We may state some of the results of this and the preceding section in the 
following theorem: 

Let there be given a net Nz in S, whose sustaining surface S, is such that its 
two-osculating space S(2, 0) is an Ss or an S;. There exists a unique line g 
through x lying in the S(2, 0) of Sz at x such that every point y on g generates a 
net N, in relation C to Nz if and only if the given net admits of having uniquely 
determined Bompiani transforms. If one of the Bompiani transforms is in- 
determinate there exists a pencil of lines g through x with the above property. The 
line g is the line in relation R with respect to Nz to the line joining the Bompiani 
transforms of x. Moreover the minus first (first) derived line of g intersects the 
tangent plane of the sustaining surface in the minus first (first) Bompiani trans- 


form of x. 
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The Bompiani transforms of a C net are C nets. The functions p and ¢ 
satisfy differential equations of the form (18). As may readily be verified the 
first Bompiani transform of p is the point ¢ defined by 


= pv — 4p, 
and the minus first Bompiani transform of ¢ is the point j defined by 
= o, — be. 


The points p and @ lie on the line g, and coincide with the points (15) and (16) 
respectively. From (17) we see that these points coincide* if and only if 


(17bis) a, — 6, =0. 


* Bompiani, Surfaces, p. 635. 
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ON UNIVERSAL QUADRATIC NULL FORMS IN 
FIVE VARIABLES* 


BY 
R. S. UNDERWOOD 


INTRODUCTION 
1. We shall use L. E. Dickson’s result :7 


THEOREM 1. Every universal quadratic null form in three or more variables 
is equivalent to a form 


(1) F = 2¢*gaxy + ghy* + cys + gdp(z, w,--- ) 


where g and a are odd, a is prime to d, c is prime to g, and the greatest common 
divisor of the coefficients of W is 1. 


We investigate the case of five variables. In (1) let 
(2) = a(h2? + + lw*) + Azv + + Cr’, 


where 

(3) 1 is the greatest common divisor of a, A, B, C and of h, 7,/, and where, by 
an argument which carries over from Dickson’s paper, / may be taken prime 
to any given odd integer. We take / prime to ga. 

Weshall assume that one of V, M,P #0, where =j?—4hl, M = A*—4ahC, 
P=2hB-jA. For if N=M=P=0, then 4ah)=(2ahz+ajw+Av)*, where 
either ajw+ Az is identically zero or it may be taken as a product of a con- 
stant by a new variable w. Hence this case reduces to the problem for three 


or four variables. 
2. We shall need the following lemmas: 


Lema 1. /f each of the congruences 
(4) F=G (mod 2°), F=G (mod gay), 


with F as in (1) and (2), has a solution x, y, 2, w, v such that y is odd, then F=G 
is solvable. 


* Presented to the Society, June 13, 1931; received by the editors in December, 1930. 
1 Universal quadratic forms, these Transactions, vol. 31, No. 1, pp. 164-189. Subsequent refer- 
ences to the four-variable case refer tc this paper. 
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Lemma 2. The congruence 
(5) f= ax? + bey +cy= (mod 


where p is an odd prime, is solvable for every k if and only if A=b?—4ac 40 
(mod p) when n=1, and (A/p)=1 when n>1. 


Proof of Lemma 1. Since gay is odd, (4) implies F=G (mod Py), where 
P=2ga. But F=Pxy+¢, ¢=G (mod Py), ¢=G+PyQ. Hence F=G when 
x=-Q. 

Proof of Lemma 2. Case 1. a=0, 640(p). Let y=1. Then f=bxr+c=hk(p), 
which is solvable. Assume f=k+Hp™", m2=1. Then f=k(p™*") is solvable 
with x replaced by «+ Xp”, since H+bX =0(p) has a solution X. In this case 
A=b?(p), hence (A/p) =1. 

Case 2. a=b=0(p). Then f=cy*(p) and f=k(p) is not solvable for some 
k. In this case A=0(p). 

Case 3. a#0(p). Multiplying (5) by 4a we get the equivalent congruence 


(6) Z* — Ay® = 4ak(p"), 
where 
(7) Z = 2ax + by. 


When A=0(p), (6), hence (5) also, is not solvable for some k. When 
A#0(p), it is well known that (6) is solvable modulo p. The solutions Z, y 
fix x, modulo p, by (7), so that x, y satisfy (5), modulo #. 

Consider n>1. If (A/p) = —1, k= pK requires y=Z=0(p), whence (6) is 
not satisfied modulo p for some K. If (A/p) =1, the pair Z, y which satisfy 
(6) modulo p may be chosen so that one of Z, y, hence one of x, y#0(p). Let 
J=k+Hp™, m=1, one of x, y40(p). Then (y+ Vp” 
if 


(8) H+MX+NY =0(p), 
where M =2ax+by, N=bx+2cy. Congruence (8) is satisfied unless M=N 


=0(p), i.e., unless Ax =Ay=0(p), which contradicts the hypotheses on A, x, 
and y. 


THE CONGRUENCE F =G (mod gay) 


3. Preliminary results. Discussion of y. We may factor g and a as follows: 


(9) g=qgr, a=st, gq and s have the same distinct prime factors; r and ¢ are 
prime to each other and to both gq and s. 


Then gs, r and # are relatively prime in pairs. Thus F=G is solvable 
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modulo ga if solvable modulis gs, 7 and ¢. It is solvable modulis gs and r in 
the four-* and hence the five-variable case. It remains to consider 
(10) F =G(ty). 

Let ¢ be the product of powers p” of distinct primes. We shall use the 
following theorem: 

THEOREM 2. for each factor p" of prr, 
(11) F=G(p"), with F as in (1) and (2), has a solution z, w, v, y=n, with n=1 
or 7, where 
(12) w is an odd prime dividing no one of g, a, d, a, h, and not dividing one of 
N =j?—4hl, M =A*—4ahC, P=2hB-—jA, then (10) is solvable with y odd but 
not necessarily the same as in the solution of (11). 

Note that by the last paragraph of §1 
(13) one of V, M, P¥0. 

First we prove 


Lemma 2A. The congruence 
(14) F=G(m), m as in (12), is solvable with y=kr, where k is an arbitrary 
integer. 


For, dropping the terms of F containing y, and multiplying (14) by 4ah, 


we get the equivalent congruence 
(15) 4ahF = gd(Z? — a?Nw? — Mv? + 2aPwr) = 4ahG(n), 


where Z = 2aliz+ajw+Ay, and N, M, P are as in (12). Since 2ah is prime to 
m@ we may take Z, w, v as new variables in place of z, w, v. If N=M=0, then 
P +0 by (13), and since 2gdaP is prime to m by (12), (15) is solvable. Other- 
wise with v=0 or w=0 according as N 0 or N =0, M <0, (15) is solvable by 
Lemma 2, and hence, since 4a is prime to 7, (14) is solvable. This completes 
the proof of Lemma 2A. 

Then by hypothesis (11) has a solution 2’, w’, v’, y=n, where n=1 or 7, 
and by Lemma 2A, if 7=7 (and trivially if 7=1) F=G(n) has a solution 
y=. 

By the Chinese Remainder Theorem there exist integers z, w, v such that 
z=2', w=w’, v=v’ (mod p"), and z=2’’, w=w’’, v=v"’ (mod 7). Then (11) 
and (14) have the same solution z, w, 7, y=7, and hence, since 7 is prime to a 
and therefore to 


(16) F = G(p"n) 
* With »=w=0, change h to ch in line 9, p. 174, of the reference previously quoted. 
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has the same solution w, v7, y= 7. 

For each factor p" of t=pf'--- p?r there are then solutions 2;, w,, 2;, 
y=n; of F=G(prin;), where n;=1 or a prime 7; of type (12). Taking, by the 
Chinese Remainder Theorem, 


(17) Y=, Z=2, W=wi, V =»; (mod /;"'ni) 


we have that F=G(t¢) has a solution Y, Z, W, V, where = mm: - - - n,-. Since 
by (17) where n;=1, i=1,---,7, it follows that Y =¢S, 
where S contains no factor p of ¢t. We select a prime r= S+ Xi of type (12) 
and not dividing ¢¢ from the infinite number of the form S+Xt¢, where X 
ranges over all integers, and take y={r. Then F=G(t{) has a solution 
Z, W, V, y=fr=6S+Xiutf, and, by Lemma 2A, F=G(r) has a solution 
Z',W’, V’, y=r. Since 7 is prime to é¢ it follows from the Chinese Remainder 
Theorem that F =G(t{r) has a solution Z’’, W’’, V’’, y={r. This completes 
the proof of Theorem 2. 

In applying Theorem 2 we shall proceed in practice as follows. We seek 
a solution of (11) F=G(p"), and find that various tonditions on the coef- 
ficients in F require the consideration of numerous sub-cases. As a first step 
we consider 


(18) F =G(p). 


When Theorem 2 is applicable we can either set y=1 explicitly or show that 
there is a solution of (18) with y=r#40(p). From the infinite number of 
primes of the form r+Xp, where X runs through all integral values, we 
select a prime 7 of type (12) and set y=. Then where convenient we make 
the induction proving (11) solvable with y fixed. When we make the induc- 
tion through y we show explicitly that y remains prime to #, so that at each 
stage of the induction it can be chosen a prime of type (12) selected from the 
infinite number of primes of the form n+Xp”, 7 40(p), m21. 

There remain, besides the certainly non-universal cases, those for which 
we can prove (18) solvable but find it not convenient, and in some cases not 
possible, to hold y#0(p) in the solution. In such cases, as in 12123 below, we 
use the following theorem: 


THEOREM 2A. Let p” be a typical factor of t=pr'--- prr. If, for F as in (1) 
and (2), F=G(p*) has for every =n a solution z, w, v, y= p*n, where n=1 or a 
prime of type (12) and 6=0 depends upon G, p, n, and F, but not upon o, then 
(10) F=G(ty) is solvable. 


Let s=n+6. By hypothesis F=G(p*) has a solution 2, w, 7, y = p°n, where 
n=1 or a prime of type (12). Also, by Lemma 2A, F=G(n) has a solution 
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z’, w’, v’, y=p*». Hence, applying the Chinese Remainder Theorem, 
F=G(p'n=p"y) has a solution Z, W, V, y=p*n. That is, F=G(préy,) has a 
solution 2;, w;, ¥:;, where i=1, -- - , ry and each of the 7; is 1 ora 
prime of type (12). 

From this point the part of the proof of Theorem 2 below (16) applies 
exactly if we delete the now unnecessary statement “where 7;=1 or a prime 
m; of type (12)” and elsewhere replace 7; by y;. Note that =m: -- 7, 
becomes [= iyo Vy. 

In view of Theorem 2A it will suffice in practice to prove that, excluding 
the (here) provably non-universal cases, congruence (11) F=G(p") has a 
solution 2, w, 7, y= p*r, r#0(p), where 6 is unchanged in the induction from 
modulus p™ to modulus p”*!. This will be true when y remains fixed in the 
induction, and will be shown explicitly when the induction is throngh y. 

4. The congruence / =G (mod £). Since ¢ is prime to g, d, and h, but divides 
a, the congruence 


(19) F = G(p"), 


where # is a prime factor of /, is equivalent to 


(20) F = gby? + cys + gdla(hz? + + + Azv + Bwo + Cv?|] =G(p"). 


We may assume without loss of generality that 
(21) G 0(p*). 


For suppose G = p*G,, where G, 40(p*). If n<2s, (20) is solvable with y= p", 
z=w=v=0. If n>2s, take y=p'y’, z= p's’, w= p'w’, v= p'v’. Division by p* 
yields the equivalent congruence F(y’, 2’, w’, v’) =G,(p"-**), which justifies 
the assumption. 

In the following scheme of subdivision, 121 and 122 are subheads of 12, etc. 
1. C#O0(p). 
ll. b=c=D=E=K=0(), 
where D=4ahC—A?*, E=2ajC—AB, K=4alC—B*. Then F is not uni- 
versal. 

Multiplying both sides of (20) by 4C, we have 


(22) Fi = 4CF = gd[V? + Dz? + 2Ezw + Kw*] + 4C(gby? + cyz) =4CG(p"), 
where V =2Cv+Az+Bw. Since our moduli are powers of p we may take 


V,z, w, y as new variables in place of 2, z, w, y, and (22) is equivalent to (20). 
By the conditions of 11, F;}=gdV?=4CG(p), which is not solvable for some G. 


12. One of b, c, D, E, K 40(p). 
121. b40(p). By (22) 
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(23) Fe = gbF, = CY? — Lz? + g’db[V? + 2Ezw + Kw?| = k(p*), 


where 
Y = 2gby L = RC + R = c? — 4g%dbah, k = 4gbCG. 
1211. (—4g2dbC/p) =(—dbC/p)=1. By Lemma 2, (23) is solvable with 


z=w=0. 
1212. (—dbC/p) = —1. 
12121. One of L, E, K 40(p). Then (23) is solvable. 


Take V =1. Then (23) has a solution Y, 2, w, modulo p, with (1) w=0, 
(2) z=0, (3) s=1 according as (1) L40, (2) L=0, K#0, (3) L=K=0, 
E#0(p). Assume F,=k+Hp™, m21, V40(p). Then with 
Y, s, w (and hence y) unchanged and with V replaced by V+p"X 40(), 
since 2g*dbV 40(p). 


12122. L=pli, E=pk,, K=pK,, Then F is not 
universal. 


Since (—dbC/p) = —1, the solution of (23) modulo p with k= pk, re- 
quires Y=V=0(p), so that, dividing out p, F=pki(p?) reduces to —L, 2? 
+g°db(2E,zw+ K,w?) =ki(p), which by Lemma 2 is not solvable for some &. 


12123. L=pli, E=pE,, K=pK,, T40(p). Then (23) is solvable. 
By Lemma 2 we may fix Y and V modulo # so that 

(24) CY? + g’dbV? = k(p), 

hence k—CY?—g*dbV? = pQ. Then (23) modulo p? reduces to 

(25) — Lis? + g*db(2E.zw + = Q(p), 


which is solvable by Lemma 2. This fixes z and w, modulo , and hence also 
y and v through Y and V. Assume F:=k+Hp”, m22, and assume first 
V £0(p). Then F,=k(p”*') with Y, s, w unchanged and with v replaced by 
v+p”v’ (so that V is replaced by V+2Cp”v’), since 2g*dbV 40(p). 

It remains to complete the induction on (23) from m2=2 to m+1 when 
V =0(p). First assume k 40(p), so that VY 40(p) by (24). If y40(p) we com- 
plete the induction by replacing y by y+ py’ 40(p), so that Y =2gby+cz is 
replaced by Y+2gbp"Y' 40(p). If y=O0(p) then cz 40(p). We set y=p and 
replace z by 2+ p”Z, hence Y by Y+cp”¥Y’#0(p) and V =2Cv+Az+ Bw by 
V+Ap"Z=0(p). The induction is complete since 2(g*dbA V +cCY) =2cCY 
£0(p). 
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Next assume k = pk,, where k, 40(p) by (21). Then since (—dbC/p) = —1, 
Y=V=0(p) is required. Note that c=0(p) then requires that y=0(p). Since 
k, 40(p), OAO0(p) by the equation just below (24), hence one of z, w40(p) 
in the solution of (25). Assume F.=k+Hp™, m=2, one of 2, w4#0(p). Then 
F,=k(p"*') with z and w replaced respectively by z+ p""'Z, if 
C(Y + g'db(V + Ap™"'Z + Bp" 4+ g*dbV2(p™*1) and 
=0(p), where 6,= —L,2+g°dbEw, 6.=E\z+Kyw. The 
latter congruence is solvable, since 6; =62=0(p) requires that Tz=Tw=0(p), 
contradicting the conditions on 7, z, and w. The former congruence is also 
solvable if Y=V=0(p?), m23. For the case m=2, with z and w fixed by 
(25) we hold Y=V =0(p?) by adjustment of y and v. The latter need not be 
changed thereafter, since if Y=V=O0(p?) then 
+BW)=0(p?) for 

122. b=0, c#0(p). By Lemma 2, (20) is solvable with w=v=0, since the A 
of Lemma 2 =c?—4g*dbh=c*(p), hence (A/p) =1. 


123. b= ph, c=pci, D#0(p). By (22) 
(26) F3 = gdDF, = + Z? + + — 4pyiyw = k(p"), 


where 


Z = gdDz + gdEw + 2cCy, 6 = DK — E*, 6 = g*bdD — c*C = pis, 


y = gdcCE = py, k = 4gdCDG. 


Applying to (26) the arguments of 121 as applied to (23), we find (26) 
solvable unless 6=p0,, (—D/p)=—1, and in which 
case F is not universal. To make sure that the power of # in y is not in- 
definitely increased in the induction we note that by the argument of 121 as 
obviously modified to fit the new lettering the induction is through V and 
Z (i.e., v and z) unless k = pki, ki 40(p), V=Z=0(p), with one of y, wA0(p). 
Then if y=0(p), 0:w40(p), and the induction can be made through w alone; 
otherwise y remains #0() in the required replacement of y by y+p""'Y. 


124. b=ph,, c=pa, D=pD,, K £0(p). By (22) 
(27) Fy = KF, = gd[W? + KV? + 627] + 4pCK(ghiy* + crys) = 4CKG(p"), 
where 

W = Kw+ Ez, 6= DK 


As in 123, (27) is solvable unless 0 = p(, (—K/p) = —1, and ¢2CK —g*db,0, 
=0(p), in which case F is not universal. 
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125. b=phi, c=pa, D=pD,, K=pKi, EA0(p). 


In this case (22) is solvable by Lemma 2 with V =0, y=", since the A 
of Lemma 2=4E?*(p), hence (A/p) =1. 


2. C=0(p), and one of A, B40(p). Then (20) is solvable. 
Fix z and w so that Az+Bw=M #0(p), and take y=1. Then (20) yields 
(28) L(v) = gd(Mv + Cv?) = k(p"*), 


where & is a constant. This is solvable, modulo p. Assume L(v) =k+Hp", 
m=1, and take v’ =v+Xp”. Then 


L(v’) = k + p™[H + gdMX | (p™*!) 
= k(p™t') 


by choice of X, completing the induction. 
3. A=pA;, B= pBi, C= pC;. Then a#0(p) by (3). 
31. N=j?—4hl40(p). 


Since p is odd and does not divide gdah, multiplication of (20) by 4gdah 
yields the equivalent congruence 


(29) 4gdah(gby? + cys) + g2d’a?[(2hz +.jw)? — Nw*] + & =4gdahG(p"), 


where 
(30) = 4pg7d*ah(Aiz + Byw + 
The product of (29) by N gives 
(31) S(U, V, y, z, w,v) = NU? — V2+ Jy? + 4pD(Ai20 + + Cw?) = R(p*), 
where 
(32) U = gda(2hz + jw) + cy, 
(33) V = Ngdaw + cjy, 
(34) J = cj? — NR, R = — 4g%dbah, k = 4gdahNG, D = 0(p). 
311. J40(p). 
312. (N/p) =1. 


In cases 311 and 312, (20) is solvable with v=0, as shown in the four- 
variable case. 


313. (N/p)=—1 and J=p/,. 
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The result is given in 
(35) when 0=0(p), F is not universal; 
Q#0(p), (31) is solvable, where Q =aC\J\N 
Since V £0(p), 
(36) one of j, /40(p). 
Since J =0(p), (31) gives 
(37) NU? — V? = k(p). 


This is solvable by Lemma 2, fixing U and V modulo p. It remains to test 
(31) modulo p”, m=2. 


3131. C=0(p)?. 
31311. c=0(p). Then F is not universal. 
For, by (37), (33), and (32), k= pK requires U=V =w=2=0(p). By (31), 
S=Jy*(p?) ApK(p?) for some K. 
31312. w=2A,—jB,=0(p). Then F is not universal. 
Eliminating y from (32) and (33) and replacing j?—.V by 44/1, we get 
(38) jU — V = 2gdah(jz + lw)(p). 
Multiplying (38) by B, and replacing 7B, by 2A,/, we get 
(39) (jU — V)B, = 4gdahlM(p), 
where 


(40) M = Bw. 


By (37) and (39) k=pK requires U=V=/M=0(p). The condition 
1=0(p) requires 740(p) by (36), whence by (38) and the condition that 
z=B,=0(p). Hence k= pK requires M=0(p). By (31) S=Jy*(p*) 
# pK(p?) for some K. 


31313. cu40(p). Then (31) is solvable. 
Since =2A,J—jB,40(p), 
(41) jB, = 2A\l +1, where r 4 0(p). 
Multiplying (38) by B, and replacing 7B; by 2A,/+r, we get 
(42) (jU — V)Bi — 2gdahrz = 4gdahlM(p"), with M as in (40). 


Noting (36) and the fact that U and V are fixed, modulo 9, by (37), we have 
three subcases: 
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When /=0(p), 7B:=r#40(p) by (41), and z is fixed modulo p by (38). 
Choose w so that, by (40), 4 40(p). Then yis fixed modulo p by (32) or (33) 
(consistent through (38)). 

When j =0(p), 2A:,/= —r 40(p) by (41), and w is fixed modulo p by (33). 
Choose z so that, by (40), 4 40(p), fixing y modulo p by (32). 

When jl #40(p), choose z so that the left side of (42) 40(p). 

In all cases we have M = A,z+B,w#0(p). By (31), taking C= p°C., 

(43) L(v) = 4Dp(Mv + pCyv*) = K(p"), 


where 
K=k-—NU*+V? — Jy? = 


with K, independent of v. Dividing out p we find (43), hence (31), solvable 
by the method used for (28). 
Note that (35) is satisfied in our results for 3131. 


3132. C=pCi, C:40(p). 
31321. c=J,=0(p). Then F is not universal. 
By (37), (33) and (32), k=pK requires U=V=w=z=0(p). By (31), 
noting J = S=4pDC,wv?(p?) pK (p*) for some K. 
31322. c=0, J:40(p). Then (31) is solvable. 
U, V, w and z are fixed, modulo p, by (37), (33), and (32). Multiplying 
both sides of (31) by Ci, we get 
(44) pCiJiy? + pDA* = K(f’), 
where 
(45) A = 2Cw + Aiz + Biw, 
(46) K = Ci(k — NU? + V?) + pD(Aiz + Biw)? = pKi. 
Dividing out p, we find (44) solvable by Lemma 2, fixing y, A, and v, modulo 


p, by (44) and (45). Thus (31) is solvable modulo p*. The induction will be 
completed in 313234. 


31323. c#0(p). 

313231. j=P=0(p), P=aC\Ji+clA/. Then F is not universal. 
By (32) we have, with 7 =0(p), 

(47) c?y? = (U — 2gdahz)*(p). 


Multiplying (44) by c*, replacing K and cy? by their values in (46) and (47) 
respectively, and then D in the coefficient of z by its value in (34), and noting 
that VN =j?—4hl=—4hl(p), we have 
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pDc?A? 4 pah*g*d? Pz? pTz K2(p?), 


T = 4C\JigdahU + 2c?DA,Bww, 
Ky = — NU? + V?) + p(Dc? — U?) = 

By (37), (33), and (49), k= pK requires U=V =w=T=0(p), whence by 

(50) K2=pc?C,K(p?). We then have by (48) and the fact that P=0(p) 
pDc?A? = 

which is not solvable for some K. 

Note that 7=P=0(p) is equivalent to Q=0(p), with Q as in (35). 
313232. j7=0, P40(p). Then (31) is solvable. 


U, V, and T are fixed, modulo p, by (37), (33), and (49). Completing the 
square in z in (48) we have 


(51) pid? + pZ? = Ki(p*), 


where 


(52) Z = — T, 
(53) Ks = + pT? = pKs, 5 = 0(p). 


Dividing out p we find (51) solvable by Lemma 2, fixing A and Z, modulo 
p, and hence also z, v, and y by (52), (45), and (32) respectively. Thus (31) 
is solvable modulo p*. The induction will be completed in 313234. 


313233. 740, Q=0(p), with Q as in (35). F is not universal. 

Eliminating y and z from (44) (with K replaced as in (46)) by means of 
(33) and (38), we get 
(54) p(EA? + Lw* — Mw) = Ke(p?), 
where 
(55) E = D (2cjgdah)? O(p), 
(56) L = Dh(2gda)*Q, 
(57) M = 4gdahD[2aC + c2A\(GU — V)(jB, — 2Aq)], 
(58) Ke = (2gdahcj)*C\(k — NU? + V?) 

+ (GU — V)? — C\J(2gdahV)?] = 
By (37) and (57), k=pK requires U=V=M=0(p). Since Q and hence 


L=0(p), we get, from (54) and (58), pEA?= p(2gdahcj)?C,K(p*), which is not 
solvable for some K. 
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313234. j;040(p), with Q as in (35). Then (31) is solvable. 

U,V,and M are fixed, modulo , by (37) and (57). Completing the square 
in (54), we get 
(59) 4pLEA? + pW? = Ks(p°), 
where 
(60) W = 2Lw — M, 

(61) Ks = 4LKs + pM? = 

Dividing out p we find (59) solvable by Lemma 2, fixing A and W, 
modulo #, and hence also w, y, z and v by (60), (33), (32) and (45) respectively. 
Thus (31) is solvable modulo p?. 

It remains to complete the induction in cases 31322, 313232, and 313234. 
This will be done in subdivisions of 313234. For convenience we may re- 
write (31) as follows: 

(62) S = NU2 — phiy? + 4pDZ0 + 4pDC = k(p"), 
where 


Z=Ayzt+ Byw, DgdahNC, O(p), 


and y, z, w, v are fixed, modulo p. Since (62) is solvable modulo p? with the 


exceptions noted, we may have m 22 in the induction. 
3132341. U40(p). 


Assume S(z)=k+Hp™. Take z’=2+Xp™. Then, by (32), U’=U+ 
2hgdaX p£0(p). By (62) (p™*), etc., com- 
pleting the induction. 

3132342. U=0, V40(p). 

Assume: S(w)=k+Hp™. Take w’=w+Xp™. Then by (32) and (33), 
U'’=U+gdajXp"=0(p), V’'=V+gdaNXp"40(p). By (62) S(w’)=k 
+p™|H —2gdaNV'X |(p™*"), etc., completing the induction. 

3132343. U=V=0(p). 
31323431. v¥0(p). 

Assume S(y, 2, w, 1) =k+Hp™. Take z2’=2+Xp”-!. Then by (32) and 
the definition of Z below (62), U’=U+2hgdaX p™"'=0(p), Z'=Z+Aip™", 
and |(p™*1), where L1,=NUhgda+pDAw. The 


induction will be complete unless L;=0(p?). Similarly, taking in succession 
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y’=y+Xp"—' (except when y=0(p)) and w’=w+NXp™-', we get in succes- 
sion the two following coefficients of X: 

= 2(NcU — cjV + psy), 

Ls = 2(gdajNU — gdaNV + 2pDB,). 
Hence with the proper substitution the induction is complete unless y=0(f) 
or 


Eliminating U and V from (63) and dividing out p, we get 


(64) 2cDv(2A yl — + NgdaJ,y = 0(p). 


This will be considered in conjunction with (67) below. 

Again, take 2’=2(1+Xp"—), w’=w(1+Xp"-'). Then 
since U=V=0(p), we have U’=U(1+Xp""')=0(p), 
=0(p), Finally, take v’=0(1+Xp"-') 40(p). The in- 
duction will be valid in one of these last two cases unless 


(65) Ly = L; = 0(p), 

where 

(66) Ly = + 2DZv), Ls = 4Dv(Z + 2C.); 
Z is as defined below (62). Eliminating Z from (65), we get 
(67) 4C Dv? — = O(p). 


Since 4C,Dv 40(p), (67) is impossible if y=0(p); hence in that case one of 
L;, L;40(p), and the induction is complete with the power of p in y un- 
altered. 

Finally, eliminating y from (64) and (67), replacing D by Ng*d*ah, and 
dropping common factors which we know to be prime to p (as g, d,a,h, N,C), 
we get v°0=0(p), with Q as in (35), which contradicts the hypotheses on Q 
and v. Hence at least one of the five induction substitutions above succeeds, 
and the induction is complete. 


31323432. v=0(p). 

By (21) we may assume that G40(p?), hence in (62) k =4gdahGN 40(p?). 
Then by (62) Jiy40(p). Assume S(y, 2, w, v) =k+Hp”, where U=V =0, 
Jiy#0(p). Take y’=y(1+Xp""') £0(p), 2’=2(1+Xp""), w’=w(1+Xp"). 
Then U’=U(1+Xp""') =0(9), V’=V(14+-Xp""!) =0(p), Z’=Z(1+Xp"-). 
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By (62) S(y’, 2’, w’, 0’) =k+p"(H+2s/:y2X |(p*), etc., completing the in- 
duction. This completes 313. Examination of the subcases reveals that (35) 
is a complete statement of the results. 


32. N=pN,. Then, since V=0, h40(p), 
(68) . either 7 =1=0, or jl F O(p). 


321. j1#0(p). Then (31) is solvable, as shown in the four-variable case 
(§14, I). 


322. j7=1=0(p). 
By (29), 
= Z?— Ry*+ + jw*) — apNiw? +4 ph(A 120+ Bywo | 
where 
(70) Z = 2gdahz + cy, 
(71) R = c2 — 4g%dahb. 
By (69) and 322 we have 
(72) Z* — Ry’ = 2(p). 


3221. (R/p)=1. Then by Lemma 2, (69), hence (19), is solvable with 
w=v7=0. 


3222. R=0(p). Then F is not universal. 
For then (72) has no solution Z for some k. 


3223. (R/p) = —1. The result is as follows: 


fwhen J=0(), F is not universal; 
(when J #0(p), (69) is solvable, where J =B?2+aN,C. 


Z, y and z are fixed, modulo p, by (72) and (70). It remains to determine 
when (69) is solvable modulis p? and p”. 


32231. C,;=B,=0(p). Then F is not universal. 

For, by (72) and (70), k=pK requires Z=y=z=0(p). By (69), ¢= 
— w(p?) pK (p?) for some K. 
32232. C:=0, B:40(p). Then (69) is solvable. 

Choose w so that A:z+Biw=M 40(p). By (69) 


(74) 4¢°d’ahpMv = K(p?), 


(73) 
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where 
K = k—Z*+ — g*d*a*(4hjzw + j?w*) = pK, (independent of 
Dividing out p we find (74) solvable. Using (69), assume ¢(v) =(y, 2, w, 2) 


=k+p"H, with m2=2. Take Then ¢(v’)=k+p"(H 
+4g°d*ahM X |\(p™*), etc., completing the induction. 


32233. C, 40, 1=0(p), with J as in (73). F is not universal. 

Completing the square in (69), we get 
(75) pEV? + dw? + ew = K,(p"), 
where 
(76) = 2C Biw A 13, 

(77) = g*d*ah F 0(p), 

(78) = ij? — pl), with as in (73), 

(79) 2e%d2ah(2ajC, — pA,B,)s, 

(80) Ki = — Z2 + + = 

By (72) and (70), k=pK requires Z=y=z=0(p), and hence, since 
j7=!1=0(p), 6=e=0(p2). Then by (75) and (80), 

(81) pEV? = pC, K(p*), 
which is not solvable for some A. 
32234. (,J 40(p), with J as in (73). Then (69) is solvable. 

Z, y and z are fixed, modulo p, by (72) and (70). Writing 5= p5’, «= pe’ 
(since 7 =0(p)), we have by (75) and (80), after dividing out 9, 

(82) EV? + + = Ki(p""), 

where 6’ = —g*d*al 40(p). Since £5’ 40(p), we may complete the square in 
w and have (82) solvable modulo #, fixing V, w and v, modulo #, by (82) and 
(76). Hence (69) is solvable modulo p’. 

Using (69), assume ¢=k+p"H, with m=2. By (70), if Z=0(p), either 
y#0(p) or s=y=0(p). Also, if Z=z=y=0(p) we may assume that one of 
Nw, 140(p), since 7 =0(p) and by (21) k may be taken 40(p?). The follow- 
ing induction substitutions then cover all cases: 

(a) Z40(p). Take 2’=2s+Xp”, hence Z’=Z+2gdahX p" £0(p). 
(b) Z=0, v#O0(p). Take 2’=2(1+Xp"), yv’=yv(1+Xp"), hence Z’ 
=Z(1+Xp") =0(p). 
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(c) Z=s=y=Bw=0, v40(p). Take v’ =0+- 
(d) Z=z=y=N,=0, Bywv40(p). Take w’ =w+Xp"". 
(e) Z=z=y=Byw=0, Niw¥#0(p). Take w’=w+Xp"™1. 


Z=z=y=0, B\Niwv40(p). Take w’=w+Xp""!, Then 
o=k+p"(H+LX |(p™*"), etc., completing the induction in cases (a) to (e) 
inclusive, where Z 40(p) and is as follows: 


(a) 4gdahZ; (b) —2Ry*; (c) 8g*d’ahCw; (d) 4g*d*ahBw; (e) —2g*d*aNww. 
In case (f), 6=k(p”*) unless 
(83) S = T= 0(p), 


where 
= 2hByw T= 2C yw + Bw. 


But on eliminating w, (83) is equivalent to 2x7 =0(p), contradicting the hy- 
potheses, hence (83) is impossible and the induction is complete. 

The results in the subcases of 3223 satisfy (73). 

We have now proved the solvability of (19), and hence, by Theorems 2 
and 2A, of (10), except in cases (84) below. 

Let p be any prime dividing a but not g. Let the appearance of 6, indicate 
that b= pb;, of D, that D= pD,, etc. Define 


D = 4ahC — A?, E=2ajC — AB, K = — B?, R=? — 4g°dbah, 
L = RC + g%dbA?, DK—E%, = y = gdcCE, 
NV = j?— 4h, NR, I =hB, — aN 


aC Ch GB, 21A 1)?. 


Then F is not universal in the following cases: 
1. C40(p), and one of 11 to 14 holds: 


11. b=c=D=E=K=0(p); 
12. (—dbC/p)=—1, 
13. (—D/p) = —1, =0(); 
(84) 14. (—K/p) = —1, —g7d,b0,=0(p); 
2. A=B=C=0(p), and one of 21, 22 holds: 
21. J=0=0(p), (V/p) = —1; 
22. N=j=0(p), and either R=0(p) or (R/p) = —1 and J=0(p). 


Since y is odd we then have, by Lemma 1, 


THEOREM 3. If e=0, F is universal except in cases (84). 
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REMARKS ON THE CONGRUENCE F =G (mod 2") 


5. The briefer results. The initial problem was solved completely in the 
writer’s thesis, but the conditions upon the coefficients as found are so 
numerous that the bare listing of the results, except those given below for the 
case e = 1, requires a prohibitive amount of space. We shall omit further proofs 
and close with the statements of two fundamental lemmas which give ad- 
ditional freedom in the choice of v, and of the theorem for the case e=1. 


Lemna 3. If there exists an odd y satisfying (4), it may be chosen congruent 
to any desired odd residue, modulo 2”. 

Lemna 4. If the solution of 
(85) F = G(2°) 
requires the factor 2* in y, where s=0 depends upon G, then F is universal, 
subject to exceptions (84), if and only if 
(86) F = G(2¢t*) 


is solvable with x =0 for every pair G, s. 


THEOREM 4. When e=1, F is universal subject to (84) unless (a), bcdah is 
odd, 1=B=C=0(4), 7 and A are even, or (b), d=2D, c is even, and b or D is 
even. If either (a) or (b) holds, F is not universal. 


UNIVERSITY OF CHICAGO, 
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ON THE APPROXIMATE REPRESENTATION OF 
A FUNCTION OF TWO VARIABLES* 


BY 
E. L. MICKELSON 


The purpose of this paper is to exhibit extensions of some of the known 
existence theorems on the approximate representation of a function of one 
variable to corresponding theorems for a function of two variables and some- 
what to investigate approximate representation by means of surface spherical 
harmonics. 

For convenience the paper is divided into two sections. The material of 
the first section extends to a function of two variables some of the work of 
Professor Jackson on the approximate representation of a function of one 
variable given in the first chapter of his Ithaca Colloquium Lectures.} Trigo- 
nometric approximation based on an extension to two variables of Jackson’s 
approximating integral is the foundation upon which other forms of represen- 
tation are built by means of cosine transformations. These transformations 
are in part responsible for the essential difference between this paper and a 
mere rephrasing of Jackson’s work. The section is concerned only with a 
real continuous function of two variables; its extension to a function of any 
finite number of variables is apparent. Moreover, it is limited to bare essen- 
tials: for simplicity, only periods of 27 and intervals of length 2 are con- 
sidered; material of a superficial nature obtained by generalizing the condi- 
tion of Lipschitz is omitted; no attempt is made to find small values for the 
absolute constants which enter—the order of approximation alone is sought; 
some applications of the theory paralleling those of Jackson{ to Fourier, to 
Legendre, and to the corresponding mixed approximations have been omitted 
at this time and reserved for further extension. 

The discussion in the second section is confined to the representation of a 
real function on the surface of a unit sphere by partial sums of Laplace’s series 
and certain other sums of surface spherical harmonics and to the convergence 
of the approximating sum of surface spherical harmonics which minimizes the 
surface integral of a power of the absolute error. An expression for an upper 
bound to the absolute error in the representation by a partial sum of La- 

* Presented to the Society at Chicago, March 29, 1929; received by the editors in December, 
1930, 

7 D. Jackson, The Theory of Approximation, American Mathematical Society Colloquium Pub- 


lications, New York, 1930; cited below as Colloquium. 
t See Colloquium, pp. 18-32. 
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place’s series is given in terms of the order of the sum; the expression is ob- 
tained from considerations of the mean value of the given function used in 
conjunction with the results of a simple lemma. The discussion of the con- 
vergence of the approximating sums in the sense of integrals parallels that of 
Jackson for trigonometric sums. 


I. TRIGONOMETRIC, POLYNOMIAL, AND MIXED APPROXIMATION 


1. The forms of the approximating functions. The approximating func- 
tions to be used in this section are finite sums, the forms of which are herein 
defined and listed for reference. Let m and n be a pair of positive integers, and 
let (a;;), (b;;), (e:;), and (d;;), where i and j range independently over the in- 
tegers from zero to m and from zero to ” respectively, be sets of real constants. 

By a trigonometric sum of order at most m in x and n in vy is meant a sum 
of the form 
a;; COS ix cos jy + b;; cos ix sin 


(1) T mn(x, ¥) = J ; 
(+ Ci; sin ix cos jy + dj; sin ix sin jy! 

by a polynomial of degree at most m in x and v in y is meant a sum of the 
form 


(2) y) = 


by a mixed sum of order at most m in x and degree at most 7 in y is meant one 
of the form 


(3) Hmn(x, v) = (ai; cos ix + 6;; sin ix)y’]. 
2. Trigonometric approximating functions for two variables. Let g(x, y) 
be a continuous periodic function of period 27 in x and in y separately. Let 


m and n be two positive integers; let » and qg be integers such that 2p—2 
<ms2pand 2qg—2 <n<2q; let vy) be defined by the integral 


x/2 


where 


(5) Fyq(u, v) = 


| (sin pu) (sin gv) ] 
( 


p sin u)(q sin 2) 


and 


(6) 1/hpq = f f F ,4(u, v)dudv, a positive constant. 


w/2 
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The integral (4) is the extension of Jackson’s approximating function* to fit 
the case of two variables. By an argument entirely analogous to that used for 
one variable it follows that J,4(x, y) is a trigonometric sum of type (1) of order 
at most m in x and m in y; hence, when m and m are specified it and sums 
similar to it have the form of the desired approximating sum for the function 
g(x, 

From (6) it follows that 


g(x, ¥) — y) | 


S f f | g(x + 2u, y + 20) — g(x, y)| v)dudv, 


(7) 


so that the expression on the right furnishes an upper bound for the absolute 
value of the error in representing g(x, y) by J,,(x, y). Evaluation of the in- 
tegral on the right depends upon finding an expression for the absolute differ- 
ence in the integrand through suitable restrictions on g(x, y). 

In anticipation of the results the following facts are noted for future 
reference?: 


(8) f (z sin‘pz)/(p* sintz)dz S c1'(1/p*) S c1(1/m?) 
0 
and 
(9) c3(1/m) S cg (1/p) f (sin pz)/(p* sin* z)dz (1/p) S co(1/m), 
0 


where ¢1, ¢2, and ¢; are absolute positive constants. 

3. The modulus of continuity. A suitable expression for the absolute 
difference in. the integrand of (7) is obtained from considerations of the 
modulus of continuity of g(x, y). It seems to be advisable at this point to lay 
a foundation for the remainder of this section by giving essential definitions 
and properties of the modulus of continuity together with demonstrations of 
the more involved facts. 

Let g(x, y) be continuous in a closed rectangular region R of the xy-plane. 
Define w(5) to be the maximum of the absolute difference |g(x1, v1) —g(x2, ye) | 
for all points (x1, yi), (%2, y2) in R for which (*«1—22)?+(yi—y2)? S68. The 


* See Colloquium, p. 3; also, for the case of two variables, C. E. Wilder, On the degree of approxi- 
mation to discontinuous functions by trigonometric sums, Rendiconti del Circolo Matematico di Pa- 
lermo, vol. 39 (1915), pp. 345-361; p. 358. 

t See Colloquium, p. 5. 


, | 
: 
f 
i 
i 


762 E. L. MICKELSON [July 


function w(6), called the modulus of continuity of g(x, y) in R, exists and has 
the following properties*: 


(10) w(6) is a continuous function of 5; w(0) =0; 
w(5) >0 when 6>0 unless g(x, y) is constant in R; 


(11) S 61 S bo; 


(12) w(ké) S kw(), k a positive integer; 
w(kd) S (k + 1)w(5), & any positive number; 
+ 52) S w(61) + w(62); 


(13) = 0 61 bo. 


In case w(5) does not exceed a quantitiy of the form 44, \ a positive constant, 
g(x, y) is such that |g(x:, —g(a2, | (yi — and is 
said to satisfy a Lipschitz condition? with parameter X. 

For present purposes the definitions are extended to include finite sets of 
functions. Let go(x, y), gi(x, v), go(x, v), - , y)—hereafter denoted by 
|g.(x, vy) }—be a finite set of functions continuous in R with moduli of con- 
tinuity {«w:(6)}. Define (5) to be the greatest of the quantities w,(5) for 
each value of 4; call it the uniform modulus of continuity for the set { g(x, v) | 
in R. Quite obviously 2(6) has the same properties (10), (11), (12), and (13) 
as the ordinary modulus (6). If the functions {g,(x, y)} satisfy Lipschitz 
conditions with parameters |A,} in R they all evidently satisfy such condi- 
tions with a single parameter A which is the largest of the set {Ax |; under 
such circumstances the set {g;(x, v)} will be said to satisfy a Lipschitz con- 
dition with parameter A. 

The relation between the uniform modulus of continuity of the partial 
derivatives of specified order of a given function and the uniform modulus of 
continuity of the partial derivatives of the same order of its cosine transform 
is not only essential for the method of this paper, but it holds some interest 
of its own. Let g(x, y) be continuous in the square region —1 <4, y<1; let 
G(0, ¢) =g (cos 0, cos ). If the modulus of continuity of g(x, y) in the region 
—1<x, v<1 is w(5), G(@, o) has in every finite region a modulus of con- 
tinuity w(5) such that w(6) <w(6); moreover, if g(x, y) satisties a Lipschitz 
condition with parameter \ in the region —1<-x, y<1, G satisfies such a 
condition everywhere and with the same parameter. Furthermore, if the 


* de la Vallée Poussin, Lecgons sur l’A pproximation des Fonctions d’une Variable Réelle, Paris, 
1919, pp. 7-8. 
t de la Vallée Poussin, op. cit., p. 9. 
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kth-order partial derivatives of g(x, y) with respect to x and y exist and havea 
uniform modulus of continuity (6) in —1<, yS1, the kth-order partial 
derivatives of G(@, @) with respect to @ and ¢ will have a uniform modulus of 
continuity IV(6) everywhere; if these derivatives of g(x, y) satisfy a Lipschitz 
condition with parameter A the corresponding derivatives of G(@, ¢) will 
satisfy such a condition everywhere with some parameter L. The relation of 
IV (6) to 2(6) and of L to A, in general, is not so simple as in the case k =0. Al- 
though for particular values of & the relations are often more simple than 
those offered below, the latter are sufficiently acceptable generally. 


Lemma I. Let g(x, y) together with all its partial derivatives of order k=1 
and lower be continuous in the region —1 Sx, y <1; let M be the maximum of the 
absolute values of these derivatives in the region; let the uniform modulus of con- 
linuity of the partial derivatives of order k be Q(5) for 0<5 S23, the maximum 
diameter of the region, and let the symbol Q(6) denote the value Q(2*/*) for 
Then if 2(2%/*) 40, G(0, =g(cos 8, cos is a periodic function of 
period 2x in @ and in @ separately which together with its partial derivatives of 
order k and lower with respect to 0 and @ is continuous everywhere, and the uni- 
form modulus of continuity of the partial derivatives of order k does not exceed 
Vk! (ee! — 1) Q(8), where N is the larger of unity and 8M / 


Lemna II. /f the kth-order partial derivatives of g(x, vy), k=1, above satisfy a 
Lipschitz condition with parameter A, those of G(0, @) satisfy the inequalities 
| — $2) | S L(| 61 — 62| +| — 
i=0,1,2,---,k, everywhere, where L=N'k! (e*-!—1) and N’ is the larger of 
A and M, the symbol G‘-*-‘ being used to denote 0'G/00'dg*-'. 
These two lemmas are of sufficient importance to warrant somewhat de- 


tailed demonstrations. Since M is the maximum of |g*:*(x, y) | in the region 
—1<x,v<1for1<r+s3k, it follows from the law of the mean that 


(14) *(x1, — vo)| S M(| x1 — xe] +| 91 — ye!) 


for 0<r+s<k—1 and all points of the region. Obviously, then, g(x, y) and 
all its partial derivatives of order lower than k satisfy a Lipschitz condition. 
It is necessary in what follows to evaluate (so to speak) the condition (14) 
in terms of the uniform modulus (6) of the partial derivatives of order 
exactly k. If then certainly |x,—x2|+ |yi—ye| 
<62"*. When 0<6 20(6)/5= (2%) by (13). Moreover, this same 
inequality holds without modification for 2°? <6 < 25/2 because = 
ior these values of 6. (Obviously, the inequality can be adjusted for larger 
values of 5, but there is no need in this paper for values of 6 greater than 
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Consequently, when 0 <6 252, 0 <6 25/2? 2(5)/ (25/2) and M(|x1—22| 
+ $8M Q(6)/ 2(23). Therefore, g(x, y) and all its partial deriva- 
tives of order k and lower have a uniform modulus of continuity nowhere ex- 
ceeding N 2(6), where JN is the larger of unity and 8M/ (2*’). 

Now form the partial derivatives of G(0, ¢): 


= g°'(x, y)(— sin 9), 


s=lr=1 
| 
| k 
(15) 6) = > 1), or 


| s=1 


| imk 
Da" (x, y)P,i/7!, 1, 
r=1 

where P, ; and Q,,; are polynomials of degree 7 in cos @ and sin @ and of degree 
s in cos ¢ and sin ¢, and both are independent of g(x, y) and of each other. 
It has been shown by de la Vallée Poussin* that 


| ie — 1)", [Qu] DMe 1). 


Denote |G:*-‘(6,, 6:1) —G':*-i(@s, gs) | by D. Then if the first of the forms (15) 
be considered, 
k-i,i 


s=1,r=1 


In this inequality the following facts are noted: i!(k—i)!<k!; if (@:—62)* 
then also, and by the conclusion 
reached from (14) each of the absolute differences entering does not exceed 
N Q(8); finally, — 1)"**/(r!s!) — 1)*/k! S — 1. Therefore, 
D<k!N(e**—1) Q(6). The same is true in case either of the other forms in 
(15) is appropriate. Thus, the first lemma is proved. 

If the &th-order partial derivatives of g(x, y) satisfy a Lipschitz condition 
with parameter A then conditions (14) subsist for +s <k with parameter N’, 
where N’ is the larger of A and M. Since |x;—x2|+|yi—yeo|< |0:—62| 
+ |¢:—@2|, it is apparent from (16) that the second lemma holds also. 


* de la Vallée Poussin, op. cit., pp. 67-68. 
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The preceding proofs can readily be adapted to demonstrations of the 
following lemmas: 


Lemna III. Let g(x, y) be a periodic function of period 2x in x alone which 
together with its partial derivatives of order k=1 and lower is continuous in the 
infinite strip —2x <x<@, —1Sy<1; let M be the maximum of the absolute 
values of these derivatives in the region; let the uniform modulus of continuity of 
the partial derivatives of order k be Q(5). Then, if Q(d) #0, where d?=x?+4, 
G(6, =g(0, cos is a periodic function of period 27 in and in separately 
which with its partial derivatives of order k and lower is continuous everywhere, 
and the uniform modulus of continuity of the partial derivatives of order k no- 
where exceeds N"k\(e*-!—1) where N” is the larger of unity and 
/Q(d). 

Lemma IV. If the kth-order partial derivatives of g(x, y) in Lemma III 
satisfy a Lipschitz condition with parameter A, the kth-order partial derivatives 
of G(0, satisfy relations 


| — 2) | < L(| 01 — +| — ), 
where L is the constant of Lemma II. 


The lemmas above will be used in §§5 and 6 to throw the burden of the 
proofs there on the theorems of §4. 

4. Degree of convergence of trigonometric approximation. With the aid 
of the moduli of continuity discussed in the first part of the preceding article 
the function Z,, of §2 and functions analogous to it furnish trigonometric 
sums of type (1) approximating to a given periodic function. The following 
existence theorems exhibit the attainable degree of approximation by such 
sums to continuous functions and to functions having continuous partial 
derivatives. 


TuHeoreM I.* Jf f(x, y) is a periodic function of period 2m in x and in y 
separately which everywhere satisfies a Lipschitz condition with parameter i, 
then corresponding to every pair of positive integers m and n there exists a trigo- 
nometric sum T mn(x, y) of type (1) such that 


| f(x, y) — Tmn(x, y)| KA(1/m + 1/n) 


everywhere, where K is an absolute constant. (The conclusion is equally valid 
with K replaced by a suitable constant K, if f(x, y) is such that 


| f(a, yx) — v2) | SA] — +A] — ye | 
everywhere.) 


* The same theorem is given by Wilder, loc. cit. 
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The proof of this theorem is a straightforward extension of that for the 
corresponding theorem for one variable. In outline it is as follows: Given m 
and , choose p and gq as in §2 and construct the function /,,(x, y) for f(x, y) 
by substituting f(x, y) for g(x, y) in (4), and take T,,,(x, vy) =Z p(x, y); set up 
the difference (7); make use of the Lipschitz condition to replace the absolute 
difference in the integrand of (7) by 2A(|w|+ |x|) =A(4u2+40*)"2; split the 
resulting even integral into parts and apply (8) and (9) to each part to obtain 
KX(1/m+1/n) for an upper bound for the right-hand side of (7), where K 
is a combination of the c’s. 


THeoreo II. /f f(x, y), periodic as in Theorem I, is merely continuous with 
modulus of continuity w(d), then sums T »» can be constructed so that 


S(x,y) — Tmn(x, Kew(1/m + 1/n), 


where K» is an absolute constant. 


The proof of this theorem, also, will be sketched. Form 7,,,,(«, y) as in the 
proof of Theorem I; replace the absolute difference in the integrand of (7) by 
2w | ] > |; split the resulting even integral up into 


1/q l/p w/2 1/p l/q@ w/2 
tind fof f+ f ft 
0 9 l/q l/p l/@ 0 0 l/p / 


and apply the properties (10), (11), (12), and (13) of w(6) and the inequalities 
(8) and (9) to /,, and to the integrals separately, noting particularly that 
w[(u? +2")? |] Sw(u)+o(v), and that for w21/p, 2w(1/p)/(1/p) 
2w(u)/u, so that w(u)<2puw(1/p), a similar inequality holding for w(v) 
when v2 1/9. 

THEOREM III. Let f(x, y) be a periodic function of period 2 in x and iny 
separately for which the partial derivatives f'-*-*(x, y), i=0,1,---, k, all exist 
and are everywhere continuous, and let p and q be two such integers that 2p—2 
<m<2p and 2qg—2 Sn 2g, where m and n are two given positive integers. If 
the partial derivatives of order k are such that the k+1 functions 


x/2 r/2 
T; x-i(x, = f fi + 2u, y + 20)F v)dudv 
—7r/2 —r/2 


satisfy the inequalities 
y) Ts y) | Se 


everywhere, where € is some finite positive constant or zero, then there exists a sum 
T (x, v) of type (1) of order at most m in x and n in y such that 
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| f(x, y) — T(x, y)| Kke(1/m + 1/n)* 


everywhere. 
Let 
i(x, vy) = f f(x + 2u, y + 20)F v)dudv. 


Since conditions for differentiating under the integral sign are fulfilled it is 
immediately apparent that 


*-*(x, y) y) 
Furthermore, /:(x, y) is a sum of type (1) of order not exceeding m in x and n 
in y. Form the function 
Ri(x, y) = I(x, y) ti(x, y). 
By hypothesis the partial derivatives of order k of R, satisfy the relations 
|Ri*~*(x, y) |< € everywhere, whence by the law of the mean 


| 91) Ri? yo) | e(| — x2] +] 91 — y2/), 


i=0,1,---,7=k—1. Theorem I is now applicable to each of the 7 functions 
R,‘-4-‘(x, y) with \ replaced by ¢ and the T,,,(«, y) replaced by the functions 


T;,;-(%, y) = f Ry"(x + 2u, y + 20)F pe(u, v)dudo 
—7/2 


corresponding to R,':~‘(x, y). The theorem yields the inequalities 


| (x, y) — 9) | S Kie(1/m + 1/n). 
Now let 


to(x, vy) = f Ri(x + 2u, y + 2v)F pq(u, v)dudv 

and repeat the process begun on #,(x, y) and Ri(x, y), and thereby construct 
a sequence of sums #;(x, y), te(x, y), -- - , ¢e(x, y), all of type (1) and of order 
at most m in x and u in y, and a sequence of functions Ri(x, y), Re(*, y),- °°, 
R,(x, vy) in which R,(x, y) =f(x, y)—ti(x, vy) —te(x, y)— - —ti(x, y) satis- 
fies the inequality 


| y1) — Re(22, y2)| S K*'e(1/m + 1/n)*-(| — +] yo| 


1 


Consequently, by a final application of Theorem I, there exists a sum ¢;41(x, y) 
of type (1) and of order at most m in x and ” in y such that 
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| Ri(x, — tesi(x, y)| S Kte(1/m + 1/n)* 


everywhere. In this inequality let ¢:(x, y)+éo(a, y)+--- y) be 
denoted by 7 (x, y), a trigonometric sum of type (1) of order at most m in x 
and ” in y, and the theorem is proved. 

If, now, the &th-order partial derivatives of f(x, y) are continuous with 
uniform modulus of continuity 2(6), then by Theorem II each of these deri- 
vatives can be approximated by a sum of type (1) given precisely by the 
T;,,-:(x, y) of Theorem ITI, and e will have the value K2Q(1/m+1/n); if 
these derivatives satisfy a Lipschitz condition with parameter A, € will have 
the form A A(1/m+1/n). Consequently the following theorem is true: 
such that its kth-order partial derivatives are everywhere continuous with uniform 
modulus of continuity (6), then corresponding to every pair of positive integers 
m and n there exists a trigonometric sum T mn(x, y) of type (1) such that 


THEOREM IV. /f f(x, v), periodic of period 2x in x and in y separately, is 


¥) — Tinn(x, ¥) | S K2K{(1/m + 1/n)*Q(1/m + 1/n) 
everywhere, and if these derivatives satisfy a Lipschitz condition with parameter 
A the right-hand side of the inequality becomes K,*K A(1/m+1/n)**, 


5. Degree of convergence of polynomial approximation. Polynomial ap- 
proximations to a function f(x, y) are effected by obtaining trigonometric 
approximations to the transformed function 


F(0, 6) =f(cos 8, cos 
from the theorems of the preceding article, using the relations of Lemmas I 
and II and the conclusion of the following lemma.* 


Lemna V. Jf F(0, d) is an even function of 0 and separately and if there 
exists a sum T(0, ) of type (1) such that 


| F (0, — T@,%)| Se 
everywhere, then there exists a sum t(0, d) of the same type, of order not higher 
than that of T (0, ), and devoid of sines of multiples of either 0 or b, such that 

| $) — Se 
everywhere. 


On account of the evenness of F(6, ¢) and the inequality in the hypothesis 
of the lemma, 


* Cf. Jackson, Colloquium, p. 13. 
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| F(0, ¢) — ¢) + TO, — + T(- 6, ¢) + T(- 8, — | 
< 1{|F@,¢) — 7, ¢)| +|F@, — 4) — T@, — ¢)| 
+ |F(—6,¢) — T(— 6, ¢)| +|F(- 6, — ¢) — T(-—0, — ¢)| } 
4e = €. 


But the sum in braces on the left is 47 (0, @) with all the terms containing sines 
removed; hence the lemma is true. 

Proofs of theorems paralleling those of §4 all follow the same scheme. Of 
these theorems the one based on Theorem IV is the most general; it is suffi- 
ciently typical to warrant omitting the others. 


THEOREM V. Let f(x, y) together with its partial derivatives of order k=1 
and lower be continuous in the square region —1 <x, yS1;let M be the maximum 
of the absolute values of these derivatives in the region; let Q(5) 40 be the uni- 
form modulus of continuity of the derivatives of order k. Then corresponding to 
every pair of positive integers m and n there exists a polynomial Pm,(x, y) of 
type (2) such that 


| f(x, y) — Pmn(x, y)| S KsN(1/m + 1/n)*Q(1/m + 1/n) 


throughout the region, where Kz=K oKik!(e*-!—1) and N is the larger of unity 
and 8M / 9(23/2).* 


Under the hypotheses of the theorem and on account of Lemma I, F(6, ¢) 
=f(cos 0, cos @) is a periodic function of period 27 in 6 and in ¢ separately 
having kth-order partial derivatives everywhere continuous with a uniform 
modulus of continuity which does not exceed Vk!(e*-!— 1) 2(6). By Theorem 
IV there exists a sum of type (1) which everywhere approximates F(6, ¢) 
within an error nowhere exceeding that assigned for P,»»(x, y) in Theorem V. 
Since F(@, @) is even in 6 and in ¢ separately, there exists by Lemma V a sum 
T mn(9, @) of the same type containing no sines of zither 6 or ¢ and giving at 
least as good an approximation; this T,.(0, ¢) is a polynomial in cos 6 and 
cos of degree not exceeding m in cos and in cos Tmn(0, 6) =P mn(cos 8, 
cos @). Consequently, f(x, y) is approximated by P,,,,(x, y) within an error not 
exceeding that permitted in the theorem. If 2(6)=0 then f(x, y) is itself a 
polynomial of degree at most k, in which case the above theorem does not, and 
need not, apply. 

6. Degree of convergence of mixed approximation. In case f(x, y) is per- 
iodic in one variable only and satisfies conditions of continuity in an infinite 
strip of finite width, methods analogous to those of §5 lead to approximations 

* For a theorem on polynomial approximation related to this one, but neither containing it nor 


contained in it, see P. Montel, Sur les polynomes d’approximation, Bulletin de la Société Mathéma- 
tique de France, vol. 46 (1918), pp. 151-192; p. 191. 
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in the form of sums which are trigonometric in that variable and polynomial 
in the other: mixed sums of type (3). As in §5 one representative theorem will 
suffice. 


THEOREM VI. Let f(x, y) be a periodic function of period 2x in x alone which 
together with its partial derivatives of order k=1 and lower is continuous in the 
region <x< 0, —1Sy<1;let M be the maximum of the absolute values of 
the partial derivatives in the region; let 2(6) be the uniform modulus of con- 
tinuity of the partial derivatives of order k; let Q(d)¥0, where d?=x?+4. Then 
corres ponding to every pair of positive integers m and n there exists a mixed sum 
HA m»(x, y) of type (3) such that 


| f(x, — Hinn(x, y)| (1/m + 1/n)*Q(1/m + 1/n) 


throughout the region, where K; is the same as in Theorem V and N"’ is the larger 
of unity and 23!*Md/ Xd). 

Let F(6, =f(8, cos). By Lemma III, F(6, ¢) is a periodic function of 
period 27 in 6 and in ¢ separately, which has everywhere continuous partial 
derivatives of order k21 whose uniform modulus of continuity does not ex- 
ceed N’’k!(e*-!— 1) 2(5). Hence by Theorem IV there exists a sum of type (1) 
which approximates F(6, ¢) within the error assigned in the above theorem. 
Since F(6, ¢) is an even function in ¢, this can be replaced by a sum T,,,(0, o) 
containing no sines of ¢ and, consequently, is expressible as a polynomial of 
degree not exceeding in cos ¢: a mixed sum of type (3), Tnn(0, 6) =H 
cos @). The proof is an appropriate simplification of that of Lemma V. There- 
fore, f(x, v) is approximated by //,,,(x, vy) within the error given. If Q(d) =0, 
f(x, y) does not contain x and is a polynomial of degree at most & in y. As in 
§5 the above theorem does not, and need not, apply in this case. 

Upon examination it will be noticed that, except for the absolute constants 
involved, the inclusive theorems on the approximation to a function having 
continuous partial derivatives of order k (Theorems IV, V, and VI) reduce to 
the simpler theorems for an ordinary continuous function by placing k equal 
to zero. 


II. APPROXIMATION BY SUMS OF SURFACE SPHERICAL HARMONICS 


7. Degree of convergence of Laplace’s series. Let 0 and ¢ be the co-lati- 
tude and longitude, respectively, of a point on the surface of a sphere of unit 
radius, and let F(6, be a real, single-valued, integrable point function on the 
sphere. The partial sum of degree m of the expansion of F(0, ¢) in Laplace’s 
series* is 


* See, e.g., Byerly, Fourier’s Series and Spherical Harmonics, Boston, Ginn and Co., 1895, p. 211. 
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n 21 1 2r 
(17) S,,¢)= > f f F(0’, ¢’) P:(cos y)(sin 6’)d0’d¢’, 
i=0 4a 0 0 
where cos y =cos @ cos 6’+sin 6 sin 6’ cos (6—¢’) and P; is Legendre’s poly- 
nomial (the Legendrian) of degree i. 

By means of an existence theorem (cf. §8 below) Gronwall* gave an ele- 
gant proof concerning the degree of convergence of S,(0, ¢) to F(6, ¢). His 
method, however, does not seem to permit extension to functions having con- 
tinuous derivatives beyond those of the first order. The attack below through 
the medium of the mean-value function used by Dirichlett, Darbouxtf, and 
others, leads readily to an extended theorem. The success of the attack is due 
largely to the two accompanying lemmas. 

Lemna VI. Let o,(x) =(1/2)>-9(2i+1) Pi(x). If g(x) is an integrable func- 
tion such that |g(x)|<G throughout the region —1<x 1, then 


g(x)o,(x)dx| 2 1, 


where c' ts an absolute constant. 


Lemna VII. /f p,(x) is a polynomial of degree at most n in x then 
1 
Pr(x)o,(x)dx = p,(1) 
-1 


for all positive integral values of n. 


The first of these lemmas is an adaptation of the fact that 


lim fi on(x) | ax} = 2(2/m)"/2, 


a fact proved by Gronwall.§ The second follows on substituting the iden- 
tity4 
on(x) = + Pa(x)] 


in the integrand and integrating by parts. Thus 


* T. H. Gronwall, On the degree of convergence of Laplace’s series, these Transactions, vol. 15 
(1914), pp. 1-30; see pp. 14-23. 

t Dirichlet, Sur les séries dont le terme général dépend de deux angles - - - , Journal fiir Mathema- 
tik, vol. 17 (1837), pp. 35-56. 

t Darboux, same title as the preceding, Journal de Mathématiques, (2), vol. 19 (1874), pp. 1-18. 

§ Gronwall, loc. cit., pp. 3-14; also Uber die Laplacesche Reihe, Mathematische Annalen, vol. 74 
(1913), pp. 213-270; see pp. 222-230. 

4] See, for example, Byerly, op. cit., p. 180. 
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pa(x)on(x)dx = 4[pa(x) { Pasr(x) + Pa(x)} Jor 


— 4] pe + Pp(x) 


The value of the first term on the right is p,(1). Since # (x) is of lower degree 
than either P,.4;(x) or P(x), it is orthogonal to each and, consequently, to 
their sum; hence the second term on the right is zero, and the lemma is 
proved. 

_ Let the system of codrdinates be rotated to place the pole at the point 
(6, ); let the principal meridian be any fixed great circle through this pole; 
let x and y be the new geographic coérdinates. Then the pole (0, @) transforms 
into the point (0, y); cos y into cos x; S,(6, @) into a constant, say s,(0); 
F(6’, ¢’) into a new function f(x, y); F(@, ¢) into f(0, y). Consequently, (17) 
becomes 
+ 1 


S,(9, = s,(0) = f y)P(cos x)(sin 


P (cos » | f(x, x)dx 


0 


fe 6, d)o,(cos x)(sin x)dx, 


0 


where ®(x; 6, ¢) =(1/(27)) fo"f(x, y)dy is the mean value of F on a circle of 
curved radius (polar distance) x with center (pole) at the point (0, ¢). 
With the aid of the last two lemmas the following theorem is established. 


THEOREM VII. Let F(6, d) be a real, single-valued, integrable point function 
on the unit sphere, and let (x; 0, @) be the mean value of F on a circle of curved 
radius x with center at (0, ). If F(0, &) is of such a nature that corresponding to 
a positive constant €, there exists a polynomial p,(cos x) of degree at most n in 
cos x satisfying the inequality 

| B(x; — pa(cos x)| en 
for all values of x, then 


| Sn(0, — ©(0; 0, | S 


for all positive integral values of n, where c is an absolute constant. 7 


Let (x; 6, @)—px(cos x) be denoted by g(x). By hypothesis |g(x) | < €n; 
therefore, by Lemma VI, 
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| x)(sin x)dx| ff | S c’e,n'!2, 


In other words, 
faces 6, ¢)o,(cos x)(sin x)dx — f pn(cos x)o,(cos x) (sinx)dx 
0 0 


S c'e,n'!2, 


Here the first integral is s,(0) and the second, by virtue of Lemma VII, is 
p.(cos 0). The inequality, then, takes the form 


| sn(0) — pa(cos 0) | S c’enn*/?. 
It was assumed in the hypothesis, however, that 
| &(0; 6, ¢) — pa(cos 0)| < en. 
By combining these last two inequalities the following inequality is obtained: 
| 6, — sn(O) | + < 


But s,(0) =S,(6, ¢), and the theorem is proved. 
Suppose now that F(@, ¢) is continuous on the surface of the sphere with 
modulus of continuity w(6); i.e., 


| F(61, $1) — F(G2, 2) | 


for all points for which <6, where I is the shorter great-circle distance be- 
tween the points. If w(5) does not exceed \6, where 2 is a positive constant, 
F (6, @) will be said to satisfy a Lipschitz condition with parameter X. Since 
each point (x, vy) on the sphere can be thought of as having infinitely many al- 
ternative pairs of codrdinates, y+2vm), (—x+2um, y+(2v+1)z), 
where yp and » are arbitrary integers, positive, negative, or zero, f(x, y), con- 
sidered as a point function on the sphere, is periodic of period 27 in x and y 
separately and (x; 0, ¢) is a periodic even function of x of period 27 having 
the same modulus of continuity, w(6). For a fixed pole, then, it can be inferred 
from a well known theorem* and from the analogue of Lemma V for functions 
of a single variable that corresponding to every positive integer there exists 
a trigonometric sum 7,,(x) containing only cosine terms, of order at most 
in w, such that 


(18) | 6, Tn(x)| < K’o(2x/n) 


* See, e.g., Jackson, Colloquium, p.7; On the approximate representation of an indefinite integral 
+++, these Transactions, vol. 14 (1913), pp. 343-364; p. 350. 
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where A’ is an absolute constant. (If F(0, @) satisfies a Lipschitz condition 
the absolute error in (18) does not exceed K’’A/n, where K” is an absolute 
constant.) Since 7,,(x) contains only cosine terms it is a polynomial p,,(cos x) 
of degree at most in cos x. 

The selection of 7,,(x) =p,(cos «) depends on the choice of the pole, but 
no matter what point is chosen for pole the accompanying polynomial in cos « 
satisfies (18). The hypotheses of Theorem VII are fulfilled at every point on 
the sphere. On account of the continuity of F(@, ¢), evidently B(0; 0, o) 
= F (0, p). Hence the theorem stated below is true. 


THEOREM VIII. Jf F(6, @) is continuous with modulus of continuity w(6) 
on the surface of the sphere, then 


| F(0, ¢) — S,(0, | < cK'w(2r/n)n'/?, n >0, 


for all points on the sphere, where c and K’ are absolute constants. If F(0, $) 
satisfies a Lipschitz condition with parameter d, the absolute error does not exceed 
cK"h/n'?, where K" is an absolute constant. 

I. /f F(0, 6) has a modulus of continuity w(5) such that lims-+o 
w(6)/6'/?=0, Laplace’s series converges uniformly to F(0, @) over the surface of 
the sphere. 

The theorem above, which is substantially the same as that of Gronwall, 
permits the following extension: 

THEOREM IX. Let F(0, @) be continuous and such that the kth-order deriva- 
tives (0*/Os*)F(0, &) with respect to arc-length exist on every great circle on the 
sphere with moduli of continuity not exceeding a common upper bound w(6) such 
that lim; .9w(6) =0. Then the partial sum of order n, S,(0, of Laplace's series 
for F(0, ), satisfies the inequality 


| F(6, — S,(0, 6) | S n > 0, 


where A is an absolute constant. 


Under the hypotheses it follows on differentiating under the integral sign 
that (0*/dx*)(x; 6, @) is a continuous function of x with modulus of con- 
tinuity not exceeding w(6). Under these circumstances (x; 0, @) satisfies the 
conditions of a theorem* which in substance states that there exists a poly- 
nomial p,(cos x) which approximates ® with an absolute error not exceeding 
A'w(2m/n) (1/n)*, where A’ is an absolute constant. Consequently, by the 
argument used in the proof of Theorem VIII, the present theorem holds. 


* Jackson, Colloguium, p. 12. 
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8. An existence theorem. The partial sum of Laplace’s series is a special 
form of the general sum of degree m of surface spherical harmonics”: 


(19) ¥.0, 4) = cos j + Bi; sin (cose)} ; 


t=0 j=0 
the A’s and B’s are real constants and 
Pi(cos = (sin j@) (d/d cos 0) 


is the associated function of order j and degree 7. 

Gronwall7 has shown that there exists a sum of the form (19) which under 
certain conditions approximates a given function more closely than does the 
partial sum of Laplace’s series for the function. (Cf. (4), (5), and (6) of §2.) 
Let 


Qr 
(20) T.(0, = hp f f 
0 0 


where 7 is the great-circle distance between (6’, 6’) and (6, ¢). 
= [(sin (py/2))/(sin (y/2))]*, 


and 
Qn 
0 0 


That 7 ,,(@, @), thus defined by Gronwall, is of the form (19) is established 
from the following facts: [(sin (py/2))/(sin (y/2)) ]? =(1—cos py)/(1—cos y) 
is a cosine sum of order p—1, so that g,(y) is such a sum of order 2p—2; gp 
is therefore a polynomial of degree 2p—2 in cos y and, consequently, is ex- 
pressible as a linear combination of Legendrians in cos y, >.o” a:P;(cos 7); 
since a Legendrian, P;(cos y), is a surface spherical harmonic of degree i, it 
follows that T,,(@, @) is a surface spherical harmonic sum of degree not ex- 
ceeding » when # is an integer such that 2—2<n<2p. Gronwall proved 
that if F(@, @) has a modulus of continuity w(6) on the sphere, T,,(0, ¢) satis- 
fies the inequality 


| ) — Tn(0, ¢)| B’o(1/n) 


for all points on the sphere, where B’ is an absolute constant. This theorem 
can be extended to include a function having continuous directional deriva- 
tives. 


* Byerly, op. cit., p. 197. 
7 Gronwall, these Transactions, loc. cit., pp. 14-23. 
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TueorEeM X. If F(6, o) has at every point of the sphere continuous first- 
order directional derivatives as described in Theorem IX with moduli of con- 
tinuity not exceeding w(5), where lim; .ow(5) =0, then corres ponding to every posi- 
tive integer n there exists a sum T (0, b) of form (19), of degree at most n, such 
that 


| F@, 6) — Ta(0, | Bu(1/n)(1/n) 


for all points on the sphere, where B is an absolute constant. 


Let (6, ¢) be chosen for a new pole of codrdinates; let (x; 6, ¢) be the 
mean value of F on a circle of curved radius x with center at (0, ¢). Let the 
definition of T,,(0, ¢) given by (20) be subjected to the following modifica- 
tions: let p be an integer such that 3p—3<n<3p, let 


=[(sin (py/2))/(sin (y/2)) 


and let a factor 27 be divided out of the corresponding integral defining 1//,. 
From the remarks accompanying the definition (20) it is apparent that 
T (8, ) thus modified is also a surface spherical harmonic sum of degree not 


exceeding n. At the pole (0, ¢), then, 


-T,(0, >) hy 6, o)g,(x)(sin x)dx, 
0 


1/h, x)dx. 


0 


From this last equation evidently 


0, ¢) = hy f (0; 0, 6)g9(x)(sin x)dz. 
0 


Consequently 


T.(0, — 0, ¢) = hy [b(x; 0, 6) — 6, )]g,(x)(sin x)dx; 
0 


whence by the law of the mean, since ®,(x; 9, @) is continuous in x, 


Tn(0, 6) — 8, 6) = hy f x (qx; 0, 4)¢p(x)(sin x)dz, 


0 


where 0 <q <1. Inasmuch as 9, is an even function possessing a con- 
tinuous derivative with respect to x it follows that ®,(0; 0, 6) =0. Therefore 


with 
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| b.(qx; 6, ¢)| =| (gx; 6, — &.(0; 8, | 
w(gx) S w(x). 


Since, also, 0, d) =F (6, 


| T,(0, — F(@, ¢) | < hy 


By a method analogous to that suggested in the outline of the proof of 
Theorem II in §4, the right-hand side of this inequality does not exceed B 
-w(1/n) (1/n). Since the hypotheses are assumed to hold at every point (0, ¢) 
of the sphere so also does the conclusion. 

9. A problem of closest approximation in terms of surface spherical har- 
monics. As in other cases of approximation by means of orthogonal functions, 
it is easily demonstrated that the particular choice of the coefficients A ;; and 
B;; in the general surface spherical harmonic sum JY ,(6, ¢) which minimizes 
the integral 


f f "[F@, 6) — Ya(0, 4) 


where F(@, ¢) is a given continuous function, is that choice which yields the 
partial sum S,(6, @) of Laplace’s series for F(@, @); there is one and only one 
choice of the coefficients which produces a minimum value of the integral. 

As in the case of polynomial and of ordinary trigonometric approximation 
the above problem can be generalized into a problem of minimizing the inte- 
gral of a power other than the square of the absolute discrepancy. Jackson* 
has given a general existence theorem which shows in particular that if 
pi(x), po(x), «++ , px(x) is any set of & linearly independent continuous func- 
tions of x in an interval a<« <6 and f(x) is continuous in this interval, then 
there exists one and only one choice of the coefficients in the linear combina- 
tion ic:p:(x) which minimizes the integral 


f f(x) - Dd cipi(x) 


where m is any number greater than unity. By suitable adaptation the same 
method yields a proof of 


* Jackson, A generalised problem in weighted approximation, these Transactions, vol. 26 (1924), 
pp. 133-154; see pp. 133-138. 
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THEOREM XI. Let F(6, o) be a continuous single-valued function on the 
unit sphere, and let Y,(0, @) be a general surface spherical harmonic sum of 
degree n. There exists one and only one choice of the coefficients A;; and B;; which 
will render the integral 


f f | F(6, 6) — Y,(0, | (sin 
0 0 


a minimum when m>1. Such a sum Y (0, o) is called the approximating sum 
for F (0, ) corresponding to exponent m. 


The proof of existence, apart from the question of uniqueness, holds also 
forO0<ms1. 

10. Convergence of the approximating sum. To begin with, it is to be 
observed that Y (0, ¢) is a trigonometric sum of order of type (1), §1. Hence 
Bernstein’s theorem is applicable: if |Y,(@, ¢)|<Z over the entire sphere, 
then also |(0/00)Y (0, ¢)|<nZ and |(0/d¢)Y,(0, ¢) | <nL over the entire 
sphere. Since by an arbitrary rotation of codrdinates which places the pole at 
the point (6, @), Y, is transformed into another sum of the same character, 
the statement | (0/00), | can be given the more general form |(0/ds)Y , | 
<nL, where s is along any great circle through the point (0, ¢). With this 
observation a device used in connection with other problems* becomes avail- 
able for finding conditions on the function F(6, ¢) sufficient to insure uniform 
convergence of its approximating sum. 

Let be continuous on the sphere; for fixed let Y be its ap- 
proximating sum corresponding to exponent m; let y, be the minimum at- 
tained by the integral 


(21) f f "| F@, 6) — Ya(®, 4) | "(sin 


Suppose that there exists another sum y,(0, ¢) of the same type (19) such that 
| FO, — yn(O, $)| 
everywhere on the sphere, where e,, depends only on 7. Place 
pn(9, d) = — 
r,(0, = F(0, ¢) — $). 


* See, e.g., Jackson, On the convergence of certain trigonometric and polynomial approximations, 
these Transactions, vol. 22 (1921), pp. 158-166; Colloquium, Chapter III. For an application of the 
method to a problem of approximation in two variables, see E. Carlson, On the convergence of trigono- 
metric approximations for a function of two variables, Bulletin of the American Mathematical Society, 
vol. 32 (1926), pp. 639-641. 


and 
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Now, p,» is continuous; let u, be the maximum of its absolute value and 
(80, do) a point at which it is attained: wv, = |pn(Bo, bo) |. Let the point (0, ¢) 
be restricted to a circle R of curved radius 1/(2m) with center at (00, @o). If 
(0, @) is distinct from (40, ¢0), p» is a continuous function of s with continuous 
derivatives with respect to s along the great circle joining the points. By the 
law of the mean, 


| pn(8, — pn(Oo, 0) | =| /ds| s 


where p,’ is a value of p, at a point on the arc between the given points. Con- 
sequently, whether (0, ¢) is distinct from (4, ¢o) or not, 
| pn(8, — pn(B0, 0) | S mun/ (2m) 

Therefore, |p,(0, | 2,/2 for all points in R. 

For the moment let it be supposed that €, <u,,/4, the contrary case being 
considered presently. Then, since |r,(6, ¢)|<€.Su,/4 everywhere and 
'p»(0,@) | =u,,/2 in R, it follows that |r,—p,|2u,/4 in R, and, consequently, 
that 


f f | F(6, ¢) — Y.(0, $) | (sin 
0 0 


2r 
== f f | — pn |™(sin 0)d0do 
0 0 


1/(2n) 


(un/4)™ f (sin 0)d@d@ = (u,/4)"2x f (sin 


= (u,/4) "4m sin? [1/(4n) ]. 
Therefore, y, 247(u,/4)™ sin?[1/(4n)]. But, since @) minimizes the 
integral (21), y,<47e”", and it follows that 


44 -yn/(4m sin? [1/(4n)])} < 4{ sin? [1/(4n)]}—!/ en. 
In the contrary case €, >u,/4, certainly uy, <4e,, so that in either case 
(22) Bn 4{sin? [1/(4n)]}—/™e, + 4en. 
Since sin when 0<x<7z/2, The upper 
bound (22) for uw, then assumes the form 
Bn Cn?!™e, + 4e,, 
where C depends only on m, a constant. 
Finally, then, 
| — ¥n(0, S| + < Cn?/™en + Sen, 


and one can state the following theorem: 


| 
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THEOREM XII. Jf F(O, o) can be approximated by a surface spherical har- 
monic sum y,(0, @) of type (19) with maximum absolute error €,, then the ap- 
proximating sum Y (0, corresponding to exponent m>1 represents >) 
with maximum absolute error not exceeding 


Cn?! ™e, + Sen 


where C depends only on m. 


Theorems on the convergence of Y,(0, ¢) to F(6, ¢) can now be written 
as corollaries to Theorem XII. By Gronwall’s theorem of §8, €, may be re- 
placed by a constant multiple of w(1/m) if F(@, ¢) is continuous with modulus . 
of continuity w(6) on the sphere. The immediate consequence is 


I. If m>2 and if F(0, is such that lim; =0, then 
Y (0, &) converges uniformly to F(6, >). 


If F (0, d) satisfies the hypotheses of Theorem X, €, may be replaced by a 
constant multiple of (1/m) w(1/m), and one can state 


Coro.iary II. If m>1 and if F(0, o) has at all points of ihe sphere con- 
tinuous first-order directional derivatives as in Theorem X, with modulus of 
continuity not exceeding w(5), where =0, then Y (0, con- 
verges uniformly ta F(0, >). 


As in the case of trigonometric and polynomial approximation it is to be 
emphasized that the conditions imposed on F(@, ¢) in the above corollaries are 
by no means necessary for the uniform convergence to F(@, @) of the approxi- 
mating sum corresponding to exponent m. The following observation will 
suffice to bring out this fact. In §9 it was pointed out that the partial sum of 
Laplace’s series is the approximating sum corresponding to exponent m=2. 
It has already been shown in the corollary to Theorem VIII that a sufficient 
condition for the uniform convergence of this sum to F(6, ¢) is that F(6, ¢) 
have a modulus of continuity such that w(6)/6!/?-0. This is a less restrictive 
condition on F(6, @) than that afforded by Corollary II of Theorem XII. Also 
as in the case of other forms of approximating functions the problem treated 
here can be generalized by admitting a positive, continuous weight function 
in the integrand of (21). 

Since methods are not available for finding €, by arbitrary sums other 
than those used in the above corollaries, the values of €, must be taken as 
the errors assigned in Theorems VIII and IX for representation by partial 
sums of Laplace’s series. Conclusions arrived at by such considerations appear 
to be of secondary interest, and will not be included in this discussion. Fur- 
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thermore, since theorems on convergence for m <1 which employ such values 
of e,, and theorems on the degree of convergence for all positive values of m, 
are adaptations of the corresponding existing theorems for trigonometric ap- 
proximation paralleling the adaptation herein given for the case m >1, they, 
also, will not be included. 


New Mexico STATE TEACHERS COLLEGE, 
Srtver City, N. M. 


A GEOMETRIC THEORY OF SOLUTION OF 
LINEAR INEQUALITIES* 
BY 
RUTH WYCKLIFFE STOKES 

1. Introduction. The general theory of solution of linear inequalities has 
been treated previously by at least two authors, and particular aspects of 
the subject have been discussed by others. 

Minkowski’s} treatment is built around the theorem that the general 
solution of a set of linear homogeneous inequalities of the form 


(1.1) 


in which the )’s are the unknowns, is a linear homogeneous combination of a 
fundamental set of particular solutions. Because of this, his theory has a 
marked analogy with the theory of linear equations. His treatment of (1.1) 
is theoretically complete, and his ideas are of such a fundamental nature that 
they will necessarily appear in some guise in any thorough discussion of the 
subject. 

Dinest gives a necessary and sufficient condition that a system of the 
form 


(1.2) > 0 


i=l 


have a solution, and a criterion for the degree of arbitrariness of the general 
solution. These are stated in terms of what he calls the 7-rank of the system, 
this quantity being defined in terms of a sequence of matrices formed from 


* Presented to the Society, April 3, 1931; received by the editors in March, 1931; presented, in 
substance, as a Doctor’s dissertation at Duke University. 

+t H. Minkowski, Geometrie der Zahlen, Leipzig, 1910, pp. 40-45. 

tL. L. Dines, Systems of linear inequalities, Annals of Mathematics, (2), vol. 20 (1918-19), 
pp. 191-199. 

Other articles by this author on related subjects are: 

Definite linear dependence, Annals of Mathematics, (2), vol. 27 (1926), pp. 57-64. 

Note on certain associated systems of linear equalities and inequalities, Annals of Mathematics, (2), 
vol. 28 (1926-27), pp. 41-42. 

On positive solutions of a system of linear equations, Annals of Mathematics, (2), vol. 28 (1926-27), 
pp. 386-392. 

Linear inequalities and some related properties of functions, Bulletin of the American Mathemati- 
cal Society, vol. 36 (1930), pp. 393-405. 
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the matrix of the coefficients. It is in this particular that his theory has its 
analogy (not so close as Minkowski’s) with the theory of linear homogeneous 
equations. In addition, he gives a method of finding the general solution of 
(1.2), which appears in unattractive form due to its lack of symmetry.* He 
has also considered particular problems of related types such as the deter- 
mination of a particular positive solution of a system of linear homogeneous 
equations. 

Minkowski also considers briefly system (1.2). He gives a necessary and 
sufficient condition that it have a solution but does not give its general 
solution. 

Carver} gives a necessary and sufficient condition for the non-existence of 
solutions of (1.2). He also considers questions of independence and equiva- 
lence. 

The present paper is designed to obtain results combining the advan- 
tages of the work just cited, and extending it. The theory of systems (1.1) is 
developed in such a form that it readily gives a solution of any system formed 
by uniting a system (1.1), a system (1.2), and a system 


(1.3) = 0. 
t=1 

We thus have a theory which has three extreme cases: Minkowski’s system, 
Dines’ system, and a system of linear homogeneous equations. The present 
paper exhibits the general solution of (1.1) in Minkowski’s form and the gen- 
eral solution of the combined problem in a similar form. It makes the numeri- 
cal work of solution center about a single matrix formed from the matrix of 
coefficients. 

The method of developing the necessary theory is geometric in the follow- 
ing sense. For three dimensions the theorems are capable of visualization and 
in fact are almost intuitively obvious. When proofs of them are formulated 
in terms of analytic geometry, their extension to m dimensions, together with 
the necessary proofs, is immediate. Although Minkowski’s treatment occurs 
in a book on the geometry of numbers and occasionally employs geometric 
nomenclature, both his treatment and Dines’ are essentially analytic. 

The two- and three-dimensional cases are treated in detail at the start in 
order to exhibit the geometric character of the reasoning (§§$4 and 5). 

A geometric method distinct from that of the present paper is employed 


* L.L. Dines, Systems of linear inequalities, Annals of Mathematics, (2), vol. 20 (1918-19), p. 199. 
t W. B. Carver, Systems of linear inequalities, Annals of Mathematics, (2), vol. 23 (1921), pp. 
212-220. 
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by Lovitt* in the solution of a particular problem in three unknowns. + 

2. Statement of the problem. It is proposed to solve the system of ine- 
qualities (1.1) in which the coefficients « are known and the X’s are to be 
determined. 

Every system (1.1) is satisfied by \‘ =0. This will accordingly be called 
the trivial solution. Any other solution will be by definition non-trivial. 

In order to apply geometric methods to the solution of this problem, it is 
convenient to recall certain properties of euclidean space of m dimensions 
referred to a rectangular cartesian codrdinate system, or to a system arising 
from a rectangular cartesian system by a linear homogeneous transforma- 
tion. tf 

A linear homogeneous expression in the coérdinates x, at least one of 
whose coefficients is not zero, defines an oriented (n —1)-flat (passing through 
the origin$). Points whose coérdinates make this expression positive lie on 
the positive side of the (n—1)-flat, those making it negative lie on the negative 
side, and those making it zero lie on it. 

Two orienied (n—1)-flats are the same if and only if the expression de- 
fining one is a positive multiple of that defining the other. 

The totality of points on an oriented (w—1)-flat forms an unoriented 
(n —1)-flat whose equation is obtained by equating to zero the expression de- 
fining the oriented (m —1)-flat. 

An (n—1)-flat (oriented or unoriented) separates a pair of points if and 
only if the substitution of the coérdinates of those points in the expression 
defining it gives opposite signs. 

To each condition (1.1) there corresponds a point (x/,---, #,/) in n- 
space. The given system is thus represented geometrically by a set of points 
which we shall denote by S,.{ 

* W. V. Lovitt, Preferential voting, American Mathematical Monthly, vol. 23 (1916), pp. 363-66, 

{ In order to render the bibliography more nearly complete, we cite here two papers whose ex- 
istence has been called to our attention, but which we have not seen. They are by M. Fujiwara and 
appear in the 1928 and 1930 volumes of the Proceedings of the Imperial Academy, Tokyo. 

t We tind it desirable to describe the admissible codrdinate systems in this manner. Any given 
set of data is most conveniently represented by interpreting the codrdinates as rectangular cartesian. 
But this interpretation of x, y, s being once chosen (we take n=3 for illustration), it is convenient at 
times to choose x, y as the codrdinates in a plane through the origin oblique to the codrdinate planes, 
and x, y are not rectangular cartesian codrdinates for that plane. 

§ For our purpose it suflices to consider only flats containing the origin, and we shall understand, 
even in the absence of express mention of the fact, that every geometric element of one or more dimen- 
sions contains the origin, except in §15. 

{{ Dines, Annals of Mathematics, (2), vol. 27 (1926), pp. 58-59, mentions that the representation 
of each condition can be accomplished by means of a point or by means of a vector. He uses the latter 


representation to describe the condition for non-existence of a solution of (1.2). He does not represent 
the solution geometrically, however, and does not employ a geometric method of reasoning in obtain- 
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To any non-trivial solution \ of (1.1) there corresponds an oriented 
(1—1)-flat determined by the expression 


(2.1) 
i=1 

such that none of the points of S, is on the negative side of it.* 

Conversely, the coefficients of any oriented (m—1)-flat having this prop- 
erty give a non-trivial solution of (1.1). 

Two solutions of (1.1) will be called the same if the corresponding two 
(1 —1)-flats are the same. Hence the solution of (1.1) can be accomplished by 
finding every oriented (n—1)-flat having the property that no point of S, 
lies on the negative side of it. 

A necessary condition on a solution is that the corresponding unoriented 
(n —1)-flat do not separate any two points of the set. 

3. Reduction of dimensionality. If the rank of the matrix 


(3.1) | 


is r<n, the given points S, lie in an r-flat, II,. As codrdinates in that r-flat 
we may take any ¢ of the codrdinates x such that the matrix formed from the 
corresponding columns of (3.1) is of rank r. For convenience of language we 
assume that x1,---, x, are the codrdinates in II,. The remaining —r co- 
ordinates , X, are linear homogeneous functions of them. 

If an unoriented (m—1)-flat contains II,, either oriented (m —1)-flat asso- 
ciated with it gives a solution. This solution, being of the particular type 
which makes every left member of (1.1) zero, will be called an equality 
solution, 

If an oriented (7 —1)-flat defined by an expression 


(3.2) o(x) 


does not contain II,, then it meets IT, in an oriented (r —1)-flat whose delining 
expression, when it is regarded as an oriented hyperplane in the space of r 
dimensions, can be obtained by eliminating x,,:, - - - , %. from (3.2) by means 
of the equations defining II,. Hence (3.2) regarded as an (m—1)-flat in m- 
space separates two points of S,, if and only if it separates them when it is 


ing his results. Actually, when the codrdinates are rectangular cartesian, the vector used by Dines in 
describing the condition for the non-existence of solutions of (1.2) is the directed normal to the 
(n—1)-flat which we employ to represent the solution. 

* Following a well established practice in the application of geometric methods to analysis, we 
regard the solution, the corresponding (—1)-flat, and its defining linear homogeneous expression as 
identical. 
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regarded as an (r—1)-flat in II,. Given an (r—1)-flat defining a solution in 
II,, any (n—1)-flat containing it, when given the proper orientation, defines 
a solution in 2-dimensional space, and, conversely, every solution not con- 
taining II, in m-dimensional space is obtained in this manner. 

Let o be the general solution of the problem in II,. Let the expressions 
whose vanishing defines II, be #,41, - - , Then 


(3.3) ot+ > 


t=r+1 


where the a’s are arbitrary real constants, is an (7—1)-flat whose trace on 
II, iso. Hence (3.3) is a solution in m dimensions. Conversely, any solution in 
n dimensions is a linear homogeneous function of the x’s which reduces to 
o on II, and has, therefore, the form (3.3). Accordingly, (3.3) gives the 
general solution in » dimensions. The solutions containing II, are obtained 
by making ¢ =0 in (3.3). 

Because of the above result, in the sequel we need only indicate how to 
solve (1.1) when its matrix is of rank n, i.c., when the set S, (plus the origin) 
is actually m-dimensional. 

A useful consequence of the above is 


THEOREM 1. The intersection of two solutions o, 0’ is an (n—2)-flal which is 


a solution of the problem for n—1 dimensions defined by the points of the set 
in o, and also of the problem defined by the points of the set ino’. 


Since ¢ is a solution for the whole set of points, it is a solution for the 
points contained in o’ and by the result given above must intersect o’ in a 
solution for the set of points in a’. 

4. Linear homogeneous inequalities in two variables. In accordance 
with the results developed in the last section, it is sufficient to discuss the 
case where not all the representative points lie on a single line through the 
origin. 

A non-trivial solution is necessarily of one of two types: it may contain a 
point of the set other than the origin, in which case it will be called a fun- 
damental solution; or it may contain no such point. 

Suppose the system proposed has a solution o of the latter type. If the 
line representing it be rotated without passing through a point of the set, it 
continues to represent a solution. If it be so rotated until it contains a point 
of the set, it becomes a fundamental solution. As the rotation can take place 
in either sense, two fundamental solutions are thus obtained. If these funda- 
mental solutions coincided, the set of points would be collinear with the 
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origin, contrary to hypothesis. Hence there exist two fundamental solutions 
g, and os. Moreover, we can write 


(4.1) o = ace, + bos 


where a and b are constants. Since o and a; are positive for any point of the 
set on oe, a must be positive. In similar fashion b is proved positive. 

Conversely, if the constants in the right member of (4.1) are given ar- 
bitrary positive values, the expression @ is positive for any point of the set 
because o; and o2 have non-negative values for any point of the set and 
vanish simultaneously at no point of the set. 


THEOREM 2. The system 
(4.2) Axi + = 0 (Gj =1,2,---,¥). 


whose matrix is of rank two, has a solution which is not a fundamental solution if 
and only if it has two fundamental solutions o, and o2. The general solution of 
(4.2) which contains no point of the set is then expressible as 


ao, + boo, 


where a and b are arbitrary positive constants. 


A consequence of the above is that if (4.2) has only one fundamental solu- 
tion, that fundamental solution is the only solution. 


THEOREM 3. The system 


(4.3) Axi + py’? 2 0 Gj =1,2,---, WN), 


whose matrix is of rank two, may have zero, one, or two fundamental solutions. 
Its general solution is a linear homogeneous combination of all the fundamental 
solutions, the coefficients being arbitrary non-negative constants. 


5. Linear homogeneous inequalities in three variables. Here it is suffi- 
cient to discuss the case where not all the representative points lie on a single 
plane through the origin. 

A non-trivial solution is necessarily of one of the three types: (i) it con- 
tains two points of the set that are not collinear with the origin, in which case 
it will be called a fundamental solution; (ii) it contains one point P of the set 
but no other point not collinear with P and the origin; or (iii) it contains no 
point of the set. 

Suppose the system proposed has a solution o of the second type, contain- 
ing the point P of the set. A plane coinciding initially with ¢ can be rotated in 
either sense about the line OP without passing through a point of the set 
until it contains another point of the set and thus becomes a fundamental 
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solution. If the two fundamental solutions so obtained coincided, all the 
points would be coplanar with the origin, contrary to hypothesis. Hence 
there are two fundamental solutions o; and oe, coaxial with a, and o can be 
expressed in the form 


(5.1) o = ao, + bos, 


where a and 6 are constants. By considering a point of the set in a2 and not 
in o; we prove that a is positive. Similarly d is positive. 

Suppose the system proposed has a solution o containing no point of the 
set. We may rotate a plane initially coinciding with o about any line in ¢ 
through the origin until the variable plane contains a point of the set. Hence 
there is a solution of type (i) or (ii) and consequently at least one fundamental 
solution. Let a; be any fundamental solution. Rotate a plane initially coin- 
ciding with o about the intersection of o and ¢; until it contains a point of the 
set. Let the final position be o’. The rotation can be accomplished in either 
sense. The two solutions so obtained could coincide with a; only if the given 
point set were coplanar with the origin. Hence we may assume that a’ is 
distinct from o;, and we have 


(5.2) o = ao, + bo’, 


where a and b are constants. By substitution of the codrdinates of a point of 
the set which is on o’ but not on a;, we prove that a is positive. Likewise b is 
positive. Now a’ is a solution of type (i) or (ii). If of type (i), o’ is a fundamen- 
tal solution in (5.2). If of type (ii), formula (5.1) applies to o’, and we have 
on substituting in (5.2) 


(5.3) o = ao, + boo + 


where a, 6 and ¢ are positive constants. 

Let , be the complete system of fundamental solutions, i.e., 
include all the fundamental solutions there are. Then by the above discussion, 
any solution o of (1.1) can be expressed in the form 


(5.4) o= aio, 


t=1 


where the a’s are non-negative constants. Conversely, it is seen that (5.4) 
is a solution for arbitrary non-negative values of the a’s because at any point 
of the given set the right member of (5.4) is computed by addition and mul- 
tiplication from non-negative numbers. 

The number of fundamental solutions in three dimensions may have any 
value. If we take as the given points the vertices of a convex polygon of V 
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sides whose plane does not contain the origin, the system has V fundamental 
solutions, as is readily seen geometrically. 

6. Rotation of an (n—1)-flat in n-dimensional space. If o and r are two 
distinct oriented (n—1)-flats, they intersect in an (7—2)-flat which is con- 
tained by the (7 —1)-flat 


(6.1) ocosa+ sina, 


where a is any constant. 

For a =0, (6.1) is the (n—1)-flat o. If a increases continuously from zero 
to any positive value ai, expression (6.1) for any value on the interval 
(0, a1) represents an (w—1)-flat through the intersection of o and r. The 
passage from ¢ to ¢ cos ai+7 sin a; can be defined as a rotation™ in the positive 
sense. In the same way, if a decreases from zero to any negative value a», 
the passage from ¢ to ¢ COS a2+7 Sin as can be defined as a rotation in the 
negative sense. The intersection of o andr can be called the axis of the rotation. 
If the codrdinates of any point P not on the axis are substituted in (6.1) and 
the result is placed equal to zero, an a can be found for which the (m —1)-flat 
(6.1) contains P. Moreover, there will be both a positive and a negative a, 
i.e., the rotation can be accomplished in either one of two senses. If a finite set 
of points is given, we can determine the least positive a corresponding to 
each of them. The point, or points, in the set having the smallest positive a, 
say ao, is the first point reached in the rotation in the positive sense. The 
result of substituting the codrdinates of any point of the set in (6.1) is a con- 
tinuous function of a, say f(a), which does not vanish within the interval 
(0, ao). Hence f(a) does not change sign on the closed interval (0, ao), i.e., if 
a is a solution of the inequalities for the given set of points, then the final 
position of (6.1), namely, o cos a» + 7 sin ao, is also a solution. 

7. Linear homogeneous inequalities in 1 variables. The generalization to 
the problem in ” variables follows readily from the preceding case of three 
variables. Here we shall discuss the case where not all the representative 
points lie on a single (w —1)-flat through the origin. 

A given non-trivial solution is necessarily of one of the types (i) it 
contains —1 points of the set that are not on an (m—2)-flat, in which case 
it will be called a fundamental solution; (ii) it contains n--2 points of the set 
which determine an (” —2)-flat, but no points of the set not on that (n—2)- 
flat; - - - ; (w) it contains no points of the set. 


* It is not to be supposed that a is the measure of the angle through which the (7 —1)-flat is 
rotated. The latter is a function of a, whose explicit expression in terms of a can be obtained when the 
expression for the linear element in the codrdinates x is known. This expression is of no use in the 
present discussion. 


3 
4 
si 
4 
» 
} 


790 R. W. STOKES [July 


Suppose the system proposed has a solution o which contains / points of 
the set which determine an /-flat but no points of the set not on that /-flat. 

If }<n—1, there is an (n—1)-flat 7, distinct from o and containing the / 
points. ¢ and 7; intersect in an (w—2)-flat. Let a variable (m —1)-flat, initially 
coinciding with a, be rotated without passing through a point of the set until 
it contains another point P of the set and thus becomes a solution 72 contain- 
ing at least /+1 points of the set not on an /-flat. The rotation can be accom- 
plished in either of two senses. If the two solutions so obtained coincided 
with 7;, all the points would be in the same (m—1)-flat, namely 7:, contrary 
to hypothesis. Hence we may assume 7; #72. Since the three (7 —1)-flats are 
coaxial, 

(7.2) o = am + dro, 
where a and / are constants. At a point of S, in 72, but not in 7,, the quanti- 
ties ¢ and 7; are positive and 7, is zero. Hence a is positive. 

If the points of S, in r. lie in a flat of less than »—1 dimensions, this 
process can be repeated. Finally, we obtain a solution which is the (7 —1)-flat 
determined by x—1 points of the set, i.e., a fundamental solution containing 
the | points which are ino. 

Let o; be any fundamental solution containing the / points. In the above 
argument it can replace 7, so that we have 
(7.2) = ao, + bro, 
where a is positive. It is in this case possible to prove that 6 is also positive. 
a, being distinct from rz and containing »—1 points of the set, contains a 
point of the set not in 72. The substitution of this point in (7.2) makes o; 
zero, and o and 72 positive. Hence 3 is positive. 

The solution 7. contains at Jeast /+1 points of the set not on the same 
l-flat. The above general result shows that there is a fundamental solution o- 
containing the same points of the set.as 72. If 7; were the same as oe, then o 
would contain at least 1+1 points of the set not on the same /-flat. Hence o; 
and o» are distinct. 

Moreover, we have, by the above general argument, 


= Coo + drs, 


where c and d are positive constants. 
This process can be continued until a 7, which contains x—1 points is 
obtained. The number of operations p—1 is at most equal to n—1—/. Hence 


(7.3) p+lsn. 


Since 7, is a fundamental solution, we write it o, and we have 
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(7.4) o = ato, + aon + 


where the a’s are positive constants. The o’s aredistinct fundamental solutions. 
We have already seen that any two consecutive o’s are distinct. ¢; is distinct 
from o, because it has a point in common with o2 which is not contained in 
g;. Similarly for any other non-consecutive pair. 

The totality of fundamental solutions containing the / points is called the 
complete system of fundamental solutions containing those points. The number 
of such solutions is necessarily finite because only a finite number of (” —1)- 
flats are determined by a finite number of points. 

If there is a fundamental solution o,,, containing the / points and distinct 
from p, We may repeat the above process, getting 


(7.5) og = + 


where the a’s are positive constants, and o,4:,:--, 0, are distinct funda- 
mental solutions containing the / points. We do not know they are all distinct 
from 01, -- - , @. The addition of (7.4) and (7.5) gives an expression for o in 
which oj, - - - , p41 Surely occur with positive coefficients. If there is a funda- 
mental solution through the / points not appearing in the right hand member, 
we may repeat the process. 

If a solution o contains / points of the set and in addition other points of 
the set not on the /-flat determined by them, there is a set of /’ points con- 
taining the / points, to which the above argument is applicable. Hence any 
solution through / points of the set can be expressed as a linear homogeneous 
combination of the complete system of fundamental solutions through those 
l points, the coefficients being non-negative. Conversely, any linear homo- 
geneous combination of the complete system of fundamental solutions 
through the / points, the coefficients being arbitrary non-negative constants, 
obviously passes through the / points, and is a solution because its value at 
S, is computed by multiplication and addition from non-negative numbers. 


THEOREM 4. If the representative points do not all lie in an (n—1)-flat 
through the origin, the general solution of 


= 0 


i=1 


containing a specified sub-set of the given set of points S,, is a linear homogeneous 
combination of the complete system of fundamental solutions containing those 
points, the coefficients being arbitrary non-negative constants. 


A corollary is Minkowski’s theorem: 
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THEOREM 5. The general solution of the system 


= 0 (j = 1,2,--+,N), 
i=1 


whose representative points do not all lie in an (n—1)-flat through the origin, is 
a linear homogeneous combination of the complete system of fundamental solu- 
tions, the coefficients being arbitrary non-negative constants. 


If the complete system mentioned in either of the two foregoing theorems 
is vacuous, the general solution is the trivial solution. 

Suppose a solution ¢ contains a set A of points and contains no point of 
another set B. By Theorem 4, we know that o can be expressed in the form 
(7.4), where the a’s are non-negative and the o’s are fundamental solutions 
through A. In order that ¢ do not contain a given point of B, at least one o; 
must not contain that point. Hence, a necessary condition for the existence of 
a is that corresponding to every point of B there be at least one fundamental solu- 
tion through the points A not containing it. 

Any fundamental solution through A which does not contain all the 
points B can be employed as the a; in (7.2). If we use every such fundamental 
solution in turn as the o, in (7.2) and add the resulting (7.4)’s, we have a ex- 
pressed as a linear homogeneous expression in which every fundamental solu- 
tion passing through A and not containing all points of B occurs with a posi- 
tive coefficient, and we are sure that the other coefficients are non-negative. 

Conversely, if the necessary condition of the theorem is fulfilled, a linear 
homogeneous combination of the complete system of fundamental solutions 
through A in which every fundamental solution not containing all points of 
B has an arbitrary positive coefficient and those containing all points of B 
have non-negative coefficients satisfies the system, obviously contains A, and 
contains at least one non-vanishing o corresponding to every point of B. 
Hence we have the 


FUNDAMENTAL THEOREM 6. The system 


= 0, 

i=1 
whose representative points do not all lie in an (n—1)-flat through the origin, has 
a solution containing every point of a specified sub-set A of the given set of points 
and containing no point of another specified sub-set B if and only if correspond- 
ing to every point of B there is at least one fundamental solution through A not 
containing it. When a solution exists, the general solution is a linear homogen- 
eous combination of the com >lete system of fundamental solutions through A, the 
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coefficient of every fundamental solution not containing all points B being an 
arbitrary positive constant, and that of every fundamental solution containing all 
points B being an arbitrary non-negative constant. 

Making the point set B contain all points of S, not in the flat space de- 
termined by A, since no fundamental solution through A contains all points 
of B in this case, we get 

THEOREM 7. /f the representative points do not all lie in an (n—1)-flat 
through the origin, the general solution of the system 

=0 

i=1 
which contains a subset A of the given set and contains no points of the given set 
not on the flat space determined by A, is a linear homogeneous combination of 
the complete system of fundamental solutions through A, the coefficients being 
arbitrary positive constants. 


If the complete system of fundamental solutions referred to in the preced- 
ing theorem is vacuous, there is no solution to the problem. 

If A contains no points, we have a new solution of the problem (1.2) con- 
sidered by Dines: 

THEOREM 8. If the representative points do not all lie in an (n—1)-flat 
through the origin, the general solution of the system 


= 0 


t=1 


which contains no points of the given set is a linear homogeneous combination of 
the complete system of fundamental solutions, the coefficients being arbitrary 
positive constants. 


Again, if the complete system referred to is vacuous, there is no solution. 

8. Necessary and sufficient conditions for the existence of a non-trivial 
solution. In the preceding section we proved that a system of inequalities 
(1.1) has a non-trivial solution only if it has a fundamental solution. This 
condition is obviously also sufficient. We propose in the present section to get 
the necessary and sufficient condition in a slightly different form. 

Given a set of points S, having a fundamental solution II,_, containing 
/ points of the set which determine an /-flat. Consider the points of S, con- 
tained in II,_:. They form a set which we call S,_;. Let I, be a funda- 
mental solution, through the same / points, for the set S,_;. And so on until 
a II,, is reached, which is a fundamental solution for the points S,,41 of S, in 
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II,,41, and is such that the points S,, in II,, have only the trivial solution. S,, 
will be called the inconsistent set containing the given | points. ClearlylSm<sn. 

THEOREM 9. Every solution for the set S, which passes through | given points 
must contain the corresponding inconsistent set Sm. 


Any solution a for the set S, which is distinct from II,,_, will, by Theorem 
I, meet II,_; in a solution for S,_;. The latter solution will meet IT,_: in a 
solution for S,_2, and so on until we reach a solution for set S,,,1. If that solu- 
tion were distinct from II,,, it would meet II,, in a non-trivial solution for 
Sm. As such a solution does not exist, the solution for the set S,,,; finally 
reached must coincide with IT,,. Hence ¢ contains II. 


THEOREM 10. A solution containing a given set of | points and the l-flat de- 
termined by them, but no other points of the set, exists, if and only if 1 =m, that 
is, if the inconsistent set for the 1 points is contained by the l-flat determined by 
them. 


THEOREM 11. There are exactly n—m linearly independent fundamental 
solutions through | points determining an I-flat, where m is the dimensionality 
of the inconsistent set containing the | points. 


In the space II,,,, above there is one and only one fundamental solution 
II, for the set S,.4:. Let us assume that in II,,,, there are a linearly indepen- 
dent fundamental sclutions for Sn4o. In Tm4a41 we know the existence of one 
fundamental solution, namely, II,,,.. We can rotate an (m+<a)-flat, initially 
coinciding with II,,,., about any one of the fundamental solutions in II,,,. 
for Sn4a. This rotation can be carried out in either of two senses. Since by 
the result of §3 any (m+<a)-flat which passes through a fundamental solution 
for and which is contained by II is a solution in for Sm+c, 
when properly oriented, we know that the points of II,,,, which do not re- 
main in the variable (m+<a)-flat are all on the same side of that (m+<a)-flat. 
Hence for one sense of rotation the variable (m+<a)-flat will remain a solution 
for Sm4a41, and as soon as it contains a point of S404: not on II,,4., will be 
fundamental for S,,,.,1. In this way we deduce a fundamental solutions for 
Sm+a+1, Which together with II,,,, constitute a set of a+1 fundamental solu- 
tions for Sim4a+1- 

If these solutions were linearly dependent, they would have in common a 
point P not on II,,. Since one of these solutions, namely II,,,,., meets the 
others in fundamental solutions for the set S,,,., this point P would be on the 
a fundamental solutions for S,4.. But this contradicts their linear indepen- 
dence. Hence by induction we conclude that the set S,,;, proposed for solu- 
tion in the space IT,,;. has a linearly independent solutions passing through 
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the / given points for all possible values of a. The theorem stated follows by 
making a =n—m. 

9. Solution of numerical problems. In the preceding sections we have 
developed the theory which will enable us to solve any of the problems men- 
tioned in the introduction. The actual solution requires the knowledge of the 
complete system of fundamental solutions of the system (1.1) corresponding 
to all the points representing the given conditions; for example, if the system 
proposed is 


u, > 0, Uz = 0, uz 2 0, 
the system of which it is necessary to know the complete system of funda- 
mental solutions is 


“u,20, w%20, u20. 


If the general solution of only the problem (1.1) is desired, the simplest 
way to compute the fundamental solutions is as follows. Assuming unknowns 
have been omitted, if necessary, so that the rank of the system is equal to the 
number of remaining unknowns, write the equation of every (m—1)-flat de- 
termined by »—1 points of the set. Substitute successively in each the co- 
ordinates of all the points of the set. If for a given (m —1)-flat the substitution 
gives a variation in sign, the (7 —1)-flat is not a fundamental solution. If the 
substitution gives only non-negative values, the left member of the equation 
of the (w—1)-flat defines an oriented (x —1)-flat which is a fundamental solu- 
tion. If the substitution gives only non-positive values, the left member of 
the equation with its sign changed gives a fundamental solution. 

If, however, the solution of one of the associated problems is desired, it is 
convenient to make use of a rectangular array whose formation we proceed 
to describe. Each column is headed by a combination of the indices of the 
points of the set taken n—1 at a time, each combination being written once 
and only once in a definite but arbitrary order. The rows are numbered with 
the indices of the points of the set. The entry made in any position is the 
sign of the determinant having as its rows the codrdinates of the points in- 
volved, written in the order determined by the indices at the head of the 
column followed by the index indicating the row. A zero is used to denote 
absence of sign. Any column containing no variation in sign is headed by a 
combination of points which determine a fundamental solution, if they do 
not lie in an (w—2)-flat. A zero in the array indicates that the point corre- 
sponding to the row is in the (w—1)-flat determined by the indices at the top 
of the column. 
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The totality of fundamental solutions containing a given set of points is 
readily picked out by means of this array, and it is easy to tell whether any 
point of the set is in a given fundamental solution. It is also possible from the 
disposition of zeros in the columns involved to tell whether two fundamental 


solutions are distinct. 

An examination of the array will show what points are common to all 
fundamental solutions through a given set of / points, that is, will determine 
the set S,, (§8) for those / points. 

10. Skeleton sets. If in the sign matrix of the last section every column 
which is headed by a combination containing a given index has a variation 
in sign, the point corresponding to that index is in no fundamental solution. 
As the general solution of (1.1) involves only the fundamental solutions, any 
point in no fundamental solution can be omitted without altering the solu- 
tion of (1.1), provided its omission leaves the set n-dimensional. The corre- 
sponding condition (1.1) is satisfied as a consequence of the others, and its 
left member is positive for all solutions. 

By a skeleton set of (1.1) we mean a minimum set of the given points which 
are necessary lo determine the solution. This set is determined in the following 
manner. 

From the n-dimensional set S,, form the array described in the preceding 
section. Omit as many points which are in no fundamental solution as will 
leave the dimensionality 7, using the test just given. Consider all the points of 
S, which are in a particular fundamental solution II,_;. Call them S,_1. 
Form a new array with the points of S,,_,. If S,_1 is consistent, it will have at 
least one fundamental solution. Consider a point P of S,_; contained in no 
fundamental solution in II,_:. P is contained by no solution of the problem 
in II,,_; defined by S,_,:. Any solution of the problem in ” dimensions, other 
than II,,_;, will intersect II, in a solution for S,_; (Theorem 1). Hence P is 
on no solution of the original n-dimensional problem except II,,_1, and if S,_; 
remains (n—1)-dimensional upon its omission, P can be omitted from S,,. 
The condition (1.1) corresponding to P will be a consequence of the remain- 
ing conditions (1.1), and its left member will be positive for every solution 
of (1.1) other than II,,_:, which is the only fundamental solution through P. 
Let II,» be a fundamental solution for S,_,, call the points of the set in it 
S,-2, and repeat the above operation until finally a k-dimensional set S;,, is 
reached which is inconsistent in II,, i.c., has no fundamental solution if pro- 
posed as a problem in k dimensions. 

The sign matrix of S;., as a set in k dimensions, has a variation in sign in 
every column which contains a non-zero element. There must be at least one 
such column because the set is 4-dimensional. Any point whose omission 
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gives an array with at least one non-zero column and a variation in sign 
in every such column can be omitted from the set because the resulting set 
will be both &-dimensional and inconsistent. 

Any column contains k—1 zeros. In order that a column contain a varia- 
tion in sign, the number of points in a k-dimensional inconsistent set must be 
at least k+1. It is not always possible, conversely, to reduce an inconsistent 
set of k dimensions to a skeleton set of k+1 points: for example, the inconsist- 
ent set composed of the vertices of a square whose center is the origin 
cannot be reduced to +1 =3 points because the omission of any one of the 
points leaves a consistent set having the diagonal connecting the two adja- 
cent vertices as a fundamental solution. 

When all possible points have been omitted by considering all fundamen- 
tal solutions and all fundamental solutions contained in them, the remnant 
of the set is a skeleton set. 

A particular consequence of the above discussion is 

THEOREM 12. Any set of n or fewer inequalities (1.1) in n unknowns has a 
fundamental solution. 

To illustrate the formation of the skeleton set, consider the case of three 
dimensions. Draw the planes through the origin determined by every pair of 
points of the set. Omit any plane which separates two points of the set. The 
planes remaining after the omission will be fundamental solutions. The only 
points retained are those in fundamental solutions, with the exception that 
when there is only one fundamental solution, a single point not on it is re- 
tained in order to leave the set three-dimensional. 

Next consider in a fundamental solution the lines joining the points of the 
set to the origin, and omit any one of them which separates two points of the 
set, together with all points of the set on it. Repeat for the other fundamen- 
tal solutions, if any exist. 

Next consider one of the lines which have not been omitted. If the origin 
separates two points of the set on it, we retain those points and omit the 
others. If the points on it are all on the same side of the origin, we retain 
any one of them and omit the others. 

If the original set is inconsistent, i.e., has no fundamental solution, we 
examine each point in turn to see if it can be omitted without making the re- 
maining set consistent. By trial, we thus find a three-dimensional inconsist- 
ent set, the omission of any one of whose points leaves a consistent set. 

If the set of points in a fundamental solution is inconsistent, the process 
just outlined for inconsistent three-dimensional sets is to be used to reduce it. 

The points of the original set which remain after the above omissions form 
a skeleton set for the given three-dimensional set. 
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If (1.1) has a solution not containing any point of the set, the geometric 
configuration defined by the skeleton set is a convex pyramidal space, having 
as its vertex the origin, and as faces all the planes giving fundamental solu- 
tions. The consecutive planes intersect along the lines joining the points of 
the skeleton set to the origin. 

Minkowski has also given a criterion for finding when one of the inequali- 
ties is a consequence of the others.* 

11. Examples. Solve the system: 

dD, 
220, 
The set of points defined by the system is 
(1, a 1, 1), (0, 0, 1), (0, 1, 0), (2, 0, 0), (1, 1, 0), (1, 1, 1). 
We plot these points. The figure shows that there are four fundamental solu- 
tions. The same result is obtained from the rectangular array: 
14 16 23 26 35 36 45 46 
0 - + 
+} 0 + 
om 
0 
0 = 
+ 0 0 O 0 


0 
0 


The complete set of fundamental solutions is x; 2; y+z; and x+y. 
The general solution is 


ax + bs + c(y +2) +d(x+ y), 


where a, ), c, d are arbitrary non-negative constants. 
A particular solution containing no points of the set is 


o = 2x+ + 3z. 
Let us express this in terms of the fundamental solutions by the method of §7. 


The family of planes passing through the intersection of o and the funda- 
mental solution o; =x is 


(11.1) (2x + y + 32) + ax. 


* Loc. cit., pp. 43-45. 
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The a’s corresponding to the other puints of the set are —4, —2, —3, 
—6. We choose the a numerically smaller than any of the other a’s and sub- 
stitute in (11.1), whence 
T2 = + 32. 
The family of planes through the intersection of r. and the fundamental 
solution o2 =z is 
y + 32 + bz. 
The b’s corresponding to all the other points of the set are —2, —3, —3, —4. 
Hence 
os = 
Since o; contains two points of the set, it is a fundamental solution, and 
o = 2x+ 22+ (y+2). 
Starting anew with the fundamental solution o; =x+vy, we get 
o=(x+ y) + 324+ x. 
The addition of the two expressions for o gives 


2o0 = 3x + 52+ (yt2) + (x+y). 


This is a linear homogeneous combination of the complete system of funda- 
mental solutions, the coefficients being positive constants. 
Example 2. Suppose the system proposed for solution is 


(0, 0, 1), (- 1, 0, 0), (0, 1, 0), (1, 0, 0). 


There are just two fundamental solutions and they both contain (—1, 
0, 0), (1, 0, 0), which therefore constitute the inconsistent set. The general 
solution for the case =0 is ay+dz, where a and b are arbitrary non-negative 
constants. 

Example 3. The points (1, —1, —1), (2, 0, 0), (2, 2, 2) lie in the plane 
y—z =0. In that plane x and y can be taken as coérdinates. The solution of 
system (1.1) corresponding to the given points (1, —1), (2, 0), (2, 2) is readily 
found to be (a+2b)x+(a—2b)y. The general solution of the problem in three 
unknowns is given by the pencil of planes through this line and is obtained by 
adding c(y—s) to the above. Thus the general solution is furnished by 

(a + 2b)x + (a — 2b+ 0)y — cz, 
and is 
A=a+2b), 
where a and 6 are arbitrary non-negative constants and c is an arbitrary 
constant. 
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12. An application. The problem considered by Lovitt* is to find the 
conditions of compatibility of the system 
wp-—v>d, 
(12.1) (A, — By)A + (A2 — + (As — Bs)v > 0, 
(A, — Ci)rA + (Az + (Az > 0, 
where the A, B, C are given non-negative numbers satisfying the relations 


(12.2) Ye. 
The matrix of the coefficients is 
1 —1 0 
| 0 1 —1 
|| 4; — B, Be Az — Bz 
| A,—C, Az || 


The sum of the elements on each row being zero by virtue of (12.2), the repre- 
sentative points all lie in the plane 

The convex polygon defined by a set of coplanar points is the figure as- 
sumed by a stretched rubber band placed around pins fixed at the points. It 
can be obtained geometrically by drawing all segments determined by two 
points of the set, and erasing all those segments which, produced if necessary, 
separate two points of the set. It reduces to a straight line if the given points 
are collinear. 

Hence a geometric form of the necessary and sufficient condition that 
(12.1) have a solution is as follows: the origin must not be inside the convex 
polygon defined by the representative points nor on its boundary. Since the prop- 
erty involved in this condition is unaltered by orthogonal projection on 
another plane through the origin, in applying the test for consistency the 
representative points can be replaced by their projections on one of the co- 
ordinate planes. 

To obtain the condition in analytic form, we may take x, y as the co- 
ordinates in the plane x+y+z =0. The sign matrix is then 


1 2 3 + 
A3; — A3 —Cz3 
A, — B, 


2 
3 Bi 0 P 
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where 


P= = Ci) + + C2(A, 


We desire the condition that the associated system with symbols 20 
have a solution containing no point of the set. The fundamental theorem 
($7) gives immediately the result, which can be stated as follows: if any 
column, say the ith, is deleted from the matrix, there must remain a column con- 
laining no variation of sign and containing a non-zero element on the ith row. 

It is easy to deduce from the above the two italicized results given by Lo- 
vitt on page 365 of his article. The first situation is described by (we have 
interchanged the significance of Lovitt’s A and B) 


A, = B,, A: < Bo, As > Bs, Bi = Ci, 
and the matrix is 
0 ) 0 
- 0 0 
- © 0 0. 
There is no solution because after the deletion of the fourth column the only 


column with a non-zero element on the fourth row contains a variation of sign. 
The second situation is 


A: < Bi, Az = Bs, As > Bs, 
for which the matrix is 

0 + A;-C; 

+ 0 —- Ay-C; 

- + 0 P 

C;-—As C,—Ai —P 0 

When the last column is omitted, the remaining columns all have variations 
of sign. Hence there is no solution. 


Strictly speaking, the system treated by Lovitt contains another condi- 
tion, 


v> 0, 


which insures that \, uw, v are positive. For the sake of simplicity we have 
omitted this condition. It is easy to see, however, that the inclusion of the 
additional point (0, 0, 1) will not alter the result given above. For any plane 
passed through a line giving a solution in the plane x+y+2z =0 obviously can 
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be rotated until all the points, including (0, 0, 1), are on its positive side; and, 
conversely, the trace of any solution on the plane x+ +2 =0 is a solution in 


that plane by Theorem 1. , 

13. Non-homogeneous case. With the system of non-homogeneous in- 
equalities 
(13.1) a+ (j= 1,---,¥), 


i=1 


there is associated a homogeneous system 


(13.2) + ~ 0, 


t=1 


> 0, 


where the symbol ~ represents any one of the signs 2, >, =. 
If a set of X’s satisfy (13.1), then 1, M1, X*, - - - , A” satisfy (13.2). 
Conversely, if a solution of (13.2) is X°, At, - - , then 


+ ~ 0, 
i=1 


that is, AY/A°, A2/A°, - - - , A"/A® is a solution of (13.1). Hence the solution of 
(13.1) can be determined from that of (13.2). 

The methods of the preceding sections may, therefore, be applied to give 
solutions of systems of non-homogeneous inequalities of the general type. 

The above reduction is employed both by Minkowski and Dines. The 
adjunction of A°>0 to Dines’ system gives a system of the same sort, but its 
adjunction to Minkowski’s system gives one of the intermediate types con- 
sidered in the present paper. As Minkowski gives the general solution only of 
(1.1), his treatment of the non-homogeneous case is incomplete. 

14. Positive solutions of systems of homogeneous or non-homogeneous 
linear equations. It suffices to discuss the case of homogeneous equations, 
because it is always possible to convert a non-homogeneous into a homoge- 
neous system by the use of homogeneous coérdinates, as in §13. 4 

This case is covered completely by the fundamental theorem of §7. The 
method of solving is given by the following 

Example. Find the positive solutions of the equation 


2h? — — = 
To solve, we must find the fundamental solutions of 


AE + 27 — MN ASO, 
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For the set of points 
(1,2,-—1,— 1), (1,0,0,0), (0,1, 0,0), (0,0,1,0), (0, 0, 0, 1) 
we form the array 
123 124 125 134 135 145 234 
0 0 0 0 0 0 = 
0 0 0 
+ 0 + 
+ 0 + 0 _- 0 
- - © + 0 8 + 
The complete set of fundamental solutions containing the first point is 
y + y+ 22; x +2. 
Hence the general solution is 
a(y + 2t) + b(y + 22) + c(x + t) + d(x + 2), 
where a, 5, c and d are arbitrary positive constants. Thus 
= 244, = 

15. Another form of the necessary and sufficient condition for a solution, 
The geometric condition given in §12 can be extended, as we proceed to show. 
First we must generalize the notion of the convex polygon defined by a set 
of points. 

We shall not suppose, as previously, that all the flats contain the origin. 

Consider a set of points S which are in a k-flat F.(S) (0<k <n), but are 
not all in a (k—1)-flat. Imagine constructed the set of all (k —1)-flats deter- 
mined by S. Omit from it any (k—1)-flat which separates two points of S, 
and denote the remaining (k—1)-flats by F._:(S). 

Consider next the set of all points of S in a member of F,_:. Construct the 
(k—2)-flats and discard as before. Denote by F;,_2(S) the totality of (k —2)- 
flats remaining after this process has been applied to all the members of 
Fy-1. 

If this process is continued, we finally obtain a set of lines Fi(S), none 
of which separates any two points of S coplanar with it. Each of these lines, 
being determined by points of S, contains at least two distinct points of S. 
The application of the above general process to each line leaves two points 
which are separated by every other point of S on their join. The points of S 


finally remaining are denoted by F,(S) and are said to determine the convex 
figure associated with S. The points in Fo(S) are called its vertices. 
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From the method of the construction no (k—1)-flat of F._,(S) separates 
two points of S. Consequently, as in §7, any (k —1)-flat of F._, can be rotated 
about the (4 —2)-flat determined by k—1 points of Fo(S) in it in such a sense 
that the points of S continue to be not separated by it. When it acquires 
another point of S, it again becomes a member of F;_,(S). If the initial and 
final positions coincided, all the points of S would lie in a (k—1)-flat, con- 
trary to hypothesis. Hence /’,_,(S) contains at least two (k —1)-flats, i.e., the 
set /',(S) is not contained by a single (k—1)-flat. Therefore we have 

THEOREM 13. The convex figure associated with a set of points has the same 
dimensionality as the set of points. 

By an induction entirely analogous to that used in proving Theorem 11, 
we prove 

THEOREM 14. There are p linearly independent (p—1)-flats in F,_,(S) 
which contain a given vertex of Fo(S). 

A particular consequence is obtained by making p = k: 

THEOREM 15. There are k linearly independent (k—1)-flats of F,-:(S) 
through every vertex of Fo(S). 

By an equation F,(S) =Fy(T) we mean that the two point sets involved 
are identical. 

A point P of space for which 
(15.1) + P) # Fo(S) 
is said to be exterior to the convex figure Fo(S). P is then necessarily a vertex of 
F((S+P). 

Relation (15.1) surely holds if P is not on the k-flat containing S. 

Any point P which is on a (k —1)-flat of F._:(S) and for which 
(15.2) F((S + P) = Fo(S) 
holds is said to be on the boundary of the convex figure Fo(S). The totality of 
points P in any (k—1)-flat of F,_:(S) and on the boundary of Fo(S) consti- 
tute a face of the convex figure. By Theorem 15 there are at least k faces 
through each vertex. The regular octahedron furnishes an example of a case 
where there are more than this minimum. 

A point P which is on no (k—1)-flat of F,._:(S) and for which (15.2) holds 
is said to be interior to the convex figure F(S). 

We are now in a position to prove 


THEOREM 16. The system 
> 0 


i=l 
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has a solution if and only if the origin is exterior to the convex figure associated 
with the representative points. 


The condition is necessary. Suppose the origin P is not exterior. Because of 
equation (15.2), either P is a vertex of /'o(S) or it is collinear with two points 
of S which it separates. In the former case, every solution of the associated 
system (1.1) contains a point of the set S, namely, P. In the latter case, any 
flat through the origin contains the two points of the set or separates them. 
In either case, therefore, there is no solution. 

The condition is sufficient. When it is fulfilled, the origin is a vertex of 
F\(S+P). Hence by Theorem 15 there are linearly independent faces of 
F,(S) through P, i.e., n linearly independent fundamental solutions for the 
set S, where x is the dimensionality of the point set S+P (either k or k+1). 
From Theorem 11 the dimensionality of the inconsistent set for a set of 
1 =0 points is zero. Hence by Theorem 10 there is a solution. 

In the same way we readily prove 


THEOREM 17. The system 
n i 
dar «i 2 0 


i=1 


has a solution other than an equality solution if and only if the origin is not in- 
terior to the convex figure associated with the representative points. 


It is to be noted that the last two theorems are true whatever the rank 
of the matrix of the coefficients may be. 

The writer wishes to acknowledge indebtedness to Professor J. M. 
Thomas under whose direction this work was done. 


DvuKE UNIVERSITY, 
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ON CERTAIN TYPES OF PLANE CONTINUA* 


BY 
N. E. RUTTT 


Continua which are the sum of a set of continua mutually exclusive except 
for a point which all have in common play a réle of importance in analysis 
situs. In particular they are likely to obtrude upon any study of unbounded 
point sets, since in connection with these it is so often of value to perform an 
inversion of space. An investigation of some properties of such continua is 
the task of this paper. In it will be derived some interrelations of the almost 
mutually exclusive continua out of which they are built. 

1. Introduction. A property of upper semicontinuous collections of con- 
tinuat presently to be found useful in several connections will be derived first. 


Lema I. /f S is a euclidean plane, G is an upper semicontinuous collection 
of mutually exclusive bounded continua filling up S and none dividing S, K is a 
bounded continuous curve contained in S, and G;,, is that maximal§ subcollection 
of G each of whose elements contains a point of K, then G;, is a bounded continu- 
ous curve of elements of G.4 


Lemna II. Jf S is a euclidean plane, G and H are upper semicontinuous col- 
lections of mutually exclusive bounded continua filling up S and none dividing it, 
and every element of H is a subset of some element of G, then in the space W whose 
points are the elements of H the point sets corresponding to the elements of G are 
an upper semicontinuous collection of mutually exclusive bounded continua fill- 
ing up W and none dividing W. 


Tueore I,|! If S is a euclidean plane, G is an upper semicontinuous collec- 
tion of mutually exclusive bounded continua filling up S and none dividing it, 
M, and N, are two simple closed curves of S whose points are elements of G, and 


* Presented to the Society, June 21, 1929; received by the editors July 28, 1930. 

+ National Research Fellow, University of Texas, Austin, Texas. 

t For definitions and development of fundamental properties of such collections, see KR. L. Moore, 
Concerning upper semi-continuous collections of continua, these Transactions, vol. 27 (1925), pp. 416- 
428. Moore proves if the elements of an upper semicontinuous collection of mutually exclusive 
bounded continua filling a euclidean plane and none dividing it be considered the points of a space, 
that this space is itself topologically equivalent to a euclidean plane. 

§ Maximal in the sense that it is a proper subset of no similarly defined subcollection of G. 

| For proof of this see H. M. Gehman, A special type of upper semicontinuous collection, Pro- 
ceedings of the National Academy of Sciences, vol. 16, No. 9, pp. 609-613, Theorem III. 

|| The writer is indebted to Professor H. M. Gehman for a suggestion which has given this 
theorem a more general form than that which the writer obtained originally. 
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am, br, and c” are distinct points of M, while a? , b? , and c? are distinct points of 
N,; then am, bm, and cm have the same sense on M, as a2, b2 , and c? have on N, 
if and only if the corresponding points aj", bj", and ci" on the corresponding curve 
M, in the space T whose points are the elements of G have the same sense as a}, 
bp, and c? upon N,.* 


An outline of the proof of this theorem will be sufficient. 

Suppose first that there exists a simple closed curve ZL, which together 
with its interior is contained in the common exterior of M, and V, and which 
also is composed of points that are themselves elements of G. 

Let a, b!, and ¢ and ai, b/, and c be corresponding sets of distinct points 
upon the corresponding curves L, and L, respectively. It will be considered 
that the assertion is established for the special case now being considered 
when it has been shown that if a3", b;", and c” may be simply joined to a, Ui, 
and ¢, then aj", bz", and cf" may be simply joined to ai, bj, and ¢, and con- 
versely. 

Suppose that a7", b”, and c” may be simply joined to a’, and Let A, 
be an arc joining a” and a in the common exterior of L, and M,, and let G, 
be the maximal subaggregate of G each element of which contains a point of 
A,. Owing to Lemma I, G, contains as a subset an arc of elements H, from 
a” to a, which as a subset of S is a continuum K, not dividing the plane and 
contained except for the points a” and a} in the common exterior of L, and 
M,. Clearly there may now be constructed in the common exterior of L, and 
M, and the complement of K, an arc B, with end points b” and b!. The arc 
B,, like A, above, identifies a subcollection G, of G including an arc of ele- 
ments H, of G whose one end element is 6?" and the other b/, and whose sum 
is a continuum K;, contained except for the points 6” and b; in the common 
exterior of L, and M, and the complement of K,, and not dividing space. 
Let M and L be arcs with end points respectively a”, b” and ai, b/ contained 
except for their ends in the interiors of the simple closed curves M, and J,. 
Then L+M+A,+B, is a simple closed curve X and L+M+K,+A, is a 
continuum Y which divides Sinto precisely two mutually separated connected 
sets. If V were to separate c;" from c. it would follow that X must do this also, 
a contradiction of hypothesis, so there exists in the common exterior of L, and 
M, and in the complement of Y an arc C, with end points c7 and c. This arc 
identifies a subcollection G, of G including an arc of elements H.. of G whose 


* For proofs and discussion of the fundamental problems of sense underlying this and similar 
statements, see J. R. Kline, A definition of sense on closed curves in non-metrical plane analysis situs, 
Annals of Mathematics, (2), vol. 19 (1917-1918), pp. 185-200; also by the same author, Concerning 
sense on closed curves in non-metrical analysis situs, Annals of Mathematics, (2), vol. 21 (1919-1920), 
pp. 113-119. 
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one end element is c,” and the other c,, and whose sum is a continuum K, con- 
tained except for the points c” and c, in the common exterior of ZL, and M, 
and the complement of Y. Thus H., Hs, and H, correspond in T to the three 
arcs A,, B,, and C; simply joining a7", b7", and c?* to ai, bi, and cl. 

Suppose conversely that A,, B,, and C; are three arcs simply joining a?, 
bi, and c7" to a’, bj, and d. In S and corresponding to these are three continua 
K., Ky, and K, mutually exclusive and contained, except for the respective 
pairs of points a?" and a’, 6” and b/, cm and ¢, in the common exterior of M, 
and L,. Neighborhoods of K,, Kx, and K, exist in which it may readily be seen 
that three arcs A,, B,, and C, may be drawn simply joining a;", 6, and cm 
to ai, and 

Suppose now that there exists no simple closed curve L, satisfying the con- 
ditions mentioned above. Let a, be a bounded connected and simply con- 
nected subdomain of elements of G containing M,+.,. Let p, be a bounded 
connected and simply connected subdomain of elements of G—o,. Let H be 
the collection whose elements are the elements of G in , and all points of S 
not contained in any element of G belonging to j,. In W, the space whose 
points are the elements of H/, let L,, be a simple closed curve contained in 
Pw. Now a,", b;", and c;" can be simply joined to a7, 7, and c? if and only if 
b", and can be simply joined to a,, 6,2, andc,", for S and W within 
o, and o,, are in continuous one to one reciprocal correspondence; and a", 
and can be simply joined to and ci, if and only if a7", and 
cr can be simply joined to aj, 0}, and cj, by the first part of the argument. 
These two facts together with Lemma II permit the desired conclusion to be 
deduced easily. 


Corotary I. If S is a euclidean plane, G is an upper semicontinuous col- 
lection of mutually exclusive bounded continua filling up S and none dividing it, 
M, and N, are two simple closed curves of S and all elements of G containing 
points of M, or N, are respectively subsets of M, or N,, and Aj", B3", and Cy are 
distinct elements of G contained by M, while A? , B?, and C? are distinct ele- 
ments of G contained by N,; then Aj", Br, and C3" have the same sense on M, 
as A?, Br, and Cz have on N, if and only if the corresponding points aj", b?", 
and ('" on the corresponding curve M, in the space T whose points are the 
elements of G have the same sense as af , bf and ct upon N,.* 


The corollary follows readily from Lemma II and Theorem I. 


* Leta”, b”, cr and a,”, b,”, c." be points contained respectively by the continua A/", B”, C” and 
A,", B,", C.". Then the sense of A”, B”, C® is said to be the same as that of A,”, B,", C," on M, and 
NV, respectively, or different from it, if the sense of a7", 62", cf" is the same as that of a,", b,", c." or 
different from it. 
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2. Notation. The letter Z will be used to designate a plane bounded point 
set composed of the continuum X and the set of continua [X.], where each 
element of [X,] contains a point of X, no two have any point in common 
which is not a point of X, no one is disconnected by the omission from it of 
its subset in X, and no one when added to X forms a point set any bounded 
component of whose complement contains any point whatever of an element 
of [X.]. 

If C is a simple closed curve in S, let i(C) represent its bounded comple- 
mentary domain or interior, and e(C) its unbounded complementary domain 
or exterior. If K is a point set in S let c(K) be the subset of S complementary 
to K. Thus, in S, ci(C) represents the complement of the interior of the simple 
closed curve C, that is, C+e(C), and ce(C) the complement of its exterior, 
that is, C+7(C). 

Remarks. Order may be assigned among the elements of [X,.]. A descrip- 
tion of one method for doing this is already in print.* Another may be out- 
lined as follows. If C is any simple closed curve enclosing X, and X, is any 
element of [X.], let X% be the sum of the components of X,-i(C) each of 
which contains a point of X. Associated with each element X{ of [X.] isa 
subare C, of C containing all the points of X¢-C and containing no point 
whatever in common with the subarc of C similarly associated with any other 
element of [X.]. Suppose that both C and D are simple closed curves which 
enclose X and which intersect each of the three different elements X), X,,, 
and X, of [X.]. Then the sense of C;, Cn, and C, upon C is the same as the 
sense of D:, D,,, and D, upon D. Accordingly no confusion can arise if the 
sense of those elements [X.]. of [X.] having non-vacuous intersections with 
the simple closed curve C be defined as the same as the sense of the non-va- 
cuous elements of [C,]. Of course the set [X.]|. may be not identical with 
[X..]; however, it is clear that by selecting a simple closed curve properly 
the order relations of any particular element of [X.] not included in [X.]. 
with the elements of [X,]. may be determined. It is evident now what will 
be meant by the separation of two elements of [X.] by some other pair of 
them. With reference to some particular element X, of [X.] the expressions 
X, precedes X», [X;] (i =1, 2, 3, - - - ) isa clockwise series and [X ;] is a counter- 
clockwise. series, all of course referring to the elements of [X.], may be de- 
fined. When, for instance, X; precedes Xs: (i =1, 2, 3,--- ) in the series 
[X;], the series will be called clockwise. In what follows it is immaterial 
which sense about the simple closed curve C is referred to as clockwise, but a 


* R. L. Moore, Concerning the sum of a countable number of continua in the plane, Fundamenta 
Mathematicae, vol. 6, pp. 189-202. 
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definite one of the two is of course assumed to be such at the outset. It will be 
convenient to assume that X,—X contains a point which is the end of a ray 
R, all points of which except its end point belong to the complement of Z. It 
proves unnecessary to specify whether X, precedes or follows other elements 
of [X..]. If ab is an arc with its ends, a and 6 respectively, in X,.—X.-X and 
X,—X,-X and no other points whatever in X,+X,+X,+X-+R, then there 
exists a bounded complementary domain 6 of X.+X,+X-+ab such that if T 
represents the sum of the components of X.-c(ab+X) with limit points in 
X, then 6 contains T or contains no points of T according as the element X, 
of [X.,| is or is not between X, and X,. 

Lemna III. Given (1) Z is the set defined above and X is a point; (2) ais a 
point of Z—X and X, is the element of [Xa| containing a; (3) X1, X2,--- isa 
clockwise series of elements of [Xq| all following X. and such that a is a limit 
point of >-X;; (4) V is aray in c(X.) containing a point of X;. Then V contains 
a point of at least one other element of the series. 

Let v be the end of V and 2* be the last point of V belonging to X;. The 
lemma will be proved about V*, that subray of V whose end is v*. Suppose 
that the lemma is false and that for every subscript m, m>1, V*-X, =0. Let 
[C;] be a set of circles having common center a, satisfying for i =1, 2, 3, - - - 
the condition i(C;) > ce(Ci41), and having radii converging to zero. Let the 
radius of C, be less than d(a, X+Xi+X,+R). As a is a limit point of )>X; 
there is a first element X# of [X;] following X, containing a point of ce(C,), 
and a first circle C¥ of [C;] containing no point of X*. Asa isa limit point of 
>-X; there is a first element X¥ of [X;] containing a point of ce(C#), and a 
first circle C# of [C;] containing no point of X+. In general as a is a limit point 
of >-X; there is a first element X¥ of [X;] containing a point of ce(C#), and 
a first circle C4, of [C;] containing no point of X*. The infinite sequences 
[X*] and [C¥] satisfy all the hypotheses imposed by supposition upon 
[X;] and [C;]. Obviously V* has no point in any element of [X¥]. For 
i =1, 2, 3,--- let S; be a straight line segment contained in ce(C*) with one 
end in X,, the other in X¥, and no additional point whatever in X,+X7. 
As S;-(X,+R) =0, by reason of a remark made above, S;+X.+X°* for each 
value of i bounds a bounded complementary domain 6; which must contain 
all but the point X of X;. The domain 6; contains points of V* as it contains 
v*, but can not contain V* as v* is unbounded. Thus for each value of 7 the 
boundary A; of 6; contains a point of V*. Since A;¢S;+X.+X*# and by 
assumption V*-(X*+X,) =0, V*-S;0 for each value of i. The set of points 
> V*-S; being contained in V* has all its limit points in V*. As it has a peint 
within any circle whose center is a, it contains @ or has a as limit point. In 
either case V* contains a, a contradiction. The lemma is thus established. 
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THEOREM II. Suppose that X is a point and Z a continuum. If ais any point 
of Z—X and Xq is the element of [Xa] containing a, and [X;] (i =1, 2,3,---) 
is a clockwise series of elements of [Xq| all following X., then a is not a limit 
point of Xi. 

Let C be a circle whose interior contains Z. Let [Y.] be the subset of con- 
tinua of [X..] consisting of those each of which contains a point different from 
X which may be joined to a point of C by an arc contained except for one end 
in the complement of Z. Let A, be any such arc associated with Y,. 

Let the elements of [X.] be well ordered.t This having been done the 
elements of [Y.] are also well ordered. Let Yj, VY}, Y}, and Y4 be the first 
four elements of [Y |, and let no two of the arcs Ai, Az, Az, and A, havea 
common point and no one have more than one point in C. Let the four sets 
Yi, Y}, V3, and Yj be grouped in pairs each of which separates the other 
in [X..]. Suppose that Y} and Y} separate Y,! and Y}, i, 7, p, and qg being 1, 
2,3, and 4 in some order. Then i(C)-(Y3+A+Y}+A/) separates i(C) into 
two domains each containing a subset of Z, these being respectively z; and 
Let Z, + andZ} =23+Y+Y/). Both Z} and Z} are con- 
tinua similar in structure to the continuum Z. 

Now suppose that the theorem is not true. Then [X.] contains an element 
X, containing a point a different from X, and a series [X;] clockwise and 
including only elements of [X.] which follow X., such that the point set 
>-X; has a among its limits. From Lemma III it follows that the pair of 
elements Y} and Y} can not separate two elements of [X;], for if they could, 
a proper selection of one of them as X, and the other as X, would contradict 
the lemma, as both, owing to the existence of A} and A}, contain points dif- 
ferent from X which are ends of rays contained except for their ends in the 
complement of Z. Accordingly the elements of [X;] can not be distributed be- 
tween Z} and Z?} but must occur all in one of the two, say in Z,). Since Z} 
is a continuum and a is a limit of the set )-X;, Z; contains points of X, and 
must therefore contain X,. It thus appears that Z} like Z is a continuum 
about which the theorem is not true. Let Z} be Z', [X2] be the subset of 
elements of [X,] each of which contains a point different from X in Z! 
and so is entirely contained in Z', and [Y 2 ] be the subset of the elements of 
[X2 ] each of which contains a point different from X arcwise accessible from 
C in the complement of Z'. It is readily seen that both [X2] and [Y2] are 
well ordered and that [Y2]¢ [Y.]. 

With =2,3,4,---,let V2, V#,and be the first four elements of 
[VY z—]. At least one of these follows all four of [VY ?— ] (& =1, 2, 3, 4) in the 


t It is well known that this may be accomplished by means of the Zermelo postulate. 
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well ordered sequence [Y2~ ]. The arcs A; , A}, Aj’, and A; exist as in the 
first case. Suppose that Y* and separate and in ]. Then 
i(C)-(Y';+A%;+Y%+A") separates i(C) into two domains each containing 
a subset of Z, z7 and z7 respectively. Let =23 +Y2+Y?, and Z? 
+Yr+Y7. As in the case for m =1, these are continua like Z. One of them, 
say Z, contains X, and [X;,], and consists of a well ordered subset [Xz | of 
the elements of [X,]. Evidently the subset [VY 2] may be defined as [Y2 | 
was defined, is then well ordered, and is a subset of [VY 27> ]. 

For each value of 7 (¢ =1, 2, 3, - - - ) there is thus determined a continuum 
Z‘, no two identical, which is of the same type as Z, and contains both X, and 
the series [X;]. Each of [Z‘| is composed of a certain subset of the elements 
of [X,]. Taken together they form a well ordered sequence. Let 


Ze = 
i=1 
Then Z¢ > .X, and if Z* > p where pis a point not X of X,, an element of [X«], 
then Z*> X,. Therefore Z* is a continuum of the same kind as Z. Let it be 
made up of the elements [X%] of [X.] and let [Y¥%] be the subset of these 
whose relation to C and the complement of Z* is like the relation of the ele- 
ments of [Y.] to C and the complement of Z. Clearly [V2] is a well ordered 
aggregate. It is not true in general that [Y¢] ¢ [VY], but it is true that 


[v3] II 


Evidently Z* > (X,+>_X)). 

It is now clear how to extend the well ordered sequence [Z«]. If at any 
stage this sequence has a last element Z/~', the next may be defined by select- 
ing Yi, V4, V4, and Y{, the first four elements of [Y{-'], choosing two that 
separate the other two, and thus obtaining a proper subcontinuum Z/ of 
Z/- composed of elements of [X,] and including X, and [X;]. If at any 
stage the sequence has no last element, then the next element consists of the 
set of points common to all the elements of the sequence already defined, a 
continuum which clearly exists as it contains X, and [X,]| and just as clearly 
consists of a subset of the elements of [X, |. 

Under what conditions will it be impossible to extend the sequence [Z*] ? 
If this does become impossible clearly that must be in some case where the 
sequence up to that point defined has a last element, as when it has no last 
element the process being employed immediately determines another, namely 
the set of points common to all the elements already determined. Suppose 
then that Z* is the last element of [Z«]. Can Z* contain four or more ele- 
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ments of [X.|? Supposing that it can, various simple methods for proving 
that the subset [Y*'] of [X.] consists of at least four elements will soon 
present themselves. Such being the case it would be possible immediately 
to obtain an element following Z*, and so Z*, the last element of [Z«], is com- 
posed of fewer than four of the elements of [X<]. 

But the assumption that the theorem was not true of the continuum Z in 
the particular instance of X, and [X;] has been seen to imply that each 
element of [Z«] contains ¥,+}>_X;. Thus Z* must contain more than four 
elements of [X.]|. The contradiction between these two inferences concern- 
ing Z* establishes the theorem. 


Coro ary II. Suppose Z is a continuum. If a is a point of Z—X and X, 
is the element of [X.| containing a, and [X;]| (i =1, 2, 3,---) is a clockwise 
series of the elements of [X,| all following X., then a is not a limit of >> X;. 


Let D be the sum of the bounded components of c(X). X+D is a con- 
tinuum K. Let G be the upper semicontinuous collection of mutually exclu- 
sive bounded continua whose elements are respectively K and the points of 
c(K). The elements of G are points of a space T which is topologically equiva- 
lent to S.f In T there corresponds to the continuum Z of S a continuum Z, 
of the same type as Z except that the set Y, corresponding to X is a single 
point. Concerning Z;, accordingly, Corollary II is identical with Theorem II 
and is therefore true. But if it were to be supposed that Corollary II is not 
true of Z, then owing to Corollary I and the nature of Z, it would follow that 
Corollary II could not be true for Z, either; a contradiction. 

3. Notation. In the following paragraphs capital letters in script, as P, 
will represent prime ends. 

Remarks. It will be assumed in this paper that the prime ends discussed 
are defined by chains of cuts whose members are simple continuous arcs. 
Some facts which may easily be deduced from published researches upon 
prime ends and which will be used presently are as follows. Any connected and 
simply connected domain whose boundary is bounded, although the domain 
may itself be unbounded, may have its prime ends defined in the usual way, 
and these may then be shown to have cyclic arrangement.§ 

Suppose that X is a single point. If X, is any element of [X..], then X is 
arcwise accessible from one and but one prime end of the boundary of the 


T R. L. Moore, Concerning upper semicontinuous collections of continua, loc. cit., p. 424, Theorem 
21. 

t For definitions and fundamental rescarch upon prime ends, see C. Carathéodory, Uber die 
Begrensung einfach susammenhdngender Gebiele, Mathematische Annalen, vol.73 (1912), pp. 323-370. 

§ In the paper just referred to, Carathéodory considers only bounded domains. 
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unbounded component of c(X,). If X, and X, are distinct elements of [X.] 
then X is arcwise accessible from two and only two prime ends of the 
boundary of the unbounded component of c(X,.+X,). Suppose that the 
two prime ends just identified are Q and ®. If x, is a subset of X¥,—X 
with X as limit point, one and only one prime end of the unbounded 
component of c(X,+X,) is limit of x, Suppose that it is R; R must 
contain X, must be limit of any subset of Y,—X with X as limit point, 
and must be arcwise accessible from the unbounded connected complemen- 
tary domain of X,+ X;. It will be convenient to say that R is limit of X,. 
It may then be proved that Q and only Q is limit of each element of [X.| 
which is between X, and X>», while ® and only R is limit of each element of 
[X..] which is not between X, and X,, prime ends of course of the unbounded 
component of c(X,,+X,) alone being considered and between being understood 
with reference to X,. 

If X is a true continuum, not a point, conditions are somewhat more in- 
volved. X, and X, being any two different elements of [X,], and @ being the 
simple closed curve of prime ends of the unbounded component of c(X,+X 
+X), then all the elements of @ except possibly exactly four, or exactly 
three, or exactly two are themselves prime ends of X,, or of X, or of X,. The 
prime ends of ? not belonging to X,, or X, form two components Q and R, and 
the three possibilities just enumerated respectively characterize the following 
cases, both Q and 8 are true arcs of prime ends of (, either Q or R is an arc 
but the other is a single prime end, and both Q and ® are single prime ends. 
Irrespective of the case considered it can be proved that no element of [X.] 
different from XY, and X, can have both an end of Q and an end of R among 
its limits. Supposing that R contains the limits of X,, it can then be shown 
that R contains all the limits of those elements of [X..| which are not between 
X, and X, while Q contains all the limits of those elements of [X.] which are 
between X, and 


Lemma IV. Given (1) Z is the set defined above and X is a point; (2) Q is the 
prime end identified above of the unbounded component of c(X.t+X»); (3) X, 
X2, +++ is a clockwise series of elements of [X «| all following both X, and Xu 
and having the prime end Q as limit; (4) V is a ray in c(X.+X,+X>) contain- 
ing a point of X;. Then V contains a point of at least one other element of the 
series. 


Let V* be determined as it was in the proof of Lemma IIT. Suppose that, 
for every subscript greater than 1, Y,-* =0, that is, suppose the lemma 
to be false. Let [Q;] be a chain of cuts defining Q and [6;] be the correspond- 
ing chain of domains. Suppose that X is the only limit point of >°0;, and that 
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Q.+6, contains no point of Y,+X,+R. Let Q; be Of. As Q is a limit of 
>-N;, there is a first element X¥* of [X;] following X,, containing a point of 
O#*, and as Q is not a limit of X# there is a first one Q¥ of [Q;] following Q* 
containing no point of X#. As Q is a limit of }~X;, there is a first element X¥ 
of [X;] following X¥ containing a point of Q*, and as Q is not a limit of X%, 
also a first one Q;* of [Q;] following Q* and containing no point of X¥. In 
general for » =3, 4, 5,--- there is a first element X,* of [X;] following 
X,* , containing a point of Q,*, and a first one Q,*,, of [Q;] following Q,* and 
containing no point of X,*. The two infinite series [X*] and [Q*] satisfy all 
the conditions imposed by supposition upon the series [X;] and [Q,]. For 
i =1,2,3,--- ,let S; be an arc of 0* whose non-end points include no points 
of X,+X¥* and whose ends belong to X, and X* respectively. S; together 
with the two elements of [X..| in which its ends lie, for each value of 7, deter- 
mines a domain containing v*, a point of V*, but not containing V*. Thus 
V*.S;#0. By the r.ethod used in the proof of Lemma III a contradiction 
similar to the one deduced in it can now be obtained. 


THEOREM III. Suppose that Z is a continuum and X a point. If X, and X, 
are distinct elements of |X| and Q is the prime end of the unbounded connected 
complementary domain of their sum which contains X and is arcwise accessible 
from this domain and is not a limit of X,, and if |X; is a clockwise series of ele- 
ments of [Xq| all following both X, and X», then Q is not a limit of )- Xj. 


Suppose the theorem is not true; suppose in short that the prime end Q 
is limit of [X;]. It is clear that all the hypotheses of Lemma IV are now 
fulfilled or may easily be fulfilled. The process used in obtaining a contradic- 
tion to establish Theorem II is now available in this case also. 


Corotiary IIT. Suppose Z is a continuum. If X, and X, are distinct ele- 
ments of |X| and Q is that maximal arc of prime ends of the unbounded com- 
ponent of c(X.+X-+X.) none of which is already a prime end of X, or Xy and 
none of which contains a limit point of X,—X,-X, and if [X;] is a clockwise 
series of elements of [|X| all following both X, and X», then no prime end in 
Q contains a limit point of X;. 


Corollary III may be inferred from Theorem III in the way that 
Corollary II was inferred from Theorem II. 


THEOREM IV. /f W is a plane bounded continuum composed of the point X 
and a set of continua [|X| no two of which have any point in common except the 
point X which is common to all, then W separates the point p from the point q 
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only if some element of |X | separates p from q.t 


Coro tary IV. Jf W is a plane bounded conlinuum composed of the con- 
tinuum X and a set of continua [Xq| each having a point in common with X 
and no two having in common any point which is not a point of X, and, p and q 
being two distinct points of the complement of W and X,, being any element at all 
of |X|, if X+X. does not separate p from q, then W does not separate p from q. 


As X+X, does not separate p from g, X does not separate p from g and 
so owing to the availability of inversion it may as well be assumed that both 
p and g belongs to y, the unbounded component of c(X). In place of W and 
X, regard now the continuum X* which is the sum of X and all its bounded 
connected complementary domains, and the continuum W* which is the sum 
of X* and the continua [X*], that subset of [X, ] comprising all those elements 
of [X.] with points in y. Upper semicontinuity now provides a means of 
reducing the question to the one solved by Theorem IV. 


t Since the submission of this paper to the editors a proof of Theorem IV has appeared in print. 
Accordingly, although the published demonstration is quite different from the one formerly con- 
tained in this paper, it having resembled in its principal details the argument for Theorem II, the 
proof of the theorem has been omitted. For the proof see J. H. Roberts, Concerning collections of 
continua not all bounded, American Journal of Mathematics, vol. 52 (1930), pp. 551-562, Theorem I 
on p. 553. 
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THE k-FUNCTION, A PARTICULAR CASE OF THE 
CONFLUENT HYPERGEOMETRIC FUNCTION* 


BY 
H. BATEMAN 


In his well known paperf in which he defines the function Wi,m(z) Pro- 
fessor E. T. Whittaker says: “There are other members of the family of 
functions W:,m(z) which have not hitherto been noticed, but which give 
promise of interesting properties. Among these may be mentioned the families 
of functions for which m=0 and those for which m=}.” The functions con- 
sidered here correspond to the case m =}. The associated differential equation 
has arisen recently in the theory of turbulence, particularly in the researches 
of W. Tollmienf{ and Th. von 

1. Definition of the functions. The function k,(x) may be defined for 
real values of x and m by the definite integral 


2 
(1.1) = —f cos (x tan @ — n6)dé. 
Jo 


When »=0 we have an integral which is easily evaluated, in fact 


ko(x) = 
For other values of m we have the interesting relations 


(1.2) k_n(x) = 2), 
2 nT 

(1.3) k,(0) = — sin —» 
nr 2 


which follow immediately from the definition. When is an integer the defi- 
nite integral may be evaluated in terms of known functions. In particular 


(1.4) ko(x) = (x +| x| 


This expression shows that k2(x) is zero when x is negative and it will be seen 
presently that if 2 is a positive integer ken(x) is also zero when x is negative. 


* Presented to the Society, September 9, 1931; received by the editors November 10, 1930. The 
k-notation has been adopted in honor of Dr. Th. von K4rm4n, who submitted the differential equa- 
tion to the present author for investigation. 

¢ Bulletin of the American Mathematical Society, vol. 10 (1903-04), p. 133. 

¢ Géttinger Nachrichten, 1929, p. 21. Put U=c++-by in equation (2). [Noted by C. B. Millikan.] 

§ International Congress of Applied Mechanics, Stockhoim, 1930. Géttinger Nachrichten, 1930, 
p. 58. Put y=ae"*Y(y) in equation (8) and neglect a*. 
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Since |cos(x tan @—n@) | <1, we have the important inequality 
(1.5) | kn(x)| 1 


which holds for all real values of m and x. When 1 is an odd integer the func- 
tion k,(«) may be expressed in terms of the Bessel functions Ko(x) and K,(zx). 
In particular, if ¢=tan 6, 


2 cos sin sin (2t)tdt 

_2 cos cos (xt)dt _ cos (xt)dt 
(1 + (1 + #2) 1/2 


2x 
= —[K,(x) K,(x)], x> 0, 


2x 
= ——[Ki(— «) + Ko(— 2)], <0. 


2. The generating function. When 1 is an even integer the function k,(x) 
may be defined with the aid of the expansion 
(2.1) eit tan(@+ia) — ko(x) + ho(x) + + 
a>0O, x«>0. 


If s=e?*-*e, the expansion becomes 
(2.2) = Ro(x) + sko(x) + +-- 


and it is readily seen that the power series in s is absolutely convergent when 
|s| <1. The convergence on the circle of convergence will be studied later; 
it will suffice now to say that the series takes the form 


(2.3) tan? = ko(x) + + + - 
and is the Fourier series of the function e**"? for the interval (—17<@<r7). 


Indeed, 


1 
~f cos [x tan @ — 
0 


2 
= —f cos [x tan @ — = 
T 0 


The fact that ke,(x) =O when 1 is a negative integer accounts for the absence 
of terms of type k-2m(x) and enables us to write the expansion in the usual 
form, 
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(2.4) eiztand = hom 


The expansion (2.2) shows that the function kem(x) is closely related to the 
generalized polynomial of Laguerre which is defined by Sonine’s expansion* 


(2.5) (1 — ee (x)z*. 


n=0 


Indeed, if L,(x) denotes the polynomial of Lagrange and Laguerre, we have 
Abel’s expansion 


(2.6) (1 — = 


n=0 
and it is at once seen that when x >0, 
(2.7) kom(x) = (— 1)e~*[Ln(2x) — 


This is a particular case of the more general formula 


which is proved by equating the coefficients of z™ on the two sides of the 
equation 


e*[ko(x) — + —--- ] = (1 


n=0 


A reciprocal relation 


(— 
a+i1 a+2 
(2.81) kon (x) ( 1 ) + ( 2 


is obtained by equating the coefficients of 2" on the two sides of the equation 


= (1 — hol x) — sha(2) + — 
n=0 


* N. Sonine, Mathematische Annalen, vol. 16 (1880), p. 1. In Sonine’s notation 
= (— 1)°0(n + @ + 1)Ta"(x). 
The notation used here is the same as that used by Hille and Szegé. 
t S. Namuri, Téhoku Mathematical Journal, vol. 30 (1928-29), p. 58. 


| 
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An important property of the function kem(x) may be deduced directly from 
equation (2.7) with the aid of the orthogonal relation* 


(2.9) f 0, 2, 
=1,m=n. 
We have in fact 
=1,m>0, 
0 


(2.91) 


f Rom(%) Rom+28(x)dx = 0, s> 1, 
=4,s=1. 


A second generating function may be derived from the expansiont 


by putting m=0 and using (2.7). The result is 
1 2. 
e~#/2(yg)—1/27 (2 (vz) 1/2) > 2 +2(v) 


The function J,,(y) is the Bessel function with imaginary argument. 
3. The Lagrangian expansion. The expansion of the generating function 
may be derived by Lagrange’s theorem from the implicit relation 


s=x— 82 
which may be used to define z as a function of s. The expansion of the function 


=( 1 ) 1 
—{ — = — 22/ 
dx\z x 


= + y~(- 1)" 
x x n=1 


We thus have a representation of ke,(x) for x>0, 
(—1)"xe* 


(3. 1) Ren(x) = [e-2="-1] 


which is analogous to Sonine’s formula 


* This relation was obtained by N. H. Abel, Oeuvres (Sylow and Lie), vol. II, p. 284. 
t N. Sonine, loc. cit., p. 41 


| n=0 v 
is then 
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1 
(3.2) (x) = — 


x" 


for the generalized Laguerre polynomial. 
4. The difference equations and inequalities. It is readily seen from (1.1) 
that 


(m — 2)[Rn(x) + Rn2(x)] + (m + 2)[hn(x) + — 4xkn(x) 
8 d 
(4.1) @ sin (x tan @ — né)|d0 


= (0, 
It is also seen that 


(4.2) (x) = (m — 2)kn-2(x) — (m + 2)kny2(x), 
for we have the relation 

2 
+ Mult f [sin (+ tan @ — 26) 


+ sin (x tan @ — — 26)] tan 


4 
-—f sin [x tan @ — — sin 
Jo 


+— [cos (x tan @ — n@) — cos (x tan@ — — 26) 
Jo 


in which we must be careful to form the expression for kna(x)+kna+2(x) as a 
definite integral before we differentiate to form an expression for the quantity 
on the left hand side. When the ensuing relation 


(4.3) Ren (x) + = — 


is combined with (4.1) it leads to (4.2). It should be remarked that when the 
difference equation (4.1) is used to calculate k,(x) for even negative values of 
n, using the known values of &,(x) for positive even values of m it is found 
that when x >0 we have k_2m(x) =0 for all positive integral values of m. This 
is what was anticipated in §1. With the aid of (1.5) and (4.1) we obtain the 
inequality 


| 
(4.4) | ka(x)| < I (n > 2). 
Similarly (4.2) gives the inequality 
| 
(4.5) | (x)| S$ > 2). 
2| 


| 
| 
| 
| 
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These inequalities show that as k,(x)—0 and &, (x) 0. Another 
useful inequality is obtained by combining (4.4) with (4.1): 


n? + 2 


(n > 2). 


(4.6) | ka(x)| < 


When s is a positive integer, ke:(x) is zero for x =0 and is finite for positive 
values of «; consequently we can find a positive number ¢(s) such that 


This inequality will be used later in combination with (4.4) and (4.6). 
5. The differential equation. The relation (4.2) gives 
(x) + (x) = (n — 2)Ril_o(x) — (m + 
that is, 
(x) = (nm — 2)[Ref_o(x) + Ril (x)] — + 2) [Rly o(x) + (x)] 

(n 2) [ kn—2(x) kn(x) | — (n + 2) [Rn(x) kn+2(x) | 
= 4(x — n)ka(x). 

Hence the function &,(x) satisfies the differential equation 

(5.1) (x) = (x — n)ka(x). 

This is an equation of Laplace’s type and is a degenerate form of the canonical 


equation adopted by Whittaker* in his study of the confluent hypergeometric 


functions. 
6. The orthogonal relations. The usual method of deriving orthogonal 


relations from a differential equation suggests that we should consider the 
value of the definite integral 


in which m and 7 are not simultaneously zero. When m and are positive 
integers, a reduction formula 


— 1)Imin—a + + + = n>m-+ 1, 


n= Mm, 


0, 
1,n=m-+1, 
2, 
1, 


n=m— 1, 
0, n<m-—1, 


* Whittaker and Watson, Modern Analysis, chapter 16; see also H. A. Webb and J. R. Airey, 
Philosophical Magazine, (6), vol. 36 (1918), p. 129. 


By 
dx 
x 
3 
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for Im, is readily derived from the difference equation (4.1) and the relations 
(2.91). When x =1 the formula (2.91) also gives 


Ina = 2 €~*kom(x)dx = 0, m> 1, 
0 


= 1, m=1, 
while (3.1) gives 
dx 
Ino = f €-*Rom(x) — 
0 x 
( 1)” qm 


m! ax™ 


1 
m 


With the aid of these particular relations and the reduction formula the in- 
tegral J,,,, can be calculated step by step and is found to be zero when m>1 
and x <m. On the other hand the reduction formula and the particular values 
give 


(6.3) (m > 0). 
m 


Hence, if m>0 the functions kem(x) form an orthogonal set. When m and 
have any real values the integral J,,, may be understood to have its prin- 
cipal value. To find this we note that the differential equation gives 


d 2 
—[kon(x) kom(x) kom(x) kon(x) | = —(n m) kon(x) kom(x). 
dx x 

Therefore since key (x) and ko»(x)—0 as |x|, we have 


dx 
f kam(x) — 


1 
— kom(€) on(€)], 
— n) 


(m 
f Ron(x) kom(x) | kom(— €) kon(— €) Reon(— €) kom(— e)]. 
= x 22(m—n) 


Now as e—0, 


1 
kon(€) Ron(— €) = — sin (mz), 


and the integral (1.1) gives 


+ 
ay 
aa 
= 
= 
i 
4 
4 
i 
4 
‘ 
2 

} 
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2 sin (xt — 2nb)tdt 
vs 0 1 + t? 


where ¢=tan 6. When 2m is an odd integer ken (x) becomes infinite as x0 
but in any case 


kon(€) — Ren(— €) 


4 [sin (et) ][cos 26 ]tdt 
0 i+? 

0 


ang=—-», 
e + u? € 


4 
— — — (cos nm) f sin udu/u = — 2 cos mm. 
0 


Hence 


P f kon(x) Rom(x)— = —————-| — sin mx cos nx — — sin mm cos mr 
(6.4) x n 


“(= (m — n)r sin (m+ 


m— nN m+n 


This formula may be used with (4.1) to obtain the following generalization 
of (2.91): 
sin [(m — m)x] 


x(m — + 1)(m — n)(m — 


(6.5) f 


When m and » are integers, 


dx 
Pf Hants — =0, m#n, 


(6.6) 


+ 1) 


7. The interpolation formula. It is useful to have an alternative defi- 
nition of &,(«) from which its properties may be developed. Such a definition 
is obtained by making use of the cardinal function of interpolation theory, 
the properties of which have been developed by Professor E. T. Whittaker.* 
We thus write for all real values of m and x 


* Proceedings of the Royal Society of Edinburgh, vol. 35 (1915), p. 181. See also W. L. Ferrar, 
ibid., vol. 45 (1925), p. 269, vol. 46(1926), p.323, vol. 47 (1927), p. 230; J. M. Whittaker, Proceedings 
of the Edinburgh Mathematical Society, (2), vol. 1 (1927), pp. 41, 169; E. T. Copson, ibid., p. 129. 


* 
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us 
sin (2m — n)— 


2 
(7. 1) kn (x) p kom(x). 
2m — n 
The absolute convergence of this expansion may be established with the aid 
of Fejér’s asymptotic formula* for L,(2x). Assuming x>0, we may write 


(7.2) L,(2x) ~ cos (sna) =] + O(n-'/2), 


and make use of the relation 
(2.7) Rom(x) = (— 1)"e7*[Lm(2x) — Lm—s(2x)]. 


The two Laguerre series obtained by substituting the last expression in (7.1) 
are also absolutely convergent and so we may add them together in a manner 
different from that adopted in (7.1), and obtain a single Laguerre series 


__ 4, (m\ <= Ln(22) 
(7.3) e*k,(x) = sin (=) 


which is absolutely and uniformly convergent for all positive values of x in- 
cluding zero. Making use of the equation 


22 
Ly (u)du = Ly(2x) — Lmii(2x), 


0 
it is readily seen that 


(7.4) 


nr 1 


oan ! k 2 ; 


Differentiating this equation with respect to x we obtain the relation 


(4.3) — = + 
Again, if we make use of the well known relation 

(m + 1)Ln4i(u) — (2m + 1 — u)L,(u) + nLp-1(u) = 0, 
it is seen from (7.3) that k,(x) satisfies the difference equation 
(4.1) (m — 2)Rn—2(%) + (m + = (4% — 2n)kn(x), 


* Simple proofs of the theorem are given by Szegé, Mathematische Zeitschrift, vol. 1 (1918), 
p. 341, and O. Perron, Journal fiir die reine und angewandte Mathematik, vol. 151 (1920), p. 163. 
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and with the aid of (4.3) the relation 
(4.2) (x) = (m — 2)kn-2(x) — (2 + 2) 


can be established. 
The differential equation (5.1) may now be obtained as in §5 and with 
the aid of (7.1) we may obtain the further relations 
k_,(x) x), 


2 
k,(0) = — sin — - 
2 


Thus all the principal properties of the function k,(«) have been obtained 
directly from the interpolation formula (7.1). The value of the integral 


dx 
f hen( 22) 
0 x 


may be calculated by making use of the B-test* for the integration of an in 
finite series over an infinite range. In using this test we make use of Szeg6’s 
inequality 

(7.5) e*|L,(2x)| $1, «20, 


and the inequality of §4 : 
Ss 

| 2x>1, 
x 


< O< x 
to prove that the series 
= 1 


(2m — n)(2m + 2 — n) J | | Ln(2x) | dx 


converges. 
The definite integral 


is calculated with the aid of (2.81) and is found to have the value 
1 


0, mc<s. 


* Bromwich’s Infinite Series, p. 453 (1st edition). 
t Mathematische Zeitschrift, vul. 1 (1918), p. 341. 
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It is thus found that when s is a positive integer 


in (2s — n)— 
sin = 
2 


dx 
(7.6) = — 
0 x 2s 
Taking (6.2) into consideration we can regard (7.1) as the k-series* for the 
function k,(x) whether this function is defined by (1.1) or (7.1). 
The B-test may also be used to calculate the integral 


0 


by the integration of (7.3) term by term. In this case we make use of (2.81) 
and a combination of (4.6) and (4.7) to prove the convergence of the series 
1 


(2m — n)(2m + 2 — =f e~2=| | | Lm(2x) | dex. 


In this way it may be shown that (7.3) is the Laguerre series for the function 
k,(x)e* whichever definition is adopted for k,(x). 

When £,(x) is defined with the aid of (7.3) the integral (6.5) may be cal- 
culated by using the Parseval theorem for the Laguerre functions.t The 
analysis leads to the interesting equation 

1 e (n — m)(m — n + 1)(n — m+ 1) 
which holds for both real and complex values of m and n, as may be seen by 
comparing the residues ot the functions of m on the two sides of the equation. 

The equivalence of the two definitions of k,(x) may be inferred from the 
fact that the two functions have the same Laguerre series or it may be proved 
by means of Parseval’s theorem for Fourier series, the two functions f(@), 
g(0) in the integral 


1 


being defined as follows:t 


* The k-series for a function f(x) is of type f(0)ko(x)+ciko(x)+ - - - where the coefficients ¢, are 
calculated with the aid of the orthogonal relation of §6. 

t For this theorem see S. Wigert, Arkiv for Matematik, Astronomi och Fysik, vol. 15 (1921); 
M. Riesz, Acta Litterarum ac Scientiarum regiae Universitatis Hungaricae Francisco-Josephinae, 
vol. 1 (1923), p. 209. 

t It should be noticed that f(@) is not of bounded variation in the interval (— x, ) and is dis- 
continuous at the points @= + 1/2. The convergence of its Fourier series is discussed briefly in §9. A 
really elementary proof of the equivalence of the two definitions of kn(«) has not been obtained. 
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= < 20< 7, 
= 0, 
or < 20 < 


the integral then becomes equal to the integral (1.1) defining k,(x) while the 
Parseval series becomes identical with (7.1). The use of an interpolation 
formula of type (7.1) for the representation of a function of m in terms of its 
values when 1 is an integer (or has even integral values) is not new. W. L. 
Ferrar has kindly informed me that the Legendre function P,(x) was ex- 
pressed as a series of Legendre polynomials by J. Dougall* long ago. The in- 
terpolation formula was also used by de la Vallée Poussin} to approximate 
to the value of a function over a limited range. 

8. The exponential integral. If a is positive and m is a positive integer, 


— 1)* d” 
f €**kon(x)dx = f dx 
0 ! 0 d 


n!} 


da” 
= — — { } dx 
n! Jo dx” 


io} 


-— e~2(1ta) { —a)*+ — dx 
Ni Jo 


ata +a)" (1+0)?\1+e 
On the other hand, - 


1 
8.2 = —— - 
(8.2) J e~**ko(x)dx 


A general formula valid for all real values of m may be obtained from (7.3) 
with the aid of Parseval’s theorem for the Laguerre functions and the known 
formula 


0 


(1+ 


which gives the Laguerre constants for the function e~**-. The formula 
may be written in the two forms 


* Proceedings of the Edinburgh Mathematical Society, vol. 18 (1900), p. 79. See also H. B. C. 
Darling, Quarterly Journal of Mathematics, vol. 49 (1923), p. 289. 

{ Bulletin de l’Académie Royale de Belgique (Classe de Sciences), 1908, p. 341. See also J. M. 
Whittaker, Proceedings of the Edinburgh Mathematical Society, (2), vol. 1 (1928), p. 169. 
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1 2n 1 1—a 1 
(8.4) = — sin nr { 
nT i+a (i+a)(w-1 1+an-2 


When 1 is a positive integer the limiting form of the right hand side must be 
taken. When x is a negative integer the integral is zero as we should expect. 
If 


(8.5) f 
0 


it is readily seen that y,(a) satisfies the difference equation 


sin ur 1 


i—«e 
This may be seen directly with the aid of (4.3). 

9. Some special series. The relation (2.7) and Fejér’s asymptotic for- 
mula (7.2) may be used to prove that when m is a positive integer kom(x)—0 
as m—> and the same result may be derived from the following asymptotic 
formula which is derived from a result given by Perron (loc. cit.): 


bom (x) (— cos [(8mx)/2 — 34/4]. 


Since kem(x)—0 it follows from Fatou’s theorem* that the power series (2.2) 
converges at all regular points on the circle of convergence. The point s= —1 
is the only irregular point and from the extension of Fatou’s theorem given 
by Rieszt it may be concluded that the convergence is uniform on any arc 
which does not contain the point s = —1. The same result can be derived also 
from the theory of Fourier series.{ 

To examine the convergence of the series at the point s = —1 we first note 
that the relation (4.3) gives 


hd (x) + 2kd (x) + (x) + +++ + 2howl_o(x) + Ron(x) = ho(x) — on (x). 


* P. Fatou, Acta Mathematica, vol. 30 (1906), p. 335. 

+ M. Riesz, Journal fiir die reine und angewandte Mathematik, vol. 140 (1911), p. 89. 

t A similar result for the series defining the generalised Laguerre polynomials is mentioned by 
E. Hille, Proceedings of the National Academy of Sciences, vol. 12 (1926), p. 261. See also G. Szegé, 
Mathematische Zeitschrift, vol. 25 (1926), p. 87. 
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The asymptotic formulas indicate that if 0<*<a we can find a number m 
independent of x such that for »>m 


| kon(x)| <e, 


where ¢ is any preassigned small positive quantity. The series on the left can 
be regarded, then, as converging uniformly in x when we put m= ©, and since 
ko(x) =e-*, ko (x) = —e-* it seems that the series converges uniformly to zero. 
Integrating it term by term we find that, when 0<x <a, 


ko(x) + ko(x) +--+ + keon(x) uniformly asn—- . 
Again, the relation (4.3) gives 
ko(x) — ko(x) + Ra(x) — + Ran(x) — 
= ki (x) + ki (x) + kg (x) 
As n—o the series on the right tends uniformly to zero hence the series on 
the left also tends uniformly to zero. This establishes the convergence of the 
power series (2.2) for s= —1 and of the series (2.1) fora=0, 0=7/2. 
Putting a=0, 0=7/4, we find that 
cos x = ko(x) — ka(x) + kg(x) 
“sin « = ko(x) — ke(x) + kio(x) 
and in general, if 2n0=7, 
tané = No(x) + e?9N2(x) + + 19 No (x), 


where 
No(x) = Ro(x) — Reon(x) + Ran(x) 


No(x) = ko(x) — Ronyo(x) + Rano(x) 


Furthermore, with this value of 0, 


eiztan36 — No(x) + +- ane + (2), 
eiztan5é = No(x) N + 


It can, indeed, be shown directly from (2.3) that, if D=d/dx, 


No(x) = D[N:2(x) + N4(x) +---+ 
DNo(x) + No(x) = D[Na(x) + No(x) + + 


D[No(x) + No(x) + + Non—a(x)] + = 0. 


. 
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— 
1 —D---—D 
f(D) = 


where the determinant has m rows and m columns, the differential equation 
f(D)w=0 has the particular solutions 


We = efs = eit tan(2n—1)6 
To see this we consider the set of m linear equations 
xo = itanO[x, + x2 + xn], 
tan@ + x, = itanO[x2+ 13 +---+ 
+ + + Xn—2) tan 6 + = 0. 
Writing +4%n-1, we find successively 
Xo = idsin = id sin 


= idsin [1 + 4. 4 


id sin ————_. = —[1 — 
1 — 2 


Hence, if \+0 we must have e?"*®= —1 or 29 =sz, where s is an odd integer. 
It is easily seen that 


nN =w+t+wet:: Wn, 


nN 4(x) = wy + Wee 1246 + cee + 


and so on. 


CALIFORNIA INSTITUTE OF TECHNOLOGY, 
PASADENA, CALIF. 
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ON THE CURVATURES OF A CURVE IN 
RIEMANN SPACE*} 


BY 
E. H. CUTLER 


Introduction. The curvature and torsion of a curve in ordinary space have 
three properties which it is the purpose of this paper to attempt to extend to 
the curvatures of a curve in Riemann space. First, if the curvature vanishes 
identically the curve is a straight line; if the torsion vanishes identically the 
curve lies in a plane. Second, the distances of a point of the curve from the 
tangent line and the osculating plane at a nearby point are given approxi- 
mately by formulas involving the curvature and torsion. Third, the curva- 
ture of a curve at a point is the curvature of its projection on the osculating 
plane at the point. In extending to Riemann space we take as the Riemannian 
analogue of the line or plane, a geodesic space generated by geodesics through 
a point. Such a space possesses the property of the line or plane of being de- 
termined by the proper number of directions given at a point, but it will not 
in general have the three properties given above. On the other hand, if we 
take as the analogue of line or plane only totally geodesic spaces, then, if 
such osculating “planes” exist, the three properties will hold. 

Curves with a vanishing curvature. Given a curve C: x‘=x‘(s), i=1, 

, n, in a Riemann space V, with fundamental tensor g;; (assumed defi- 
nite). Following Blaschkef we write the Frenet formulas for the curve. The 
n associate vectors are given by 

dxi 


In general these » vectors are independent and will determine an orthogonal 
n-uple, \,|‘, in terms of which we have the Frenet formulas 


dxi 

* Presented to the Society, February 28, 1931; received by the editors February 10, 1931. 
¢ The results of this and the following paper are part of a thesis submitted at Harvard, June 


1930, and written under Professor H. W. Brinkmann. 
} Blaschke, Frenets Formeln fiir den Raum von Riemann, Mathematische Zeitechrife, vol. 6, 


pp. 94-99. See also Eisenhart, Riemarnian Geometry, §32. 
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If, however, there are, at a general point of the curve, only k(k<m) in- 
dependent associate vectors, then (2) will hold for r=1,---, k& where 
(1/p.) =0. This case will be described by saying (1/p,) =0. In the general 

,|* is always dependent on and in this case 
the associate vectors of all orders will be dependent on Ai] ‘, - - - , Ax! *. 


Derinition. The linear vector space at P determined by the vectors d,|*, 
r=1,---,4q, will be the qth osculating vector space of C at P. If (1/px) =0, the 
kth osculating vector space will be called the complete osculating vector space. 


We wish to discuss the relations of C to its complete osculating geodesic 
space G;, at P, where G;, is the locus of the  *—! geodesics through P in direc- 
tions of the complete osculating vector space. To discuss the question we take 
Riemannian codrdinates at P. Then G; is given by linear equations, and we 
wish to see whether the vector [x‘(s)—x‘(P)] satisfies these, or, in other 
words, whether in this codrdinate system it is linearly dependent on ),|§, 

, \z| «. Expanding x‘(s) about P, the question reduces to that of the de- 
pendence of the ordinary derivatives of x‘(s) of all orders on the d,| ‘, g=1, 
, k, or on the &,| ‘, 7=1, 2, - - - , since these are so dependent. From (1) 


we have 


ds? ds jk LenS ds ds ds” 


ds ds ds? 


ds? ds ds ds ds? 


0? dx* dx" 
-++—— - terms in undifferentiated 
jk 


Ox*dx! ds ds 


The equations (3) hold in any coérdinate system. For a Riemannian 
system of codrdinates we have, at the center P, 


tid 


@) i 
S| ————_ = 0, S = symmetric part. 


j 
ds 
a) dxi dx* 
(3) 
+ 
a 
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From (3) and (4) it follows that the first three derivatives of x‘(s) at P are 
actually equal to the corresponding £,| ‘, and that for &4| * we will have at P 


P { dx* dx* 


dst | ax*\jkSds? ds ds 


ds? ds ds 


Using (4) and the definition of Rin, we show that at P 


or jl = Rijnr — Riija, 


d‘x# i dxi dx" 

The second term in general neither vanishes nor lies in any special vector 
space, as may be shown by examples. Hence the theorem we were seeking 
does not hold in general. A special case for which it does hold is that for which 
the G; is totally geodesic in V,. To show this we make use of a development 
for (d"/dx' - - - Ax") {4}, due to Veblen,* of which (5) is a special case. 
According to this, (0"/dx'--- dx*){4,} is a combination of terms in 
R‘x1,...,, subscripts permuted in all possible ways, and of terms of inner 
products of similar factors of lower orders. Beside this we need a lemma. 


(5) 


Lema. Let G; be totally geodesic in V,, and let - - - n| be any vectors 
lie in Gy. 


To prove this we recall that for a totally geodesic G,:x'=x'(u!, - -- , u*), 
(6) 2,| ag = 0 (a,8 =1,---,k;o=1,---,(n— k)), 
and hence by the Codazzi equation 


Oxi Ax* Ax! 
(7) (a, = 1,---, &), 
or ‘lies in Differentiating (7) covariantly, and using (6) 
and (7), we have 
(8) R | Ox? Ax* Ax! Ax" 

and similarly for continued differentiation. Hence the lemma. 

Combining this lemma, which holds for any coérdinate system, with the 
expression for the derivatives of the { },} at the center of a Riemannian 
coérdinate system in terms of the R’;,, and its derivatives, we have 


* O. Veblen, Proceedings of the National Academy of Sciences, vol. 8, p. 196. 
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THEOREM 1. Jf G;, is totally geodesic in V,, and the coordinates are Rieman- 
nian at P, and if m|‘,---, ‘lie in Gx, then 


0) 
dx! Gk 


is a vector in Gy. 


Now assume that G;, the complete osculating geodesic space of the curve 
C at P, is totally geodesic in V,. By (3) we see that the rth derivative of x‘(s) 
depends on &,|‘ and on terms of type (9), or products of factors of type (9) 
where the ns| ‘ are derivatives of x‘(s) of order /,1<r. Hence by the theorem 
above, and by induction, we show that the derivatives of x‘(s) of all orders 
lie in G,. Hence the curve lies in G,. 


THEOREM 2. If the kth curvature (k<n) of a curve is identically zero, and 
if the complete osculating geodesic space G, at a point P is totally geodesic, 
then the curve lies in Gy. 


Coro ary. If the kth curvature of a curve in a space of constant curvature 
vanishes identically, then the curve lies in the complete osculating geodesic space 
at any point. 


Distance from an osculating geodesic space. Given a curve in V, which 
now is not assumed to have vanishing curvatures. We wish to obtain a 
formula for the distance of a point P’ of the curve from the various osculating 
geodesic spaces G, at a nearby point P. Let P be the center of a system of 
normal Riemannian coérdinates so chosen that G, is given by 


(10) xi = 0 (i = (h+1),---,n). 


THEOREM 3. Given a system of normal Riemannian codrdinates with center 
at P:(0), and given a sequence of points P,:(x‘) approaching P as a limit, then 
the principal part of the infinitesimal distance of P, from the geodesic sub-space 
G,:x'=0,1=(h+1), - - - , is given by 


(11) 


t=h+1 


The proof of this consists first in showing that the true length of the geo- 
desic from P, orthogonal to G; and the length this geodesic would have in 
terms of 6;; as fundamental tensor are equivalent infinitesimals. The same 
is true for the lengths of the curves through P, which would be the ortho- 
gonal geodesics if 6;; were fundamental tensor. From these facts and the fact 
that a geodesic gives the shortest distance the theorem follows. 


¢ 
| 
j 
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We now apply the theorem to find approximately the distance of a point 
P’ of the curve from the osculating geodesic space at a nearby point P by 
expanding x‘(s) about P. 

THEOREM 4. Given a system of normal Riemannian coérdinates at P:(0), 
then the principal part of the distance of a nearby point P’ of C from G,:x‘=0, 
i=(h+1),---,m, is given by 


(12) = > (=) + 


u! \ ds* 


where u is the least number for which the uth derivative of x*(s) in this coérdinate 
system does not lie in Gy. 


This means that d is approximately (As)“/u! times length of component 


of uth derivative normal to G;. Taking G, as the tangent geodesic (h=1), 
we have u=2 and d*x/ds? = &| 


(13) d= (as)? 
2p1 


Equation (13) will hold in any coérdinate system. Similarly, taking G2 as 
determined by and ‘, we have and 


= ‘+ vector in 


d 


Hence the only component perpendicular to G2 is (1/(pyp2))As| ‘ and 
(14) d = (As)*/(6(o1p2)) +---. 


Higher than this we cannot go because of the impossibility of replacing 
the derivatives of x‘(s) by the corresponding associate vectors. We note how- 
ever that if G; is determined by *, As| the distance of P’ from G; is 
an infinitesimal of at least the fourth order. 


TueorEM 5. The principal parts of the infinitesimal distances of P’ from 
the osculating G; and G, at P are given by (13) and (14), and the distance from 
Gs; is an infinitesimal of at least the fourth order. 


Now assume that G,, the /th osculating geodesic space of the curve at P, 
is totally geodesic. The vector (d"x‘/ds* — *) consists of vectors d'x‘/ds', 1 <r, 
contracted into partial derivatives of {4}, and by Theorem 1 we show by 
steps that d’x‘/ds* lies in G, whenever £,|* does; that is, for r<h. Also the 
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vector *) must lie in G, and the component of d*+1x‘/ds*1 
normal to G, is the same as that of £,4:| *. But by (2) we have 


and by Theorem 4, 


(15) d = (As)+1/[(h + 1)! pa] + 


THEOREM 6. If the kth osculating geodesic space at P to C is totally geodesic, 
then the principal part of the distance of a nearby point P’ from it is given by (15). 


Projection of curve on osculating space. Another property of ordinary 
space curves which we shall extend where possible to curves in a Riemann 
space is that certain curvatures of the curve C are equal to the corresponding 
curvatures of the projection of C on one of its osculating spaces. For the 
Riemannian case the osculating spaces are osculating geodesic spaces and 
projection is by means of the orthogonal geodesics. 

As before we take normal Riemannian coérdinates at P, so that the oscu- 
lating in question is given by x'=0, i>h, C is by 
i=1,---,m. If we let C’ be given by x*=x‘(s),i=1,---, h; x*=0, i>h, 
while not the projection of C on G;, by will in 
the cases considered be sufficiently close to C near P to be used for it. 

Let G, be the G, determined by ,|‘ and |‘. Then at P we have that 
dx‘/ds and d*x‘/ds? are in G, and hence equal the corresponding quantities 
for C’. By formulas (3) the £,| * and £| ‘ are the same for C and C’, and hence 
we have 


(16) (1/p:1) = (1/p1’). 


If Gx is G; determined by and it follows as before that 
dx‘/ds, d*x*/ds?, d'x‘/ds* are in G; and that they must then equal the cor- 
responding quantities for C’. Hence it follows that and are the 
same for the two curves, and that 


(17) (1/p1) = (1/pr'), (1/p2) = (1/p2’). 


THEOREM 7. If a curve C is projected on its osculating G. or G; at P, then 
the curvatures of C and its projection at P are connected at P by (16) or (17). 


We now assume that G,, the /th osculating geodesic space of C at P, is 
totally geodesic in V,. Then d*x‘/dst, r<h, will lie in G,, and, since the 
d'x‘/ds* for C’ are exactly the G, components of d’x‘/ds*, the two sets will be 
the same r<h. As &,|‘ and £,’|‘ are formed in the same way from the same 
ordinary derivatives, we have 
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It follows from the definition of the curvatures of a curve that if at P the 
first 4 associate vectors are known and independent, then the curvatures 
(1/p.), 1<h, and their derivatives (d*/ds*)(1/p.), r+s<h, of C at P are de- 
termined at P. From this and the equality of the é,| *, r=, we have 

THeoreM 8. If the first (h—2) curvatures of C at P do not vanish, and if the 
hth osculating geodesic space G, at P is totally geodesic, then the curvatures 
(1/p.), 1<h, and their derivatives (d"/ds*)(1/p.), r+s<h, of C at P are equal 
to the corresponding quantities of the projection of C on Gy. 


LenIcH UNIVERSITY, 
BETHLEHEM, Pa. 


FRENET FORMULAS FOR A GENERAL SUBSPACE 
OF A RIEMANN SPACE* 


BY 
E. H. CUTLER 


Introduction. The Frenet formulas for a curve in ordinary space have 
been extended by Blaschke} to a curve in a Riemann space V,,. In §$$1—4 of 
the present paper it is shown that by utilizing a properly defined covariant 
differentiation similar formulas can be obtained for any subspace V, of a Vt 
For a curve the curvatures are arbitrary functions of the parameter; for a 
general subspace the corresponding quantities are functions of the co- 
ordinates x‘ which must satisfy certain integrability conditions, the Gauss, 
Codazzi, Ricci equations. In §5 a curve in the subspace is considered and 
Meusnier’s Theorem extended, while in §6 certain relations of V, to its 
osculating geodesic spaces are discussed. 

1. Complete tensors and complete derivatives. Consider a Riemann space 
V,,, with definite fundamental tensor a,s, and let V,, with fundamental tensor 
gi; be a subspace given by 


(1.1) yt = (a = 1,---,m), 


where these, as all other functions, will be assumed analytic. Assume there is 
given at each point P of V, a set of m, mutually perpendicular unit vectors 
fo, in Vn: 


(1.2) | = a,b; (a1, = 1,--+,m). 


These vectors determine at P an m-dimensional linear vector subspace of 
Vn, and any other set of 2; mutually perpendicular unit vectors ¢,/ |« in this 
subspace is given by 


(1.3) = tats, 


where 


(1.4) late: = 


* Presented to the Society, February 28, 1931; received by the editors February 10, 1931. 

t Mathematische Zeitschrift, vol. 6, pp. 94-99. 

t Since submission of the present paper there has appeared another on the same subject: J. A. 
Schouten and E. R. van Kampen, Eine Revision der Krummungstheorie, Mathematische Annalen, 
vol. 105, p. 144. These results were presented by Professor Schouten to the Society at its April meet- 
ing. See also Tucker, Generalized covariant differentiation, Annals of Mathematics, vol. 32, p. 451. 

§ Repeated indices are summed regardless of position: 
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and conversely. We shall seek properties of this vector subspace which are 
independent of the choice of the , vectors in it. 

DerInition 1. A quantity whose components are dis- 
tinguished by any number of indices a, B,--- =1,---,m, and of i,7,---> 
=1,---,m, and of a,b,,--- =1,--+,m, ts a complete tensor if for a co- 
ordinate change in V» or V,, it transforms as an ordinary tensor, and if for a 
change (1.3) in chosen system of the vectors £0, |* it transforms as 


The sum or outer product of two complete tensors is a complete tensor, as 
is the contraction of a complete tensor contracted for a pair of indices of any 


of the three types. 
Consider the covariant derivative defined by 


where y,* means dy*/dx‘. We verify that under a change of codrdinates either 
in V,,orin V,, (Tg ...;4) transforms asa tensor, but under change 
(1.3) of fa, |* we find that 


«\¢4 


Hence this covariant derivative is not itself a complete tensor. 
The system of vectors {.,|* is, by definition, a complete tensor; we con- 
sider its covariant derivative, 


By 
In terms of this we define 
(1.9) Ta,5,| = | 


By differentiating (1.2) we have 
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(1.10) + = 0, 
and under a change (1.3) of {.,|* we have 
, a a a a 0 a, 
| i= teva, | fal 


Ox 
(1.11) 


solving this for (0/dx*)(¢;) and substituting in (1.7), we have 
(1.12) 
where 
DEFINITION 2. Tg’ 22277722! as defined and (1.13) is the com- 
plete covariant of the complete tensor Tg’. 


THEOREM 1. The complete covariant derivative i a iain tensor is a com- 
plete tensor. 


THEOREM 2. Complete differentiation obeys the ordinary rules of differentia- 
tion. 

A complete tensor which we are especially interested in differentiating 
completely is £2, |*. We have 


Projecting this on ¢., |* we have by (1.9) and (1.2) that 


(1.15) Gast a, | 0. 


2. Successive derived vector spaces.* As before we are given at each 
point of V, an m,-dimensional vector space in V,,. In this we choose arbi- 
trarily m; mutually perpendicular unit vectors {4, |*, a1=1, - - , m. Consider 
fa, |*¢; defined above. These are mm vectors in V, which may or may not be 
independent. Since £4, |* and {.,|%(: are complete tensors, we see that any 
vector 7* in V,, dependent on them for one system of codrdinates (x‘) in V,, 
and one system of vectors {,|*, will be dependent on the corresponding 
vectors for any other systems. Hence £4, |* and £.,|%(: determine a unique 
vector space in V,, at each point of V,. Let (:-+m2) be its dimensionality at 


* See Struik, Mehrdimensionale Differentialgeometrie, p. 109. 
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a general point of V,,; at special points it may be less. At such a general point 
of V,, there is determined an m2-dimensional vector space lying in the (m:+72)- 
space and perpendicular to the original m;-dimensional vector space. In this 
we choose m2 mutually perpendicular unit vectors ¢,, |* and proceed as before 
with the vectors defining £4, |*(:. These will with ¢., |“ and ¢., |* determine 
a vector space of (:-+2-+-ns) dimensions in which we choose ms vectors £4, |*, 
etc. We thus obtain a series of derived vector spaces each perpendicular to 
all the preceding. 

Let £2, |* be the last of these derived vector spaces. {., |* is the first set for 
which ¢,, |*¢: are all dependent on ¢., |* for v<w. In general it will happen that 
these exhaust the independent vectors of Vn, and m=)_1_,(n.). However, it 
may happen that there are ,,: further independent vectors at a general 
point of V,. Choosing these as perpendicular to each other and to the pre- 
ceding we write them ¢.,,, |". These last vectors will be spoken of as residual 
rather than derived. 

The vectors £.,, |* satisfy the relations 


(2.1) depts, | ts, = (a = 1,---, +1), 


(2.2) desta, |, | = 0, uv. 
Differentiating (2.2) completely, 


By definition of the (w+1)st vector space, {a,,,|%, it foliows that fay |* «is 
dependent on £.,|*, v=1, - - - , (w+1). Hence by (2.3) and (1.15) |*«is 
dependent only on |* and |*. Letting 


(2.4) situ | i = | 
we have, by (2.3), 


(2.5) “G = Qay +144 lita, ’ 
u =1,---,(¢g+1), where M,-,|; = 0, = 1 or (¢ +1). 


3. Integrability conditions. We define Ta. lis by the equation 
(3.1) Top, | Top, | — Top, | + 


uly ul 


From (1.11) we verify directly that To... li is a complete tensor unlike T'aysy F 
itself. 
We now obtain the integrability conditions for complete differentiation. 
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Differentiating (1.13) and then interchanging the order of differentiation and 
subtracting, we have 


Applying this condition to ¢., |* we have 


a 


a —a 8 
(3.3) bo, | — Ge = — | + Tap, | 
On the other hand using (2.5), we have 


a 


Substituting in (3.3) and projecting on the various {., |*, 
(3. 5) Ta, b, lis + (Qe, | li |) 


‘u~u—l 


a 
(3.6) — lic = | Sa, | 


(3.8) Rasysta,| yin; = 0, | — o| > 2. 


4. Frenet and Gauss formulas. We will now and for the rest of the paper 
take our original 2,-dimensional vector space as the tangent vector space to 
V, in Then m=n, 


(4.1) = fal 


(4.2) 


The vectors £4, |‘ are vectors of an orthogonal m-uple in V,. The vectors a. |* 
for v>1 are all normal to V,. 

We verify that y,, £0,|‘ and {.,|; are complete tensors and that they 
satisfy 


4 
| 
4 
« 
i 
4 
t 
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Since y;* is a complete tensor we can differentiate completely 


Differentiating completely the equation 


«8B 
= Vis 


we have by a cyclic permutation of the indices and (4.5) that 


a B 
(4.6) Gap Vi = O. 


Differentiating (4.4) we have 


By (4.6) and (4.5) we have 


(4.7) = 0 = Soy cis 


This latter is a set of 4n(n—1) vector relations connecting the m? vectors 
fa, |*¢4. The number of independent vectors is at most 32(n+1), and we have 
nz <4n(n+1). 

By (1.9) and (4.6) we have 
| h 


(4.10) = ten Sb Fad = fa| |*Rinsj- 


Equation (3.5) thus reduces for u=1 to an equivalent of the Gauss equation 
for V, in V», and the equations (3.5)—(3.8) are, as a set, equivalent to the 
ordinary Gauss, Codazzi, Ricci equations for V, in V».* Whenever, as now, 
the ¢., |* are the tangents to the V,, equations (2.5) will be referred to as the 
Frenet formulas for V, in V,,. In justification of this consider a curve V;. We 
can choose the arc-length as the codrdinate x! and then gu=0 and {;,} =0. 
There will be just one vector tangent to the curve and just one in each of the 

* In case there is only one derived vector space the present work is equivalent to that of Weyl, 


Mathematische Zeitschrift, vol. 12, pp. 154-160, and that of R. Lagrange, Thesis, Paris, 1923, 
chapter 5. 


7 
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derived vector spaces. Hence by (1.10) Pays, |s=0 and the complete derivative 


reduces to 
d a a gay” 
—f.| + { — 
and we can write 


d a a d Y a a 


which is precisely the Frenet equation where (1/p.) = 
5. Acurve V; in V, in V,,. Assume we have given a curve V; in V, by 


(5.1) = x*(s). 
Then by (1.1) we have V; given in V,, by 


(S.2) = y%(s). 
Let £:|*,---,&m|* be the m associate vectors of (5.2) in Vm, and let 
¢:|*, , |* be the associate vectors of (5.1) in V,. Let and 7. be 
the normalized vectors corresponding to £, |* and ¢, |‘ respectively. Then we 
have 

x 


dy? a ‘ 
(5.3) bu |e = | ? bu| = bu | 


This covariant differentiation may be replaced by complete differentiation of 
£..|* or du|', it being understood that the subscript « is not an index but a 
part of the symbol. Then 
a ay? a p « 
Eu| ds tu | d = tu| (i 


$ 
ds * 


(5.4) dx; 


Moreover we have 


ds 
Differentiating this completely, using the Frenet formulas for V, in Vm, 


a a a 


Sa | ibs + | “(Gazer | lid |4), 
(5.5) & = fa | lig, |* + Sa 
$03 | Mopar | |: | |*), 
and in general we have that &, |* is dependent on fa, |*, - - - , Say |*. 


| 
dy* adx'* 
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THEOREM 3. Given a V, ina V,, in a Vm, then the uth osculating vector space 
of Vi in V», ts contained in the uth osculating vector space of V, in Vm. 


£, |“ may also be expressed by repeated application of the Frenet formulas 
for Vi in V,,. Thus we have 
= le, 
(5.6) = 


a d a a 
é, | + | + (1/(p1p2))As | 


If V, in V,, is known and if the vectors \, |*, <4, of a curve are known 
then the quantities (1/p,) and (d"/ds*)(1/p,) entering into &, |*, v<u, are de- 
termined. This follows from a comparison of (5.5) and (5.6). The coefficient 
of \; |“ in £; |* is known, being 1. Assume the coefficients in the first » equations 
(5.6) known and also ¢, lé, r<v. Then ¢, [é is determined since &, | is given by 
(5.6), and in (5.5) ¢,|* will be the only unknown in the formula for &, |*. 
Then by (5.5) the projection of £4:|* on {4,,, |* is known; the only term in 
(5.6) having such a projection is the last. Equating we have 


(5.7) (1/(prp2 + pe41)) 8) 
= Quasar | | 11 | $1| 


This determines (1/p,41) assuming that none of the preceding curvatures were 
zero. Next projecting on {., |* we determine (d/ds)(1/p,), and so on. Only one 
previously undetermined quantity occurs in each projection and so can be 
determined. Proceeding by successive steps we show that (d*/ds*)(1/p.), 
r=0, s>0, r+sSu, and ¢, |‘, »<u, are determined by the |* of a curve 
v <u. The X, |* must however be the actual X, |* of some curve in V, in order 
that the conditions be compatible. For instance the component of »4:|* 
normal to the vth osculating space of v, is determined except for magnitude 
by (5.7). For this reason we state the resulting theorem in the form 


THEOREM 4. Through a point P given two curves lying in V, in Vm, and 
given further that, for a number u, 

(a) the osculating vector spaces £4, |*, - Say |* of Vn exist; 

(b) the vectors di |*, - - - , \u|* of the two curves as curves of Vm are the same 
at P; 


(c) the common tangent to the two curves is such that 


is not zero for all a; then the curvatures (1/p.), vSu, and their derivatives 


| 
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(d"/ds")(1/p.), r-+s<u, and the V, associate vectors of the two curves are the 
same at P. 


For u=1 this theorem reduces to an equivalent of Meusnier’s theorem. 

The case of V; in V, in V,, is a special case of the more general problem 
of V, in V, in V,,. For this more general problem it follows, just as for a 
curve, that the first uw osculating spaces of V; in V,, are contained in the 
first « osculating vector spaces of V, in Vm. A formula analogous to (5.7) 
holds for the more general problem, but it cannot always be solved for the 
curvature tensor which replaces the (1/p.). Hence we cannot proceed in this 
case to the extension of the theorem above. 

6. Residual normals. The residual normals, ¢.,,,|*, were defined as nor- 
mals not in derived vector spaces of any order; they were characterized by the 
equation 


(6.1) Q 
Hence by (2.5) 


= 0. 


| 


Equation (6.1) expresses a condition in terms of the Q.4,,0,|; that the set of 
Mq41 normals {4,,,|% be residual; conditions that V, in V possess 41 re- 
sidual normals may also be expressed in terms of the ordinary theory of sub- 
spaces where the normals are not separated into successive sets. 

Following the notation of Eisenhart* we denote a set of (m—mn) normals 
by & |*,0=1, - - - , (m—n), and define 


(6.3) | = Casts \* 


2, | ij = 


v5) « 


We now choose as one particular set & |* the set fogs ag |%) » $a, in 
that order. Writing (6.2) in the form 


(6.4) 


a 
| 410941 | = 0, 


Qa B 


* Riemannian Geometry, chapter IV. 


| 
75) 
B\ 
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we see from (6.3) and (6.4) that for this set of normals 


(6.5) = 0 = 1,+++, 7 = (m— 


(6.6) Q% | = 0 M41). 


Equations (6.5), (6.6) for some normal system are sufficient as well as neces- 
sary for the existence of ,4; residual normals. For from (6.6) it follows that 
the first derived vector space is in space of & |*, r>41, and by (6.5) this 
follows for the further derived spaces. 
If we change to another set of normals 
= | (7,0 =1,---,(m—n)), 
| = t,7Q, | tis 
and Q, ls is normal covariant unlike yu,. |. We define the complete derivative 
of a normal covariant quantity in the way indicated by the example 


The complete derivative is itself normal covariant and differentiation obeys 


the ordinary rules.* 
If (6.6) holds for one normal system, then for any other there are 1,4: in- 


dependent sets of solutions of 
(6.8) NeQe | 0. 


If », is such a solution both 4, and 7,« are normal covariant, and for our 
special normal system we verify that 7, «=0. Hence for any normal system 
we have 


(6.9) Ne(k = 0. 
Differentiating (6.8) we have, by (6.9), 

| sie = 0, 
(6. 10) | = 0, 


A necessary condition that V, in Vm possess 7441 residual normals is that 
equations (6.8) and (6.10) admit ”,,; independent solutions. 

Conversely, assume that the first Q equations of (6.8) and (6.10) admit a 
complete set of 2,4: solutions which satisfy the (0+1)st. Taking the nor- 
mals corresponding to these solutions as the first m,4; reference normals 
£, |*,0=1, - + , we can show that (6.5) and (6.6) are satisfied. 


* See Weyl and Lagrange, loc. cit. 
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THEOREM 5. A necessary and sufficient condition that V,, in Vm possess Nq+1 
residual normals is that (6.8) and the first Q equations of (6.10) admit a com- 
plete set of 441 solutions which also satisfy the (Q+1)st. 


The simplest example of a space V,, possessing residual normals is a totally 
geodesic space T,, in Vm. For such a subspace the Q, |;; vanish identically and 
conditions (6.8), (6.10) are satisfied by all normals, which are therefore all 
residual. Conversely, if a V, in V., possess (m—n) residual normals, by (6.8) 
we see that 2,|;;=0 and V, isa T, of Vm. 


THEOREM 6. A necessary and sufficient condition that a V, in Vm possess 
(m—n) residual normals is that it be a totally geodesic subspace of Vm. 


The sufficient part generalizes as follows: 


THEOREM 7. If V, is any subspace of a totally geodesic subspace Tn of Vm, 
then the normals to Ty will be residual normals of Vin Vm. 


This could be proved directly by choosing Riemannian coérdinates and 
direct computation; it follows also from Theorem 3. The converse of this theo- 
rem is not true; that is, the existence of residual normals does not imply that 
V, lies in a totally geodesic subspace of V,,. For example, it can be shown 
that there always exist curves with only one derived normal, the principal 
normal; and in fact that such curves exist through any given point with any 
given pair of perpendicular vectors as tangent and principal normal. But the 


point and pair of vectors may be such that the geodesic surface in V, de- 
termined by them is not totally geodesic. 

Another question concerning a V, with residual normals which arises is 
that of the relation of the V, to its complete osculating geodesic space. For 
curves the author has shown that if the complete osculating geodesic space 
is totally geodesic the curve lies in it. The proof by means of Riemannian 
codrdinates and direct computation holds for the general subspace. 


DEFINITION. The uth osculating geodesic space of V,in Vm at P is made up 
of Vm geodesics through P in directions dependent on {o,|*, - - -, Sa, \«, The com- 
plete osculating geodesic space at P is made up of geodesics through P perpen- 
dicular to all the residual normals at P. 


THEOREM 8. Jf the complete osculating geodesic space of V, in Vm at P is 
totally geodesic then V,, lies in it. 


THEOREM 9. A necessary and sufficient condition that a V, in a Vm of 
constant curvature possess (m—N) independent residual normals is that it be a 
subspace of a geodesic subspace Gy of Vm. 
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THEOREM 10. A necessary and sufficient condition that a V, in a Vm of 
constant curvature lie in an N-dimensional geodesic subspace is that (6.8) and 
(6.10) admit (m—N) solutions in the usual sense. 


Other theorems on the relations of a curve to its osculating geodesic spaces 
may be extended to the present case. The proofs are the same as for the curve. 

THEOREM 11. Let P’: (x‘+Ax‘) be a point of V, near P: (x*). The principal 
parts of the infinitesimal distances of P’ from the tangent G,, and the osculating 
Grin, at P are given by 


1 
d= 4 | | +--:, 


1 
d= 36 = | | | pAxtAxiAx*)? + 
a3 


except where these expressions vanish. 


THEOREM 12. Jf the uth osculating geodesic space Gy of Vn in Vm at a 
general point P is totally geodesic, then the principal part of the distance of 
P’: (x'+Ax‘) from it is in general 


d= Qarar | Axi Ax!)?/[(u + 2)!]? + 


THEOREM 13. If V,! is the projection of V, in Vm on its osculating geodesic 
space of (n+mz2) or (n-+n2-+n3) dimensions, then for properly chosen reference 
systems we have at P 
Qese, | = Dares | (either case), 
= | (second case). 
THEOREM 14. If Vy, the uth osculating geodesic space of V, in Vm at 
P(N =n+n2+ --- +n,), is totally geodesic, and if V, is the projection of V. 
on it, then for properly chosen reference systems 
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NECESSARY AND SUFFICIENT CONDITIONS FOR THE 
REPRESENTATION OF A FUNCTION AS 
A LAPLACE INTEGRAL* 


BY 
D. V. WIDDER 


1. Introduction. In a previous papert in these Transactions the author 
studied the singularities of functions defined by integrals of the form 


(1.1) sa) = f “e*dalt), 


considering such an integral as a generalization of a Taylor series. All de- 
velopments of that paper were on the assumption that f(x) permitted of the 
integral representation (1.1). We wish to study here conditions on f(x), both 
necessary and sufficient, for the validity of such representation. Following the 
analogy of Taylor’s series we might at first be tempted to suppose that the 
analyticity of f(x) in a half-plane, the region of convergence of an integral 
(1.1), would be the condition required. That this is not the case we see at once 
by recalling that such a function as sin x, analytic in the entire plane, admits 
of no representation{ of the form (1.1). 

We are led, however, to a correct conjecture by considering our problem 
as the analogue of the moment problem of F. Hausdorff.§ This is the problem 
of determining a function x(x) bounded and non-decreasing in the interval 
0<x <1 and such that 


1 
Mk =f a*dx (x) 
0 


Hausdorff has shown that the problem has a solution if and only if the se- 
quence po, p41, M2, - - - is completely monotonic (“total monotone”). That is, 
the differences 


nN 


(— 1)"A"tm = — (7) ames + ants (— 


* Presented to the Society, December 30, 1930; received by the editors December 11, 1931. 

1 D. V. Widder, A generalization of Dirichlet’s series and of Laplace’s integrals by means of a 
Stieltjes integral, these Transactions, vol. 31 (1929), p. 694. 

t This follows at once from a result of M. Lerch, Sur un point de la théorie des fonctions généra- 
trices d’Abel, Acta Mathematica, vol. 27 (1903), p. 339. 

§ Felix Hausdorff, Momentprobleme fiir ein endliches Intervall, Mathematische Zeitschrift, vol. 16 
(1923), p. 220. 
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satisfy the inequalities 
(— 1)"Atum = 0 = 0,1,2,---;m=0,1,2,---). 


If we generalize this moment problem by allowing & to run through a con- 
tinuous set of values, we are led to the integral equation 


u(y) = f xvdx(x) 


for the determination of a non-decreasing function x(x). If we set x =e', this 
equation becomes 


wis) = f “e¥'da(l), 


where 
a(t) = — x(e‘). 
If a(#) is a non-decreasing function of ¢, then x(x) will be a non-decreasing 
function of x, so that we are now required to solve an integral equation of 
type (1.1) for a non-decreasing function a(#). From Hausdorff’s results we 
should be led to conjecture that the equation has a solution of the type de- 
sired if and only if f(x) has derivatives of all orders satisfying the inequalities 
(— 1)*— f(x) 2 0 
dx” 
and this is in fact the case. This fact was first proved by S. Bernstein* in 1929. 
The present paper begins with a proof of this theorem following methods 
quite different from those of Bernstein. The more general problem of de- 
termining a solution of (1.1) which is merely of bounded variation is then 
attacked. A necessary and sufficient condition on f(x) to guarantee the ex- 
istence of a function a(#) of bounded variation and making the integral ab- 
solutely convergent is then obtained. The corresponding problem for an in- 
tegral of the form 


sa) = f 


is then treated. It is found that this equation has a solution ¢(#) which is 
bounded and integrable if and only if 

| f{™(x)| < Kn!/(x (x >), 
where K is some constant. 


* Serge Bernstein, Sur les fonctions absolument monotones, Acta Mathematica, vol. 52 (1929), 
p. 1. The author had completed the proof of this theorem a few months after the publication of Bern- 
stein’s paper without being aware cf its existence. 
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We are then able to solve a problem of considerable importance in the 
theory of Dirichlet’s series. We obtain conditions on f(x) in order that the 
integral equation (1.1) may have a step-function solution. We thus obtain a 
necessary and sufficient condition for the representation of f(x) in a Dirichlet 
series.* 

We then investigate the representation of a function f(x) by an integral of 
the form 


(1.2) f(z) = f ettda(t) 


with a(¢) a bounded non-decreasing function, and find that a necessary and 
sufficient condition for such representation is that the sequence of deriva- 
tives of f(x) at a point xo, 


should be completely monotonic. We then inquire what properties a sequence 


do, 41, d2, - - - must have in order that there may exist a completely monoto- 
nic function f(x) satisfying the equations 


f(n) = 4, (n = 0,1,2,---), 


and find that it is necessary for the sequence to be completely monotonic. A 
slight change in the condition makes it both necessary and sufficient. Combin- 
ing this with the previous result we are led to infer that the generalized 
derivative of arbitrary order p of f(x), 


1 
f(x) = | — t)dt, [op] = m,p = m+», 


is a completely monotonic function of p for every x if and only if f(x) has the 
form (1.2). Here the generalized derivative is defined in a form slightly differ- 
ent from that given by Riemann, but it is shown that the form adopted is 
equally good as a generalization for the functions under consideration since 
it reduces to the ordinary derivative when p is an integer. 
Throughout most of the paper functions of the real variable are con- 
_ sidered. In the last section, however, it is shown that this is no essential re- 
striction in the case of certain of the theorems, and in particular in the case 
of the theorem regarding Dirichlet’s series. Slight modifications are made to 
make the theorem applicable to functions of the complex variable. 
* References to earlier attempts to find such conditions will be found in Mémorial des Sciences 
Mathématiques, Fascicule XVII, Théorie Générale des Séries de Dirichlet, by M. G. Valiron, p. 30. 


The referee has called the author’s attention to the following paper: Th. Kaluza, Entwickelbarkeit von 
Funktionen in Dirichletsche Reihen, Mathematische Zeitschrift, vol. 28 (1928), p. 203. 
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2. Completely monotonic functions and sequences. We begin with several 
definitions. 


DEFINITION 1. A function f(x) is completely monotonic in the interval 
c<a<o if it has derivatives of all orders in this interval and if the inequalities 


(- 1)"f\ (x) 20 (n = 0, 1, 2,° 
are satisfied there. 


DEFINITION 2. A function f(x) is completely monotonic in the interval 
cSx<~ if it is completely monotonic in the interval c<x<~@ and if f(c+0) 

DEFINITION 3. The set of constants fo, Mi, M2, - - - form a completely mon- 
otonic sequence if 


1)"A"um 2 0 
where 


n 
1 


nN 


(— 1)*A* ~ = 


We now prove 


THEOREM 1. Jf f(x) is completely monotonic in the interval c<x< © , and if 
5 is any positive constant, then the set of constants 


f(a + 4), f(a + 26), --- (¢c<a<) 
forms a completely monotonic sequence. 


For, we have A*f(a+m6) =f(™(£)5" by a fa- 
miliar result in the theory of finite differences. It follows that 


(— 1)"A*f(a + mé) = 0. 
3. Hankel’s determinants whose elements are the terms of a completely 
monotonic sequence. First we introduce the abbreviation 


(3.1) [f(a), f(a + 8), f(a + 2ms)] 


f(a) f(a + 8) + f(a + mé) 
f(a+6) f(a + 26) + f(a + (m + 1)8) 


f(a + ms) f(a + (m+ 1)8) - f(a + 2mé) 


and then prove 


(n = 0,1, 2,---;m=0,1,2,---), 
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THEOREM 2. If f(x) is completely monotonic in the interval c<x< and if 
5 is any positive constant, then the Hankel determinants 
[f(a), f(a + 6),---, f(a + 2mé)] (c<a<w;m=0,1,2,---) 
are all positive or zero. 
Since the sequence 
f(a), f(a + 8), f(a + 28),--- 


is completely monotonic, there exists* a function x(x) bounded and non- 
decreasing in the interval 0<x<1 such that 


flat nd) = 


Construct the quadratic form 


+ 


i=0 j=0 


dx(2) 


0 i=0 j=0 


That this form is never negative follows since x(x) is non-decreasing and since 
the integrand is non-negative. It is known that this implies that the determi- 
nants (3.1) are non-negative for m=0, 1, 2,---,m. 

THEOREM 3. If f(x) is completely monotonic in the interval c<x< ©, then 
the determinants 
(3.2) [f(a), f’(a),--- , f2™(a)] (c<a<ao;m=0, 1, 2,---) 
are positive or zero. 

It is a familiar fact that the determinant (3.1) may be written as 


[/(a), Af(a), A*f(a), - - , A®™f(a)]. 


Divide this determinant by 6"‘"+). By Theorem 2 the quotient is non-nega- 
tive for all positive 6. Let 6 approach zero. The limit, which is the determinant 


(3.2), must also be positive or zero. 
Clearly the result also holds if the constant c is replaced by a constant b 


* F. Hausdorff, loc. cit., p. 226. 
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greater than c, since if f(x) is completely monotonic in c<x<~ it is also com- 
pletely monotonic in b<x<o. 

4. Consequences of the vanishing of certain Hankel determinants. We 
begin by stating two Lemmas, the proofs of which may easily be supplied. 


Lemma 1. If the quadratic form 
i=0 j7=0 
is non-negative for x,=1 and for all values of the other variables, Xo, %1, ° - - 
Xn—1, then it is non-negative for all values of the variables Xo, %1, > - , Xn- 
Lemoa 2. If the quadratic form 
i=0 j=0 
is non-negative for all values of the variables xo, %1, Xn, and if then 
By use of these Lemmas we can prove 


THEoreM 4. If f (x) is completely monotonic in the interval c<x <<, and if 


(4.1) [f(a), f(a), f2™(a)] > 0 (m = 0, 1, 2, 1), c<acem, 


= 0 (m = k), 
then 


[f(2), f’(a), f2™(a)] = 0 (m k, k+ 1, k+ 2, ). 
Set a;;=f“+?(a). The quadratic form 
n n A‘+if(a) 1 n Ai 2 


is obviously non-negative for every positive value of 5. Allowing 6 to ap- 
proach zero we see that the quadratic form 


(4.2) > 


i=0 j=0 


is also positive or zero. 
Now consider the quadratic form in the variables %o, %1, %2, 
z (k—1<n) whose determinant is 
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n 
i=k 


n 
* 
i=k 


n 
j=k 


n n n n n 


t=k t=k t=k i=k 


This form reduces to 
n n 
t=0 j=0 


for z=1, so that it is non-negative, by Lemma 1, for all values of the vari- 
ables Xo, , Xx-1, Hence the determinant (4.3) is positive or zero. Ex- 
panding it we obtain 


00 Go,k—1 a0; 


aio ain ai; 


This is itself a quadratic form in the variables x;, , %» Which is non- 
negative. Denote the coefficient of x;x; in this form by D;;. Then Dix =0 by 
hypothesis. Consequently, by Lemma 2, 


Diz = De = = Din = 0, 
so that 
Dix Di 


Di+1,% 
=k,k+1,---, 
(4.4) (m + n) 


Dk Dy 


since all the elements of the first row vanish. Now apply Sylvester’s determi- 
nant theorem* to equation (4.4). It becomes 


* See, for example, G. Kowalewski, Einfiihrung in die Determinantentheorie, p. 86. 
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m—k 


* Go,k—-1 


* Q1,k-1 10 


* * Gk—-1,k—-1 Gmo GOmi*** 


Since the first factor is different from zero by hypothesis, it follows that the 
second factor vanishes for m=k, k+1,k+2, - - - ,m. Since m is arbitrary the 
theorem is proved. 

Coroiary. If f(a) =0, the determinants (4.1) vanish for all m. 

For, since (4.2) is non-negative, Lemma 1 shows us that do. =ao1= - - - 
= don, from which the result follows at once. 

The next result to be proved is 


THEOREM 5. Under the conditions of Theorem 4, f(x) satisfies a linear differ- 
ential equation of order k with constant coefficients. 


If k=0, then by the Corollary to Theorem 4 we have f(a) =f’(a) =f’’(a) 
= --- =0. Since every completely monotonic function is analytic,* it fol- 
lows that f(x)=0. If k>0, we have seen that 


Dim = 0 (m =k, k+1,---). 

This shows that the rank of the matrix 

f(a) f(@ 

S@ 
is k for every value of n2k.f 

Hence there exist constants Ko, Ki, - - - , Kx, not all zero, such that 
Kof™(a) + Kif(™?(a) = 0 (m = 0,1, 2,---). 
That is, the analytic function 
Kof(x) + Kif'(x) +--+ + Kif (x) 


vanishes with all its derivatives at x =a, and is consequently identically zero. 
It remains only to show that K,+0. This follows from the hypothesis that 
(4.1) is different from zero when m=k—1. We observe that the differential 
equation which f(x) satisfies may be put in the form 

* Serge Bernstein, Sur la définition et les propriétés des fonctions analytiques d’une variable réelle, 


Mathematische Annalen, vol. 75 (:914), p. 449. 
t G. Kowalewski, loc. cit., p. 53, Theorem 18. 
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f(a) f@ 
f@ 


--- 
THEOREM 6. Under the conditions of Theorem 4, 
(4.6) (— 1)"[f'(@), f"(@),---, >0 (m= 1,2, 3,---,k —1). 


Since the function —f’(x) is itself a completely monotonic function, the 
determinant (4.6) is clearly non-negative for all positive integers m by Theo- 
rem 3. Moreover, if (4.6) vanished for m<k—1, it would also vanish for 
m =k—1 by Theorem 4. Consequently, we have only to show that (4.6) is not 
zero for m=k—1. If it were zero, we should have, as in Theorem 5, that the 
rank of the matrix 


f@ 
Fa: 


would be at most k—2. That is, the determinant (4.1) would vanish for 
m=k—1 contrary to assumption. That (4.6) may vanish for m =k is seen by 
taking f(x) =1+e-*, a=0, k=2. That it need not vanish may be seen by 
taking f(x) =e-7+e-*7, a=0, k=2. 
THEOREM 7. Under the conditions of Theorem 4 
(4.7) f(x) = + + + 
<u  >0 


To prove that f(x) has the form (4.7) we must show that the roots of the 
algebraic equation 
f(@) f(a) 


(4.8) 


fFVa) fM@ 


associated with (4.5) are real, distinct and non-negative. To do this we appeal 
to the theory of continued fractions. If (4.6) is different from zero for m=k, 
then the left-hand side of (4.8) divided by the determinant (4.6) for m=k is, 
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except for sign, the denominator of the reduced form of the continued frac- 
tion 


Ao = 1, Bo = 1, A,= [f(a), f(a), , f2"-2)(a)], 
A? B; 
B, = (-— 1)" = P on 
The rational function of z which this continued fraction represents is defined 
in the neighborhood of infinity by the series 
a "(a "(a 


2? 23 


u(z) 


By Theorem 6 we see that the B, are all positive, and the A, are all positive 
by hypothesis, so that the a, are all positive. Under these conditions the roots 
of (4.8) are known to be distinct and positive.* The left-hand side of (4.8) is 
the function Q2,(z) of Stieltjes defined on page 426 of the article cited. 

If (4.6) is zero for m=, then the continued fraction development of u(z) 
is the same as above except that it stops with the term a2,_12. The denomina- 
tor of the expanded form is now 


f(a) - - f2*-*(a) f(a) 


and this is also known to have distinct zeros which are all positive except one 
which is zero.} It is not difficult to identify the zeros of this function with the 
roots of equation (4.8). For, since we are assuming that (4.6) vanishes for 


* T. J. Stieltjes, Collected Works, p. 411, and p. 426. 
t T. J. Stieltjes, loc. cit., p. 411, and p. 427. 


1 
az + 1 
a2 + 1 
a32 + 1 
+ 1 
where 
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m=k and not for m=k—1, we know that constants Zi, Ze, - - - , Lys exist 
such that 


Lif'(a) + Lof"(a) + + + f(a) = 0, 
(4.10) Lif"(a) + Lof"(a) + + Lif™(a) + = 0, 


Lif (a) + +--+ + + f2*-Y(a) = 0. 


Expanding the determinant (4.8) according to the elements of the first column 


we have 
2? gk 


f'(@) f?@ 


Substitute the values of f‘*)(a), - - - , f@*-))(a), obtained from equa- 
tions (4.10), in the last row of this determinant. Equation (4.8) thus becomes 


Zz 22 gk 


] f'(@) f{?@ 


k-1 
(4.11) [ + 


j=1 


f(a) 


The first factor can not vanish for its vanishing (together with equations 
(4.10)) would imply that (4.1) would vanish for m=k—1 contrary to as- 
sumption. Hence the roots of (4.9) are the same as those of (4.11). 

It remains only to show that c;>0. We have seen that 


= f 


where a(#) is a step-function with a finite number of jumps. We wish to show 
that these jumps are all positive. Let R be a number so large that the points 
of discontinuity of a(#) are all to the left of the point t= R. Then if zis a fixed 
number for which |z| >R the series 


1 t i? 

z+t 2° 
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is uniformly convergent in the interval 0<i<R, so that we have 


pat 1 1 1 x 
f f — — f + — f e*t2da(t) — 
0 Z J0 2? Jo Jo 


z+t 


2? 23 


- = u(z). 


We thus have the partial fraction development of u(z): 


But the coefficients of this development are known to be positive,* so that 
the c; are all positive. The theorem is thus completely established. 

5. The function a(¢) a monotonic function. We are now in a position to 
prove 

THEOREM 8. A necessary and sufficient condition that f(x) should be com- 
pletely monotonic in the interval c<x<@ is that 


(5.1) fs) = 


where a(t) is a non-decreasing function of such a nature that the integral con- 
verges for x>c. 
The sufficiency of the condition is obvious sincet 


f™(x) (- 1) f x>c (n = 0, 1, a ee 


To prove the necessity of the condition we appeal to Theorem 7 and toa 
result of H. Hamburger.{ If one of the determinants (4.1) is zero, then f(x) 
has the form (5.1), a(¢) being a step-function with a finite number of positive 
jumps. If none of these determinants vanishes, then the determinants (4.6) 
are positive for all m, and we are in a position to apply Hamburger’s Theo- 
rem.§ The function f(«) is thus seen to have the integral expression (5.1). 

We note that if a(t) is to be a non-increasing function it is necessary and 
sufficient that —f(x) should be completely monotonic. 


* T. J. Stieltjes, loc. cit., p. 413. 
+ D. V. Widder, loc. cit., p. 702. 
tH. Hamburger, Bemerkungen zu einer Fragestellung des Herrn Pélya, Mathematische Zeit- 


schrift, vol. 7 (1920), p. 304. 
§ We must actually apply the theorem to f(—x), but the modifications necessary are obvious. 
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6. The function a(t) of bounded variation. We prove the following theo- 
rem: 


THEOREM 9. A necessary and sufficient condition that f(x) can be expressed as 


(6.1) f(z) = f “e*da(t), 


with a(t) of bounded variation in every finite interval and the integral absolutely 
convergent for x>c, is that f(x) should be the difference of two functions that are 
completely monotonic in the interval c<x<@. 


We prove first the necessity of the condition. Suppose f(x) has the form 
(6.1). We may suppose without loss of generality that a(0) =0. Since a(t) is 
of bounded variation in the interval 0<‘<R there exist two non-decreasing 
functions P(#) and N(é) such that 


a(R) = P(R) — N(R), 
u(R) = P(R) + N(R). 


Here u(R) is the total variation of a(f) in the interval 0<i<R. In this way 


we see that 
f(x) = tim] e*dP(t) — [avo] 


Since the integral (6.1) is known to converge absolutely, the limit 


f = lim | f + f | 


exists, so that the integrals 


f f (2) 


converge for x >c. Hence 
@ f P(t) — f (1). 
0 0 


An application of Theorem 8 now establishes the necessity of the condition. 
We turn now to the sufficiency. First suppose that c20. By virtue of 
Theorem 8 


f(x) = f P(t) f (t), 
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where P(t) and N(#) are non-decreasing functions, vanishing at the origin, of 
such a nature that the integrals converge for x >c. For any such value of x, 
constants K and « exist such that* 


(6.2) P(t) < N(t) < 2x). 


Consequently 


f P(t) = f 


f @ f 


the integrals on the right-hand side converging for x >c. Now if a(t) =P(t) 
—WN(t), the integral {> e-*‘da(t) converges absolutely if x >c. For, the total 
variation u(t) of a(t) clearly satisfies the inequality 


(6.3) u(t) NY. 
This inequality shows that the integral {, e~*‘w(#)dt converges, and hence that 


0 =e 0 


By virtue of the inequalities (6.2) and (6.3) we see that the indicated limit 
in (6.4) exists and is zero, so that (6.1) converges absolutely for x >c. 
The case in which c<0 may be reduced to the case just treated by the 


change of variable x —c =y. 
We shall next seek to determine a more convenient condition to replace 
that of Theorem 9. First we shall obtain certain necessary conditions. 


THEOREM 10. Jf the integral 
fla) a(0) = 0, 
0 


converges absolutely for x>c, then 
lim f(x) = a(0 +), 


lim f(x) = 0 (k = 1, 2,3,---). 


z=@ 


In consideration of Theorem 9 it is sufficient to suppose that f(x) is com- 
pletely monotonic for x>c. Since f(x) is a positive decreasing function it 


* D. V. Widder, loc. cit., p. 703, Lemma 2. 
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tends to a limit as x becomes infinite. The same is true of every derivative of 
f(x) since (—1)*f(x) is itself a completely monotonic function. But the 
limit is zero if k2=1. For, suppose 

lim (— 1)*f(x) = B>0. 
Then 


f (— 1) > B(R — 8), 
c+8 


whence 


lim (— 1)*[f*-)(R) — = 0, 


R=0 


contrary to the fact just proved that f‘*-(«) approaches a finite limit as x 
becomes infinite. 
If we define a function 8(#) by the equations 


B(0) = 0, 
= a(0 +), 


it remains only to show that 


lim — B(t)] = 0. 


0 


The positive function y(¢) =a(#) —8(#) is continuous at ¢=0. If € is an arbi- 
trary positive constant, we can find a number 6 so small that 


f e~**dy(t) < y(6) < €/2, x20. 
0 
Then we can choose x so large that 
f e~*tdy(t) = f e~**dy(t + 5) < €/2. 
8 0 


The latter choice is clearly possible since the integral involving (t+) ap- 
proaches a finite limit,* and e~* approaches 0 as x becomes infinite. 


THEOREM 11. Under the conditions of Theorem 10, there exists a constant M, 
independent of x and of n, but dependent on 6, such that 


z — §)” 
f | | dt < 
c+8 n 


* Since y(¢+ 4) is monotonic, this follows from the first part of the proof of the present theorem. 
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By Theorem 9 we have 


= f = f P(t) — f 


whence 


(x) = (- f P(t) (- f N (2) 
0 0 


| (x) | < 
0 


where 
v(t) = 
Then 
z —c— 5)" 
f | (y) | dy< f in+tdy(t) 


The interchange of the order of integration which we have effected here is 
permissible since the integral {> e-=*t"+!dy(t) is uniformly convergent* in the 
interval 

The inequality is only strengthened if we replace the upper limit x of the 
last integral in the above inequality by ©. Thus 


* @ — ¢ — 8)* 
f | f t+1dy(t) f dx 
0 c+é 


+6 n! 


© g—ztyn 
= f dx -f e~*&+8)dy(t) = M3. 
0 0 


0 nN: 


This completes the proof. 
We shall now show that the necessary condition established in Theorem 
11 is also sufficient, and thus prove 


THEOREM 12. A necessary and sufficient condition that f(x) can be expressed 
as 


(6.5) fis) f 


with the integral absolutely convergent for x >c and a(t) of bounded variation in 
every finite interval is that 


* D. V. Widder, loc. cit., p. 701. 
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(a) f(x) has derivatives of all orders for x >c, 
(b) a constant M; exists independent of x and of n but dependent on 6 such 
that 


z= (t-—c-— 6)" 
f 1 | | dt < Ms 
nN: 


In order to prove this theorem we shall make use of three lemmas. 


Lema 1. If the functions $o(x), o1(x), b2(x), - - - are continuous with their 
first derivatives for x =x, and if a constant K exists such that 


$n(x) K (x = = 0, 1, 2, ), 
On (x), 


then the given sequence converges uniformly for x =x». 


By hypothesis 
on (x) 


so that 


f < f (t)dt (2 =), 


— S bn+-p(%0) — 


But the sequence ¢o(x), ¢:(x), 2(x), - - - clearly converges for each x since it 
is an increasing bounded sequence. Hence to an arbitrary positive e there 
corresponds an integer m independent of x for x=» such that 


Gn+-p(*) $n(x) (p 0, 1, 2, ) 


when x>m. This proves the lemma. 


Lemna 2. If the function (x) is continuous with its first (k+1) derivatives 
for x>c, and if 


(— (x) 2 0 (x >c;#=0,1,2,---,k+1), 


then 


! 
(6>0, x >c+4). 


By Taylor’s theorem we have 


4 
j 
4 
4 
(p = 1, 2,3,---), 
i 
| 
4 
4 
i 
re 
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(c+65— x)* 


k! 


+ 6) = + +6 — x) +Y(x) 


6 —} k 
+ f ae (x = Cc + 5). 


Every term on the right-hand side is positive or zero so that 
+ 6 — x)* S + 
from which the desired inequality results immediately. 
Lemma 3. Under the conditions of Theorem 12 a constant A exists such that 


lim f(x) = 


lim f(x) = 0 (n= 1,2,3-- 


For, integration by parts gives the equality 

z t n ous =» 6 n 

48 n! n! 


Hence 


| | < | de 


= n—1 
+f 
and by condition (b) 
2M 3n! 
| < (m = 1, 2,3,---). 
—c-—6)" 

This inequality is sufficient to show that ; ‘")(x) approaches zero as x becomes 
infinite (n =1, 2, 3,---). But 


rod = - fe + 9. 
c+8 


Hence if x is allowed to become infinite the function f(x) must approach a 
limit, since by condition (b) (7 =0) the integral 


f' (x)dx 


converges absolutely. 
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We turn now to the proof of the theorem. By Lemma 3 we have 


f “fat, 


-4|s f lrola 


provided that the integral converges. We see that it does converge for x >c by 
taking »=0 in (b). More generally, 


(6.6) Olas f | | a. 


Both integrals converge for x >c as one sees by again referring to (b). The 
inequality is established by first noting that 


f | dt a>e 


z 


and then that 


f= |sP@|as f | (y) | dy. 


If we interchange the order of integration on the right-hand side of this in- 
equality, we obtain (6.6). This is permissible since the integrand is positive 
and since the resulting iterated integral is convergent.* If we set 


we may state our result as follows: 
| f(x) — A| S$ S SM. 


The sequence of functions $o(x), ¢:(x), $2(x), - - - has a limit for all x>c 
which we shall denote by (x). Now the derivative of ¢,(x) is 


n—1 
(6.7) $i! (x) = -f (¢— | | de. 


To justify the differentiation under the integral sign, set 


* FE. W. Hobson, The Theory of Functions of a Real Variable and the Theory of Fourier’s Series, 
second edition, vol. 2, p. 346. 


or ‘ 
) 
4 
+4 
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) = — "| 
nN! 


0 


$n(x) g(x, t)dt. 
c+ 


The functions g(x, ¢) and (0/dx)g(x, ¢) are continuous in the region x=>c+6, 
t=c+6 if m>1, and the integral 


(6.8) 


+5 
converges uniformly in the interval «2>c+6. For, 
aa ~  (n— 1)! 
(¢-—c-— 
! 


+8 nN 


converges, the integral (6.8) is uniformly convergent for x=>c+6. Formula 
(6.7) also holds if m=1, as one may see directly by writing 


and differentiating. 
In a similar way we have 


=f 


and in general 


(k) 


It follows that 


(— (x) = 0 
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Now treating f‘” (x) as we did f(x), we have 


(x) = — f 


(m) 


m (m) m (m) 


(x)| S (— 1)" dm (*) S (— 
m (m) 


S--+S(—1) S---. 


(6.9) |f 


To show that this sequence has a limit for every x >c we show that it has an 
upper limit. Let x» be an arbitrary point for which x) >c+6(5>0). By Lemma 
2 we have 


| (2) + 6)m! 


6)" 


o(c + 5)m! 

> 

(x9 — c — 6)™ (x = x). 
The right-hand side of this inequality, being independent of n, serves as an 
upper limit for the sequence (6.9) for all x>29. The functions ¢,\",(x) of the 
sequence satisfy all the conditions of Lemma 1 at least for m=1 (as we see by 
replacing m by m-+1 in the inequalities (6.9)). Consequently, the sequence 
- - converges uniformly, and its limit is the de- 
rivative of the limit of the sequence ---. We 
see in this way that 


(m) 


(x), 


lim = ¢ 

and that 
| f(x) — A| 
(6.10) | #™(x) | < (x) (n = 1, 3, 


We are now in a position to show that f(x) is the difference of two com- 
pletely monotonic functions, 


2 2 


f(z) -A= 


The inequalities (6.10) lead at once to the following: 


j 

| 
i 
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f(x) + o(x) — A o(x) — f(x) + A 
2 2 


> 0, (- 1) — fora) 


If A=0 we write 


f(x) = [4 fi + 4) 


and if A <0, 


In either case f(x) is obviously the difference of two completely monotonic 
functions. An appeal to Theorem 9 completes the proof of the theorem. 


Coro tary. For f(x) to have the form (6.5) it is sufficient that 

(a) f(x) should have derivatives of all orders, 

(b’) M should exist independent of x and of n such that 
MY (n + p) 


(x >c;n = 0,1, 2,--- 


for some positive constant p. 


We have only to show that condition (b’) includes condition (b). We can 
do this as follows: 


— ¢ — 6)" | =| +et+ 5) | dx 


_ 
uf 


As a simple example take f(x) =1/x. It satisfies the conditions (a) and 
(b’) for «>0, and has the expression 
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1 
f e~*"dt, 
x 


the integral converging for x >0. 

That conditions (a) and (b’) are not necessary may be seen by noting that 
the function f(x) =1 does not satisfy them. Yet it may be expressed in the 
form (6.5). 

7. The function a(¢) an integral. Let us next investigate conditions un- 
der which a(¢) is an integral, that is, under which f(x) has the form 


sa) = f 
0 


In this connection we prove 


THEOREM 13. A necessary and sufficient condition that f(x) can be expressed 
in the form 


(7.1) sa) = f 


with (t) integrable in every finite interval and satisfying an inequality of the 
form 


(7.2) | (| < Kee (0 $2) 

is that 

(7.3) (x >c;n =0,1,2,---). 
(x 


Obviously the inequality (7.2) implies the absolute convergence of the 
integral (7.1) for x«>c. The necessity of the condition is at once apparent. 
For, if x >c, we have 


g(a) = (= f 


| | = (n = 0,1, 2,--*). 
0 (x — c)+! 
Conversely if (7.3) is satisfied, then 
(x — (x — 


or 


| 

= 

¥ 
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(x 


(— 1) (x) + 1) 20. 
This shows that the functions K(x—c)-!+f(x) and K(«—c)-!—f(x) are both 
completely monotonic in the interval c<x<. Hence by Theorem 8, there 
exists a non-decreasing function A(#) such that 


K 
(2) = f 


the integral converging for x >c. But 
K 
=K f — 
0 


fiz) = f “e*dalt), 


where 
a(t) = B(t) — Kett/c. 


Since a(t) is the difference of two monotonic functions, it is a function of 
bounded variation. But 


= -— f(z) = f a(t) |. 


In this way we see that the functions Ke*c-!+a(t) and Ke*tc~!—a(t) are both 
increasing functions. From this fact it follows that 


t+ 6) — alt 
— Ket) < < (0<6;0<6<1). 


Allowing 6 to approach zero we obtain 
— Ket < Dta(t) < Kett, 


where D+a(t) denotes the upper derivative of a(#) on the right. Now Dta(t) 
is integrable* since a(t) is of bounded variation and D*+a(t) is finite in every 
finite interval. Consequently, we may write 


* E. W. Hobson, loc. cit., vol. 1, p. 549. 


v 
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a(x) = f 
0 


where 
¢(t) = Dta(t), | Ket (0 <2). 


This completes the proof of the theorem. We point out that condition (7.3) 
implies the vanishing of f(x) at infinity. This also follows indirectly from 
Theorem 10, since a(é), being an integral, is continuous, and a(0+)=0. We 
further call attention to the fact that condition (7.3) implies condition (b) of 
Theorem 12. That this should be the case is seen by observing that if f(x) 
has the form (7.1) it also has the form (6.5) with a(x) defined as 


f 


8. Examples. At this point we illustrate Theorem 13 by a few examples. 
A. Take f(x) =1/z, a(t) =t, (4) =1, c=0, K =1. Condition (7.3) is clearly 
satisfied since 


n 


! 
+1 (x >0;” =0,1,2,---). 
x” 


| | = 


B. Take f(x) =e-*, a(t) =0 (0<t<1), a(¢) =1 (¢=1). In this case condition 
(7.3) should not be satisfied since a(t) is not an integral. We have 


| | (x — _ — 


n! n! 


e~*(x (n + 1)*+! 
max = 
n! n! 


This latter quantity becomes infinite with m so that no constant K exists for 
condition (7.3) no matter how c may be chosen. 

C. Take f(x) =1, a(#)=1 (¢>0), a(0)=0. Here again a(t) is not an in- 
tegral. Condition (7.3) is not satisfied since (x—c) is not bounded. 

D. Take f(x) =e-*/x, =0 (<1), (21), a(t) =0 (¢S1), 
=t—1(t21). Here condition (7.3) is satisfied with c=0, K =1. For 


p=0 xP 


p=0 


n! n! 


p 


4 
| 
| 
4 
| 
4 
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| (x) n 


n! p—o (n — p)! 


(¢ = 0) 


for all positive e. For the function ¢e~* attains its maximum value (ee)—! at 
t=1/e. By Theorem 13 it should follow that 


| f(x) | < — 
for all integers m=0, all positive numbers e, and all x >e. Now 
| f(x) | = (m+ 
so that we should have 


+ 1)a-"-? S (x — "(ee)", 
r 

(nm + 1)ex (1 — ex 
But the function on the left attains its maximum value (n+1)*+?(n+2)-*-? 
at x =e(w+2). As m becomes infinite this maximum value increases and ap- 
proaches e~! as its limit. The above inequality is thus established. This ex- 
ample serves to illustrate the fact that |¢(¢) | may be equal to Ke* at certain 
points of (0, ©) and yet |f™(x)| may never be equal to Kn!(x—c)-"-! no 
matter how large m is taken. 

9. Application to Dirichlet series. By use of Theorem 13 we are now able 
to obtain a condition that is both necessary and sufficient for the development 
of a function f(x) in a convergent Dirichlet series. We restrict ourselves at 
first to the case in which the series converges for x >0. 


THEOREM 14. A necessary and sufficient condition that a real function f(x) 
can be represented in a Dirichlet series convergent for x >0 is that a set of real 
constants a1, , A1, A2, As, 


= ©, 


exist of such a nature that to every positive € and every integer k there corresponds 
a number M independent of n and of x such that* 


* In (9.1) it is to be understood that & shall also take on the value zero, the quantity in the brace 
then reducing to f(x). 


876 [October 
xP 
se? —=1. 
E. Take f(x) =1/x?, o(#) =¢. Then 
ee 
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dx” 


(x — 


(x =0,1,2,---). 


We prove first the necessity of the condition. Let f(x) be the sum of the 
Dirichlet series 
(9.11) f(x) = 


convergent for x >0. Then 


f(z) = f 


where 


a => 
(An St < & = 1,2,3,---). 


Since the series and integral converge for x =e>0, there exists*a constant M 
such that 


(9.2) | a(t) | < Met (0<t<~), 
Integrating by parts we obtain 


fis) f e-*ta(t)dt, 


the integrated term disappearing by virtue of (9.2). Now since a(t) is con- 
stantly zero in the interval 0<¢<),, an obvious change of variable gives us 


f(x) = f e~*ta(t + 
0 
where 
| a(t + 1) | S Meet = M’ett. 


Now applying Theorem 13 we have 


| < (x > 0, 1,2 
—j | < ;n=0,1,2 -- 


* D. V. Widder, loc. cit., p. 703, Lemma 2. 


| 
¥ 
| 
4 
& 
| 
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This is the first of the conditions (9.1) corresponding to the case k=0. Since 
k 
f(x) — m= 
m=1 


is itself a Dirichlet series, the first term of which is a;4:e~*+1", we have only 
to apply the result just obtained to the new series to obtain (9.1). The proof 
of the necessity is thus complete. 

We turn now to the proof of the sufficiency of the condition. By Theorem 
13, we see that condition (9.1) taken for k=0 implies the existence of a 
function a(t) such that 


(9.3) f(x) = f 


where 
| a(t)| < Met 


By a linear change of variable, equation (9.3) becomes 


1 


f(x) = — \,)dt = 


0 


(9.4) | B(t)| S Met. 


We can now show that §(#) is a step-function, or differs from such a function 
at a set of points of measure zero. Again applying Theorem 13, but now 
using (9.1) for an arbitrary k, we see that 


k 
= + xen? f dt. 
m=1 0 
As before this may be transformed into 


k 
I(x) + x f (t — 


m=1 


k 
0 


m=1 


where 
where 
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0 (0 = t< Arti), 
j= 
teat — St < 


Clearly the summation in this expression may be rewritten as follows: 


k 
f(x) = e~*'andt + x f 
m=1 Am 0 


whence 
f(x) =x f 
0 


0 (0<t<A,), 
St< Ani; = 1,2,---, 
ve(t) = 


k 
m=1 


If we now make use of the uniqueness theorem,* we see that y(¢) must coin- 
cide with 6(¢) almost everywhere. By allowing & to become infinite, we see 
that 6(t) differs from a step-function +(¢) at most at a set of points of measure 
zero. Since 7(#) is a step-function it follows that the inequality (9.4) implies 


(9.5) | v(@)| < Met 


Hence, on integrating by parts, we obtain 


f(x) = [wo = Doe. 


n=1 


The integral and series converge for x>e by virtue of (9.5). But € was an 
arbitrary positive quantity. The above argument repeated for any positive e 
must always lead to the same Dirichlet series since expansion in such a series 
is unique. It follows that the series converges for x >0, and the proof is com- 
plete. 

We can now see that the restriction of convergence for x >0 was not an 
essential one. For, if the series (9.11) converges for x >c, then the series 


f(x + 0) = Doane 
n=l 


converges for x >0, and we can apply Theorem 14. The inequality (9.1) in the 
statement of that theorem must be replaced by the following one: 


dx” 


* D. V. Widder, loc. cit., p. 705. 


| 

: 
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If we restrict ourselves to Dirichlet series with positive coefficients a theo- 
rem that is much simpler in statement may be obtained by use of Theorem 9. 


THEOREM 15. A necessary and sufficient condition that f(x) can be repre- 
sented in a Dirichlet series with positive coefficients convergent for x >c is that a 
set of constants 


@, G2, @3,° A1, Az, 
<A2< As <:::, lim Ay = © , 


exist such that the function 
k 
(102) 
m=1 


is a completely monotonic function in the interval c<x<@ fork=0,1,2,--:. 


We omit the proof since it follows closely that of Theorem 14, making 
application of Theorem 9 instead of Theorem 13. 

10. Relation between completely monotonic functions and completely 
monotonic sequences. We turn now to the discussion of the following prob- 
lem. Given an infinite set of constants do, di, d2, - - - . Under what conditions 
is it possible to determine a completely monotonic function f(«) such that 
f(n) =a, for n=0,-1, 2, - - - ? In order to simplify the statement of the solu- 
tion of this problem we introduce a 


DEFINITION. A completely monotonic set of constants do, a1, a2, - - - 1S mini- 
mal if decreasing ao makes of it a set which is no longer completely monotonic. 


That there exist completely monotonic sets which are not minimal may 
be seen by noting that increasing the first element of a set which is com- 
pletely monotonic leaves it so. By a theorem of Hausdorff* it is known that 
any completely monotonic set do, a1, dz, - - - can be represented in the form 


f 


where $(t) is a non-decreasing function. Moreover, the representation in this 
form is unique if “normalized” functions ¢(¢) only are admitted, that is, func- 
tions for which 

o(t + 0) + o(¢ — 0) 


¢(0) = 0, = (0<#< 1). 


We first establish the following 


* F. Hausdorff, loc. cit., p. 226. 
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Lemma. The completely monotonic set ao, a1, a2, - - - is minimal if and only 
if the function $(t) of its Hausdorff representation is continuous at t=0. 


We prove first the necessity of the condition, showing that if ¢(0+)>0 
the set is not minimal. Define a function ¥(#) continuous at ¢=0 by the 
equations 


v(t) = {’ 
(6) — +) (0<t<1). 


f f = 


f do(t) — 6(0 +) = a — 6(0 +) 
0 


Since is itself a non-decreasing function, the set a,—@(0+), ai, a2, 
is itself completely monotonic, so that the given set can not have been mini- 
mal. 

Conversely, if (0+) =0, then the set ao, a1, a2, - - - is minimal. If it were 
not so, a positive constant k would exist such that a9—k, a1, a2, - - - would be 
a completely monotonic set. That is, a unique normalized non-decreasing 
function y(t) would exist satisfying the equations 


1 
dn f indy (t) (nm = 1, 2,3,--- 
0 


1 


But we clearly have 


V(t) (0<#< 1), 
= 0. 
Hence ¥(#)=y(t), for Y(t) is clearly normalized if $(#) is. But ¥(é) is not a 


Then 
} 
a—k= f dy(t). 
i 
1 

a= (n = 1,2,3,-++), 

0 

1 
a—k= f 
° 
where 
i 
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non-decreasing function since —(0) = —k <0. Since y(#) is non-de- 
creasing we have a contradiction, thus completing the proof of the lemma. 

By use of this result we are able to prove 

THEOREM 16. A necessary and sufficient condition that there should exist a 
function f(x) completely monotonic in the interval O<x%< © such that f(n) =a, 
for n=0, 1, 2, - - - is that the set do, a, a2, - - - should be a minimal completely 
monotonic set. 

We begin with the sufficiency of the condition. Suppose the set do, a, 
a, - - - to be of specified type. Then 


a, = f 


where ¢(#) is a non-decreasing function vanishing at ¢=0 and continuous 
there. Since ¢(#) is continuous at ¢=0 we have 


1 
a, = lim t"do(t) 
€=0 


Make the change of variable t=e-¥. Then 


—logs 
0 0 


e=0 


where 
a(y) = — 


The function a(y) is clearly non-decreasing. The function 
fla) = 
0 


is completely monotonic in the interval 0<*< © since the integral converges 
for x >0. The function f(x) is continuous* in the interval 0<x<© since the 
integral converges for x =0. Since f(m) =a,, the proof of the sufficiency of the 
condition is complete. 

Consider now the necessity of the condition. Suppose that a function f(x), 
completely monotonic in the interval 0<x< ©, exists such that f(m) =a, for 
n=0,1,2, - - -. We show first that the set of constants do, a1, d2, - - - is com- 
pletely monotonic. The point is not covered by Theorem 1 since it is not 
known that the point x =0 is an interior point of an interval in which f(x) is 
completely monotonic. By Theorem 8 we have 


* D. V. Widder, loc. cit., p. 701. 
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(10.1) f e-*da(t) (x > 0), 
0 


where a(é) is a non-decreasing function and the integral converges for x >0. 
We can show that the integral also converges for x =0. For suppose that it 
diverged. Since a(#) is monotonic we should then have a(«) =. In that 
case lim, f(x) = ©. For, if x is a fixed positive quantity, we have 


x f 


l/z 
x e~*a(t)dt + x f e~*ta(t)dt. 


f(z) 


Since a(#) =0 and e-**>0 we have 


l/z 
x f e~*ta(t)dt = 0, 
0 
whence 


f(x) =x f 


But =a(1/x) in the interval 1/x<t< ©. Hence 


f(z) = a(1/x)x f e-*dt = a(1/2)/e. 
Vz 
Consequently 
lim f(2) =a(o)/e=o. 


But since f(x) is assumed continuous at x =0, 
lim f(x) = f(0) = ap. 
z=0 
The assumption that the integral (10.1) diverged for x=0 was false. The 


integral thus defined for x=0 must be equal to f(0) =a» since both the in- 
tegral and the function f(x) are continuous at x =0. Hence 


(n = 0,1,2,---). 
0 
It follows that the set do, a1, a2, - - - is completely monotonic since 


(— 1)*A*a, = fa — > 0(k = 


“4 
wy 


| 
| 

| 
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It remains only to show that this set is minimal. We have 


R 1 
a, = lim e~-™'da(t) = lim i*dB(t), 
0 eR 


1 
B(t) = — o( tog --) (0<t< 1). 
The function 6(¢) is undefined for ¢=0. If 8(0) is defined as —a(), we have 


=B(0+) and’ 
1 
"dB(t). 
a. B(t) 


Since B(¢) is continuous at t=0, the set do, di, a2, - - - must be minimal, and 
the proof is complete. 

11. The integral {¢ e*‘da(t). We turn now to the determination of condi- 
tions both necessary and sufficient for the representation of a function f(x) in 
the form 


1 
f(x) = f 


where a(t) is a non-decreasing function. First consider necessary conditions. 
If f(x) has the above representation it is clearly an entire function. Let x» be 
any real value. Then 


1 
(x0) f e70't"da(t) 
0 


f 


f ewda(y) (0<t<1), 
B(0) = 0. 


Since is a non-decreasing function, the sequence f(xo), f’(xo), f’’(%0), - 
is completely monotonic. In particular if a(¢) is continuous at t=0, B(é) is 
also continuous there, and the above sequence is minimal. We can now show 
that these necessary conditions are sufficient. Let f(x) be a function with 
derivatives of all orders at x =x, and such that the sequence of its successive 
derivatives there is completely monotonic. That is, 


I(x) — 20)" 


n=0 n! 


[October 

where 

where 
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This function is entire. For 
0 S f(xo) 


and 
Xo | 


n=0 n! n=0 n! 


= 


0), 


Now by Hausdorfi’s theorem, it is possible to determine a non-decreasing 
bounded function 6(¢) such that 


1 
fOO(x9) = f 
0 
whence 


f(x) = > f t"dB(t). 


n=0 n! 


For any fixed value of «x the series 


= 


n=0 n! 


is uniformly convergent in the interval 0</<1, since 


Hence it may be integrated term by term with respect to the monotonic 
function B(t). That is, 


0 n! 0 


n=0 


f(x) = f e*"da(t), 


a(0) = 0. 


Again we see that a(#) is non-decreasing, is continuous at ¢=0 if B(#) is con- 
tinuous there. We have seen that @(#) has this property if and only if the 
sequence f(x), f’(%0), - - - is minimal. We have thus established 


885 
(n = 0,1, 2,---), | 

| 
| 
x — Xo)"t” i 
n=0 n! n!' 
so that 
where 
a 
} 
| 
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THEOREM 17. A necessary and sufficient condition that a function f(x) can 
be represented in the form 


1 
f 


with a(t) a non-decreasing bounded function (continuous at t=0) is that f(x) 
should have derivatives of all orders at a point x=xo which form a (minimal) 
completely monotonic set, f(xo), f'(%o), f’’("0), . 

12. Generalized derivatives. Let us now combine the results of Theorems 
16 and 17. If a(t) is non-decreasing and continuous at ¢=0, the set f(xo), 
(xo), f’’(%0), - -isa minimal completely monotonic set, so that there exists 
a function ¢(x) that is completely monotonic in 0<x<© such that 


(x0) (n 0, 1, 2, ). 


It is natural to inquire if there is not some sense in which this equation holds 
for non-integral values of ”. We shall show that if f™(x9) is replaced by the 
generalized derivative of Riemann (slightly modified* to meet our need) then 
the above equation holds for all »>0. We define the generalized derivative 
of positive order p of a function f(x) as 


(ae — 1) 
T(i — ») 


= f (0 <»<}), 


where m+v=p and m is the largest integer contained in p. Clearly if p is an 
integer m and if f‘™(x) is a function which vanishes for x = — ©, then 


= f(z). 
With this definition at hand we can now prove 


THEOREM 18. The generalized derivative _.D.’f(x) is a completely monotonic 
function of p in the interval p=0 for every x if and only if 


f(z) = f 


where a(t) is a bounded non-decreasing function that is continuous at t=0. 


To prove the sufficiency of the condition we show first that the integral 


* This generalized derivative, —..D,f(x), is ordinarily defined for positive values of p through the 
medium of its values for negative p. For the functions under consideration, however, it need not exist 
for negative p. The definition we give is legitimate since for positive integral values of p the generalized 
derivative reduces to the ordinary derivative. 
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converges. The integral is improper both on account of the infinite upper 
limit of the integral and because the integrand becomes infinite at ¢=0 i 
v0. For every «x the integral 


1 
f ev ymtlda(y) 
0 

is a continuous function of ¢, so that the integrand of (12.1) is O(é’) as ¢ 
approaches zero. Since v <1 we are assured of the convergence of the integral 
if the upper limit © is replaced by any positive finite limit. We must now in- 
vestigate the behavior of the integrand as ¢ becomes infinite. We show that 
for any fixed x and for m=0 


1 
f ev (2-8) ymtldor(y) 


0 


For 


1 1 
(12.2) f ymttda(y) = a(1)e*- a(y) { (m + 
+(x ym+1} dy, 


The first term on the right-hand side of this equation is clearly o(¢-!).' The 
integral on the right-hand side may be set equal to J,:+-J2 where 


f a(y) { (m + + (x — dy, 
0 


I; 


1 


TI f a(y) { (m + 1) + (x — ymt1} dy, 


Applying the second law of the mean to J; we obtain 


i} {(m + 4 (x — (OS 
¢71/2 
(m + f + (x — f 


Hence if t>x we have 


| 

| 

| 
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/2 


| < + 1)(-™?) 


1+ ext + (t 


Since a(¢-'/?) approaches zero as ¢ becomes infinite, it is clear that 7; =0(t-*) 
if m=0. For J, we have the following equation and inequalities: 


1 
= a) {(m + Dem + < 


| Z2| S a(1){(m+ 1) + x)} 


| Z2| < a(1){(m + 1) — — 


from which we see that /; is also 0(1/t). The integrand of (12.1) when multi- 
plied by ¢'+” approaches zero as ¢ becomes infinite. By the usual limit test for 
convergence we infer therefore that the integral converges if y>0. If »=0 the 
integral may be integrated in finite form, and we are assured of convergence 


since 
lim f(™(x — 4) = 0 
t=o 


by virtue of Theorem 10. 
We show next that it is permissible to interchange the order of integration 
in (12.1). We rewrite that integral as 


1 


(12.3) »f(x) - | 


1 oo 1 
rd —» J, a(y) ymtidy 


x 1 
J, 0 


1 1 
rat f y™(m + 1)aly)dy 
ri | 0 
and apply a familiar theorem* to each of the iterated integrals. 
We must show 
(a) that the two repeated integrals in opposite orders over the domain 
(0, 0; 1, R) exist and have equal values for every positive R, 


* E. W. Hobson, loc. cit., vol. 7, p. 398. 
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(b) that the iterated integrals of (12.3) converge, 

(c) that the integrands are non-negative. 
The last of these conditions is obvious. Since each term on the right-hand 
side of (12.2) has been shown to be o(t-'), (b) follows at once. To prove (a) 
we have only to note again that the integrands are non-negative and apply a 
known theorem.* Consequently 


1 1 
= a(1)e? — f + (1 — 
0 0 


1 
f a(y)e"*(m + 1)y"y’"dy, 
0 


since 
f = y—T(1 — v) @ <1). 
0 
But 
1 1 
0 0 
1 
— (m+ 
9 
Consequently, 


1 


= f = f ervyeda(y) = 0). 
0 0 


To show that this is a completely monotonic function of p set y=e~“. Since 
a(0+) =0, we have 


1 1 —log 
f = lim f = lim 
0 €=0 € «=0 0 
= e°"dB(u), 
0 
where 
B(u) = f e7*‘d[— a(e-*) ] (u > 0), 
0 
B(0) = 0. 


Since the function —a(e~“) is a non-decreasing function of u, it follows that 
8(u) is also non-decreasing, and an appeal to Theorem 8 gives the desired 
result. 

It only remains to prove the necessity of the condition. Assume then that 


* E. W. Hobson, loc. cit., vol. 2, the first theorem on p. 340. 


t 
| 
| 
$. 
t 


890 D. V. WIDDER [October 


_.D./f(x) isa completely monotonic function of p in the interval 0< p< for 
each x. Then by Theorem 16 the sequence f(x0), f’(x0), f’’(xo), - - - is a com- 
pletely monotonic minimal set. Consequently, by Theorem 17, 


f(x) -f{ e**da(t), 
0 


where a(t) is a non-decreasing bounded function continuous at t=0. This 
completes the proof of Theorem 18. 

13. The complex case. We have been dealing thus far with real functions 
of the real variable. Although certain of our theorems, such as Theorem 8, 
are in their very nature real function theorems, others are easily extended to 
include complex functions. Since it is usually desirable to consider Dirichlet 
series in the complex plane, it is important to make such an extension in the 
case of Theorem 14. We begin by making a similar extension of Theorem 13. 
We prove 

THEOREM 19. A necessary and sufficient condition that the function f(x+iy) 
can be expressed in the form 


f(x iy) = 


where o(t) is a complex function of the real variable t which is O(e*) as t becomes 
infinite, is that a real constant K should exist such that 


(x >c;n =0,1,2,---) 


The necessity of the condition is obvious from the inequalities 


| | < f | | ds K 
0 0 
| )| Kn! 
f(z) | — 


To prove the converse, set f(x) = u(x) +iv(«). Then 


n! 
(x — 


([u™ (x) ]? + 


whence 
Kn! 


(x 


| (x) | < 
(x — 


| w(x) | < 
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Hence, by Theorem 13, functions A(#) and y(¢) exist such that 


f | < Ke 0). 
Consequently, 
fa) = + ivo)at, 


where 


o(t) = + iv) = Ofe*). 
The theorem is thus established. 


THEOREM 20. A necessary and sufficient condition that the complex function 
f(x+iy) can be represented by a Dirichlet series convergent in the half-plane 
x >0 is that a set of complex constants a, a2, a3, - - - and a Set of real constants 
Ai, Ae, As, 

<A fim = ©, 
exist of such a nature that to every positive number € and to every integer k there 
corresponds a number M independent of n and of x such that 


dx" m=1 
(x >e;n=0,1,2,---). 
To prove this set =u(x)+iv(x) and a,=an +ian’. Assume first that 
f(x+iy) may be expanded in a Dirichlet series 
f(x + iy) = Yoanem(etiv) , 


m=1 
u(x) = Dag! em, 
m=1 


= 


m=1 


and both series converge for x>0. Then by Theorem 14 we have 


3 
F 
Then 
* 


892 D. V. WIDDER 


M'n ! 


(x 


|dx™ m=1 


| 
|= 
| {| | \| M"'n! 
( ) (x) de € | 
Combining these two inequalities and setting M=M’+M”" we have (13.1). 
Conversely if (13.1) holds, then the inequalities (13.2) and (13.3) hold if 
M’'=M"'=M. It follows by Theorem 14 that w(«) and v(x) are expressible in 
real Dirichlet series convergent for «>0, 


u(x) = ems, 
m=1 


v(x) = 


m=1 
That is, the series 


f(x iy) ane 
m=1 
converges in the half-plane x >0. This completes the proof of the theorem. 
The statement of the theorem could easily be altered so as to deal with an 
arbitrary half-plane of convergence. 


Bryn Mawr COLLgEGE, 
Bryn Mawr, Pa. 


ON A THEOREM OF S. BERNSTEIN-WIDDER* 


BY 
J. D. TAMARKIN 


The present note is merely a comment to the preceding paper by D. V. 
Widder, and was suggested by the reading of its manuscript. It gives a 
simplified proof of the following important theorem discovered recently by 
S. Bernstein, and subsequently, but independently, by Widder, whose proof 
is based upon entirely different principles. 


THEOREM. A necessary and sufficient condition that the function f(x) should 
be completely monotonic in the interval c<x < © is that 


f(x) = 


where a(t) is a non-decreasing function of such a nature that the integral con- 
verges for x>c. 


The sufficiency of the condition is obvious since 


{™(x) = (- nf x (n = 0, 1, 2,--- 


0 


Conversely let f(x) be completely monotonic in the interval c<x<@. 
Let a be an arbitrary constant greater than c and set c;=f‘(a). It follows 
from the monotonic character of f(x) that the quadratic form 


Qn(x) = 0, 1,2,--- ) 
i=0 j=0 


is non-negative. This fact is sufficient to ensure the existence of at least one 
non-decreasing function p(¢) such that 


f tidp() 


We now distinguish two cases: 
Case I. The function p(¢) is a step-function with a finite number of jumps. 
Case II. The function p(é) is any other non-decreasing function. 


* Presented to the Society, September 9, 1931; received by the editors June 13, 1931. 
Tt See, for example, Marcel Riesz, Sur le probléme des moments, Arkiv for Matematik, Astro- 
nomi och Fysik, vol. 17, no. 16 (1923). 
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CasE I. If p(t) is a step-function with positive jumps at the points 
—Ap we have 


Cn = > 0. 
k=l 


From the Taylor development of f(x) we obtain 


f(z) = = Ax) (x — 


(1) 


Dp 
Doone 
k=1 


We can now show that all the d; are positive or zero. It is only a matter of 
notation to suppose that \;<\2.< --- <A,. Suppose that A, were negative. 
We should have 


f(a) = 


k=1 


Pp 


k=2 


From the latter equation it is clear that f’(x)e:* tends to a limit as x becomes 
infinite, in fact to the positive limit —d,o.e.:*. But since f(x) is completely 
monotonic for + >c we have f’(x) <0 and 


lim f’(x)e* < 0. 


The contradiction shows that \; must be positive or zero.* But equation (1) 
may be written in the form 


sa) = 


where a(¢) is a non-decreasing function. Hence the theorem is established in 
Case I. 

CasE II. If p(t) is not a step-function then the quadratic form is not only 
non-negative but is a positive definite form. For, 


0,(x) = f “( dot) 


* That it may be zero is seen by the example f(x) =1+e~, which is certainly completely mono- 
tonic for all x. 
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and this is clearly positive unless x»=x%,= --- =x,=0. It follows that 


Cnt+1 Cnt+2°°* Conti 


For, since —f’(x) is itself a completely monotonic function, the two cases 
applicable to f(x) are also applicable to —f’(«). In the second of these cases 
we have (3) (which is merely (2) with all subscripts increased by unity). In 
the first of these cases we are led to a contradiction. For we should have 


k=l 


<M of 20, of > 0 


Integrating equation (4) we should obtain 


Pp 
(5) f(x) = — of x + 


k=l 
where C is a constant of integration. But a,’ must be zero, for otherwise 


lim f(x) = — ©, 
This is impossible since f(x) =0. But if f(x) has the form (5) it is clear that the 
functions f(x), f’(x), f’’(x), - - , are linearly dependent. Hence the 
Wronskian determinant of these functions must vanish identically. But this 
determinant reduces to (2) forx =a, m=p+1. We thus reach a contradiction. 
It follows that both (2) and (3) must hold in Case II. Hence we are in a 
position to apply a theorem of Hamburger* and obtain 


*H. Hamburger, Bemerkungen zu einer Fragestellung des Herrn Pélya, Mathematische Zeit- 
schrift, vol. 7 (1920), p. 304. 
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Co C1 
Cy Co *** Cnt1 
(2) (nm =20,"1, 2,---). a 
Cn Cn+1°* * Con 
We may also show in this case that 
C1 Co * Cnt 
C2 Cs °° 
(A = 1,2,---,p). 
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f(x) = f e-*tda(t), 


where a(t) is a non-decreasing function. The theorem is thus established in all 
cases. 
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ARITHMETICAL COMPOSITION AND INVERSION 
OF FUNCTIONS OVER CLASSES* 


BY 
E. T. BELL 


I. Ovorps AND OVA 


1. If one or more of the postulates of a field be modified ($13), contra- 
dicted (§12), or suppressed (§5), and if the altered set of postulates be self- 
consistent, the set defines what we shall call a variety, which is abstract or 
special according as the marks in the postulates are arbitrary to the extent 
permitted by the postulates, or have specific interpretations (§64). A special 
variety is an instance of the abstract variety from which it is obtained by 
specific interpretation, and the existence of an abstract variety is said to be 
demonstrated by exhibiting an instance. 

2. The varieties in the present theory are among the most rudimentary 
possible; I have called them ovoids and ova. For certain of the classic postu- 
late systems of a field the complete sets of conceivable varieties (obtained 
from the truth tables of the systems) exist; for others, not all varieties exist. 
For the moment it is sufficient to observe that a ring, not necessarily com- 
mutative, is an instance of the ovoids and ova defined presently. Hence all 
exist. On the other hand, none of these varieties is an instance of a ring, ray, 
or module, commutative or not, and hence all would appear to be new. They 
were not constructed ad hoc, but arose by necessity in the general algebra of 
numerical functions, of which they are the simple, abstract structure. It is 
noteworthy that a comprehensive theory, among whose instances are several 
extensive theories of numerical functions, many of which have themselves a 
high degree of generality, should be comprised in such narrow compass. 

The principal definitions and postulates are in §§$3—6, 9, 15-21, 33, 42, 44, 
45, 58, 60, and the main conclusions in §§31, 34-41, 47-50, 56-60, 61-64. The 
purpose of the theory is indicated in §§7, 23, 34, 42. 

3. The notation K |x, y, - - - shall signify that the class K, different from 
the null class, contains the elements x, y, - - - . To avoid separation into cases 
it is not assumed, unless so stated ( as in §§15, 16), that the elements of a 
class are all distinct. Hence, unless the elements are stated to be all distinct 
and finite in number, K will contain any finite number of elements. 


* Presented to the Society, September 11, 1931; received by the editors May 4, 1931. 
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A class will be called countable if it contains either only a finite number or a 
denumerable infinity of distinct elements. 

4. Abstract equality, indicated by =, has its usual significance as a re- 
flexive, symmetric, transitive relation, with the postulate (or theorem, as the 
case may be in a given context) that, if K |x, y, where K is any non-null class, 
and if x=y, then either of x, y may replace the other in any relation con- 
cerning x or y or both. The relation ~ of §21 is an instance of =, and is such, 
not by postulation, but by proof. All classes in the sequel are postulated to 
be such that equality is significant for the elements of any given class. The 
sign . >. of implication will be used where convenient. 

5. Capital Greek letters shajl denote operations. K is any non-null class, 
tis an arbitrary constant integer >0. 

A capital Latin superscript O,, C:, P:,0,C, P, B, A, D,---,asin 
connotes a property of ® with respect to some (or all) one-row matrices whose 
elements are in K, and a formula (or compound symbol) of the type ®"-/"K, 
where /,,--- , J, denote properties, is an assertion. The like applies later 
to matrices of any numbers of rows and columns. The assertion ®”°--!*K 
is the simultaneous assertion of (j=1,---,7). we call Ka 
@- void of character I, - - - I,. Formal definitions follow. 

©°:K: asserts that the result (a1, - - - , %,)” of operating with ® on the 
one-row matrix (x1, - - - , x,) is uniquely known whenever K |m, - - - , x, and 
(a1, ---, is given. If =1, by convention* (x)*=*x*=x whenever K 

asserts and K |(x, - - - , x)® whenever K - - - , x, and the 
matrix - - , is given. 

asserts that - - - , is a symmetric function of x1, -- - , % 
whenever and (x1, - - - , is defined. 

°K: asserts for all finite integers ¢>0; 

®°K: asserts ®°'K for all finite integers ¢>0; 

@’K: asserts ®?‘K for all finite integers ¢>0; 

@*K: asserts ®°K and that 


for all integers r>0, whenever %1, - - - , Xr, X41 are in K and (m,---, ,, 
. 
X41)", (a1, are defined. By convention, if then (x)" =x 


whenever K |x. This convention as a separate statement is unnecessary, by 
the previous convention, but is included on account of its importance. 


* The restriction on @ imposed by this convention is only apparent, and is a mere convenience 
of notation. The important case where the convention need not hold is provided for in the discussion 
of functions in §21, for which a diferent notation is used. 
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®4K: asserts ®?K and that 
((x, y)*, 2)® = (x, (y, 2)*)® 


whenever K |x, y, z and (x, y, 2) is given. 
&)?K: asserts V2K and and that 


(x, »)¥, 2)® = ((x, (y, 2)*)* 


whenever K |x, y, z and (x, y, z) is given. 

The compound assertion ®4K and K |x, - - - will be written ®4K |x, - - - , 
and likewise in all similar situations. 

6. Several modifications of the preceding definitions lead to effectively the 
same conclusions. For example, in defining ®7K, it is sufficient to postulate 
&°K, or even ®*K, instead of the much stronger ®°K, as the clause following 
and implies °K when ®°K. The foregoing however are in their most con- 
venient form for our purpose. 

If desirable to describe the processes and properties just defined, the fol- 
lowing will be adopted: O, over or open, signifying that closure C of K under 
® is not postulated; C, closed; P, totally permutable, or totally commutative; 
P 2, commutative; B, binary; A, associative; D, (WV, &)-distributive; a suffix t on a 
property adds the restriction of order t; if ®°K is postulated we say that © is 
on K; if °K, ® is over K. 


If (x1, - - - , x,)” is defined, we call it the &-composite of (x1, - - - , x), and 
say that (x1, - - - , x)” has been derived from (x1, - - - , x,) by &-composition; 
the ®-components of (x1, ---, «,)°, in this order, are x1, , Xp. 


When two operations are connected by a property for whose definition 
both are necessary, as in the definition of D, the class K is called an ovum with 
respect to the two operations in a prescribed order.* 

7. One of the problems with which we shall be concerned can now be 
stated. Given ovoids and ova of prescribed characters, to construct from them 
further operations and classes of values of functions such that with respect to the 
new operations the new classes shall be varieties abstractly identical with those 
occurring in the algebra of numerical functions. The sense in which inversion is 
used in this theory is explained in §23. 

The solution obtained here is extremely general. It includes all known 
algebras of numerical functions, unifies them by demonstrating their abstract 
identity, exhibits them as simple instances of the abstract theory constructed, 
and provides the means for obtaining an indefinite number of further in- 


* I introduced the term ovum in a previous paper, American Mathematical Monthly, vol. 37 
(1930), p. 400. A note in the same volume, p. 484, may be glanced at in connection with the present 
paper. See also §62. 


900 E. T. BELL [October 


stances. A point of particular interest is the formal identity of the abstract 
theory, for functions of any finite number of general variables, with the clas- 
sical algebra of either power series or Dirichlet series of a single numerically 
valued variable or with the like for r variables. The principal question pro- 
pounded in the second paper cited in the footnote is therefore answered in the 
negative, in spite of the very different appearances which particular solutions 
present. Further generalizations wili be indicated as we proceed, by suggest- 
ing weakened hypotheses which lead to similar but more general conclusions. 

Whenever, as in parts of §8, an assertion is an immediate consequence of 
the definitions or of what has preceded, proof will be omitted without com- 
ment. For example, ®°K does not imply but 68K. > .8°K. 

8. If °K is significant, so also are ®'i*K(i=1,---,7), and 
> By this remark the following columns may 
be extended. We collect for easy reference the simplest consequences of the 
definitions in §5 that will be most frequently used, generally without fur- 
ther reference. By we assert or - - - , or and the 
statement that ®/K.>.!''+---+/-K js false is the assertion that all of 
@'K.> .@'iK(i=1, ---,7) are false. 

TRUE FALSE 
OOK, PAtBtC+PK, 
°K. 


> 
> > 

°K. >. 
> > 


$4K.>.6?K, if K contains at 


at least 2 distinct elements. 
°K. >. > 1). 
>. > 1). 
> .@4+PK, if K contains 
@?A.>.8?iK (all 7). at least 4 distinct 
elements. 
We prove ®2?:"3K, > .64"K. It will suffice to prove the A part, as the 
rest follows, precisely as may be proved in a field, from 684":K, > .@?K. 
Let ®K | (x, y, z)*. Then 
y, = ((x, y)®, 
(x, y, = (y, x)® ((y, z)*, x)*; 
> .((y, z)*, x)® = (x, (y, 
Hence 
| (x, y, 2)®. ((x, y)®, 2)® = (x, (y, 2)*)*, 


which completes the proof. 
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A useful property implied by ®4K is the following. If 


then 


If 4K |x, we shall write (x, - - - , x)” =2"® (precisely r x’s in first). Hence 


9. Of the many possible kinds of (YW, ®)-ova, defined by D and specific 
properties of Y, ®, from which we may construct compositions of functions, 
we shall consider only one. If 


(YW, &)?K, and V°4PK, and 


we shall call K a double (¥, &)-ovum, and write (VW, &)°4?2K. By §8 this 
definition contains several redundancies. But as it is in the form most often 
applied, we shall not restate the hypotheses on WV, ® in terms of their weakest 
equivalents. 

If K is a double (W, &)-ovum, and if K |x, y, z, then K contains all of the 
following, which are equal: 


((x, y)¥, 2)®, ((x, 2)®, (y, 2)*)¥, 


and the elements obtained from these by interchanging the symbols within 
( )*, ( )® respectively in all possible ways. 

10. A commutative ring is an instance of a double (VY, &)-ovum, but not 
conversely, as Y is not assumed to have an inverse, and neither V nor ® is 
postulated to have a modulus. For the same reason a double (WV, ®)-ovum is 
not a commutative group with respect to either V or ®, nor is it a VW or ® 
commutative semigroup, since there is no postulate of cancellation. 

The following device is useful in supplying details of proofs in complicated 
situations concerning double ova. By what has just been remarked, if K isa 
double &)-ovum, (VW, &) may be replaced by the (+, of a commutative 
ring, provided that neither the existence of an inverse to V nor that of modu- 
luses with respect to either Y or ® be assumed. 

A similar device, with the obvious greater restrictions necessary, applies 
to ovoids of prescribed characters, say A, P, CP, AP, compared with modules, 
rings, rays, groups and semigroups. By the indicated changes of notation, 
classical proofs can be transferred directly to ovoids and ova, and there is no 
need to reproduce them, after having verified that the above proviso, or the 
necessary equivalent for a particular character, is not violated. 
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11. Applying §10, we readily see the following, which will be required 
later. Let K be a double (VW, &)-ovum, and let K contain all of 


°° * 5 Ds; 


Then the &-composite 


{ (b11, bu)® (bets bms)®}¥, 


{ (ex, Cu)®, (Cn1y Cus)? } ¥ 
is equal to the W-composite of the /m - - - n ®-composites 


12. The distinction between suppressing a postulate and contradicting it 
leads to the consideration of disjunctive varieties. Let R’ denote the negation 
of the property R; for example, A’=non-associative. Let R, Q, - - - be any 
properties significant for @ when ®°K. Then if at least one but not all of 
R’, QO, - +--+ is a negation, and ®”’@:--K, we call K a ®-ovoid of disjunctive 
character R’Q - - - . The extension to more than one operation is obvious and 
need not be formally stated. 

There are at least 32 disjunctive ovoids in the literature of postulate sys- 
tems for groups and fields, and many more exist. These will be referred to in 
§64. For some of the classical postulate systems for a field, the complete sets 
of disjunctive ovoids characterized by the truth tables of the systems exist; 
for others of these systems there is only partial existence. 

From an ovoid with a given disjunctive character, a theory parallel to 
that developed in the sequel can be constructed. According to the specific 
characters, these theories will be either more or less general than that con- 
structed here, which is based on ovoids and double ova; none of the possible 
theories has precisely the same degree of generality as this one. I have worked 
out several, but a complete discussion is beyond any reasonable limits of a 
single paper. 

13. The sense in which a postulate is modified, as stated in §1, is as fol- 
lows. If a postulate is a compound assertion, the compound is to be replaced 
by the simple predications of which it is composed. For example, “addition 
has a unique modulus,” is to be replaced by “addition has a modulus” and 
“the modulus is unique.” When so decomposed, the postulates are then to be 
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contradicted or suppressed in all possible ways. There thus appear to be not 
more than 2'*—1 conceivable varieties, of which all but a possible maximum 
of 1152 are non-existent.* 

Some of the less well known extant varieties, for example an ovoid with 
character A’C, give rise to striking algebras of numerical functions. 

The theory based on ovoids and double ova outlined here is closer than 
any of the others to the algebra of numerical functions in rational arithmetic. 
As it includes all of the known algebras of numerical functions and produces 
an infinity more, it is sufficient for the present. 


II. Q-NUMBERS AND FUNCTIONS 


14. As the 2-numbers now introduced are a new species of number, and 
as they are basic for the sequel, we shall describe their nature in detail. It is 
to be noticed that as first defined in §15, the only property of 2 assumed is 
that its component operations shall be respectively over r arbitrary classes 
according to the general definition of ®°K in §5. If the operations be spe- 
cialized by the imposition of further properties, so that the elements of the 
Q-number are restricted to be in varieties of prescribed characters, for ex- 
ample, if the elements are positive rational integers, we obtain the numbers 
necessary for composition over varieties having determinate characters. Thus 
the procedure to be followed in constructing any of the possible theories men- 
tioned in §§7, 12, 13 will be evident from the present ones, which have the 
common character A. The numbers defined in §15 are generalized in §§50, 
52, 53, 58. 

15. An Q-number Z of order r, degree h, and index (r, h) is a matrix of r 
rows and / columns, whose rh elements belong to any r countable classes 
K,, ---,K,, of the following kind: the / elements in the jth row of Z be- 
long to K;, and it is postulated that there exist r operations Q; such that 
0°K(j=1,---,7). 

The Q from which the numbers take their name is the one-column matrix 


interpreted as an operation over the class J of Q-numbers of order r. The 
result Z® of operating with Q on Z is defined to be the one-column matrix of 
r rows in which the element in the jth row is the 2;-composite (§6) of the 


* For these calculations I am indebted to Mr. C. R. Worth, whose investigation, when complete, 
will exhibit the totality of varieties that exist. See also §64. 
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elements in the jth row of Z(j=1, - - - , r). Thus, if Z is defined by the first of 
the following matrices, the second defines Z”: 


Zin) 


(2,1, Zrh)% 


If, as above, J denotes the class of all Q-numbers, and if Q is a character 
such that 0°K(j=1, -++ yr), then 22/, 

Since Q-numbers of index (7, #) are matrices of r rows and h columns, 
equal and distinct Q-numbers of index (7, h) are automatically defined, and 
similarly for the Q2-decompositions introduced in a moment. 

If each of 2;(j=1,---,7) has the character QR - - - S, so that 


SK; =1,---,7), 


we say that 2 has the character OR - - - S, with respect to (Ki, - - - , K,) if 
necessary. The only character of 2 so far is O. 
With the notation as above for Z, Z”, let 2 now have the character C (§5). 


Then Z” is an Q-number, say 


If, conversely, 2 has the character C, and if an Q-number X of index (r, 1) 
be given, say 
| 


X= 2,°K;| x; 


| 


and if further there exists an 2-number X q) of index (r, /), 


such that X a)" =X, we call X) an Q-decomposition of index (r, h) of X. 
The class of all distinct 2-decompositions of index (r, /) of X is called the 
total Q-decom position of index (r, h) of X. Since the order r will be fixed in a 
given context unless otherwise noted ($59), we may refer only to the degree h, 
and speak of total Q-decompositions of degree h. These definitions have con- 


| 
| 
Zo = | K;| 2; 1,---,#). 
| 
xX, 
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tent if and only if 2 has the character C. The possible generalization where C 
is not postulated for Q is not considered in this paper; it presents no difficulty. 
Since A. > .C, the definitions are significant if 2 has the character A. 

16. We shall assume henceforth the following 


PostuLaTE. The total 2-decomposition of index (r, #) of an Q-number of 
index (r, 1) contains only a finite number of elements (distinct 2-decomposi- 
tions of index (r, /)). 


It is on account of this postulate that the present theory is said to be 
arithmetical. The reasons for our assumption will appear as we proceed. In 
composition of functions over classes, 2-decompositions of degree / play a 
part abstractly identical with that of the resolution in all distinct ways (order 
relevant) of a positive integer into a product of / positive integers. For this 
isomorphism to have a meaning, the postulate is necessary.* 

17. Returning to §15, we define (Ki, - - - , K,)=(K"), r superscript, to be 
the class of all one-row matrices (z:, - - - , 2,) generated as z; ranges over all 
elements of K,(i=1,---,7). If z/ is a particular element of K;, and 2; a 
variable element of K;(i=1,---,7), we call (2/,---,2/) a value of the 
matric variable (21, - - + , 2-) of order r over (K*). Thus (K’) is the class of all 
values of the matric variable (z:, - - - , 2,). 

When, as in §15, 2,°K,(i=1, - - - , 7), we shall write} Similarly, 
if O&K (i=1,---,7), we write (Q°K"), and, if necessary to emphasize the 
character Q, we shall refer to 2°-numbers and Q°-decom positions. 

If for the moment Z denotes the class of all matric variables of order r, 
and Q is any character, then 


> 


18. The notation being as in §15, we write for the moment 


The one-row matrix (X/,---,X), whose /# elements are the one-row 
matrices X/,---, X% in this order, namely the transposes of the columns 
of X ,) in their order from left to right, is called the transfer of the Q-number 
X x) of index (r, 2). If h=1, transfer and transpose coincide; if h>1, there is 
no correspondent of the transfer in the classical algebra of matrices. 


* If the postulate is not assumed, the corresponding theory applies to the field of all algebraic 
numbers, among others, but appears to be of only artificial interest. 

+ By §5, it would be meaningless to write 2°(K"), as 2 has not been defined as an operation 
over elements of (K*), but as an operation on Q-numbers. An operation ©’ is defined in §41 such 
that 2’0(K"). When and only when r=1, 2’°(K") and (@°K") have the same content. 
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The transfer of the X, in §15 is the matric variable (x1, - - - , x,). 

The relation of transference is reciprocal in the sense of the following defi- 
nition. We say that, conversely, X,s) asin $15 is the éransfer of (Xi, ---,X/). 
Hence X as in §15 is the transfer of (x1, - - - , %,). 

19. The following definitions are fundamental in the theory of composi- 
tion. In the notation of §18, (X/, - - - , Xi) is called an Q-decomposition of 
index (r, h) of the matric variable (x1, - - - , Xr). 

The total Q-decom position of index (r, h) of the matric variable (x1, - - - , X-) 
is the class whose elements are the transfers of the elements in the total 
Q-decomposition of index (r, of the transfer of (1, - - - , 

20. The conjoint* ||X, - - - , Z|| of any number of Q-numbers X, - - - , Z 
of the same degree r, 


in the order X, - - - , Z, is the Q-number W, where 


°° * Xray’ * * * Sre 


If X’,---,2Z’, W’ are the transfers of X, - - - , Z, W above, the conjoint 
(X’,---,Z’) of X’,---, 2’, in this order, is W’. 

From the last of §8 it follows that if (4K), and W=||X, - - - , Z||, where 
X,---,2Z are 24-numbers, then 


W2= x, -++,Z\|\9 = || xe, .-- , 


and W® is of degree 1. If (Q4K*) be weakened to (2?K*), or modified to 
(24’2K), A’ as in §12, the above equality can not be asserted. 

The following obvious remarks are frequently useful. They will be applied 
where necessary without further reference. If (Q°K"), and if Z:,- -- , Z, are 
the 2-numbers of degree 1 formed from the columns of the 2-number Z of de- 
gree / in the order in which they occur from left to right, Z=||Z,, - - - , Zi\l. 
Conversely, if Z is of degree 4, and this equality is given, Z; is the Q-number 
of degree 1 formed from the ith column of Z(i=1,---,h). Again, if 
X,---+,Z are any Q@-numbers, where Q is either of P, AP2, then 
|X, - - - , Z||* isa symmetric function of X, - - - , Z. 


* The first instances of conjunction were given in earlier papers, these Transactions, vol. 22 
(1921), p. 1. 
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21. Composition as required for the purpose outlined in §7 is concerned 
with functions of matric variables. We next define such functions and the 
relation of equivalence for certain classes of their values. 

If whenever the mark é and a value (z/, - - - , z/ ) of the matric variable 
(21, -- - , 3) over (K*), as defined in §17, are assigned, there is a unique de- 
termination £(z/, - - - , of the mark £(2), - - - , z,), we call E(2/, - - - , 2/) 
a value of the &-function £(z:, - - - , 2,) of the argument (21, - - - , 2,), or briefly, 
we say that £(z:, - - - , 2,) is a function of (21, - - - , 2,). 

Three classes, F(K*), F,(K*), F, will be required. 

F (Kr) =the class of all functions of the argument (2:, - - - , ,). 

F,(K*) =the class of all values of all the functions in F(K") generated as 
- , Z-) ranges over all its values. 

=the class of all values of £(z:, - - - , 2,) in F,(K’). 

F,=the class of all such classes £. 

The notation F(K*), F,(K*), F, is henceforth fixed. 

If F, ¢, we say that &, ¢ are equivalent, if and only if £(z1, - - - , 
=((z1,---, 2-) for all values of (21, - - - , 2,). It is obvious that equivalence 
is an instance of abstract equality as defined in §4. Hence we may replace 
&~¢ by the usual notation §={, bearing in mind, however, that §=¢ is not 
equality of classes in the sense of mathematical logic. Equivalence implies 
equality as in mathematical logic, but not conversely. 


22. Given now that an operation A is over F(K’), we shall define A°F,. Let 
A°F (K*) | £(21, Zr) (i 1, 5), 


As (21, - - - , 2-) ranges over all its values, the left of the preceding equation 
generates £, and the right generates the class of all values of the A-composite 
of this class will be denoted by 
- - - , Evidently we have 


and therefore by §21, 


From the second of these we may assert A°F, where A as an operation over 
elements of F, has the meaning just defined for the first. This defines the 
A-composite (£1, - - - , &)4. 

23. The nature of the first stage of the theory of composition and inver- 
sion for functions of 2-numbers can now be briefly indicated. The theory is 
extended in §50. 
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Given that there exist certain operations under which the class F,(K’), 
as in §21, is a variety of a prescribed character (§§5, 12, 13), and given the 
like for F(K") (§21), we are to construct from some or all of these data opera- 
tions under which F, is a variety (§$$1, 21). 

Suppose that in this way we reach 0°F,, where Q is a given character. 
The problem of inversion then is as follows. Given that 90°F, |a, 8, we are to 
construct such that @2F, and either (a, £)° =8 or a)° 

In constructing © we shall need certain simple properties of total Q-de- 
compositions. Here we make a remark which need not be repeated, and which 
obviates a possible duplication of proofs in precisely similar situations. Theo- 
rems concerning total Q-decompositions of the matric variable (21, - - - , 2,) 
over (K*) can be written down at once by transference from the corresponding 
theorems for 2-numbers; see §§$18, 19. Again, by transference, any definition 
relating to 2-numbers has a unique correspondent for matric variables, and 
conversely. Hence the theory may be developed with respect either to 2-num- 
bers or matric variables. The latter is the final form desired, as it is in con- 
sonance with properties of functions of r independent variables as usually 
presented and particularly as customarily written. But when stated in terms 
of 2-numbers, the definitions and theorems may be apprehended at a glance, 
while the transfers are frequently less obvious in appearance. Accordingly we 
shall state the first forms of all definitions and theorems in terms of 2-num- 
bers, and later omit such preliminary statements. 

24. Let (04K") ($17). If the Q4-number Z of degree 1 has 24-decomposi- 
tions of degree h >1, the total 24-decomposition of degree h+s—1, s>0, of 
Z, if it exists, may be obtained as follows. Let ($20) 


be all those 24-decompositions of degree # of Z which are such that the 
0Q4-numbers Z,; of degree 1 have 24-decompositions of degree s. Let the total 
0Q4-decomposition of degree s of Z;; be 


Then, the total 24-decomposition of degree h+s—1 of Z, if it exists, is 


» Zrienil i * 9 i=1,---, p). 


For, the 24-numbers just written are all distinct, by the definition of a 
total decomposition in §15. The set is exhaustive; otherwise, there would ex- 
ist an 7 such that 
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ye=W, Z=||X, 
which is a contradiction, since the decompositions of degree h are total. 
If (Q4K") be weakened to (22K"), the weaker hypothesis is insufficient for 
the above conclusion. 
25. If the Q4-number Z has Q4-decompositions of degree 4>1, it has 
04-decompositions of degree ¢, 0<i<h. This follows from §$§8, 20. 
26. As in $§24, 25, we may prove the following. Let 
Zni (¢=1,---, p) 
be the total 24-decomposition of degree 4 of the 24-number Z of degree 1, 
and let the total 24-decomposition of degree ; of Z;;, if it exists, be 


Then, if it exists, the total 24-decomposition of degree - - - +, of Z is 


27. In this and the following sections we introduce certain simple tactical 
considerations indispensable for proofs later. Let (Q4?2K"), and refer to §8. 

Let ||A1, - - - , A.|| be any element of the total 24?2-decomposition S of 
degree s of the 24?:-number Z of degree 1. Then, if precisely s; of A1,---,As 
are each equal to A/(j=1,---,¢), we have si+---+s,=s, and 
- - - , A,|| contributes to S precisely s!/(si! - - - s,!) elements, obtained 
by permuting A:, - - - , A, in all possible ways. 

If in what precedes (24??K") be replaced by either of the weaker hypo- 
theses (24K), (Q?2K"), the conclusion does not follow. 

28. Ifnow S contains further elements, let ||B,, - - - , B,|| be one such, and 
proceed in the same way with this to obtain its total contribution to S. Con- 
tinue this process till S is exhausted (§16), and write all the decompositions 
under one another, omitting the || || from ||A1, - - - , A.{|, and similarly for 
the others. In this way we obtain the first of the following arrays or matrices, 


(&, Aj), (é., A,) 


«ase 


in which the first row of stars indicates all the distinct permutations of 


1931] 

909 


910 E. T. BELL [October 


A,,---,A,, except this one, and similarly for the second row of stars and 
B,, ---,B,, and so on. The second array is formed from the first by re- 
placing any element H; of the first by (&;, H;), where £1, - - - , & are arbitrary 
marks. From the construction and the meanings of total decomposition and 
(24?2Kr), we have the conclusion next stated. 

29. If two columns of the first array in (28) be interchanged, the effect 
upon the array is at most a permutation of entire rows. 

In the second array (28) permute (é:,--- , &) or, what is equivalent, 
perform the same given substitution upon the suffixes1,---,soff,---,& 
in every row of the array. Then, since every permutation of A, - - - , As, of 
B,,---,B,,- ++ occurs in the first array (28), and since no permutation of 
A,,:--+,A,isa permutation of Bi,---,B,,---, and similarly for all, we 
have the second conclusion, stated next. 

30. The effect of a permutation of &, - - - , &, in the second array (28) is 
equivalent to at most a permutation of entire columns of the array followed 
by a permutation of entire rows. 

From this we have the third conclusion, which is the particular one re- 
quired in composition of functions over classes. 

31. Let (24??K"), and let the total 24?2-decomposition of degree s of Z be 
|Z1i, - ++, Zedl](G=1, Leto(y, - - - , y.) be any symmetric function 
of the marks y,, - - - , y,. Then a permutation of &,, - - - , &,at most permutes 
the / functions 


o((E:, Zii); (és, Z.:)) 


among themselves. 

32. In none of what follows is it necessary to postulate that if 
(24K*) |(z:, - - , then the matric variable (z:, - - - , z-) has @4-decom- 
positions of all finite degrees. To take care of the case where decompositions 
of all finite degrees exist (which, incidentally, is that of all extant theories of 
numerical functions, except that of Carlitz for finite fields*), we shall state 
sufficient definitions and conditions for this to be so. 

33. An Q-number U which is such that || X, U||® =X for all Q-numbers X, 
is called an Q-right modulus of (K*), and (K’) is said to be Q-right modular 
when U exists. Similarly for left, instead of right, from ||U, X||°=X. If 
|X, U||°=||U, X||°=X for all O-numbers X, is said to be Q-modular, 
and we write (Q”K°). If the modulus U is unique, we write (Q”1K°"). 

If (24?2K") and (K°) is either right or left modular, then (24?:"K°), 

If (24K"), and if the 24-number X has 04-decompositions of all finite 


* L. Carlitz, American Journal of Mathematics, 1931. 
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degrees, X is said to be 24-normal. If all Q4-numbers over (K*) are 24-normal, 
(K*) is said to be 24-normal, and we write (24"K°). 

Sufficient conditions that (Q4%Kr) are that (Q4K*) and (K’) have an 
Q-right modulus of degree 1. This condition is not necessary. 

Apply the remarks in §23 to what precedes. 


III. CoMPosITION OF FUNCTIONS 


34. We now construct an operation @ as described in §23. Precisely: from 
the hypotheses 


SF,(K"), 
in which ®, W are arbitrary beyond the properties O, P with respect to F,(K’) 
as indicated, we shall produce an interpretation of the matrix (W, ®) as an 
operation © such that @°F,. For the notation, we refer to §§5, 15, 17, 21, 33, 
and for equivalent statements of the hypotheses to the general results in §8. 
The whole of §§34—49 is generalized in §§50-59. 
Let K, |z,(s=1, - - - , r), and let the total 24?:-decomposition of degree h 
(and necessarily of order 1) of z, be 
Zeni,) (is = 1, 


Write 


Then the total 24?:-decomposition of degree h of Z is 


Ziliyy 212%) °° * 


and the total 24?:-decomposition of the matric variable (z:, - - - , 2) is 


with the same ranges of 7:, - - - , 7,. Let 
Form the p ®-composites, as permitted by the second hypothesis, 


= |— 
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The third hypothesis implies that if we now form the ¥-composite of these 
p &-composites, the result is independent of the order in which the p ®-com- 
posites are W-composed. Hence this ¥-composite is uniquely known as an 
element of F,(K") when 0 =(¥, and the matrix 


are assigned, ®, W being as in the second and third hypotheses. Hence we have 
the situation of §22 with A there replaced by 0, and we may assert Q°F,. 


If F,\fi, -- - , fn, we call (fi, - - , fx)”, as just constructed, in accordance 
with the general definitions in $$6, 22, the O-composite of (fi, - -- , fn), with 
respect to (Q4"2\K*), if necessary to specify the classes Ki, - - - , K, and the 


properties AP2N of the 2-numbers constructed from these classes. 

We have not used all the implications of the hypothesis (24?2"K") in the 
construction of ©. The full restrictions on Q are stated from the beginning, as 
they are required for the derivation of properties of © when ®, V are postu- 
lated to have further properties. The restriction N is later removed; the 
postulation of N as above ensures the existence of 0-composites of all finite 
degrees h. 

35. To prove theorems on ©-composition we refer to the definition of 
equality (equivalence) in F,, stated in $21, and proceed as next outlined. 

Equality being the only relation which has been defined for elements of 
F,, any theorem concerning ©-composition must be of the type 


OF, | fi, Shy 81; ° >.(fi, tn)? = (gi, °° 


which is trivially true if the matrices (fi, - - - , fn), (g1, ge) are equal. 
Suppose then that these matrices are unequal. Form the two sets of ®-com- 


posites 


(i, = 1,-++, 
(gi(wiri,, Wrii,)s Wiki, Wrkj,))® 


(Gj. = 1,---, =1,-°-, 7); 


the arguments of f;, - - - , f, being given as in $34 from the total 24?:-decom- 
position of degree / of (21, - - - , 2,), and those of gi, - - - , g, from the total 
04?:-decomposition of degree k of (z:,---,2,). Under the hypothesis 
W?’F,(K*), which will be assumed in the theorems considered, the respective 
W-composites of these sets of &-composites are significant and the order of 
W-compositions is immaterial. They are uniquely known when 0 and the 
matrices 
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are given. If the Y-composites are equal for all values of (z:, - - - , 2,), the 
equality of (f:,---, fr)’, +, gx)” is proved. The only question re- 
quiring attention is the extent to which postulated properties of ®, V carry 
over to 0. 

Detailed manipulative proofs usually involve complicated multiple suf- 
fixes. To avoid such unnecessary complications, we developed the prelimina- 
ries in detail, so that the properties of @-composition for ®, YW with assigned 
properties are immediate consequences of the definitions and §§27-31. If 
proofs by manipulation are desired, in order to see more clearly the content 
of the theorems, they may be written out in full by the device of §10. 

36. If the hypotheses in §34 be replaced by 


PF (K*), 


then 0?F,,. 
This follows from §31 applied to the construction of 9 in §34. 
37. If the hypotheses in §34 be replaced by 


Kr), &°PF,(K*), W°?F,(K"), 


then 0°?F,,. 
38. If the hypotheses in §34 be replaced by 


(Q4P:NKr), &°F,(K*), 


then O°F,. 
39. We wish now to impose sufficient properties upon ®, V in §34 to en- 
sure A for 0. It is interesting to observe that D as postulated next is neces- 
sary. See §9 for the notation. 
If the hypotheses in §34 be replaced by 


Kr), 


then 0°4?F,, 
By §§8, 9, the second hypothesis may be replaced by 


(Y, &)°F,(K"), and W°PF,(K*), and &°?F,(K"), 


or by 
(W, &)?F,(K"), and and 


the conclusion also is equivalent to either of 


The theorem follows from §§37, 11, but a proof by manipulation will bring 


} 
4 
5 
% 
| 
ft 
4 
+s 
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out more clearly the nature of the conclusion. By §37 it is sufficient to prove 
04F. Let 
OF, | Ep, = +, 

(Ep1, f= (f,---, £1)®, 
where # is an arbitrary constant integer >0. Although it is sufficient to take 
h=3, we shall not impose this restriction. The desired conclusion of the type 
in §8 is here 

= ((fu,---, £1n,)®, Gay Enn,)®)® 

= Eim,y*** fan, )®. 

Refer to §26, and indicate the transfers of Q-numbers of degree 1 by 
accents; thus Z,/ is the transfer of Z,;, etc., Z’=(z:, - - - , z,) is the transfer 
of the Z in §26. We have 

= &)®, 
and therefore, by §§26, 34, 


Similarly, £,(Z,/) is the Y-composite of the ¢, &-composites 


On making the indicated substitutions and applying the general theorem of 
§11 to our present hypotheses, we see that £(Z’) is the Y-composite of the 
Stile - - - ®-composites 


But this is precisely the form of £(Z’) that would have been obtained had we 
proceeded directly from 


calculated for the same argument Z’. This completes the proof. 

40. The chain of theorems in §§34—39 is completed by the production of a 
double (VW, &)-ovum (§9). Later ($$60-63) we shall extend the chain, by 
postulating appropriate moduluses and inverses, to include rings of composi- 
tion. The following theorem can easily be generalized by weakening the 
hypotheses, but in the form stated it is closest to extant algebras of numerical 
functions and includes them. For the notation F(K’), see §21. 

If the hypotheses in §34 be replaced by 


then 0)°4?F,,. 
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With what has already been proved it is sufficient to show that 
OF,| 0. > @)*)® = ((E, 8°, 8)®)*, 


under the stated hypotheses. 

Let |z, x:, yi(i=1, - - - , s), and let the total 24?:-decomposition of 
degree 2 of the matric variable z of order r be (xi, y:)(¢=1, - - - , s). The new 
detail in the proof enters from the third hypothesis. Attending to the defini- 
tion of F(K’), we have (&(z), (&(z), 0(z))”)° =the Y-composite of the s 
@-composites 


by §34. But this Y-composite is equal to the ¥-composite of the two Y-com- 
posites 


{ (E(x1), (E(x), o(ys))®}¥, 
{ (E(x), 6(y1))*, (E(x), A(y.))®}¥, 


by the second hypothesis. Hence, since (w”)” =w, the foregoing Y-composite 
is the Y-composite of the 2s -composites 


(E(x), (Eas), 
With a similar reduction of 
((E(z), $(2))®, (E(z), O(2))®)*, 


the proof is completed. 
41. An immediate extension of §§34-40 to the more general situation in 
which the first hypothesis of §34 is replaced by either of 


(24":Kr) (Q4?:N’ Kr) 


is now evident. An integer 4 >0 exists such that there exist 2-numbers having 
Q-decompositions of degree h (we may take h=1 if necessary). For a particu- 
lar h let S;, denote the set of all 24?:-numbers having 24?:-decompositions of 
degree 4. Replace N in hypothesis 1 by NV, and K* by S;, where NV; indicates 
that elements of S, have 0243:-decompositions of degree h. By the general 
property of A in §8, if S,|Z, then Z has 24?:-decompositions of degree t, 
0 <tsh (§25). Replace F,(K*) wherever it occurs in the hypotheses by F;(S;), 
the class of all values of all functions whose arguments range over S;,; replace 
F(K’) by F(S;), the class of all functions of Z’, where Z’ is the transfer of the 
general element of S. Replace F, by F; , defined for F(S;) precisely as F, was 
for F(K"). Replace P wherever it occurs by P,, and A, P: by Ax, P; which are 
defined as associativity and commutativity for every ¢ elements (0<i<h). 
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Finally replace 0 by ©,, which is 9-composition defined only for classes of 
functions whose arguments are in Sh). 

What precedes disposes incidentally of the case where at least one of 
04?:K ,(i=1, - - - , r) has elements having no 2;4?2-decomposition of degree 
>h;, while K; for some z contains elements having 2;4??-decompositions of 
degree h;. If 2;4??K;(i=j1, - - - , 7p) are all such, and if h is the least integer 
such that h&=h,(u=1, - - - , p), Qx-composition as above replaces 9-com- 
position. 

42. The object of §§42-48 is to reduce §§34—41 to abstract identity with 
an algebra of numerically valued functions of a single positive integral vari- 
able, and to prepare for a complete solution in §§60—63 of the problem of in- 
version (§23). The algebra in question is isomorphic with that of the ring 
properties of either ordinary Dirichlet series of one variable or ordinary power 
series of one variable, up to the proviso noted in §10. As indicated in §40, the 
proviso will be removed later. Let 


Then, as in §17, (Q°K"), and by the convention in §5, 
2% = 2; 23% 
(Q°K") | (21, -- Br), Bre) (i 
| 21 


We now define 2’=(Q:, - - - , 2,) as an operation such that ’ is on (K’), 
namely 2’¢(K’"), as follows. By definition we put 


((211, Zr1); (Zin, Zrh) = ((211, Zin), (Zr1, » Srn)%) 


the right of which is known. Hence the left is defined and therefore also 
2’, 2’°(K). We have now 
((211, Zr1), (Zin, Zrn))®’ (21, Zr), 
(z1, 2,)2” = (2%, 2,2r) = (z1, Zr) 
Hence (2°K"). > .2’°(K"), and obviously > (Q=P, A, 
AP.). 
For simplicity in printing we shall denote matric variables and their values 
over (K*) by small accented Latin letters, with or without suffixes. Thus, if 
K;|z(i=1, - - - , r), we write 2’=(z:, - - - , 


1,---,7r). 
1,---, h); 
1,---,h), 
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Let the total 2°-decomposition of degree h of z’ (§19) be (2:17, - - - , za/) 
(i=1,---, 2), so that 


, Io! ’ 
= 2/0’ = (21;,-- , Zni)® 


Then if 2’ is fixed, the com lete solution (x gt Re xi ) of 
? p 


is a/)(¢=1, - - - , 2). As definitions of the expres- 
sions on the right of the following we now put 


so that z’=x/ ---x/ and =(x/,--- , are equivalent statements, 
and call «/ ---x/ the Q’-product of x{,---, x in this order. Neither A 
nor P is yet postulated for 2’. 

If (24"2Kr), then ’4?2(Kr), and the Q’-multiplication just defined for 
x{ ---a is both A and 

43. Scalar multiplication of Q’4-products over F(K"), F,(K") of §21 is de- 
fined to have all the formal properties of scalar multiplication in a linear asso- 
ciative algebra. For example, if F,(K’)|p, the scalar products px{ - - - xi, 
x{ -++ 2p are equal. Addition of scalar products, indicated by +, is com- 
mutative and associative, precisely as in a ring, with the omission of the 
postulate concerning a modulus and an inverse. Thus the swum of the scalar 
products px{ ---xi,qyi --- yf is p'xi yt; pul 
+qui---x =(ptq)xi of. 

Scalar processes have as yet merely a formal or abstract significance. The 
next sections, on scalar functions, relate scalar processes to F, and 0. 

44. It will be sufficient to develop what follows under the hypotheses of 
§40, as the discussion under weaker hypotheses is precisely similar with the 
obvious modifications necessary on the I’-processes next introduced. These 
modifications may be inclusively formulated: if Y has the character Q, then 
generators (as defined presently) can be combined only so as to preserve the 
character Q for addition; if ® has the character R, generators can be combined 
only so as to preserve the character R for multiplication. 

Let z’ be an arbitrary element (matric variable of order r) of (K*). The 
generator f;* of f;, where F,|f;, is defined by the following scalar sum of scalar 
products: 


= alo’ = fle + +--+, 


where the scalar summation }> refers to all / such that (K’) |z/. By §16, the 
z/ are countable, as implied in the above. 


is 
| 
$ 
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The generators f", g" are said to be equal, f° =g", when and only when 
f=g as in §21. Equality of generators is an instance of abstract equality in 
§4. If f" =g", the coefficients of z,/*(m=1, - - -) in the two generators are 
equal, and conversely. 

The class of all generators f* as f ranges over all elements of F, is denoted 
by F/. 

45. Under the hypotheses of §40 we next define ['-composition so that 
T¢F;/, and show how (fi, - - - , fx)" may be calculated precisely as is the 
general coefficient in the forma] multiplication of # Dirichlet series in one 
variable. 

Let as in §34. The I-composite (fi,---,fr) of 
(f:, , fn) is defined to be the generator f". Hence 


(fi, » Sn)? =ff= . 
Under the stated hypotheses we have also ['4?2:F/. Further, if =’ denotes 
scalar addition in F’, defined by 
= 


then 
46. For the moment only, let the z’ denote integers >0 and ©’ a real or 
complex variable. Let [], > be as in ordinary analysis. Then 


= 


j=l 
where the f; are any numerical functions, the summations refer to all z’, and 
f(z’) is defined by 


(46) = + + 
the sum extending to all matrices (x1/, - - - , of integers xuf,--- , 
each >0 such that z’= x,/ - - - x,/. The statement that (46) holds for all in- 
tegers z’>0 is written f=/f, - - - f,, and the indicated (symbolic) multiplica- 
tion in f; - - - f, is associative, commutative and distributive over addition, 
f+g, where f+g is defined by the assertion that k =f+g and k(z’) =f(z’) +¢(z’) 
for all integers z’>0 are identical statements. For references, see §56, foot- 
note. 

47. Returning to 2-numbers, we have now as the equivalent of §46 the 
following abstractly identical situation. Write 


IL? = = Dyer, 


j=1 


h 
h h 
h 
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where the inner >> in the last has the following interpretation, which auto- 
matically interprets the []’s. For each solution (z;/, - - - , zs/) as in §42 of 
z’=x{ ---« as there, we form the 6-composite (f;(z:;), - - - , fa(zas))® and 
denote the composite by f1(z1:) - - - fa(za:). The Y-composite 


where ¢ is as in §42, is now formed and is denoted by )>;-; fi(z:/) - - - fa(za/). 
With these interpretations of multiplication (®-composition) and addition 
(¥-composition), indicated by the notations customary in a ring or a field, 
we have 


Hence, up to the proviso noted in §10, there is abstract identity between 
T-composition of generators and formal multiplication and addition of 
Dirichlet series of one variable. 

48. It follows that theorems concerning ©-composition are equivalent to 
identities obtained by equating coefficients of z’” in identities between gen- 
erators combined according to I'-composition (§45). The processes of I'-com- 
position can be carried out formally by operating on Dirichlet series as in §46 
by addition and multiplication, the final results being reinterpreted in terms 
of @-composition for classes of functions of Q-numbers, as in §47. 

49. In this section we establish a second isomorphism between 9-com- 
position and the processes of Dirichlet series. It will be shown now that 
@-processes are abstractly identical with those originating in identities ob- 
tained by addition and multiplication from Dirichlet series in r independent 
variables. After the detailed discussion for the case of Dirichlet series in 1 
variable, it will be sufficient to present an outline. 

For the moment only Jet 2,, - - - , 2, denote independent real or complex 
variables and consider the following product of h r-fold Dirichlet series, 


h 


where the >> refers to all values of z:;, - - - , ,; ranging independently over 
all integers >0. On reducing this to the form 


fr= fa, tine Zr) 24% ae 
where the left is to be read I’,-generator of f, we have 


t 
a 
| 
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where the >> refers to all matrices 
Zehi,) 


of integers >0 such that z,=2,1;, - - - Zsi,. Compare this with the matrix of 
r rows and hk columns in §34. 

By an obvious reinterpretation of the notation, as in passing from §46 to 
§47, we see that the processes of I',-composition of I’, generators, whose for- 
mal definition is obvious from what precedes, can be carried out formally by 
operating on Dirichlet series of r independent variables by addition and mul- 
tiplication, the final results being translated at once into terms of @-composi- 
tion for classes of functions of Q-numbers. Further, I’, may replace I in all 
conclusions of §§42-48. 

The modifications necessary if the hypotheses of §40 are weakened as in 
§41 are obvious. The abstract identity with power series follows as in Euler 
algebra (see §56) by a reinterpretation of the notation. 

50. Returning to $15, we take advantage of the generality of the defini- 
tion of Q-numbers to obtain an indefinite number of generalizations, or itera- 
tions, of the theory in §§34-49. In §15 replace Q by ;, where is a prefix to 
distinguish different species of numbers in the sense of §15. The class of all 
;2-numbers of given order s; will be denoted by ;K, and we shall write 
("K)=(:K,---,,K). If, for example, 


Gj =1,---, 5), 


we have merely repeated the definitions in §15 with r, Q;, K; there replaced 
by Si, iQ;, iK; here. 

We now postulate ,Q°;K(i=1, - - - , r). This postulate is satisfied, for ex- 
ample, by conjunction as previously defined. We then define 2 by 


12 


2 


Beginning with §15, we now replace 2 by Q, K; by ;K, Q; by 
jQ(j=1, - - - , r), and by (*K), up to and including §49. In §21 we may 
change the notation F, to ,F wherever F, occurs, and to avoid a possible con- 
fusion, transpose all suffixes of elements to prefixes. 


[October 
(s = 1, r) 
- 294K; 
iQs, 
- |. 
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The process just described may be repeated indefinitely. Thus, having 
just defined Q-numbers, we may replace ;2 by , ;K by ;K, where the last is 
the class of all ;Q-numbers, and proceed in the same way to define 2-numbers 
where, for example, 


i2 


Thus we see that the theory of composition up to §49 is indefinitely iter- 
able, and that a given iteration includes all those that precede it, but is not 
included in any of its predecessors. 

51. Each of these iterates in §50 is abstractly identical with the algebra of 
Dirichlet series in one or in r variables, and hence also with the like for power 
series. 

Conversely, it will be seen in §58, footnote, that the algebras of Dirichlet 
series and of power series, and the algebras of numerical functions constructed 
from them, are instances of the algebra of O-composition up to §49. 

52. There is another generalization, to functions of #(¢>1) independent 
matric variables over any ¢ classes. We shall merely indicate this, as the de- 
tailed development is isomorphic to what precedes and can be obtained by 
simple changes of notation, or by a reinterpretation of the notation as it is. 

In §50 let s;=r(i=1, - - - , é), and interpret the conjoint , 


a= || 12, 
as an operator on generalized Q-numbers Z', where 
Zt =||:Z,---, Zl, 
and ,Z is an ;Q-number of index (r, /;), by the equation of definition, 
Ziat = ||,Z0,... , 


The restatement of the abstract content of §§15-52 in terms of 0t-num- 
bers is obvious and will be omitted. 

53. Finally, there is the formal generalization of all that precedes to num- 
bers of infinite order. In §52, ¢ need not be finite. It is assumed in the infinite 
case that the processes are significant. If the classes concerned are modular 
with respect to the operations, decompositions of infinite degree can also be 
considered. For instance, see §58, footnote. 

54. The 0-compositions in what precedes are said to be outer composi- 
tions, to distinguish them from inner compositions. In outer composition no 
law of unique decomposition is postulated, while in inner composition such a 


Ad 
Q 
= 
‘ 
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law, or the abstract equivalent of the fundamental theorem of arithmetic, 
enters at some stage. 

55. The general theory of composition under the stated hypotheses on 
Q, (K’), F,(K"), F(K") is contained in what precedes. Instances of the theory 
are constructed in accordance with §1 by imposing further postulates on one 
or more of the following sets: V, &, 0; Q, (K*); F(K"), F,(K"), F,. For ex- 
ample, in the third set of possibilities, only the functions in a given subclass 
of F(K") may be 9-composed, the subclass being such that it is closed under 
@-composition; in the second set, only a subclass of all 2-numbers need be 
considered; in the first set, moduluses and inverses for V or ® both may be 
postulated. Finally, examples of any instances so constructed are exhibited by 
specifying the classes (K"), F,(K*). Thus (K*) may be the class of all one-row 
matrices of r integers >0, and F,(K’) the class of all functions of r independ- 
ent variables which are uniform and finite for finite integer values >0 of the 
r variables. As the possibilities are obviously unlimited, we shall outline the 
development only of that one which includes all types of inner composition, 
of which there are several instances in the literature. 

56. For simplicity we shall state the requisite definitions and postulates 
in forms which are unnecessarily strong. We shall postulate the hypotheses 
of §39, and we shall use the accent notation of §42 for Q’, 2’, - - - with the 
meanings there explained. By transference (§§18, 19), the first hypothesis is 
now 0’4?2"(Kr), We postulate further that (K’) is Q’-modular (§33), with the 
unique modulus uw’. We postulate also that if f, g are any elements of F,, then 
f(u’) =g(u’) and f(u’) (hence also g(u’), - - -) is the unique &-modulus for 
F,(K’). 

With respect to (K*) we now postulate the following: (K*) contains the 
subclasses P(K*); I(K*)|P(K"); and I(K*), P(K') are the maximal 
classes such that no element of P(K’) is the 2’-composite of two elements of 
P(K’), while each element other than wu’ of I(K*) not in P(K’) is, apart from 
permutations of the components, the 2’-composite of elements of P(K’) in 
precisely one way. We have therefore postulated outright the law of unique 
Q’-decomposition of elements of J(K*). An element of is called an 
Q’-integer, an element of P(K") an Q’-prime. Two Q’-integers, neither x’, 
having #’ as their unique common Q’-component, are said to be Q’-coprime. 

If in the Q’-decomposition z’=xj ---x; of the Q’-integer z’ into 
Q’-primes -.- , (see §42), xf = --- =x, we write 2’=x/*. Hence, 
as in rational arithmetic, any ’-integer w’ has a unique ’-decomposition 
where x/,---,2/ are distinct Q’-primes and h, - - - 
By convention, we define x/* - - - x/**, where ki= - - - =k, =0, to be w’. 
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At this stage we may refer to the complete development of the theory of 
factorable numerical functions of rational integers in previous publications.* 

Proceeding as outlined in §48, we may reinterpret the whole of the papers 
referred to in terms of (2’, ®)-factorable functions, which are defined as fol- 
lows. If f((x’, y’)”) =(f(«’), f(y’))® whenever x’, y’ are Q’-coprime, we say 
that f is (Q’, )-factorable. In particular, by a mere reinterpretation of a theo- 
rem of the previous theory, or independently from the definitions and an 
application of §10, we have the following fundamental theorem for (Q’, &)- 
factorable functions. 

Let f, g be (Q’, ®)-factorable, and let (f, g)° =k. Then k is (Q’, &)-factorable, 
and if 2’ =2{% - - - 2/% is the Q’-decomposition of the Q’-integer z' into powers 
of distinct Q'-primes 21, , we have 


R(2’) = , R(z,’%))®. 


From the last follows at once for (Q’, &)-factorable functions the whole 
theory of the Euler product and Euler multiplication, as developed in the 
publications cited, and the restatement of the previous theory in terms of the 
present can be made without computations by a simple re-reading of the 
notation as described in §48. In particular, the whole theory of generators, as 
previously developed, comes over unchanged to the present theory, with the 
exception (removed later) that reciprocals have (as yet) no existence. Further 


development in this direction is a matter of unnecessary detail. To the ra- 
tional unit 1 in the generators of the previous theory (the leading term of the 
generators there) corresponds here the @-modulus as above defined. 

57. The means for developing the theory of (2’, ®)-factorable functions 
have just been indicated. In this section and the next we sketch two methods 
for the construction of further compositions from a given one. By §48 we may 
state the processes in terms of the generators of Euler algebra (§7 of paper 
cited in §56), and obtain the corresponding final results here by re-reading 
the conclusions. A generator in Euler algebra is a power series in the inde- 
terminate ¢ with leading term 1, in which the coefficients of the several powers 
of ¢ are arbitrary one-valued functions of the arbitrary constant rational 
prime £ (paper cited, p. 148), say F(t, £)=)co?*/,(€). But this generator 
is equivalent in Euler composition to the one-row matrix (fo(é),---, 
-), fo(E) =1, two such matrices being combined according to Cauchy 


* A list of which is given in the Journal of the Indian Mathematical Society, vol. 17 (1928), 
p. 260. I cite particularly three: University of Washington Publications in Science and Mathematics, 
vol. 1, No. 1, 1915; Euler algebra, these Transactions, vol. 25 (1923), pp. 135-154; Algebraic A rithme- 
tic, Colloquium Publications of the American Mathematical Society, vol. 7,1927. These contain much 
more in the present connection than the theory of factorable functions. 


| 
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multiplication, namely, the Cauchy product (or composite) of (fo(&), ---, 


= Di 

The process just recalled has the characteristic property that it leaves the 
set of all generators invariant. The function generated by the Cauchy com- 
posite as above of two generators is the E-composite of the functions gen- 
erated by the respective generators. In order to secure the properties A, P2 for 
E-composition, it is sufficient to compound the generators according to any 
operation A which leaves the value of the leading term of the compounded 
generator invariant and has with respect to generators the properties A, P2. 
For example, instead of Cauchy composition as above we may take that in- 
stance of A-composition which is defined by 


(fo(E)go(é), » Sn(E)gn(€), ). 


For any such A the E-composite k of f, g is the function generated by the 
A-compound of the generators of f, g. To be precise, we therefore refer to the 
(A, £)-composite of f, g. 

Transferring this to the present theory, we replace E by 9, and get 
(A, ©)-composition. The particular A above becomes here 


(fo(x’), 80(x"))®, (fnr(x’), gn(x’))®, ); 


where each of fo(x’), go(x’) denotes the ®-modulus (by translating a conven- 
tion of Euler algebra), and x’ is an arbitrary constant (’-prime. 

The abstract properties of @-composition and (A, ©)-composition of 
0’-factorable functions are identical. 

58. Let K, E be any classes, and II, = operations such that 11°K, 2°. 
Let X, Y,Z, U, - - - denote elements of K, and E(X), E(Y), E(Z), E(U),--- 
elements of E. The E(X), - - - are as yet mere marks. If K, EZ now are such 
that: whenever K |X, there is uniquely determined an element, denoted by 
E(X), of E,; whenever E|E(X), there is uniquely determined an element, 
denoted by E-!(E(X)) or X, of K; 


(X, > .(E(X), E(¥))* 
whenever K |X, Y, and 
(E(X), E(Y))®. > .(X, 


whenever E|E(X), E(Y), we say that (K, E) has (II, 2)-correspondence, and 
call E(X) the (II, 2)-exponent of X. 
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We shall discuss only the case of (II, 2)-correspondence of (K, Z) in which 
(§33 for M,) 2°4?2.%.E, Hence, by the above definition, I1°4?2"1K, and if U 
is the unique =-modulus of £, then E-(E(U)) is the unique II modulus of K. 

We choose now for K the class J of all Q-numbers of fixed order r (§15), 
and take II=Q. By transference as in §23, what follows concerning (2, =)- 
correspondence goes over at once to matric variables over (K*) (§17) and 
their exponents, the latter being defined by transference from what is next 
developed. 

The (Q, =)-exponent of the arbitrary Q-number Z is now defined for a 
particular = of great generality. Let 


APMK; ; J = 1, 2; eee ), 


where the range of 7 is all finite integers >0. A matrix of r rows and an in- 
finity of columns in which the element in row 7, column j, is a;;, will be de- 
noted by ||a;,;||, and we need not indicate the rangesi=1,---,7;7=1,---, 
where these are obvious. The %;; modulus of K;; is denoted by w;;, and it is 
postulated that ;; is =,j;-indecomposable into two elements of K;; distinct 
from u;; The matrix ||z;,||, where K,;|zi;, is called a Z-number, where 
= =|| Z,,||. A Z-number ||z;,|| which is such that 2;;=w,; for all where 
is a finite integer >0, is said to be finite. Composition of Z-numbers is de- 
fined by 


|| veal] )# - (xia, Yi . 


Hence, by the hypotheses on 2;;, the Z-composite of any finite number of 
finite Z-numbers is a finite Z-number, and if E denotes the class of all finite 
=-numbers, 


the unique Z-modulus of E being U=||w,,||. 
Precisely as for Q2-numbers we can now define Z-decomposition. The num- 
ber of distinct solutions 


for ||z;,|| given, is postulated to be finite (compare §16). This is equivalent to 
the postulate in §16 for each of HK u. 

With J now the class of all Q-numbers of fixed order 7 as stated above, and 
E the class of all finite Z-numbers, we postulate that each element of J has a 
finite (Q, =)-exponent, and we further postulate (Q, Z)-correspondence for 
(J, E). If J |Z, the finite Z-number corresponding to Z is E(Z), and the total 
0Q-decomposition of degree h of Z is 


. 
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where 
(E(Zi:), EZni)) 


is the total Z=-decomposition of degree 4 of E(Z). Thus the discussion of any 
question concerning total 2-decompositions is referred directly to a similar 
one concerning total Z-decompositions. 

In applying the last to Q-composition as in $34, some care is necessary 
regarding functions of the transfer U’ of the Z-modulus U. If f is any element 
of F,(§21), we postulate now that f(Z-!(E(U’))) shall be the @-modulus in the 
@-compositions. Or, otherwise: we may first define f(Z-'(E(Z’))) to be in 
F,(K") (§21) whenever the transfer Z’ of Z is in (K*), and Z#U, F|f, and 
then define f(E-'(E(U’))) independently as above.* 

It is now clear that the whole of §§34-57 may be re-read with = in place 
of 2. There being no restrictions on %;;, K;; beyond those implied in the 
hypotheses =;,°4?”1K;; and the finiteness of =,;-decompositions, the possi- 
bilities are again unlimited. The hypotheses can be lightened, as in §41. 
Primality, coprimality and factorability can be defined for Z-numbers in an 
obvious manner, following §§56-57, and then be transferred directly to the 
corresponding Q-numbers. Further developments in this direction belong 
rather to special theories than to the abstract, and we shall not pursue them 
here, as the postulates for primality are easily realizable in many ways when 
all the elements of an exponent are either rational numbers or positive ra- 
tional integers. 


* In the instance of numerically valued functions f(m, +--+, mr) of positive rational integers 
m,*** , Mr, let, for example, 
21 = eee Ny = pr" eee 
where the z’s are integers=0, p1, po,:** the primes 2, 3,-- + in ascending order, be the prime factor 
decompositions of m, - - +, my. As one definition of the exponent of the transfer of the matric variable 
(m, * * *, Mr) we may take 


Zu, °° * Ste, 1, 1,°°° 


°° * See 1, 

and for =;; the operation of multiplication as in rational arithmetic. The =-modulus is then the matrix 
of r rows and an infinity of columns in which every element is 1. The postulate provides against in- 
finite values of functions whose arguments are the product of all the positive rational primes. In 
Dirichlet multiplication the 1’s in the above exponent (after 1a, °** , 2-) are replaced by 0’s; the 
addition asin rational arithmetic; the =-modulus is the matrix of r rows and an infinity of columns, 
all of whose elements are zero. This instance was first developed in my paper, Bulletin of the American 
Mathematical Society, vol. 32 (1926), pp. 341-345. The L. C. M.-composition of von Sterneck 
(Monatshefte fiir Mathematik, vol. 5 (1894), pp. 255-266) and D. H. Lehmer (American Journal of 
Mathematics, 1931) has, for r=1, =;;=the operation of replacing a pair of integers by the greater 
of them. For further instances, see my papers cited in §§6, 56, also Annals of Mathematics, vol. 27 
(1926), pp. 511-536; American Journal of Mathematics, vol. 49 (1927), pp. 489-510. 
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59. When the degree r of the 2-numbers (§15) in a given context is vari- 
able, numerous special properties of @-composition arise. As the possibilities 
are unlimited, we shall consider only one of the simplest: in §15, 7 is now vari- 
able, the classes K,, - - - , K,, - - - are taken to be identical, and the opera- 
tions 2;,---, Q,,-- - are the same. To avoid possible confusion we modify 
the notation; (K*) of §17 now becomes (K). 

(K) shall denote the class of all values of all matric variables of all finite 
orders whose elements are in the class K. 

For example, K - - > .(K)|(x1, - - , x,), for all finite integers 
r. Elements of K will be denoted by small Latin unaccented letters, with or 
without suffixes, elements of (K) by the like accented. Thus x’ = (a1, - - - ,2,), 
etc. 

Instead of F(K’), F,(K*) of §21 we now have F(K), the class of all func- 
tions of all matric variables of finite order, and V(K), the class of all values of 
all functions in F(K). For any fixed r, the class £ in §21 is as there defined, and 
the definition of equality, =¢, is retained. The class of all — is denoted by F, 
which replaces F, of §21. 

Let A, = be any operations over F, and let F | f, g (the = here has no con- 
nection with that in §58). The result of operating on (f, g) with A will be 
written (f, g)4, as before, and the result of operating on (f, g) 4 (which is in F) 
with = will be written ((f, g)“)®, or (f, g)**. If for all f, g such that F|f, g, 
A, & satisfy (f, g)“*=(f, g)™, we say that A, = are permutable over F, and 
write AZ = ZA. 

There is an extensive theory of operations permutable over F, but as it 
belongs to the details of the abstract theory, we shall merely exhibit one per- 
mutable pair 0, T, where @ is the special case of the operation denoted by the 
same letter in §34 which is applicable to the present situation. 

We postulate the hypotheses 


A4PNK, &)°4PPV(K), 
from which we shaJl construct 0=(¥, &), T such that 
O°4°F, TOV(K), OT = TO. 


The A above has no connection with that in §57. 

As a detail of notation to make what follows clear, if (f, g)® =h, we shall 
indicate the value of 4 for the argument z’ by writing (f(z’), g(2’))° =A(2’), 
which accords with §22. 

It is further postulated, as the equivalent here of §16, that if K |z, 
the total number of matrices (%1,---, x,) such that x=(x,,---, 2,)4, 
K |x,(i=1, ---, 7), for each finite integer r, is finite. The set of all such 


| 
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(x1, -- +, *,) is the total A-decomposition of degree r of x. Order and degree 
may be used interchangeably in this degenerate case. 

The conjoint (x’, y’) of =(91, - , ¥m) is defined as 
in §20 to be - - - , %n, Yi, » Ym). In particular the conjoint of x and y’ 
is (x, y’), where, by the notation already explained, x is an element of K and 
hence, if preferred, the matrix (x) of one element. If F |, the function f for the 
argument (x’, y’) is written f(x’, y’) as before. 

With x’, y’ as just above, let 


f(x’, 9’), = h(x’, y’) 


for all (x’, y’) such that (K) |(x’, y’). The order (or degree) of the conjoint 
(x’, y’) is here n+m. To be explicit, then, the preceding equation may be 
written 


(f(x’, y’), g(x’; y’)) = h(x’, y’), 


where the suffix (7, m) refers to (x’, y’) in an obvious manner. The assertion 
that this equation holds for all (x’, y’) such that (K) |(x’, y’), where the re- 
spective orders of x’, y’ are n, m, will be written 


f, g) (n,m) = h; 


and finally, the assertion that the last holds for all (7, m) such that nm>0 
and n+ is finite, will be written (f, g)° =. These details are necessary, as 
we must consider operations which change the orders of the matric variables 
in the functions. 

If @cn,m) has the character Q with respect to the subclass F 4m of F which 
is generated by all functions of matric variables of order n+ m the values of 
whose elements are in K, we write ee. mF. The assertion e°. m) F for all 
(n, m) as defined is written O2F. 

From what precedes and the hypotheses, 0°4?F. 

What follows will be clearer if we describe the structure of h(x’, y’) as 
above in some detail. Write 


The total A-decomposition of degree 2 of 2’ is the class of conjoints of the 
form (u’, v’), a typical pair u’, v’ being 


u’ (21, Sora), = Un+m)s 


in which a particular pair (w;, v;) is determined as a solution of (u;, 2;)4 
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=2,(j7=1, - - - ,w+m). For each conjoint (w’, v’) thus determined the ®-com- 
posite (f(u’), g(u’))® is formed; the ¥-composite of all these &-composites, for 
all (u’, v’), is then formed. The result is h(x’, y’). 

It is important to observe that an alternative construction is possible by 
§26. This is to be emphasized, as the permutability of 0, T, established pres- 
ently, may seem rather abstruse at first sight; at bottom it is precisely the 
obvious result in §26. Applied here, §26 enables us to find the total A-decom- 
position of degree 2 of 2’, assumed of order n+, as follows. First write 2’ as 
the conjoint («’, y’), where x’ is of order m and y’ of order m. Form the total 
A-decomposition of degree 2 of x’, and let (x/’, x/’’) be a typical element of 
this decomposition. Similarly for y’ and (y}’, y/’’). Denote the conjoints 


(x/’, vi’), (at’’, by 2.}’, respectively. Then the total A-decomposi- 
tion of degree 2 of z’ is the class of all (z;}’, 2:/’’). 

To define f we need the intermediary operator T?’", which operates on 
any h(x’, y’) in which x’ is of fixed order m, x is any given element of K, and 
y’ any given element of (K). The result of operating on h(x’, y’) with T*’* 
is denoted by h(x, y’), and is obtained as follows: for x’ is substituted in 
h(x’, y’) in turn each element of the total A-decomposition of degree n of x, 
giving, say, the class h(x;’, y’)(¢=1, - - - , 2); y’) is the V-composite of 
all h(x! , y’)(¢=1, - - - , 2). By the hypotheses on WV, the order of Y-composi- 
tion is immaterial. If the order of y’ is m, that of (x’, y’) is n+m, and the 
result f(x, y’) of operating with T2°” on f(x’, y’) is a function whose argu- 
ment is of order 1+m. Hence T?’” operating on f(z’), where 2’ is of order r, 
produces f(z), where the argument is of order 1, namely z is in K. We call 
T%’" the contraction of x’ with respect to x. This contraction has obvious 
analogies with that of tensor algebra. 

By the above remarks on §26 it follows immediately that if x’, y’ are of 
the respective orders n, m, and f, g, k are such that 


’ g)® =h, 
then 


(f, = (f, g) ™, 


with the following interpretation: 
A(x, y’) = (f(x, 9’), g(x, Pam 


for all y’, 2, m as defined and all T*’” for all x in K. In full, the last equation is 


Instances of T occur in the case of positive integral arguments and the 


¥ 
4 
| 
f 
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special @-composition as in the instance by addition in §58, footnote, in the 
papers of Ramanujan and Vaidyanathaswamy.* 


IV. INVERSION OF FUNCTIONS 


60. The hypotheses of §39 are postulated in §§60—-63, in which we obtain 
a complete solution of the problem of 9-inversion as stated in §23. It is 
obvious that a solution without further postulates on 2, ®, WV, (K*) is im- 
possible. To the postulates carried over from §39 we now add the following, 
in which M, is as in §33, 
WF,(K*), (K*), 


where ’ is as in §42. The first hypothesis of §39 is equivalent to 2’4?2"(K), 
by the remark in §23. Small Latin accented letters shall be as defined in §42. 

The unique 2’-modulus postulated above for (K") will be denoted by w’, 
the unique ®-modulus for F,(K") by ¢, and the unique Y-modulus for F,(K’) 
by y. 

An Q’-decomposition of z’ of degree 4 in which each of the h Q’-com- 
ponents is different from u’, will be called proper; the set of all proper 
Q’-decompositions of degree h of z’ will be called the total proper Q’-decom- 
position of degree h of 2’. 

By §§16, 23, the total proper 2’-decomposition of degree h of 2’, if it 
exists, contains only a finite number of elements. For simplicity, although it 
is not necessary, we now impose the following postulate. 

PostuLaTE. If (K’) |z’, then there exists a finite integer \(z’), such that 2’ 
has at least one proper {2’-decomposition of degree \(z’), and no proper 
Q’-decomposition of degree >X(z’). 


* S. Ramanujan, Transactions of the Cambridge Philosophical Society, vol. 22(1918), p. 260 
(=Collected Papers, p. 180); R. Vaidyanathaswamy, Atti del Congresso internazionale dei Mate- 
matici (VI), 1928, vol. 2, pp. 105-12; these Transactions, vol. 33 (1931), pp. 579-662. In the last, the 
instance cited is called convolution, and the author describes the permutability property as a dis- 
tributivity. The other processes in the paper are as in the references cited in §56. In the University of 
Washington publication, 1915, I also described a process which I called “ideal addition,” as a com- 
plement to “ideal multiplication.” Neither, of course, is of the same character as in a field, for in a 
field the “addition” and “multiplication” must satisfy all the postulates. It seems improper, there- 
fore, to call composition “multiplication,” although it satisfies the postulates of multiplication as in a 
ring, in the fully developed form of the theory. For the same reason, it would seem to be advisable not 
to speak of the composition in any ring or group as “multiplication.” In the book on Algebraic Arith- 
metic, and in earlier papers, I abandoned the process of “ideal addition” in favor of addition, which 
has the required distributive properties with respect to “multiplication.” Finally, in the present 
paper, in the interests of complete accuracy, and to avoid any possible misunderstanding, I have 
dropped the terms “addition,” “multiplication” entirely, and have referred to compositions as de- 
fined by their respective postulate systems, for example, ©-com position, V-com position, O-com position. 

{ In the instance of rational integers, this amounts to excluding infinity. 
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If z’~u’, 2’ has at least one proper 2’-decomposition, namely 2’ , =2’. 


PostutaTE. The Q’-modulus u’ has no proper 2’-decomposition.* 

Two further postulates will be required. The first imposes an additional 
property on the Y- modulus y; the second gives V a unique inverse over F,(K’). 

Postutate. F,(K*) |f(z’). > .(f(2’), =¥. 

Postutate. If F,(K*) |f(z’), then there exists a unique element f(z’) of 
F(K), called the W-inverse of f(z’), such that (f(z’), f(z’))” =y, and the fol- 
lowing conditions with respect to ® are satisfied. If 

F,(K*) | g(x’), g(y’) and (f(x'), g(y’))® = h(2’) 
(the second of which merely states that the -composite of (f(x’), g(y’)) is 
necessarily some element of F,(K")), then 


(f(x’), = he’), = 


Hence, if (f:(x/),---, ))®=f(2"), where f;(x/)(i=1,---, m) are 
any elements of F,(K"), then (Ff i(xi),--- ACH ))® is the element f(z’) or the 
element f(z’) of F(K) according as is even or odd.} 

In the case of functions of rational integers, a distinction between regular 
and irregular numerical functions is a prerequisite to inversion. The corre- 
sponding situation here is provided for by the following definition. 

If F,|f, we say that f is regular if and only if there exists a unique element, 


which will be denoted by f(u’), of F,(K*), such that (f(w’), f(u’))® =¢. 

In the numerical case of Dirichlet multiplication of functions of one in- 
teger variable, f(u’) is 1/f(1). 

To reach @-inversion it is necessary to produce a @-modulus @. If 
F,(K") |6(z’) whenever |z’, we define @ by 


O(u’) = O(2') xv’). 


From the construction of 9 in §34 and the hypotheses on © assumed at the 
beginning of this section, it follows that (f, 0)°=f whenever F,|f. If there 
is a second @-modulus 6’, we have (0, 6’)°=0, since 0’ is a modulus, and 
(0, 0’)? =8’, since @ is a modulus. But (0, 0’)° is a uniquely determined ele- 
ment of F,. Hence 6’=0, and the 0-modulus is unique. 


* In the instance of rational numbers, this amounts to restricting the arguments of the functions 
in the @-inverse to be integers. 

7 No attempt has been made to state an independent set of postulates equivalent to the above. 
If linear order be postulated for the elements of (K),@-inversion can be reached by a shorter route. 
The way followed here however has the advantage of being immediately applicable to a Boolean 
algebra or to an abelian group, for the first of which order is not significant and for the second at best 
artificial. For applications to Boolean algebra, I proceed from my paper on the Arithmetic of logic, 
these Transactions, vol. 29 (1927), pp. 597-611, in an obvious way. 
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61. Let f be any element of F,. If an f’ exists such that F, | f’ and (f, f’)° =8, 
the equation (f, g)° =h, where h is any given element of F,, has a unique solu- 
tion g such that F, |g. For, 


(f, = h.>.((f, 8)®, = (h, 
((f, 8)®, = (g, = (g, = g; 
g = (h, f’), F,| g. 
If f’ is unique for f given, g is unique, as is seen by a contradiction. If f’ 
is not unique, let 


f Af". 

(f", = (f", (Ff, = = (6, f')9; 

a contradiction. Hence f’ is unique, and therefore if f’ exists the problem of 
Q-inversion is uniquely solvable. We prove next that f’ exists when and only 
when f is regular. The proof consists in exhibiting the explicit form of f’ as a 
@-composite. 

62. Let z’ be any element ~w’ of (K’), and let the total proper 2’-decom- 
position of degree k of z’ be (2:/, -- - , a: /)(@=1,---, px), where kSX(z’). 
Let f be any regular element of F,. Denote by [f(z’)], the following Y-com- 
posite of p, &-composites, 


form the &-composite of [ f(z’)], and k components f(u’), namely 
([f(2’) (F(u’)) **)*, 
and denote the result by {f(z’)}x. Write \(z’) =n, 


Define f’(u’) by f’(u’) =f(u’). Then f’ is the required 0-inverse of f, namely 
(f,f ’)° =0. Regularity of f is necessary in order that f’ shall exist; otherwise, 
f'(u’) does not exist. 

That f’ is indeed the required inverse can be easily verified by direct 
calculation of the value of (/, f ’)? for the argument 2’. Such a calculation is 
however unnecessary, as we see that (f, f’)?=@ directly by the method of 
§48 applied to the theorem of inversion for numerical functions of positive 
rational integers proved in a former paper.* The inversion in that paper and 
the 0-inversion here are abstractly identical. 


* Tohoku Mathematical Jouraal, vol. 17 (1920), pp. 221-225. 
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63. We can now remove the exception in §56 regarding reciprocals. It is 
sufficient to combine the hypotheses of §§56, 60 in order to establish complete 
simple isomorphism between the present theory and that of the papers cited 
in §56. By means of this isomorphism the entire theory previously constructed 
can be read in terms of the present by a simple reinterpretation of the nota- 
tion. 

64. It was repeatedly remarked in my papers already cited that the ele- 
ments and operations were abstract, that is, any marks satisfying the postu- 
lates. The present paper is, from one point of view, merely an elaboration of 
that remark. Abstractly, the present theory is identical with my former 
theory in its simplest form (Euler algebra, as I finally called it, for functions 
of one variable). The variable there was general, unrestricted beyond the 
postulates explicitly stated. The abstract point of view has the obvious ad- 
vantage that inessential details, due to a particular instance, do not obscure 
the elementary simplicity of the processes involved. It has the disadvantage 
that an instance may at first sight appear to be a generalization. For ex- 
ample, my extension to functions of 7 variables* is not a generalization of 
Euler algebra as developed in the papers cited, but is an instance of that 
algebra in which the general variable is restricted to be matric of order r. The 
content of the present theory is precisely that of Euler algebra. An instance 
of this theory can be read as an instance of Euler algebra, by a mere reinter- 
pretation of the notation. If factorability be left out of account, a yet more 
elementary conclusion emerges: the content of the theory of outer composi- 
tion (§54) is identical with that of the formal addition and multiplication of 
either power series or Dirichlet series in one variable. If factorability in any 
form be included, the theory (inner composition, §54) is what it was plus the 
fundamental theorem of arithmetic. 

To generalize, and so reach theories which include Euler algebra or its 
sub-varieties (algebras C, D of previous papers), it is necessary and sufficient 
to replace the double (¥, ®)-ovum in §34, from which © was constructed, by 
any variety of which a double (¥, @)-ovum is an instance. As remarked in 
§13, many such are already known to exist. Those in the literature may be 
found in the numerous papers of B. A. Bernstein, L. E. Dickson, E. V. Hunt- 
ington and W. A. Hurwitz on postulate systems, that have appeared in 
American mathematical periodicals of the past 30 years. 


* Bulletin of the American Mathematical Society, cited §58, footnote. 
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ON STIELTJES POLYNOMIALS* 


BY 
MORRIS MARDEN 


INTRODUCTION 


1. According to a theorem of Heine, there exist at most 
(n + 1)(m + 2)--- (n+ p — 2) 
1-2--- (p 2) 
polynomials &(z) of degree p—2 such that the differential equation} 
d?w ( 4 (z) 
— 


(E) = 0, 


us 
all j, 


has as solution a polynomial of the mth degree. Let us call each of these de- 
terminations of &(z) a characteristic polynomial and the corresponding solu- 
tion a Stieltjes polynomial. 
If 
Sn(z) = (2 — 21)( — 22) - + (2 — an) 


is a Stieltjes polynomial, it follows from (E) that 
Qa; 
Si! + ( =O (k 
j=1 2k — Qj 
Should =0, the z, would coincide with an a;, because, otherwise, 
(a) =0 and therefore S®(z,) =0 all i, and S,(z) =0. Should (z,) #0, 


Sn(z) = (2 — 2%)Tn-1(2), Tr-1(2%) ¥ 0, 
and, hence, 
Sn’ (2x) 2T _ 2 


* Presented to the Society, September 12, 1930, and September 9, 1931; received by the editors 
March 27 and June 3, 1931. 
+ Heine, Kugelfunktionen, Berlin, 1878, pp. 472-479. 
tA generalization of the Lamé equation (a;=1/2, all j) and of the hypergeometric equation 
(p=3). 
934 


where 
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Hence, the zeros of S,(z) are either points a; or solutions of the system of 
equations whose left members are the linear partial fractions 


Qa; 2 
(S) + 2 = 0 
j=l 2k — jal, jek — 2; 
When =1, system (S) reduces to a single equation whose left member is 
a linear partial fraction of the kind investigated in our previous papers.* 
Likewise, if ¢, is a zero of the characteristic polynomial for which S,(z) is 
a solution of (E), 
P a; 
+ = 0. 
bk — 
Should SS,’ (&) =0, the & would coincide with an a;, for, otherwise, S,’ (t.) =0 
and therefore S“”(t,) =0, all i, and S,(z) =constant. Should S’(t,) #0, let us 


write 
Si (z) = n(z — 2f)(2 — 22) - (2 — 
As 
1 


the zeros of the characteristic polynomials are either points a; or zeros of the 


linear partial fraction 
a; 1 


(F) + >> ——=0. 


Thus, if we knew the exact positions of the points a;, we could, by solving 
equations (S) and (F), locate exactly the points z; and ¢,. Given, however, only 
that the points a; lie in a given convex region K, can we find a second convex re- 
gion K’' in which will lie the points z; and t, for all values of p and n? This is the 
question which in the present paper we propose to discuss. 


CasE y=0 
2. For the case that y=0, this question has already been partially 
answered, as follows. 


THEOREM 1a. [f all the points a; lie on the segment o of the real axis, the zeros 
of every Stieltjes polynomial will also lie on o.¢ 


* M. Marden, these Transactions, vol. 32 (1930), pp. 658-668. 

{ Proved first by Stieltjes (Acta Mathematica, vols. 6-7 (1885-86), pp. 321-326) as a problem 
in the equilibrium of particles; later by Klein (Ueber lineare Differentialgleichungen der zweiten Ord- 
nung, Gottingen, 1894, pp. 211-218) by a method of conformal mapping; still later by Bécher 
(Bulletin of the American Mathematical Society, vol. 4 (1897), pp. 256-258) by means of simple 
function-theoretic considerations. 
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THEOREM 1b. Under the hypothesis of Theorem 1a, the zeros of every charac- 
teristic polynomial will also lie on o.* 


THEOREM 2a. Any convex polygon which contains all the points a; will also 
contain the zeros of every Stieltjes polynomial. 


To the last theorem we add 


THEOREM 2b. Any convex polygon which contains all the points a; also con- 
tains the zeros of every characteristic polynomial. 


For suppose ¢,, a zero of a characteristic polynomial, were to lie outside 
of this polygon K. Not being a point a;, the point ¢, would have to be a root 
of equation (F), i.e., a root of minus the conjugate imaginary of (F): 


(2.1) 


By the Gauss-Lucas theorem,t{ the points z/ as zeros of S,/ (z) lie in the smal- 
lest convex polygon enclosing the points z;, the zeros of S,,(z). Since the latter 
points, by Theorem 2a, lie in K, the points z/ also lie in K. The quantities 
(z/ —t,) and (a;—#,) are thus vectors from ¢;, to points in K and, therefore, lie 
in the angle ¢ subtended at ¢, by K. The vectors (2/ —é,)-! and a,;(4@;—t&)-* 
are also drawn within the angle ¢. As ¢, is by hypothesis outside of K, ¢ < 180° 
and hence the left-hand side of expression (2.1) cannot sum to zero. This re- 
sult contradicts the assumption that ¢; is a zero of equation (F). 


An immediate generalization of Theorems 2a and 2b is 


THEOREM 3. Any convex region K containing all the points a; also contains 
the zeros of every Stieltjes and every characteristic polynomial. 


In particular, if K is a circle with its center at the origin, this theorem 
leads to the following corollary: 


If <A, alli, then also \z;|<A and |t,| <A, allj and k. 


* E. B. Van Vleck, Bulletin of the American Mathematical Society, vol. 4 (1898), p. 438. 

+ The theorem was first proved in the case =3 by Bécher (Ueber die Reihenentwickelungen der 
Potentialtheorie, Leipzig, 1894, pp. 215-218) as a problem in the equilibrium of particles, a method 
which carries over at once to the general case. Klein states the general theorem (Differentialgleich- 
ungen, p. 208) crediting it to Bocher. The theorem was discovered independently by Pélya (Comptes 
Rendus, 1912, p. 767). See also J. L. Walsh, Téhoku Mathematical Journal, vol. 23 (1924), pp. 312~ 
317. 

t Gauss, Werke, vol. 3, p. 112; Lucas, Comptes Rendus, 1868, and Journal de I’Ecole Polytech- 
nique, vol. 46 (1879), p. 8. 


P Qa; 1 
4; jm 25 —te 


1931] ON STIELTJES POLYNOMIALS 


CasE y+0 

3. We shall begin by proving 

THEOREM 4. If all the points a; lie in a circle C of radius r, the zeros of every 
Stieltjes polynomial and of every characteristic polynomial lie in the concentric 
circle C’ of radius r’ =r sec y. 

In order to prove the first part of this theorem, let us suppose that z; is the 
2; farthest away from the center of circle C. Then I’, the circle through z; and 
concentric with C, will contain in or on its circumference all of the points z;. 
Let us denote by T the tangent to I at 2. If 2: were to lie outside of C’, the 
circle C would subtend at z; an angle ¢<a—2y. The vector (a, —2:)—! would 
lie in this angle ¢. The vector &(d,—2:)~! would therefore lie in the angle 
got through enlarging ¢ by vy on both its sides, that is to say, the vector 
&.(d, —2:)~! would lie on the same side of the line T as circle C. The last 
statement, being also true of the vector 2(2;—2:)—!, would show that 

Ld n 
> : 
k=1 — j=2 25-21 
in contradiction to the hypothesis that 2; is a zero of (S). 

Similarly, if ¢:, a zero of a characteristic polynomial, were to lie outside of 
C’, we should draw a circle I through ¢; concentric with C and denote by T 
the tangent to I at ¢,. By the above reasoning, the vector @;(4;—#,)-! would 
lie on the same side of T as the circle C. The same would hold of the vectors 
(z/ —i,)-'. For, by the Gauss-Lucas theorem, the points z/ are situated in any 
convex region enclosing all the z;, which, according to the first part of our 
theorem, lie in the circle C’. Thus, ¢; cannot lie outside of C’, if it is to be a zero 
of (F). 

By specializing the circle C to have its center at the origin, we deduce that, 
if |a;| <A, alli, then |z;|<A sec y and |t,|<A sec y, all j and k. 

The circle C’ of Theorem 4 gives us the smallest convex region which, for 
all x and #, will enclose the zeros of every Stieltjes and every characteristic 
polynomial. For, when m =1 the theorem coincides with our previous results, 
which were best approximations.* 

4. Let us now consider how we may extend Theorem 4 to an arbitrary 
convex region K. 

By the covering function of such a region let us mean a function k(A) such 
that the inequality 
(4.1) |z—a| 
is satisfied for all values of \ by and only by the points z of K. 


~ 0, 


* M. Marden, these Transactions, vol. 32 (1930), p. 658-660. 
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One covering function k(A) of a given convex region K may be always 
chosen as the maximum value of |z—) | for points zin K. For, clearly through 
this choice of the function k(A) inequality (4.1) will be satisfied by all points 
z in K for each value of \, and by no point Z outside of K. For, otherwise, 
there would exist a line which would separate the point Z from the region K, 
and hence there would exist a circle with center at some point A and radius x 
which would contain K but not the point Z. As k(A) <x, 


|Z—A| > k(A); 
i.e., for \=A, Z would not satisfy inequality (4.1). 


Chosen in this way, the covering function of the circle with center at a 
and radius p, for example, is 


kA) =|A—a| +p. 


A given convex region has in general, however, more than one covering 
function. For example, another covering function for the circle with center at 
a and with radius p is 


k(\) =p fort =a, 


Clearly, no covering function of a convex region may ever be negative. 
Conversely, if &(A) is any real, non-negative function, the totality of points z 
which for all \ satisfy the inequality 


(4.3) |z—A| < kA), 


if any such points z exist, form a convex region K of which k(A) would be a 
covering function. For, region K would consist of the common points of the 
circles (4.3), and the common points of any number of convex regions also 
form a convex region. 

A further important property of covering functions is that, if ki(A) = he(A), 
the region K, with k,(A) as covering function contains the region Kz with k2(A) 
as covering function. This is because any z which satisfies the inequality 


for all values of \ must also satisfy the inequality 


|z—d| 
for all values of X. 
To return to our problem, let us suppose the points a; all to lie in the con- 
vex region K with k(A) as covering function. For each value of \ the points a; 
will therefore lie in the circle 
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|z—a| < kA) 


and hence the points z; and #, will lie in the circle 
RA) secy. 


The last is equivalent to saying that the points 2; and ¢; will be situated in a 
convex region K’ which has k’(A) =k(A) sec y as a covering function and 
which, since k’(A) (A), will enclose K. 

Thus we are led to a generalization of Theorems 3 and 4. 


TuHeoreo 5. If all the points a; lie in a convex region K with k(d) as covering 
function, the zeros of every Stieltjes polynomial and of every characteristic poly- 
nomial will lie in a convex region K' which will contain K and which will have as 
a covering function k’(X) =k(A) sec y. 

5. What is this region K’ in the case that K is an ellipse, rectangle or 
straight-line segment? 

If K is an ellipse with center, vertices, and foci at the points (0, 0), (+a, 0), 
and (+c, 0) respectively, it may be regarded as the envelope of the circle 
with center at \ and radius a(i+c~*A*)!/2 as X describes the y-axis. One 
covering function of K is therefore 


k(A) = a(1 + for R(A) = 0, 


(5.1) 
k(A) = © for R(A) + 0. 


Consequently 
= (asec) (1 + c~?d?)!/2 for R(A) = 0, 
= for R(A) 0, 


from which follows that K’ is a confocal ellipse with major axis 2a sec y. 
Results concerning the zeros of equations (S) and (F) being independent of 
the choice of codrdinate axes, we may state the following generalization of 
Theorem 4. 


THEOREM 6a. If all the points a; lie in or on a given ellipse with a major axis 
of 2a, the zeros of every Stieltjes polynomial and of every characteristic polynomial 
lie in or on the confocal ellipse with the major axis 2a sec y. 


A line segment being a limiting case of an ellipse, we may obtain from the 
preceding theorem a generalization of Theorems 1a and ib. 


THEOREM 6b. If all the points a; lie on the line segment AB, the zeros of every 
Stieltjes and every characteristic polynomial lie in or on the ellipse which has the 
points A and B as foci and which has a major axis of length AB sec y. 


| 
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In particular, the choice of A and B as the points z= +a of the real axis 
gives the ellipse of Theorem 6b axes of length 2a sec y and 2a tan y. Conse- 
quently, if the a; are real and \a;| <a, all i, then for all j and k 


| R(z,) | < asec y; | 3(z,) | atany; | | S asecy; | 3(tx) | S atany. 


This corollary reduces to Theorems 1a and 1b on setting y =0. 

Let us next study the case that K is the rectangle ABCD, where the side 
AB joins the points (+a, 6), and the side BC, the points (a, +b). Such a 
rectangle could be considered as composed of the common points of the four 
regions K,, K2, K; and K, with the covering functions k;(A), ke(A), ks(A) and 
k,4(A) respectively, where 


ki(d) = [(A+a)?+0?]!/2 for points \ on the positive real axis, 
ki(A) = for all other A; 


ko(d) = [(A—a)?+6?]!/2 for points \ on the negative real axis, 
ko(A) = for all other 


ks(d) = [(A+6)?+<a?]!/? for points \ on the positive imaginary axis, 
k3(A) = for all other \; 


k,() = [(A—b)?+<a?]!/2 for points \ on the negative imaginary axis, 
ky(A) for all other X. 


The region K,, for instance, consists of the interior of the circumscribing 
circle I’ (of radius c=(a?+5*)'/*) from which has been removed the sector 
AEDFA. 

The region K’ will hence be composed of the common points of the regions 
Ki, Ki, Kj and K{ whose covering functions are respectively k/ (A), ks (A), 
kg (A) and (A), where (A) =2,(A) sec y. 

Compared with function (5.1), the functions k/ (A) suggest how, for in- 
stance, the region Kj may be constructed. The ellipse which has the points 
A and D as foci and the length 20 sec y as major axisis, at the points A’ and 
D’, tangent to the circle I’’ which is concentric with I and is of radius ¢ sec y. 
The region Kj will then consist of the points remaining in the circle I’ after 
the sector A’E’D’F’A’ has been removed. Since the regions K?, Kj and K{/ 
are similar to K/ in structure, the common points of the four form as K’ the 
region bounded by the outer heavy line in the accompanying figure. 

THEOREM 6c. [f all points a; lie in a given rectangle ABCD, the zeros of 
every Stieltjes and every characteristic polynomial lie in the region K' enclosed 
by the outer heavy line in the accompanying figure. 
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On calculating the axes of the four ellipses, we may deduce from the above 
theorem, that if |R(a;)|<a and |3(a,)| <b for all i, then for all j and k 
[R@)|S4, SB; 
| R (tx) | = A, | I(tx) | s B, 


where A is the larger of the quantities a sec y and a+b tan y and B is the larger 
of the quantities b sec y and b+<a tan y. 


These results suggest the nature of the region K’ in the case that K is an 
arbitrary convex polygon. 

6. In addition to the hypotheses of §1, let us now assume the coefficient 
of dw/dzin equation (E) to represent the ratio of two real polynomials. Under 
these conditions a smaller zero-containing region is possible than that afforded 
by Theorem 5. This smaller region is described in the following theorem. 
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THEOREM 7. If the a; and the corresponding a; are real or appear in con- 
jugate imaginary pairs, the zeros of every Stieltjes and of every characteristic 
polynomial will lie in the smallest convex region which encloses all of the ellipses 
having a; and 4; as foci and |\a;—4;| sec (arg a;) as major axis.* 

For the purpose of establishing this theorem, we shall first prove that the 
ray from any point w through the point 


—-1-W 


always meets the ellipse x? cos* y+-y? cot? y =1. 

This lemma generalizes the intuitively evident fact that, if R is the result- 
ant of the two forces at w due to unit particles at z= +1 attracting according 
to the inverse distance law, then R produced must intersect the segment 
joining the points z= +1. 

Let a and 6 be the angles made with the positive real axis by the lines join- 
ing z= —1 and z=1 respectively to point w=u+iv. Then M =e-*(1—w)-! 
and N =e‘7(—1—w)-! may be represented by vectors drawn from point w to 
the points 


1 1 
m= w+ — eltta-v)i, n= w+ — 
r? 


where 7; and 72 are the distances of w from the points z= —1 and z=1 re- 
spectively. As the mid-point of the segment joining m and n is 


1 
s=w- + 


the slope of the line ws is tan arg (s—w), or 
resin (a — y) + sin (8 + 
r2 cos (a — + 171 cos (8 + ¥) 
[r2 +72 ]ocosy + [(r?2 —r?)u — (r2 +12)] siny 
[(r2 + + —r2)] cosy + [r? — 
v(u? + v? + 1) cosy + (u? — v? — 1) siny 


u(u? + v? — 1) cosy — 2uvsiny 


From this it follows that 


* Insofar as it concerns the zeros of Stieltjes polynomials, the theorem was first discovered by 
Charles Vuille in his doctoral thesis, Ecole Polytechnique Fédéral de Zurich, 1916. His proof is based, 
however, upon a long computation covering pp. 62-75 of his thesis. 
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rér? [u? cos? y + (v cosy — sin y)?] 


[u(u? + v? — 1) cos y — 2uvsin y]? 


rere 


— hu)? +1 
[u(u? + 0? — 1) cosy — 2uvsin y]? 


Now, the abscissas of points of intersection of the line y—v=\(x—x) with 
the ellipse are the roots of the equation 


x?(cos? y + A? cot? 7) + 2Ax(v — Au) + (v0 — Au)? cot? y = 1, 
whose discriminant is 
= {[a?+ 1] — [(o — Aw)? + 1] cos? y} cot? y 


rZr?(v cosy — sin y)? cot? y 


[u(u? + — 1) cosy — 2uv sin y]? 


This discriminant being non-negative, the ray ws always meets the given 
ellipse. 

The lemma just proved may be stated in a more general form; namely, 
that the ray from any point w to the point 


aj 


+ 


a;—-wWw 


always meets the ellipse E; having a; and a; as foci and |a;—4;| sec (arg a;) as 
major axis. In this form, as we shall now see, the lemma leads almost immedi- 
ately to a proof of Theorem 7. 

If z, a zero of some Stieltjes polynomial, were to lie outside of K, the 
smallest convex region enclosing all the ellipses Z;, a line Z could be drawn 
through it which would not cut K. We could suppose this line LZ to have on it, 
or on the same side of it as K, all of the remaining z;. For, were this not the 
case, we could move L parallel to itself away from K until it met the last 2,, 
which we would rename as 2. The vectors 2(z;—%:)-! and [a(@—2)— 
+a.(a.—21:)—+] would then lie on the same side of L as K and hence could not 
sum up to zero. This result contradicts the hypothesis that 2 is a zero of 
system (S). 

Similarly, if 4;, a zero of some characteristic polynomial, were to lie out- 
side of K, a line L could be drawn through it not cutting K. According to the 
Gauss-Lucas theorem the z/ lie in the same convex region as the 2; and 
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therefore lie in K. Consequently, the vectors (2/ —4)-! and [a@(a@,—&)— 
+ca;(a,—h)-'] lie on the same side of Z and cannot sum up to zero. This is 
contrary to the supposition that ¢, is a zero of partial fraction (F). 

The above theorem is a generalization of Theorems 3 and 6b and to some 
extent an analogue to Jensen’s theorem on the distribution of the non-real 
zeros of a real polynomial. 

7. Theorem 5 may also be applied to the study of the mapping properties 
of the quotient of two linearly independent solutions w;, wz of equation (E), 
when the second solution is a Stieltjes polynomial S,,(z). 

Let =w,/we. Then, since 


1 1 ; 
= we — = — | exp (- f > az)|, 
we we aj 


— @;)%(z — a2)%-- + (2 — ay)% 
dz 
Sn(z)? 


n 


The function 7 becomes infinite at the zeros of S,,(z) and possibly at some 
of the points a;. Agreeing not to count the latter points, we may determine the 
number of zeros of S,,(z) in a given region S as follows. The function 7 maps 
the region S upon a region 2, which will, in general, be spread over several 
sheets of a Riemann surface. If the point at infinity on each sheet be con- 
sidered as distinct from that on any other sheet, the number of zeros of S,(z) 


in S will be equal to the number of points at infinity in 2.* 
These considerations lead us to our final theorem. 


THEOREM 8. Let K be a convex region with k(d) as covering function, and S 
any finite region outside of the convex region K’ which has k’(X) =k(A) sec y as 
covering function. Let wz be an arbitrary Stieltjes polynomial, and w; any solu- 
tion of equation (E) which is linearly independent of wz. Then, if all the singular 
points a; lie in K, the region S is mapped by the function n =w;/w2 upon a region 
which does not contain any point at infinity. 


* Cf. Klein, Differentialgleichungen, p. 213. 


UNIVERSITY OF WISCONSIN, 
MILWAUKEE, WIs. 


ARITHMETIC OF DOUBLE SERIES* 


BY 
D. H. LEHMERT 


Introduction. Two theories of numerical functions have received much at- 
tention. The first has for basis the Cauchy multiplication of power series and 
is appropriately used in considering functions sensitive to additive properties 
of integers. The second theory is based on the multiplication of Dirichlet 
series and is applied to multiplicative functions. Both theories may be de- 
velopedf{ without reference to the analysis of infinite series, and relations thus 
obtained between numerical functions remain valid when other functions are 
substituted for which the corresponding infinite series fails to converge, or 
even when the integer arguments of the numerical functions are replaced by 
suitably defined elements. 

Properties of integers other than additive and multiplicative can be 
studied by constructing the appropriate theory without regard to the corre- 
sponding infinite series§ (if it exists). These other theories whose existence 
has been doubted] do have infinite series as we show in §16, and it is to the 
development of their common properties that this paper is devoted. The class 
of all these theories we call the arithmetic of double series. It is not, we repeat, 
a theory of infinite series, but rather a theory of composition of two numerical 
functions, each function being considered as a one-rowed matrix of its values. 
However we confine ourselves for simplicity to the infinite series aspect only. 

1. The grouping function. Let us assume that the double series 


(1) Sak, 


r,s=0 


representing the product of the series }>a, and >b,, may be rearranged to 
form a simple series >>c, by any manner of grouping the terms of (1). The 
grouping may be expressed by means of a function ¥(x, y) for which the 
equation y(x, y) =” has the solutions (i, 7) corresponding to c, =)_a:b; and no 
others. Conversely every single-valued function ¥(x, y) which is an integer for 
integral arguments determines a method of grouping the terms of the double 
series (1). Familiar methods are characterized by 


* Presented to the Society, April 11, 1931; received by the editors in December, 1930. 
+ National Research Fellow. 

¢ Compare E. T. Bell, these Transactions, vol. 25, pp. 135-144. 

§ Such a theory based on the L.C.M. operation has been constructed in a recent paper. 
|| American Mathematical Monthly, vol. 37 (1930), p. 484. 
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(2a) ¥(x, y) = 4, (2b) = 9, 
(3a) v(x, y) = max (x, y), (3b) v(x, y) = min (x, y), 
(4a) V(x,y) = x+y, (4b) v(x, y) = xy. 


(2a) and (2b) sum (1) by rows or by columns, (3a) and (3b) sum by borders, 
(4a) and (4b) correspond separately to Cauchy and Dirichlet multiplication 
of >-a, and >°b,. In (3a), (4a), and (if a7 =b0=0) (4b) each sum c, contains a 
finite number of elements; in the other cases c, is an infinite series. 

2. The y-calculus of numerical functions. The coefficients of an infinite 
series are merely values of a numerical function. Associated with each choice 
of (x, y) there is a calculus of numerical functions whose fundamental opera- 
tion is 
(5) = h(n) 


in which f and g are arbitrary numerical functions and the sum extends over 
all integers (7, 7) for which (i, 7) =n. 

3. y-multiplication. The operation (5) is called y-multiplication and the 
function / is the y-product of f and g. For simplicity we write (5) in the form 
fog=h 

when emphasis on y is unnecessary. 

A random way of rearranging the product of two series would enable us 
to say very little about the corresponding y-product of two arbitrary func- 
tions f and g. It is desirable therefore to restrict ourselves to -functions which 
satisfy the following postulates. 

PostutateE I. For each n>0, ¥(x, y) =n has a finite number of solutions 
(x, y). 

PostutatE II. ¥(x, y) =y(y, x). 

PostuLatE III. =WW(a, 2). 

DEFINITION. (x, y, (W(x, y), 2). 

THEOREM 1. ~-multiplication is commutative and associative. 

Commutativity is an obvious consequence of Postulate II. Associativity 
follows from Postulate IIT. In fact, if f:, fe, fs are any functions, then the ex- 
pressions fi0(f2Ofs) and (fiof2)ofs; may be written >> the 
sum extending over all solutions (41, i2, 73) of p(x, y, 2) =n. 

In what follows we consider only integers 7 >0. If necessary we renumber 
the terms of our infinite series or we set a)=0. 

4. The unit function n(m). We next introduce 

PostuLatTeE IV. If n is any integer, p(x, 1) =n implies x =n. 
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(n) | | n= 1, 
n)=|—|= 
0,n>1, 
then for every function f we have fon =f, and n is the only function enjoying this 
property. 

The only terms different from zero in the sum 

are those for which 7=1, and by Postulate IV there is but one such term 
and in it i=n. Hence fon=f. Let m be any function with this property, so 


that fom =f. Set f=7. Then we find 707:=7, whereas 7107 =m. Hence from 
the commutative law 7:=7 and 7 is unique. 

The function 7 is called the unit function. 

5. Inverse functions. Two functions f and f~ are said to be mutually in- 
verse in case fof =n. 

THEOREM 3. If f has an inverse f—, then the equation fog =h has a solution g 
for every h and conversely. 

If we are to have h=fog, then foh=f"ofog =n 0g =g. This exhibits a 
solution g=f-'oh. The converse is obvious by putting h=7. 

6. Singular functions. The function which vanishes for all values of m is 


designated by 0. If the equation fog =0 has a solution g 0, then f is called 
singular. In particular 0 is singular. 


THEOREM 2. If 


THEOREM 4. A singular function has no inverse. 
Let f be singular and let g~0 be a solution of fog =0 and suppose f has an 
inverse f-'; then 
g = n0g = f'ofog = f-'00 = 0, 
but this contradicts g~0. Hence the theorem. 
THEOREM 5. No function has more than one inverse. 
If possible let f have two inverses f; and fz such that* f:—/20; then 


fo(f: — fe) = fofi — = 0. 


Hence f is singular. But this is impossible because, by Theorem 4, f would 
have no inverse at all. 


* The function h=fitfe is defined by h(n)=fi(n)+fo(n). The truth of the distributive law 
=f +f is at once obvious. 


947 


948 D. H. LEHMER [October 


7. Regular functions. The function f is called regular if it has an inverse 
f-. The class of regular functions is a subclass of non-singular functions. In 
fact by Theorem 4 every regular function is non-singular. Some non-singular 
functions, however, are irregular as we shall see. In order to characterize 
regular functions in a more definite way we introduce a new postulate. 

8. y-divisors of n. If y(x, y) =m has a solution x for some y, then x is 
called a y-divisor of m, and x and y are conjugate y-divisors of x. By Postulate 
I there exists a maximum y-divisor of m which we denote by d(m). The divisors 
conjugate to d(m) we designate by 

5o(n), 5,(m). 
We now introduce 

PostuLaTE V. The equation d(n) =m, for each m>0, has one and only one 
solution n and d(1) =1. In other words d(2), d(3), d(4), - - - is a permutation* 
of 

THEOREM 6. A necessary and sufficient condition for f to be regular is that 
the sum 


(6) fGe(n)) 


be different from zero for every n>0. 


Proof of necessity. Let f be regular and let f-' be its inverse. Then the 
equation fof-!=7 can be written in full as 


t(n 


) 

(7) f-(d(n)) + = [1/n], 

where >,’ extends over values of j <d(m). Suppose that there is at least one 
value of 2 for which (6) vanishes. In fact let us choose m» the smallest value 
of such an m, and substitute it in (7). Then f-'(d(o)) in (7) may have any 
finite value. By Postulate V, d() never takes on the same value for different 
values of its argument. Hence a unique value of f-'(d(m)) cannot be deter- 
mined by other equations (7). That is, f has more than one inverse. This con- 
tradicts Theorem 5. Hence (6) never vanishes. 

Proof of sufficiency. Suppose that f is such that the sum (6) never van- 
ishes. Then we may write the equation (7) for all values of m ordering them 
according to increasing values of d(m). The vth equation involves f-'(v) with 
a non-zero coefficient and thus enables us to solve uniquely for f-'(v) in terms 
of the given f and the values f-'(m) for n<v, the latter having been deter- 
mined from previous equations. In short, f is regular. 


* To be strictly logical this permutation should replace finite numbers by finite numbers. 
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9. Applications to special y’s. To illustrate Theorem 6 choose y(x, y) 
=xy. Then d(m) =n, r(m) =1, 6:() =1. Hence f is regular in the divisor calcu- 
lus if and only if f(1) #0. It may be shown that in this calculus no function is 
singular except zero. Hence any function {#0 for which f(1) =0 is a non- 
singular irregular function. Exactly the same statements are true in the case 
V(x, y)=x+y—1. For (x, v)=[x, y], the L.C.M. of x and y, we have 
d(n) =n, r(n) is the number of divisors of 2, and 6,(m) are the divisors of . 
According to Theorem 6 a function f is regular if and only if its “numerical 
integral” >°s;nf(65) never vanishes. The Mobius function y is irregular in the 
L.C.M. calculus because >>5/nu(5) =(n) =0 for n>1. As a matter of fact p is 
also singular; we have shown* that 


= g(1)u(n) j] = ») 


where g is an arbitrary function. To show that yu is singular we need only 
choose a g for which g(1) =0; such a g is also singular. 

It is possible to show by equation (7) that if y fails to satisfy Postulate V 
all functions except 7 are irregular. In the light of Theorem 3, in such a 
calculus unique division is impossible except by the unit 7. 

10. Inversion. The function u which is 1 for all values of m>0 is regular 
by Theorem 6. Let its inverse be u-. If f is any function and if fou =F, then 
by multiplying by u—' we get f=Fou-". This inversion which is a generaliza- 
tion of that of Dedekind may be written out at length as follows: 


F(n) = Dif(i), 
f(n) = 7) = 


Following Bougaieff, F might be termed the y-integral of f. “Differentiation” 
is always possible since u~! always exists uniquely. For 


v(x, y) = xy, = p; 
=a+y-—1,e (1) =1; w'(k) =0,k > 2; 


v(x, = [x, y], = 2,7 


where n=[J,p,"* is the decomposition of ” into its constituent primes. 
11. ¥-multiplicative functions. If the function f~0, and is such that, for 
every pair of integers m, n, 
(8) f(m)f(n) = fy(m, n)), 
then f is called y-multiplicative. It follows that f(1) =1. 


* American Journal of Mathematics, vol. 53. 
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THEOREM 7. If f is multiplicative, it is regular. In fact it has the inverse 
f(n) =f(n)u-"(n), u- being the inversion function of §10. 


By actual substitution 


= 


n n 


f(n) Liew) = f(n)n(n) = a(n), 


hence fof~!=7, which is the theorem. 

The functional equation (8) has been discussed by many writers in the 
particular case ¥(m, n)=mn. Familiar solutions in this case are f() =n’, 
Liouville’s function \(m), Legendre’s symbol (n/p), etc. If y(x, x) =x as in 
the case of the L.C.M. calculus, then f?(m) =f(p(n, m)) =f(n). Hence f(n) =0, 
or 1. The values of » for which f(z) =1 belong to a set S which is such that 
¥(«, vy) is in S if and only if both x and y are in S. This fact is helpful in con- 
structing examples of solutions of (8). We may consider for example the set 
of all simple numbers, i.e., all numbers not divisible by a square >1. The 
L.C.M. of any two integers is in this set if and only if both integers belong to 
it. Hence the function f(m) =y?(7) which is characteristic* of this set is a 
solution of f(m)f(n) =f({[m, n]). Even when ¥(n, n) =n does not hold this 
method leads to a solution. Thus f=7 is a solution for every y. The logical 
product of two of the above sets is a set of the same sort. Only in case 
y(n, n) =n, however, does this method lead to all the solutions of (8). In this 
case there is but a denumerable infinity of solutions. Other examples of 
multiplicative functions are given in §17. 

12. Factorable functions. If f is such that, for every pair of relatively 
prime integers m, n, 


S(m)f(n) = f(mn) and f(l) = 1, 


f is called factorable. These functions comprise one of the most conspicuous 
classes of numerical functions. To this class belong most of the fundamental 
functions of the theory of numbers. It follows from the definition that a 
factorable function may be defined arbitrarily for prime power values of its 
argument. All other values of the function are then determined. 

13. Matrix notation for integers. One reason for the importance of factor- 
able functions is the fundamental theorem of arithmetic. 


* The function f is said to be characteristic of a set S if f(m) is 0 or 1 according as belongs to 
the set or not. 
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Every positive integer may be written 


where ?, is the vth prime and where u, >0 if and only if p, divides nm. By the 
theorem just referred to there is a one-to-one correspondence between in- 
tegers m and one-rowed matrices {21, #2, - - -} whose elements are zero ex- 
cept for a finite number that are positive integers and have finite subscripts. 
This correspondence we indicate by ~. Thus n~ {11, m2, 3, - - -} or simply 
n~{n,}. For example { =43243200. 

14. Factorable y-functions. The function (x, y) is said to be factorable 
if, for every i~ {i,} and j~{j,}, 7,)}, the function @(x, y) de- 
pending on y alone. In the presence of Postulates I, II, III, and IV, 0(x, y) 
must satisfy the following conditions: 


I. For n=0, 0(x, y) =n has a finite number of solutions. 

II. y) =90(y, x). 

III. 0(x, 2)) =0(A(x, 2). 

IV. 0(0, x) =n implies x =n. 

The effect of Postulate V on @ is not so easily expressed. Since d(1) =1 
however, we may assert that 0(x, y) =0 implies x =y=0. 

TueoreEo 8. If p is factorable, the prime faciors of (i, 7) are those of ij. 

Let i~ {i,}, 7~{j,} and 0(i,, j,) =k. If either 7, or j,>0, then k, >0, since 
6(x, y) =0 implies x=y=0. Hence every prime factor of ij divides y(i, 7). 
Conversely if k, >0 then either 7, or 7,>0 since 0(0, 0) =0. Hence y(i, 7) con- 
tains only those prime factors which divide 7j. 

Coroiiary. If wy is factorable and if m and n are coprime, then every 
y-divisor of m is prime to every -divisor of n. 

TueorEM 9. If y is factorable and if i and j are coprime, then (i, j) =%j. 

Since i~{i,} is prime to j~{j,}, then i,j,=0. Hence by IV 0(i,, j,) 
=i,+j,. That is j) 

THEOREM 10. Jf w is factorable, the ~-product of factorable functions is 
factorable. 


It is sufficient to show that if f and g are factorable so is h=fog. Let m 
and 2 be coprime. Then 


h(n) h(m) = ( )( ) = 
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where the summation extends over all (i, 7, k, 1) for which y(i, 7) =m and 
¥(k, 1) =m. By the corollary of Theorem 8, (, k) =(j, /) =1. Since f and g are 
factorable we have 


(9) h(n)h(m) = Dif(ik)g(jl). 
We proceed to show that this sum is equal term by term to 


(10) = h(mn), 


where a and 2 are all solutions of ¥(a, 6) =mn. From this the theorem will 
follow at once. 
To show that every term of (9) is in (10) we write 


W(ik, jl) = k), WG, D) = vi, HG, 
= ¥(m, j)) = v(m, n) = mn, 


These equalities follow from Postulates II and III and Theorem 9. 

To show that every term of (10) is in (9) we proceed as follows. Let 
a~{a,} and b~{b,} be a pair occurring in (10). We then define for each v 
four numbers i,, 7,; k,, l,: 


n, p»| n, 
,= 


0, otherwise; 0, otherwise; 


pv| m, py | m, 


0, otherwise; 0, otherwise. 


Here is the vth prime >1. Finally let i~{i,}, j~{j,}, I~ 
be the four integers defined by the four sequences. To exhibit the term 
f(a)g(6) in (9) we must prove that 

(11) ik =, jl =}, 


(12) ¥(i,j) = 2, ¥(k, 1) =m. 
To prove (11) we write ik~ {i,+k,}. By definition 
dy, | mn, 

0, otherwise. 


ith = 


But if ~, does not divide mn it does not divide a by Theorem 8. Hence a,=0 
in this case. For all values of v, then i,+k,=a,. Therefore ik =a. Similarly 
jl=b. 
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To prove (12) we use property IV of 6(x, y), and write W(i, j)~ {6(i,, 7,)} 
By definition, 
6(a,, b,), Nn, 
0, otherwise. 


jr) = 


Hence the matrix {6(i,, 7,)} is the result of equating to zero those elements 
of the matrix {6(a,, b,)} for which p,|m. But {6(a,, b,)}~ (a, 6) =mn. 
Hence (i, j)~{n,}~n. Similarly ¥(k, 1) =m. This completes the proof of 
the theorem. 

This theorem enables us to express the y-product of two factorable func- 
tions in terms of @ alone as follows. 


THEOREM 11. Let y, f and g be factorable functions and let h=fog. Then 
h(n) = II 
where 


n= TI,’ 


and where the sum extends over all solutions (r,, s,) of 0(r,, 5») =My. 


By the preceding theorem h is factorable so that 


h(n) = 
But 


h(p,”) = 


where 
pv) = pr’, that is, 5») = my. 


Hence the theorem. 
15. Examples of Theorem 11. For y(i, 7) =ij we have @(x, y) =x+y. Ap- 
plying Theorem 11 we have 


mn) = IL 


v r=0 
This result is as useful as it is familiar. 
If (i, 7) = [i, 7], then 0(x, y) is the greater of « and y. Applying the theo- 
rem we have 


r=0 
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The (i, 7) for which 0(x, y) =x+y+xy is designated by ®(x, y), and it is 
found to satisfy all the Postulates I-V. Hence for this calculus 


vy db=n,+1 
Incidentally the inversion function u~ for this calculus is 


p(n) = = +1 or 


16. Infinite series. Returning to the subject of §1 let us consider the in- 
finite series 


(13) F(z) = QX(n, z), 


where z is a complex variable and where the f’s are mere coefficients. 


THEOREM 12. Jf Q(n, z) is a W multiplicative function of n, then if the series 


converge absolutely, their product is given by 


h(n) Qn, z), 


n=1 
where f and g are arbitrary and h=fog. 


The product in question is 


(14) 2) QQ, 
and since 

Q(i, z)QG, z) = QY(i, 7), 2), 
we may write (14) 


2) = 2). 


n=1 n n=1 


17. Examples. The power series 


f(1) + f(2)z + f(3)22? 


n=1 
n=1 n=1 
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corresponds to the case ¥(x, y) =x-+y—1, while the Dirichlet series 


Lif (n)n- 
n=1 
corresponds to ¥(x, y) =xy. 
To obtain a series corresponding to (x, y) = [x, y] we consider a set of 
L.C.M.-multiplicative functions depending on a complex variable z. For ex- 
ample we may take 


Q(n, 2) = ]/n), 


where e(x) =1 or 0 according as x is or is not an integer. Then Theorem 12 
enables us to write 


where h is the L.C.M. product of f and g. If we let m=[|z|] this equation 
may be written 


Liss) = 


where 5|m. This important theorem was first stated by von Sterneck* and 
affords a simple way of calculating L.C.M. products. Of course f and g may 
be arbitrary since the series in (15) are actually finite. 

Another choice for Q(m, z) which gives infinite series is Q(, z)=0 or 1 
according as 1 is or is not divisible by a power of a prime p* with a= |z|. The 
function Q(m, z) can never be continuous since it can have only two values 0 
and 1. This is true for every calculus in which y(n, m) =n, as we have seen in 
§11. 

In case (x, y) =®(x, y) (§14) we may use the following numerical func- 
tion defined for n=[],p,": 


T(n) = 


This function is -multiplicative; in fact if m=[],p,™, 


T(m)T(m) = + m,)(1 + 


II(1 + m, + n, + m,n,)’ = T(®(m, n)). 


* Monatshefte fiir Mathematik und Physik, vol. 5, p. 265. The proof is inadequate however. 
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We may take, then, 2(”, z) = T-*(m) and consider series of the type 
The fundamental series is that for which f(z) =1, namely 
Z@) = DT) = 
since T is factorable. But 


= + = (v2). 


a=0 a=0 


= 


v=1 


where ¢ is Riemann’s function. 
The function Z takes the place of ¢ in Dirichlet series. For example its 
reciprocal is given by 


Z-1(2) = Yp(n)T-(n), 


n=1 


where p is the inversion function of §15. If r() is the number of divisors of n, 
then 


n=1 
As a final example consider the function P.() defined for »=]],p," by 
P,(n) = IIJ.(1 + My), 
where J,() is Jordan’s totient function.* We now show that 
(16) = 
n=1 


This is a consequence of multiplying the series 


by 


n=1 


* Dickson, History of the Theory of Numbers, vol. 1, 147ff. 
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By §15 the mth coefficient of the product is 


vy dé=nyt+1 

On the other hand the two series represent for Re(z) >1 the functions Z-1(z) 

and [J,_,¢(z»+z), whose product is ¢—(z). This proves (16). For z=10, 

equation (16) becomes 


204 Qu —4 30-4 


These first four terms give for 


93555 


§-*(10) = 


the value 0.9990065, which is correct to six decimals. 
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ON THE EXISTENCE OF ACYCLIC CURVES SATISFYING 
CERTAIN CONDITIONS WITH RESPECT TO 
A GIVEN CONTINUOUS CURVE* 


BY 
C. M. CLEVELAND 


Part I of this paper has to do with connected sets of cut pointsT of a 
given continuous curve. It is shown that, in the plane, any two points belong- 
ing to a connected set K of cut points of a given continuous curve M lie 
together in an arc which is common to K and a point set consisting of the 
boundaries of a finite number of complementary domains of M. G. T. Why- 
burnf calls attention to the fact that from his results it follows that K is arc- 
wise connected. To show that any two points of K can be joined by an arc 
which is common to K and a point set consisting of the boundaries of a finite 
number of complementary domains of M, is the object of Part I. Part II has 
to do with a totally disconnected closed subset K of a given plane continuous 
curve M no subset of which disconnects MW. R. L. Moore§ has shown that, in 
the plane, any two points not belonging to a bounded continuous curve can 
be joined by an arc which does not disconnect the continuous curve. The 
object of Part II of this paper is to show that if, in the plane, M is a bounded 
continuous curve which contains no domain, and K is a closed and totally 
disconnected subset of M, such that no subset of K disconnects M, then there 
exists an acyclic continuous curve 7, containing A, such that (1) all the end 
points|| of 7 belong to K and (2) the point set M-T is totally disconnected 
and M—T is connected. 

I wish to acknowledge my indebtedness to Professor R. L. Moore, not 
only for the suggestions of the problems treated, but also for his many helpful 
criticisms in their solutions. To him is due, in a large measure, the success 


* Presented to the Society, in part, June 12, 1926, and September 9, 1930; received by the 


editors December 22, 1930. 
t A point P is said to be a cut point of a continuum M if M—P can be expressed as the sum of 


mutually separated sets. 

t Concerning the structure of a continuous curve, American Journal of Mathematics, vol. 50 (1928), 
p. 176. 
§ Concerning paths that do not separate a given continuous curve, Proceedings of the National 
Academy oi Sciences, vol. 12 (1926), pp. 745-753. 

|| The term end point will be used in the sense as defined by R. L. Wilder, Concerning continuous 
curves, Fundamenta Mathematicae, vol. 7 (1925), p. 358, i.e., a point P of a continuous curve M is 
an end point of M provided it is ‘rue that if ¢ is an arc of M having P as one of its extremities, then 
M-—(t—P) contains no connected subset which contains P. 
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of these investigations. His stimulating personality has been a source of 
constant encouragement to me in the study of mathematics. 


ParT I 


Lemma I. Jf K is a connected set of points belonging to a continuous curve M, 
and J is the outer boundary of a complementary domain D of M, and M, is a 
component of M —J which lies within J, then K -M, is connected. 


By a theorem of R. L. Moore,} J contains exactly one limit point P of 
M, and thus M:=M,+P. The closed point sets Mi+P and M—M, have 
only the point P in common and their sum is M. Hence, unless K=K-™M, 
then K —P is the sum of the two mutually separated point sets K-M, and 
K(M—M,). Therefore K-M,+P is connected. But K-M,+P=K-M,. 
Hence K - M, is connected. 


Lemwna II. Jf X is a point belonging to the boundary of a complementary 
domain D of a continuous curve M, then there do not exist infinitely many simple 
closed curves of M, each of which encloses X and is the outer boundary of a 
complementary domain of M. 


Lemma II follows from the fact that the complementary domains of M 
form a contracting sequence,f and the fact that no two complementary iy 
domains of M have the same outer boundary.§ 


Lemna III. Suppose (1) K is a connected set of points belonging to a con- a 
tinuous curve M, (2) D,, D2, Ds, - - - are all the bounded complementary domains 
of M such that for each i, D; contains a point of K, (3) for each i, J; is the outer 
boundary of D;, and (4) J:*, J2*, Js*, - - - is a finite or infinite subsequence of 
the sequence Ji, Jz, Js, - -- . Then the set K* consisting of all points X of K 
such that X is not interior to J;* for any value of i is connected, and if all but a 
countable number of the points of K are cut points of M, and no point of K* is 
interior to J; for any value of i, and K* contains more than one point, then K* 
is a subset of the boundary of the unbounded complementary domain of M. 


Suppose there exists a subsequence Ji*, J*, Ji*,--- of the sequence 
Ji, Jz, Jz, - - - for which the set K* consisting of all points X of K, such that 


{ Concerning paths that do not separate a given continuous curve, loc. cit., Theorem 6. 

t If H is a sequence of point sets and for each positive number ¢ only a finite number of point 
sets of the set H are of diameter greater than e, then H is said to be a contracting sequence of point 
sets. See R. L. Moore, Concerning upper semi-continuous collections, Monatshefte fiir Mathematik 7 
und Physik, vol. 36 (1929), pp. 81-88. See also R. L. Moore, Report on continuous curves from the £ 
viewpoint of analysis situs, Bulletin of the American Mathematical Society, vol. 29 (1923). 

§ See R. L. Moore, Concerning paths that do not separate a given continuous curve, loc. cit., The- 
orem 1. 
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X is not interior to J/* for any value of i, is not connected. The set K* can be 
expressed as the sum of two mutually separated sets K; and Ky». It follows 
from Lemma II that there exists a subsequence Ji**, J**, J#*, - - - of the 
sequence Ji*, J*, J, - - - such that (1) if X is any point lying on or within 
some curve of the sequence J**, J*, Ji*, - - - , then X lies on or within some 
curve of the sequence Ji**, J**, Ji#*, - -- , (2) for J,** contains no 
point interior to J,**. For each positive integer , and for each point X of Ki 
belonging to J,**, add to K, every point Y of K such that Y belongs to some 
component of M —J,** which lies within J;** and has X as a limit point. Let 
K¥ denote the resulting set. For each positive integer m and for each point X 
of Kz belonging to J,** add to K, every point Y of K such that Y belongs to 
some component of M—J,** which lies within J,** and has X as a limit 
point. Let K* denote the resulting set. Since K is the sum of the sets Ki* and 
Ks, one of these sets contains a limit point of the other. We shall consider 
the case where K¥* contains a limit point of K*. Let P denote one such limit 
point. The point P belongs to Ki, for suppose it does not. There exists a 
positive integer ¢ such that J** encloses P. Only a finite number of compo- 
nents of M—J** are of diameter greater than a positive number,{ and all 
the points of K belonging to that component of M—J** which contains P 
belong also to K*. It follows that P is not a limit point of K* contrary to 
hypothesis. Hence P belongs to K;. It follows then that P is the sequential 
limit point of a sequence P;, P2, P;,--- of points belonging to the set 
K*— XK, such that for 1#j, P; and P; belong to different components of 
M —(Ji#*+J2*+J3*+ +--+). For each positive integer n let Z, denote the 
limit point of that component of M - --) which con- 
tains P,,. Since (1) for each m the point Z, belongs to Ke, (2) the curves J*™*, 
J#*, J#*, - - - form a contracting sequence,{ and (3) not more than a finite 
number of components of M —J**, for any value of i, are of diameter greater 
than a positive number, it follows that P is a limit point of Kz and belongs to 
K,, contrary to the assumption that K, and K, are mutually separated. Hence 
K* is connected and the supposition that a subsequence J*, J*, J, - - - of 
the sequence J;, J2, Js, - - - exists for which the set of all points X of K 
such that X is not interior to J/;* for any value of i is not connected, has led 
to a contradiction. 

Let K** denote the set of all points X of K such that X is not interior to 
J; for any value of i. Suppose K** contains more than one point. If Q denotes 


t See W. L. Ayres, Concerning continuous curves and correspondences, Annals of Mathematics, 
(2), vol. 28 (1927), Theorem 1. 
t See R. L. Moore, Report on continuous curves from the viewpoint of analysis situs, loc. cit. 
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a point of K** which does not belong to the boundary B* of the unbounded 
complementary domain D* of M, let C, denote a circle with center at Q, such 
that C, encloses no point of D*. By a theorem of G. T. Whyburn,j the set 
of all cut points X of M such that X lies on some simple closed curve of M is 
a countable set. But every cut point of M is on the boundary of some comple- 
mentary domaint{ of M, and therefore either belongs to B* or lies on or within 
J; for some value of 7. Hence, since K** is connected and therefore contains 
uncountably many points within C,, there are points of K** interior to C, 
which belong also to K — K**, which is impossible. Therefore K** is a subset 
of B*. 


THEOREM I. Jf B is the boundary and J the outer boundary of a bounded 
complementary domain D of a continuous curve M, and K is a connected set of 
cut points of M such that K contains a point in common with J, any point of K 
which belongs to B—J can be joined to some point of J by an arc common to K 
and to B. 


Let P denote a point of K belonging to B ae , and let M, denote that com- 
ponent of M—J which contains P. Let Q denote the limit point§$ of M, be- 
longing to J and let K* denote the set K - M,. Since K is connected, Q belongs 
to K. By Lemma I, K* is connected. Since Mi+( is a continuous curve, and 
B(M,+@Q) is the boundary of the unbounded complementary domain of 
M,+Q, by Lemma III the set B- K* is connected. Hence, by a theorem of 


R. L. Wilder,|] P can be joined to Q by an arc belonging to B and to A*. 


TuHeEoreEM II. If J is the outer boundary of a bounded complementary domain 
D of a continuous curve M, and K is a connected set of cut points of M con- 
taining a point in common with J, then any point of K within J can be joined to 
some point of J by an arc which is common to K and to a point set consisting 
of the boundaries of a finite number of complementary domains of M. 


Let P denote a point of K within J. By Lemma II, if G denotes the collec- 
tion of all simple closed curves of M each of which encloses P and is the outer 
boundary of some complementary domain of M, then G is finite. Let Ji, Je, 
J;,-++,J, denote the curves of the collection G, where for each positive 
integer i(i<m), J; is a subset of the point set consisting of J;,: together with 


+ Concerning continua in the plane, these Transactions, vol. 29 (1927), pp. 369-400, Theorem 29. 

t See R. L. Moore, Concerning the common boundary of two domains, Fundamenta Mathematicae, 
vol. 6 (1924), pp. 203-213. 

§ See R. L. Moore, Concerning paths that do not separate a given continuous curve, loc. cit., The- 
orem 6. 

|| Concerning continuous curves, Fundamenta Mathematicae, vol. 7, pp. 340-377, Theorem 20. 
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its interior. Suppose J,, is J. For each positive integer k(k <m), let D;, denote 
that complementary domain of M whose outer boundary is /;., let M; denote 
that component of M—J; which contains P, and let Q; denote the point of 
J. which is a limit point of M,. Suppose there exists a positive integer g(¢ <m) 
such that 0,4: does not belong to the boundary of D,. Let K,,, denote the 
set of all points X of K such that (a) X belongs to K-M q41, (b) the point X 
is not interior to the outer boundary of any complementary domain of M 
(except D,,:) whose boundary contains a point of K- M441. Since J 44: is the 
outer boundary of D,.:, every cut point of M which belongs to M ,,: is also 
a cut point of M/,,;. By Lemmas I and III together with the fact that M41 
is a continuous curve, K 44: is connected. But it contains Q, and Q,,: and isa 
subset of the boundary of D,,:. By Wilder’s theorem there exists for each 
positive integer i(i <<m) an arc from Q; to 0:4: which is common to K and the 
boundary of D;,:. Hence there exists an arc from P to a point of J which is 
common to K and a point set consisting of the boundaries of a finite number 
of complementary domains of M. 


THEOREM III. Jf K is a connected set of cut points of a continuous curve M, 
and X and Y are two points of K, then there exists an arc from X to Y which is 
common to K and a point set consisting of the sum of the boundaries of a finite 
number of complementary domains of M. 


Suppose X belongs to the boundary B* of the unbounded complementary 
domain{ D* of M. If Y belongs to B* the proof of the theorem follows from 
Lemma III together with Wilder’s theorem.§ Suppose Y does not belong to 
B*. By Lemma II if G denotes the collection of all simple closed curves of M 
each of which encloses Y and is the outer boundary of some complementary 
domain of M, then G is finite. There exists a simple closed curve J* of the 
collection G such that the point set consisting of the sum of all the simple 
closed curves of G contains no point exterior to J*. By Theorem II the point 
Y can be joined to a point Y; of J* by an arc Y¥Vi, and by Lemma III to- 
gether with Wilder’s theorem|| Y; can be joined to X by an arc Y,X such that 
each of the arcs YY, and Y,X is common to K and a point set consisting of 
the sum of the boundaries of a finite number of complementary domains of 
M. From the sum of the arcs YY, and Y,X there exists an arc from X to Y 
which satisfies the conditions of Theorem III. 


1 Concerning continuous curves, loc. cit. 

t Every other case may be reduced to this one by an inversion. 
§ Concerning continuous curves, loc. cit. 

|| Ibid. 
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Part II 


Definition. An arc XY will be said to have property a with respect to a 
continuous curve M provided it satisfies the following conditions: (1) the 
arc XY contains no cut point of M, (2) the common part of arc XY and M 
is totally disconnected, (3) if the boundary B of a complementary domain D 
of M contains two points U and V in common with arc XY, then segment 
UV isa subset of D, (4) segment XY of the arc XY contains no point common 
to the boundaries B, and B, of two distinct complementary domains D, and 
D, of M which is also a boundary point of some complementary domain of 
the point set 

It is clear that if XY is an arc having property a with respect to a continu- 
ous curve M, and YZ is an arc which contains only the point Y in common 
with M or with arc XY, and if XZ, the sum of the arcs XY and YZ, satisfies 
properties (3) and (4) of the preceding definition, then arc XZ has property 
a with respect to M. 


THEOREM IV. /f M is a bounded continuous curve, and K is a closed and 
totally disconnected subset of M whose omission leaves M connected and such 
that K belongs to the boundary B of a complementary domain D of M, then there 
exists an acyclic continuous curve whose end points are identical with the set K 
and which is a subset of D+K. 


Since B is a continuous curve,t by a theorem of R. L. Mooret there exists 
a continuum N containing K and which is a subset of D+ K. Let N; denote 
the continuum formed by adding to N all the bounded complementary do- 
mains of V. Since K is closed and totally disconnected, it follows that there 
exists a circle C which is a subset of D—N,. Let T denote an inversion about 
C, let M* and N,* denote the images of M and J, respectively under T, and 
let /,* denote the continuum formed by adding to M* all the bounded com- 
plementary domains of M*. It is clear that (a) Mi*—K is connected, (b) the 
set of points common to M¥# and N7¥ is K, (c) neither M* nor N* separates 
the plane. Therefore by a theorem of R. L. Moore§ there exists a simple 
closed curve J which encloses Mi*—K but encloses no point of Ni*~K and 
contains K but no point (V*+M;*)—K. Let P denote the center of C. If 
J does not contain P let J* denote J, and if J contains P let J* denote a 


+ See Marie Torharst, Uber den Rand der einfach susammenhingenden ebenen Gebiete, Mathe- 
matische Zeitschrift, vol. 9 (1921), pp. 45-65. 

t Some separation theorems, Proceedings of the National Academy of Sciences, vol. 13 (1927), 
pp. 711-716, Theorem I. 

§ Concerning the separation of point sets by curves, Proceedings of the National Academy of Sci- 
ences, vol. 11 (1925), pp. 469-476, Theorem 2. 
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simple closed curve which contains K but not P and is a subset of J plus a 
circle which encloses P but which neither contains nor encloses any point of 
N*+M?*. H. M. Gehmanf has shown that if EF is an arc containing a totally 
disconnected closed point set L, then L is identical with the end points of an 
acyclic continuous curve which contains only the set Z in common with the 
arc EF. From this it follows that there exists an acyclic continuous curve W 
whose end points are identical with K and which is a subset of K plus the 
exterior of J*. The image W* of W under the inverse of T satisfies the con- 
ditions of Theorem IV. 


THEOREM V. /f M is a bounded continuous curve, and K is a closed point 
set, and K* is the set of all points X such that X belongs either to K or to a point 
set containing a point of K and consisting of a complementary domain of M to- 
gether with its boundary, then K* is closed. 


Suppose P is a limit point of K* which does not belong to K*. The point 
P belongs to M and since P does not belong to K* it is not a boundary point 
of any complementary domain D of M such that D isa subset of A*. Since P 
does not belong to K, there exists a circle C with center at P such that C 
neither contains nor encloses any point of K. Let C* denote a circle with 
center at P and of diameter one-half that of C. It follows that there are 
infinitely many complementary comains of M each of which contains a point 
exterior to C and a point interior to C*. This is impossible since the comple- 
mentary domains of M form a contracting sequence.{ Hence the suppositon 
that P is a limit point of K* which does not belong to K* has led to a con- 
tradiction. Therefore A* is closed. 


THEOREM VI. Suppose K is a closed and totally disconnected point set, and 
M is a closed and bounded point set containing K such that (a) the sum of all the 
components of M which are not single points can be expressed as the sum of a 
countable number of continuous curves Ci, C2, C3, - - - , not more than a finite 
number of which are of diameter greater than a positive number, (b) the set of all 
points X such that X belongs to at least two curves of the sequence Ci, C2, C3, +: - 
is a subset of K. Then each component of M is a continuous curve and not more 
than a finite number of components of M are of diameter greater than a positive 
number. 

From the fact that a continuum which is not a continuous curve fails to 
be connected im kleinen at a continuum of points,{ and the fact that K is 


; Concerning acyclic continuous curves, these Transactions, vol. 29 (1927), pp. 553-568, Theo- 
rem 6. 
t See R. L. Moore, Report on continuous curves from the viewpoint of analysis situs, loc. cit. 
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closed and totally disconnected, it follows that each component of M is a 
continuous curve. Suppose there exists a positive number e and an infinite 
sequence M,, M2, Ms, - - - of components of M each of which is of diameter 
greater than e. There exists a subcontinuum M* of M and a subsequence 
M*, M+, M#, - - - of the sequence Mi, M2, Ms, - - - having M* as sequential 
limiting set.t| There exists a point P belonging to M*—K, and a positive 
integer u, such that, if C and C* are circles with centers at P and of diameters 
e/n and e/(2n) respectively, then neither C nor C* contains or encloses any 
point of K. Since there are infinitely many components of M each containing 
a point exterior to C and a point interior to C*, there are infinitely many curves 
of the sequence Ci, C2, C3, - - - each of which is of diameter greater than 
e/(4n) contrary to hypothesis. Hence the supposition that there exists a posi- 
tive number e and an infinite sequence M,, M2, M3, - - - of components of M 
each of which is of diameter greater than e¢ has led to a contradiction. 


THEOREM VII. Jf M is a bounded continuous curve which contains no do- 
main, and T is an acyclic continuous curve having the properties (a) T contains 
no cut point of M, (b) the set of all points common to T and M is totally discon- 
nected, (c) if D is any complementary domain of M, any two points of the set 
T-D can be joined by an arc of T which except for end points is a subset of D, 
then M —T is connected. 


Let D denote a complementary domain of the continuous curve M+T 
whose boundary B contains a point of T. Let Dy denote the complementary 
domain of M which contains D, and let By denote its boundary. Let M, 
denote the set B—T. Suppose M, is not connected. If T contains only one 
point A in common with By the point A is a cut point of By, and by a theo- 
rem of R. L. Mooref A is a cut point of M contrary to hypothesis. Hence 
there exists by property (c) a complementary domain D, of M+T distinct 
from D such that D; is a subset of Dy. Let J denote the outer boundary of D 
with respect to D;. By a theorem of R. L. Moore§ J is a simple closed curve. 
The curve J contains a point of T—M and a point of M—T. Suppose there 
exists a component L of M, which contains no point of J. By a theorem of 
R. L. Moore] the component L* of B—J which contains L has exactly one 
limit point Q in J. Since T contains no cut point of M the point Q does not 
belong to 7'-M. If Q belongs to T let Q; denote a point of L and let Q. de- 


+ See R. G. Lubben, Concerning limiting sets in abstract spaces, these Transactions, vol. 30, pp. 
668-685. 

t Concerning the common boundary of two domains, loc. cit. 

§ Concerning continuous curves in the plane, Mathematische Zeitschrift, vol. 15 (1922). 

|| Concerning paths that do not separate a given continuous curve, loc. cit., Theorem 6. 
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note a point of ,-J. There exists an arc} of M from Q; to Qe. If Q belongs 
to M,, let Q; denote a point of T belonging to L* and let Q, denote a point of 
T belonging to J. There exists an arc of T from Q, to Q2. In either case the 
supposition that there exists a component of M, containing no point of J 
contradicts the fact that J is the outer boundary of D with respect to Dy. 
Hence there exist arcs a; with end points A; and A; and 0, with end points 
B, and B, such that arcs a; and }; belong to different components of J-M,. 
Let s; and s. denote the two arcs of J from A, to B;. Both s; and se contain 
points of 7. There exists an arcf ¢ of T from a point in s; to a point in s2. Let 
t, denote a subarc of ¢ having one end point C; in s; and one end point C2 in se 
and containing only the points C; and C, in common with J. Let f, denote an 
arc with C; and C, as end points and which except for C; and C, is a subset of 
D. Let J; denote the simple closed curve formed from the sum of the arcs h 
and f2. The curves J and J; have only the points C; and C; in common. Since 
the segment /, is a subset of D and the segment ¢; contains no point in common 
with D, the point set J —J; is not a subset of a single complementary domain 
of J;. Hence a; and az belong to different complementary domains of J;. Of 
the two points C; and C2, if one belongs to T—M the other is a cut point of 
M contrary to hypothesis. If C, and C; both belong to M, by property (c) 
they do not both belong to the boundary of any complementary domain of M 
except Dy. Hence J =(Ci+C2) is a subset of Dy. There exists an arc ¢; in Dy 
having one end point in 4 and one end point in /, and which, except for end 
points, contains no point in common with J;. The point set J:+/; contains a 
simple closed curve enclosing a point of M and having in common with the 
set Ci: +C, exactly one point. This is impossible since neither C; nor C2 is a 
cut point of M@. Thus the supposition that M, is not connected has led to a 
contradiction. 

Suppose X and FY are points belonging to different components of M—T. 
There exists an arc XY which contains no point of T. Let Y; denote the first 
point in the order from X to Y which XY has in common with that com- 
ponent Jf, of M—T which contains Y. Since M is a continuous curve there 
exists a first point X, in the order from Y,; to X which the interval YX of XY 
has in common with M—M,. Hence X; and VY; belong to the boundary of the 
same complementary domain of MM +T but to different components of M —T, 
which is impossible. Therefore the supposition that X and Y belong to dif- 
ferent components of M—T has led to a contradiction and Theorem VII is 
established. 

+ See R. L. Moore, A theorem concerning continuous curves, Bulletin of the American Mathe- 


matical Society, vol. 23 (1917). 
t Ibid. 
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THEOREM VIII. Suppose (a) M is a continuous curve which contains no 
domain, (b) A, B and C are three distinct points, (c) a; and az are two arcs with 
end points A, B and B, C respectively such that a, and az each have property a 
with respect to M, (d) B does not belong to M. Then there exists an arc from A 
to C which is a subset of a point set consisting of the sum of the arcs a, and az 
together with a single complementary domain of M, such that arc AC has pro- 
perty a with respect to M. 


The case where A and C both belong to a point set consisting of a single 
complementary domain of M together with its boundary, or where A belongs 
to arc d, is trivial. If A belongs to a complementary domain D of M let H 
denote D. If A belongs to M let G; denote the collection of all complementary 
domains of M such that A belongs to the boundary of each domain of the 
collection G;, and let H denote the point set consisting of the sum of all the 
domains of the collection G,; together with their boundaries. Since the com- 
plementary domains of M form a contracting sequence,{ H is closed. If a2 
contains a point of H let E denote the first such point in the order from C to 
B. Then E belongs to the boundary B,; of a domain D, of the collection G. 
There exists an arc from A to E which, except for end points, is a subset of D,. 
Arc AE plus the interval EC of az is an arc from A to C which satisfies the 
conditions of the theorem. If a2 contains no point of H, let G, denote the 
collection of all the complementary domains of M such that each domain of 
the collection G2 either contains a point of a, or has a point of a2 on its 
boundary. Let K denote the point set consisting of the sum of all the domains 
of the collection G; together with their boundaries. By Theorem V the set K 
is closed. Since az contains no point in common with H, the point A does not 
belong to K. Let F denote the first point in the order from A to B which a, 
has in common with K. If F belongs to az then the sum of the intervals AF 
and FC of a; and az respectively is an arc from A to C satisfying the con- 
ditions of the theorem. If F does not belong to a2 it belongs to the boundary 
Bz of a domain D, of the collection G:. Let V denote the first point in the order 
from C to B which az has in common with B,+ D2. There exists an arc from 
F to V which except for end points is a subset of D2. The sum of the intervals 
AF and VC of a, and a2 respectively together with arc FV is an arc from A to 
C satisfying the conditions of the theorem and the proof is complete. 


THEOREM IX. If P is not a cut point of a continuous curve M and e is a 
positive number, there exists a circle C enclosing P and of diameter less than e 
such that the set of all points of M, each at a distance from P greater than e, lie 
in a connected subset of M—C. 


T See R. L. Moore, Report on continuous curves from the viewpoint of analysis situs, loc. cit. 
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Let M;, denote the set of all points of M each at a distance from P greater 
than or equal to e. Let G denote a collection of connected open subsets of M 
no one of which contains P but such that if X is any point of M, then X 
belongs to some subset gy of the collection G. There exists a finite sub- 
collection G; of G which contains all the points of M;. Since M—P is con- 
nected and any two points belonging to a connected open subset of a con- 
tinuous curve can be joined by an arcf lying wholly in the open subset it 
follows that there exists a finite set A of arcs, each lying within M—P, and 
such that the point set M2 consisting of M, plus the arcs of the set A is con- 
nected. Since Mz does not contain P there exists a circle enclosing P which 
neither contains nor encloses any point of M2 and the theorem is established. 


THeoreEM X. If P is not a cut point of a bounded continuous curve M which 
contains no domain and e is a positive number, there exists a positive number d. 
such that if A and B are any two points, each at a distance from P less than d., and 
M—(A+B) is connected, then A and B are the extremities of an arc which 
has property a with respect to M and which is of diameter less than e. 


By Theorem IX, if e is a positive number there exists a positive number 
d. such that the set of all points of M each at a distance from P greater 
than e lie in a connected subset M, of M such that no point of M, is at a 
distance from P less than d,. Let C and C; denote circles with P as center and 
of diameters e and d, respectively. Let J and J; denote the interiors of C and 


C, respectively, and let /* denote that component of M —J,; which contains 
M,. Let S denote the set of all points, let S; denote S—J, and let S; denote the 
set of all points X such that X belongs to a complementary domain of M+C 
whose boundary is a subset of M*+C. Let K denote the set Mi +5,+S2 and 
let D denote the complementary domain of K. Clearly P is in D. Suppose Pi 
and P; are two points of D which belong to a complementary domain D, of M 
but which can not be joined by an arc lying in J-D,. Let a; denote an arc 
from P; to P; which is a subset of D and let a2 denote an arc from P, to P» 
which is a subset of D,. If a2 is a subset of C+J let a, denote az. If az is not a 
subset of C+TJ let Z; denote the first point in the order from P; to P: which 
dz has in common with a, such that interval P\£; of a, contains a point exterior 
to C and let F; denote the last point in the order from P; to Z, which Pi£i— Ei 
has in common with a;. Let J; denote the simple closed curve which is the 
sum of the intervals E,F; of a, and E,F; of a2. If M# is interior to J; there 
exists a complementary domain of J:+C common to J and the exterior of Ji 
such that its boundary J* contains the interval E,/; of a. If M* is a subset 
of the exterior of J; there exists a complementary domain of Ji:+C common 


T See R. L. Moore, Concerning continuous curves in the plane, loc. cit., Theorem 1. 
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to J and the interior of J; such that its boundary J* contains the interval 
E,F; of a. In either case let ¢; denote the arc from P; to E; which is the sum 
of the interval PiF; of a, and the arc E,F; of J* which contains a point of C. 
Let W; denote the last point in the order from P; to P2 which a2 has in 
common with #;. Let a; denote the sum of the intervals PiW,; and W,P: of 
t, and a2 respectively. Arc a3 contains no point of M. If a; is a subset of C+J 
let a, denote as. If a3 is not a subset of C+J let E; denote the first point in the 
order from P; to P2 which a; has in common with a; such that interval PE, 
of as contains a point exterior to C, and let F, denote the last point in the 
order from P; to which — has in common with a;. Let Jz denote the 
simple closed curve which is the sum of the intervals E.F, of a, and EF, of as. 
If M* is interior to Jz there exists a complementary domain of Jz—C common 
to J and the exterior of Jz such that its boundary J contains the interval 
EF, of a1. If M* is exterior to Jz there exists a complementary domain of 
J2+C common to J and the interior of Jz such that its boundary J contains 
the interval £2F, of a,. In either case let ¢, denote the arc from P; to EZ; which 
is the sum of the interval PF: of a; and the arc E2F2 of J* which contains a 
point of C. Let W2 denote the last point in the order from P; to P2 which a; 
has in common with #.. Let a4 denote the sum of the intervals PiW2 and W2P2 
of ¢, and a; respectively. Arc as contains no point of M. If as is a subset of 
C+I let a, denote a4. If a4 contains a point exterior to C it is clear that after 
a finite number of operations just described one may obtain an arc a, from 
P to P2 which is a subset of C+J and which contains no point of M. It follows 
that there exists an arc ad» from P; to P; which is a subset of 7-D, contrary to 
the assumption that P; and P; are points of D,; which can not be joined by an 
arc of J-D,. 

If K is designated by a point and each point of S—K is designated by a 
point, the set of elements thus obtained is an upper semi-continuous collec- 
tiont of elements filling up the plane and is in one-to-one continuous cor- 
respondence T with the surface H of a sphere. For each point set Q in S let 
T(Q) designate its image under 7. Since any two points of D belonging to a 
complementary domain D; of M can be joined by an arc of J-D;, T(D-D;) 


t See R. L. Moore, Concerning upper semi-continuous collections of continua, these Transactions, 
vol. 27 (1925), pp. 416-428. A collection G of continua is said to be an upper semi-continuous collection 
if for each element g of the collection G and each positive number e there exists a positive number d 
such that if x is any element of G at a lower distance from g less than d then the upper distance of 
x from g is less than e. If M is a point set and P is a point, then by /(PM) is meant the lower bound 
of the distance from P to all the different points of M. If M and N are two point sets, then by (MN) 
is meant the lower bound of the values /(PN) for all points P of M, while by u(MJN) is meant the 
upper bound of these values for all points P of M. The point set M is said to be at the upper dis- 
tance u(M JN) from the point set N and is said to be at the lower distance /(MN) from N. 
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is a complementary domain of 7(K+M). If AB is an arc in D such that 
T(AB) has property a with respect to 7(K+M), then AB has property a 
with respect to M. By a slight modification of a theorem by R. L. Mooret 
it may easily be seen that any two points belonging to H—TJT(K) whose 
omission leaves T7(K+M) connected may be joined by an arc lying in 
H—T(K) and which has property a with respect to M. Therefore Theorem 
X is established. 


THEOREM XI. Jf M is a bounded continuous curve which contains no do- 
main, and A and B are two points such that M—(A+B) is connected, there 
exists an arc from A to B which has property a with respect to M. 


If neither A nor B belongs to M then R. L. Mooreft has shown how to 
construct an arc from A to B which does not disconnect M. From the nature 
of his construction, this arc has property a with respect to M. If M contains 
no domain and M —(A +B) is connected it follows from a slight modification 
of his construction that there exists an arc from A to B which has property a 
with respect to M. 


THEOREM XII. Jf M is a bounded continuous curve which contains no 
domain and K is a totally disconnected closed subset of M, there exists an acyclic 
continuous curve T containing K, and such that (1) all the end points of T 
belong to K, and (2) the point set M-T is totally disconnected and M—T is 
connected. 


By Theorem IV, for each complementary domain D; of M whose bound- 
ary 6; contains two or more points of A, there exists an acyclic continuous 
curve C; whose énd points are identical with the points of the set A-6; and 
lying except for end points wholly within D;. Let A, denote the point set 
K+C,:+C.+C;+ ---.That K; is closed may be proved with the use of the 
fact that the complementary domains of M form a contracting sequence.$ 
By Theorem VI each component of A; is a continuous curve and not more 
than a finite number of components of K, are of diameter greater than a 
positive number. Suppose A, contains a simple closed curve J. Since J-M 
=J-K and M—K is connected, then M —J is a subset of one of the comple- 
mentary domains of J and hence J is a subset of a point set consisting of a 
single complementary domain of M plus its boundary which is impossible. 
Hence K;, contains no simple closed curve. 

By Theorems IX and X together with the fact that a closed and bounded 


1 Concerning paths that do not separate a given continuous curve, loc. cit. 
t Ibid. 
§ See R. L. Moore, Report on continuous curves from the viewpoint of analysis situs, loc. cit. 
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point set has the Borel-Lebesgue property, there exists a sequence of sets of 
circular regions Gi, Gz, G3, - - - having the properties that for each positive 
integer i, (1)G; is finite and covers K and each region of G; contains at least 
one point of K, (2) each region of the set G; is of diameter less than 1/7, (3) 
if g is a region of the set G;(i>1), Z lies interior to some region of the set Gi. 
and has the property that if X, and X, are any two points of g whose omission 
does not disconnect M then there exists an arc from X; to X2 having property 
a with respect to M and lying interior to each region of the set G;_, which 
contains @. 

For each positive integer 7 let Ni; denote the point set obtained by adding 
to K, all the regions of the set G; together with their boundaries. If for all 
values of 7 the set Ni; is connected, let T denote the set of points common to 
the sets Vi, Nio, Nis, - - - . If for some value of 7 the set Ni; is not connected 
let m denote the smallest positive integer such that Ni, is not connected. The 
point set V;, has only a finite number » of components. Let L; denote one 
of them. If m is greater than 3 there exists a component LZ» of Ni, distinct 
from LZ, and two regions g, and g; of the set G2 having in common a point P 
not belonging to M such that g, contains a point X, of the set Z,-K, and g, 
contains a point X, of the set Z:- Ki. By property (3) of the sets of circular 
regions, there exist arcs PX, and PX, each having property a with respect 
to M and each lying in a single region of the set G,,_3. By Theorem VIII there 
exists an arc X,X- having property a with respect to M and which is a subset 
of a point set consisting of the sum of the arcs PX, and PX, together with a 
single complementary domain of M. For m=1, 2, 3 there exists an arc X1X2 
from a point X, of L;- Ki to a point X2 of K,—L; which has property a with 
respect to M. 

If k isa component of K, then for each point Z of k add to & all points W 
such that W lies within or on the boundary of some complementary domain 
of M which contains Z or has Z on its boundary. Let H;, denote the set thus 
obtained and let H denote the point set obtained by adding together all 
points of all the sets H; for all components k of K,. Since each point of H ata 
distance from every point of K greater than a positive number e lies either 
within or on the boundary of a complementary domain of M of diameter 
greater than e it follows that H is closed. From the fact that K is closed and 
totally disconnected and the fact that every infinite set of point sets whose 
sum is bounded has a limiting set,} it follows that the nondegenerate sets 
H,, form a contracting sequence. 

Let H* denote the point set obtained by adding together all points of all 


Tt See R. G. Lubben, Concerning limiting sets in abstract spaces, loc. cit. 
t A point set containing but a single point is said to be degenerate. 
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the sets H, for all components k of K, such that & is a subset of LZ. Since the 
components of K, and the complementary domains of M form contracting 
sequences and each component of K;, contains a point of K, therefore H* 
is closed. The point set H*- K, is a subset of L;. Let E, denote the last point 
which the arc X,X2 has in common with H™*, and let E; denote the first point 
which the interval £,X2 of X:X_ has in common with the set H —H™*. If 
E,=E, then E; does not belong to K;. For suppose it does. Then since Fi 
belongs to M it belongs also to K. Hence £, does not belong to any set H;, for 
any component k of K, such that K is a subset of A,—J). Since E; belongs to 
K it is interior to some region of the set G,, belonging to Z; and there exists a 
positive number e such that the distance from £, to any point of K,—J; is 
greater than e. Therefore since Z; belongs to H —H* there are infinitely many 
sets H,, each of diameter greater than e/2, which is impossible. Hence the 
supposition that Z,=£, and £, belongs to K, has led to a contradiction. 
Thus if £,= £2, then EZ, belongs to the boundaries of two distinct comple- 
mentary domains D; and D. of M such that the boundary of D, contains a 
point of K belonging to Z; and the boundary of D, contains a point of K 
belonging to the set N:,,—L;. There exists in D; an arc Y;£, and in D, an 
arc Z,E, such that (a) the point Y; belongs to K, and also to Ki-D, if D, 
contains a point of Ky, (b) the point Z,; belongs to K, and also to K,- Dz if D2 
contains a point of Kj, (c) segments YZ, and Z,E, have no point in common 
with A, or with M. If £,+£, and £;, belongs to Ky, let Y; denote A. If 
E, AE, and E, does not belong to K,, it belongs to the boundary B, of a 
complementary domain D,; of M such that B; contains a point of K,-Li. 
There exists an arc Y,£, such that (a) the point Y; belongs to K, and also 
to K,—K if D, contains a point of K,, (b) segment Y,£, contains no point in 
common with or with M. If and E, belongs to Ki, let Z; denote Fp. 
If £,* EF, and E£, does not belong to Ki, it belongs to the boundary B; of a 
complementary domain D, of M such that B, contains a point of Ki—Jh. 
There exists an arc Z,£2 such that (a) the point Z,; belongs to K, and also to 
K.—K if Dz contains a point of K,, (b) segment Z,£, contains no point in 
common with K, or with M. Let a, denote the arc which is the sum of the 
arcs Y,£, and Z,£; and the interval £,£, of the arc X,X>2. Then (1) the arc ay 
has property a with respect to M, (2) for m greater than 3 the set of points 
common to arc ad, and M which does not belong to K;, is a subset of a point 
set consisting of the sum of two regions of the set Gm_s, (3) the end points VY; 
and Z; of arc ay, which are the only points common to a, and to K,, belong 
to different components of Nim. The number of components of Nimn+du is 
at least one less than the number of components of Nim. If Nim-+au is not 
connected, by treating the sets Kit+an and Nin+dau in the same manner as 
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that in which the sets K, and 1, respectively were treated one may obtain 
an arc dy which satisfies with respect to M, Gm_s, Kit+au, and Nim+du, the 
same properties that arc dy satisfies with respect to M, Gm_s, Ki and Nim 
respectively. The number of components of the set Nim+@1+412 is at least 
two less than the number of components of the set Ni. It is clear that by the 
addition to K;, of a finite set A: of arcs du, @13, - , Giz (R<m), each arc 
a; of the set A, satisfying with respect to M, Gms, Kit>siZ}a; and 
Nim+>.22141; the same properties that arc a,;;_1 satisfies with respect to M, 
Gus, Kit+> and N im+> 22141; respectively, one may obtain a point set 
K; which has the following properties: (1) Kz is closed and contains no simple 
closed curve, (2) if P and Q are any two points of Kz belonging to the bound- 
ary of a complementary domain D of M then P and Q are the extremities 
of an arc belonging to Kz such that segment PQ is a subset of D, (3) the set 
K2+Nim is connected, (4) the set M- Kz is totally disconnected, (5) each 
component of K;, is an acyclic continuous curve, and (6) K: contains no cut 
point of M. That K, has properties (1) and (2) is clear from the facts (a) 
Ax is finite, (b) Ki+au has properties (1) and (2), (c) if Kit > <k—-1) 
has properties (1) and (2) then K:+}-_,a:; has them also. The point set Ks 
has property (3) since the number of components of Ni, is m and the number 
of components of Nim+)_:=141: ("<< —1) is at least one less than the number 
of components of Nim+)>.j~:41;- The set of points common to M and the set 
A, of arcs is closed and totally disconnected, hence Kz has property (4). By 
Theorem VI the set Kz has property (5), and since no arc of the set A; con- 
tains a cut point of M the set Kz has the property (6). Add K; to each of the 
sets Vu, Ni2, Nis, - - - and denote the resulting sets by Na, N22, Nos, + - - re- 
spectively. If for each value of 7, N2; is connected, let T denote the set of all 
points common to the sets Na, N22, No, - - - . If, for some value of 7, No; is 
not connected, let 2 denote the smallest positive integer such that N2, is not 
connected. Let r denote the number of components of N2,. By the addition 
to Ke of a finite set Ae of arcs , de;(7<7r), each arc of the 
set A» satisfying with respect to M, Gas, Ke+> and 
(k <r) the same properties that arc ay satisfies with respect to M, Gm-_s, Ki 
and Ni, respectively, one may obtain a point set K; which satisfies the same 
properties with respect to M, Gn_s, Non that Ke satisfies with respect to M, 
Gms and Nim respectively. Suppose the process is continued indefinitely. Let 
K* denote the set Ki+K2+K3+ - --. The set K* is connected and the set 
M - K* is closed. For suppose W denotes a limit point of M-K* which does 
not belong to M-K*. The point W does not belong to K, and since for any 
positive number e there exists a positive integer ¢ such that no arc of the set 
A,(j>t) contains a point of M—K,_; at a distance from every point of K 
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greater than e, it follows that W belongs to K;_; and hence to M - K* contrary 
to hypothesis. Therefore M - K* is closed. Since for each positive integer 7 the 
set AK; contains in common with M only a totally disconnected set of points, 
the point set M- A* is totally disconnected. From the fact that each arc of 
the set A; for all values of i has property a with respect to M and the fact 
that M —K is connected it follows that M-A* contains no cut point of M. 

If 8; is the boundary of a complementary domain D; of M and the set of 
points D;- K* is not an acyclic continuous curve whose end points are identical 
with the set 6;-K*, there exists by Theorem IV an acyclic continuous curve 
C; whose end points are identical with the set 8;-K* and which, except for 
end points, is a subset of D;. Let 7; denote the set formed from K* by re- 
placing the set D;- A* by C; for each value of i. The point set 7; is closed and 
connected and has the property that if X and Y are any two points of 7; 
belonging to the boundary of a complementary domain D of M then X and Y 
are the extremities of an arc belonging to T; such that segment XY is a sub- 
set of D. That 7; is a continuous curve may be seen from the fact that any 
point of 7; not belonging to the totally disconnected set M-T, lies in some 
complementary domain of M, together with the fact that a continuous curve 
can not fail to be connected im kleinen at only a totally disconnected set of 
points. 

Suppose there exists an end point P of 7, which does not belong to K. 
Then P belongs to M and hence to A* and there exists a positive integer r 
such that P belongs to K,. By a theorem of G. T. Whyburn{ and the fact that 
each nondegenerate component of K, is an acyclic continuous curve, all of 
whose end points belong to K, it follows that there exists an arc c, lying in 
K,—K whose end points belong to M and such that c, contains P as an in- 
terior point. For each segment c; of c-—_M whose end points belong to M let 
b; denote a segment of 7;— M such that the end points of 5; are the end points 
of c;. The point set consisting of the sum of the segments 5; together with the 
set M -c, is an arc lying in 7, and containing P as interior point which contra- 
dicts the assumption that P is an end point of 7;. Hence the end points of 
T, all belong to K. 

Suppose J is a simple closed curve lying in T;. The curve J contains a 
point of M —K, otherwise J isa subset of a point set consisting of a single 
complementary domain D of M together with its boundary, contrary to the 
fact that D-7, contains no simple closed curve. The curve J contains a point 
of K. For suppose it does not. There exists a positive integer s such that M-J 


T See R. L. Moore, Report on continuous curves from the viewpoint of analysis situs, loc. cit. 
t Concerning continua in the plane, \c. cit. 
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is a subset of M-K,. Since J separates M there exists a point of M—K, 
interior to J and a point of M — K, exterior to J. For each segment c; of J—M 
whose end points belong to M let b; denote a segment lying in K,—M and 
such that the end points of 5; are the end points of c;. The point set consisting 
of the sum of the segments b; together with the set M-J is a connected set of 
points which is a subset of a single component k of K,. Hence k separates M. 
Since K, contains no cut point of M and has the properties (1) K, contains 
no simple closed curve, (2) M-K, is totally disconnected, (3) any two points 
of K, belonging to the boundary B of a complementary domain D of M are 
the end points of a segment lying in D- K,, therefore any component of K, 
is an acyclic continuous curve which satisfies with respect to M the same 
properties that T satisfies with respect to M in Theorem VII. Hence k does 
not separate M and the supposition that J contains no point of K has led to 
a contradiction. 

For each positive integer 7 let S; denote the sum of the regions of the set 
G; together with their boundaries. That the set of all junction points} of 7; 
not belonging to S; is finite may be shown as follows. Since 7; is a continuous 
curve, for 7>z there are not more than a finite number of components of 
T,—S; each containing a point of T7,;—S;. Since all the end points of 7; be- 
long to K and any simple closed curve of 7; contains a point of K, then each 
component of T,—.S; together with its limit point, which contains a point of 
T,—S;, is an acyclic continuous curve whose end points, finite in number, all 
belong to S;. Let L denote the set of all junction points of T,. For each positive 
integer 7 there are only a finite number of components of the set 7: — (L + Si) 
each of which contains a point of T,—.S;. Suppose there exist a positive integer 
m and a component r of 7;—(ZL+Sm41) such that for each positive integer ” 
there exists a simple closed curve of JT; which contains r but which contains 
no point of M—S,. Since each simple closed curve of 7; contains a point of 
M —K it follows that there exists a sequence J1, Jo, J3, - - - of simple closed 
curves of and a subsequence S*, S;*, - - - of the sequence Si, S2, S3, - 
such that for each i, J; contains r and at least one point of M—S};, but con- 
tains no point of M—S*. Let J*, J*, J#, - - - denote a subsequence of the 
sequence J1, Jo, Js, - - - having a sequential limiting set N*. Since for each i 
the curve J* contains 7 the set N* separates the plane. Suppose V* contains 


t See R. L. Moore, Concerning triods in the plane and the junction points of plane continua, Pro- 
ceedings of the National Academy of Sciences, vol. 14 (1928). If P is a point of a continuous curve V 
and K is a domain containing P such that P is a cut point of the component of N -K which contains 
P, and furthermore there exist three arcs PA;, PAs, and PA; which lie in N and have only the point 
P in common, then P is said to be a junction point of N. The continuum PA,;+PA:2+P4; is called a 
triod and the point P is its emanation point. 
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a point Q belonging to M—K. There exists a positive integer m such that Q 
does not belong to Sn. It follows that Q belongs to all but a finite number of 
the simple closed curves of the sequence J:, Jz, Js, - - - . This is impossible, 
hence N* contains no point of M—K. Since N* is connected im kleinen at 
every point not belonging to K, then N* is a continuous curve.} Therefore by 
a theorem of R. L. Moore,t N* contains a simple closed curve. This is im- 
possible since V* contains no point of M—K and the supposition that for 
each positive integer ” there exists a simple closed curve of 7; which contains 
r but which contains no point of M —S, has led to a contradiction. Hence if 
r is a component of 7,—(L--S,,) there exists a positive integer such that 
every simple closed curve of 7; which contains 7 contains a point of M—S,. 
It follows then that there exists a subsequence Sj**, S3**, S**, - - - of the 
sequence S;, S2, S3, - - - such that for each positive integer 7, if J is a simple 
closed curve of 7; which is not a subset of S;, then J contains a point of 
M —S**. Suppose there exists a component of 7;—(Z+S:) which is not a 
subset of S; but which is a subset of a simple closed curve J lying in 7;. Let 
P denote a point of J belonging to M —S;*. If P is not a junction point of T; 
there exists a component ¢ of J—(L+X) containing P. If P is a junction 
point of 7; it is a limit point of the set -J. For suppose there exists a seg- 
ment s; of (J -M)+P which contains P. Since P does not belong to K there 
exists a positive integer e such that P belongs to K, but not to K..1. Thus P 
is an interior point of some arc of the set A._1. Since for any complementary 
domain D of M the set D- 7; is an acyclic continuous curve whose end points 
are identical with the set 7,(D—D) it follows that the two components of 
s:—P belong to different complementary domains D, and D, of M and that 
P is both a junction point of T; and a boundary point of a complementary 
domain of the point set D,+Dz. This is impossible since P is interior to some 
arc of the set A,_1, each arc of which has property a with respect to M and 
the supposition that there exists a segment of (J --M)+P which contains P 
has led to a contradiction. It follows then that since L —S;* is a finite set of 
points there exists a point Q belonging to M- J —S#* which is not a junction 
point of 7;. Let ¢ denote the component of J—(ZL+K) which contains Q. 
The component ¢ is either a segment of the curve J or the curve minus a 
single point. Subtract ¢ from 7;. Let T* denote the point set T:—)-}uiti 
where for each positive integer k(k Si;), (1) ¢, is either a segment of a simple 
closed curve or a simple closed curve minus a point such that the curve is a 
subset of T;—)-‘2}t; and contains a component of the set 7;—(Z+S:), (2) ts 


t See R. L. Moore, Report on continuous curves from the viewpoint of analysis situs, loc. cit. 
t Concerning continuous curves in the plane, loc. cit. 
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contains a point of M—S;™*, (3) if t, isa segment its end points belong to the 
point set consisting of K together with the junction points of T;—)-j7;t; and 
if ¢, is not a segment then #; plus a single point of K is a simple closed curve, 
(4) t, contains no point of K nor any junction point of T7:—)-;7;t,, and further 
such that the point set 7* contains no simple closed curve which is not 
a subset of S;. In general let 7* denote the point set 7*.1—)-#_,t;, where for 
each positive integer k(k Si;), (1) ¢, is either a segment of a simple closed 
curve or a simple closed curve minus a point such that the curve is a subset 
of and contains a component of the set T:—(ZL+S4:), (2) th 
contains a point of M —S}**, (3) if t, is a segment its end points belong to the 
point set consisting of K together with the junction points of 7*.1—)-*-}t; and 
if ¢, is not a segment then ¢, plus a single point of K is a simple closed curve, 
(4) t, contains no point of K nor any junction point of 7*1—)-f2/t;, and 
further such that the point set 7¥* contains no simple closed curve which 
is not a subset of S;. 

Let T denote the set of points common to the sets Ti, T*, T#,---. 
The continuum T contains no simple closed curve. Since (a) for each positive 
integer i the set T7*—74,, consists of a finite number of components, each of 
which is a subset of S;, (b) the continuous curve 7; has the property that 
every simple closed curve lying in 7; contains a point of K, it follows that T 
is connected im kleinen at every point of T—K and hencef T is a continuous 
curve. Since M-T is a subset of M-K* the set M-T is totally disconnected 
and contains no cut point of M. 

Suppose there exist two points X and Y which belong to the boundary B 
of a complementary domain D of M such that X and Y are not the extremi- 
ties of any arc belonging to T and lying, except for end points, within D. 
There exists an arc XY lying within D-7; such that segment XY is a subset 
of D. There exist two positive integers d and e such that T*#—)-}_,t; con- 
tains segment XY and does not. Hence 
—(T#—-—Soitit,) contains a junction point of T#*—)-{_,t; contrary to the fact 
that for any two positive integers r and s (T*—)-}_,t;) —(T*—Yojttt;) con- 
tains no junction point of 7*—}>}_,t;. Hence the supposition that X and Y 
are not the extremities of any arc belonging to T and lying, except for end 
points, within D has led to a contradiction. It follows then by Theorem VII 
that M —T is connected. 

Suppose there exists an end point P of T which does not belong to K. 
Since P is not an end point of T; and for any positive integer 7 there are only 
a finite number of components of the set 7:—(Z+S,4:) each of which con- 


T See R. L. Moore, Report on continuous curves from the viewpoint of analysis situs, loc. cit. 
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tains a point of T,—5S, it follows that there exist two positive integers d and e 
such that P is an end point of T7* —)-{7i#; but not an end point of T# —)-}_4t;. 
Since P does not belong to K, (T#—D-i-,t:) —(T#—Doi2it;) is a segment 
lying in a simple closed curve which is a subset of T#—}-j_,t;. Hence the 
point P is a junction point of 7*#—)-{_,t; and an end point of T#—S-Stt;. 
This contradicts the fact that no junction point of a continuous curve N is 
an end point of N —#, where ¢is a segment lying in NV. Hence all the end points 


of T belong to K and Theorem XII has been established. 
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PROBLEMS OF CLOSEST APPROXIMATION CONNECTED 
WITH THE SOLUTION OF LINEAR 
DIFFERENTIAL EQUATIONS* 


BY 
W. H. McCEWEN 


1. Introduction. Consider the differential system consisting of the mth- 
order ordinary linear differential equation 


a™y 
L(y) = + Qi(x) —— + Qn(x)y R(x), 
dx™ 
in which the functions Q,(x), - - - , Qm(x), R(x) are defined and continuous 
on a<x3b, and the m linearly independent two-point boundary conditions 


y (6) + (b)} h; 
j=1 


Let it be assumed that the system has a unique solution y(«), or in other words 
that the corresponding reduced system is incompatible. Let ¢:(x), d2(x), - - - 
be an infinite sequence of functions, defined and continuous and linearly in- 
dependent (in finite subsets) and having continuous derivatives of all orders 
up to and including the mth on the interval, and let 


= Crp1(x) + Copo(x) +--+ + 


be a linear combination of the first of these functions, subject to the restric- 
tion that y,(«) shall satisfy the boundary conditions, but otherwise arbitrary. 
Then it is a problem of minima to determine a sum of this type for which the 
integral f?| L(y.) —R|*dx is as small as possible, where r is any given positive 
real number. Such a function, when it exists, will be called “a minimizing 
function of order 7.” 

The aim of this paper is to investigate the questions of the existence of 
such a function and the convergence of it and certain of its derivatives as 
becomes infinite, the convergence problem, however, being treated only for 
the cases when y,(x) is a trigonometric sum or a polynomial. Krylofft and 

* Presented to the Society, September 12, 1930; received by the editors June 6, 1931. 

Tt See, for example, N. Kryloff, Sur une méthode, basée sur le principe de minimum, pour Vinté- 
gration approchée des équations différentielles, Comptes Rendus, vol. 181 (1925), pp. 86-88. This is 
just one of a long series of papers by Kryloff dealing with more or less closely related problems; see 


also a volume by him in the Mémorial des Sciences Mathématiques, fascicule 49, Les Méthodes de 
Solution A pprochée des Problémes de la Physique Mathématique, Paris, Gauthier-Villars, 1931. 
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Krawtchouk* have considered the convergence question for a second-order 
system with the simple boundary conditions y(a) = y(b) =0, but only for the 
case when r=2. We shall treat the problem in its more general aspect by 
methods which are essentially different from those of the authors cited. In 
this connection mention should be made also of a paper by Piconet which 
deals with a different but somewhat analogous problem of minima, relating 
mainly to a second-order differential system, but involving an arbitrary power 
of the error. 

2. Existence of a minimizing function. Uniqueness. In discussing the 
question of existence we must distinguish three cases in respect to the boun- 
dary conditions: 

(a) when they are homogeneous and are satisfied by the @’s individually, 
(b) when they are homogeneous but are not satisfied by the ¢’s individually, 
(c) when they are non-homogeneous. 

The first case can be disposed of immediately. When the boundary con- 
ditions are homogeneous and are satisfied by the ¢’s individually the problem 
reduces to that of approximating R(x) by means of a linear combination of 
the functions L(¢:), L(¢2), - - - , L(G.) to give the best approximation in 
the sense of the method of least rth powers, and it is well known that this 
problem has a solution when r>0, and indeed a unique solution when r>1 
and the functions L(¢:), - - - , L(¢,) are linearly independent.{ This latter 
condition, of course, means that the homogeneous differential equation 
L(y)=0 has no non-trivial solution which is a linear combination of 
gi, -- + , dn, and this requirement in turn is met, by reason of the boundary 
conditions satisfied by the @’s, if the homogeneous system L(y) =0, U;(y) =0, 
is incompatible. 

When, on the other hand, the boundary conditions are non-homogeneous, 
or are homogeneous but are not satisfied by the ¢’s individually, the ad- 
ditional question arises whether it is possible to satisfy these conditions by 
sums of the form y,(x) at all. The requirement is that the coefficients cx 
satisfy the m linear equations 


= hj 
kal 


* See, for example, M. Krawtchouk, Sur les dérivées des intégrales approchées de certaines équations 
différentielles, Rendiconti del Circolo Matematico di Palermo, vol. 54 (1930), pp. 194-198. 

t M. Picone, Sul metodo delle minime potenze ponderate e sul metodo di Ritz, etc., Rendiconti del 
Circolo Matematico di Palermo, vol. 52 (1928), pp. 225-253. 

t Fora proof, see, for example, D. Jackson, On functions of closest approximation, these Transac- 
tions, vol. 22 (1921), pp. 117-128, pp. 118-122; A generalized problem in weighted approximation, these 
Transactions, vol. 26 (1924), pp. 133-154; pp. 133-138. 
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If the numbers /; are all zero there will certainly be infinitely many sets 
of the c’s satisfying these equations for values of nm >m. If they are not all 
zero, but if the equations can be satisfied for a particular value of m, then 
they can be satisfied by infinitely many choices of the c’s for larger values of 
n, since the sum of a solution of the non-homogeneous equations and an arbi- 
trary solution of the homogeneous equations will satisfy the non-homogeneous 
equations. Incidentally, it will be shown in §3 (in connection with the proof 
of Theorem E) that this condition can actually be met in the one case of 
immediate importance, that of polynomials. 

Let it be assumed that linear combinations of gu, - - - , dn satisfying the 
boundary conditions do exist; it is assumed also, as already stated, that the 
reduced system L(y) =0, Ui(y) =0, 7=1, 2, - - - , m, is incompatible. Then, 
in particular, a linear combination of the ¢’s satisfying the homogeneous 
boundary conditions will not satisfy the reduced differential equation unless 
it vanishes identically. 

With the qualifications just cited the minimizing problem in cases (b) 
and (c) also has a solution when r>0, and a unique solution when 7 >1. If 
the functions L(¢:), - - - , L(,) are linearly independent, the existence of a 
solution can be inferred almost immediately from the second paper referred 
to in the last footnote. For the essential part of the argument there de- 
pended on showing that the c’s for which the integral to be minimized has 
values not greater than a specified upper bound are to be sought in a closed 
region of m-dimensional space; and the addition of the auxiliary conditions 
has the effect merely of narrowing the consideration to a subset of this closed 
region, which is likewise closed. If the equation L(y) =0, while not satisfied 
by any non-trivial combination of the ¢’s subject to the boundary conditions, 
is satisfied by other linear combinations of the ¢’s, the argument has to be 
re-examined with a little more care. In the case of homogeneous boundary 
conditions all linear combinations of the @’s satisfying the conditions can 
be expressed linearly in terms of a fundamental system of such combinations, 
and the proof can be carried through for approximation in terms of the func- 
tions of this fundamental system. For the case of non-homogeneous conditions 
it is to be noted that if ® is a particular combination of the ¢’s satisfying 
the conditions the problem of approximating R(x) by a combination satisfy- 
ing the non-homogeneous conditions is the same as that of approximating 
R—L(#) by a combination satisfying the corresponding homogeneous con- 
ditions. 


As to the uniqueness proof, the fact that the arithmetical average of two 
solutions of the auxiliary conditions is itself a solution, even in the non- 


| 
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homogeneous case, is sufficient to insure the applicability of the method used 
in the passage to which reference has been made. 

3. Preliminary theorems on approximation. In this section we shall in- 
troduce certain theorems on approximation which in part at least are well 
known in substance, if not in all cases in the exact form in which they are 
stated here. The letter m will be used throughout the section to denote any 
arbitrarily chosen positive integer, not necessarily the order of the differential 
system, although in the applications to be made later the particular m of the 
differential system will be the one required. The first theorem is an extension 
of the Weierstrass theorem for trigonometric sums: 

THeoreoM A. If f(x) is a given function which is continuous and periodic 
with the period 21, and if f’(x), - - - , f°™(x) exist and are continuous, then for 
any given positive number ¢ there exists a trigonometric sum T,,(x) of some order 
n such that 


(k) (k) 
()| 
for k=0,1, +++, m, and for all values of x. 
The truth of this statement is apparent at once from a consideration of 


the Fejér mean 


1 T 


in? )) 
n? | — x 

Sl 

2 sin? (3(€ — x)) 
It is well known that this function, which is a trigonometric sum of order 
n—1in x, converges uniformly to f(x) as m becomes infinite. Hence by taking 
n sufficiently large it can be made to approximate f(«) with an error less than 
any preassigned positive number e. If this function is differentiated with 
respect to x and 0¢/dx replaced by its equal —d¢/dé and the resulting 
expression integrated by parts, it will be seen that 


where 


— x) = 


1 
= — f ade. 


But this is the Fejér mean of f’(x) and it therefore converges to f’(x) as n 
becomes infinite. By repetitions of this process it can be shown that the 
higher derivatives of o,(x) converge to the respective derivatives of f(x). 
Hence the theorem is established. 
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The extended form of the Weierstrass theorem for polynomials we shall 
call 

THEOREM B. If f(x) is a given function which is defined and continuous on 
and if f'(x), - - - , (x) exist and are continuous there, then for any 
given positive number ¢ there exists a polynomial P,(x) of some degree n such 
that | f(x) —P® (x)| <e, for k=0,1,-++,m, and for all values of x on the 
interval. 

Consider the function f‘” (x). It is continuous on (a, b), and therefore by 
Weierstrass’ theorem a polynomial Q(x) of some degree N can be found, such 
that 


| #™(x) Q(x)| Sa, oS 


where 7 is any preassigned positive number. Let 


Qo(x) = f(™-D(a) + 


| — | = f [f°™(x) — Qi(x)]dx| < (b — a)n. 


By successive integrations, with suitable determination of the constant of 
integration at each stage, polynomials Q3(x), - - - , Qm4:{«) can be obtained, 
of degrees N+2,---,N-+m, respectively, so that each is the derivative 
of the following, and so that 


| (x) — Qs(x)| (b — a)*n,---, | f(x) — Omir(x)| S (6 — a)™. 


The positive number ¢ being given, let 7=e or «/(b—a@)”, according as 
b—ais <1 or >1, and let P,(x) =Qmsi(x). Then P,(x) is a polynomial of 
degree n=N +m, and | —P®(x)| for k=0, 1, ---, m. 

For the discussion of rapidity of convergence we shall need to know what 
degree of approximation can be obtained for a specified value of m. In this 
connection we have 


THEOREM C. /f, in addition to the hypotheses of Theorem A, it is assumed 
that f‘™ (x) satisfies a Lipschitz condition 
| (21) — (2x2) | d| 22 | 


then for each positive integral value of n there exists a trigonometric sum T,(x) 
of the nth order such that |\f‘®(x)—T®(«x)| <A/n for k=0,1,-++,m, and 
for all values of x, where A is a constant independent of n. 


Then 
i 
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Under the hypothesis that f‘”(«) satisfies a Lipschitz condition it is 
possible to find for each positive integral value of m a trigonometric sum 
T,,(x) of order m such that 


nmr 


| (x) — T,(x)| < 


where K 41 is a constant independent of ”.* Such a sum, for example, is the 
function? 


tid | + fla + 2(m + 1)u) + 


x/2 


m-+ 1 sin su]?* 
+( 2u) | du, 
m ssinu 


in which the number x is the smallest integer such that 2x—(m+1)>1, h, 


satisfies the equation 
1 7/2 sin su]?* 
— f du, 
hs _x/2 Lssinu 


and s bears a determinate relationship to ”. The discussion here will be based 
on the properties of the function J,(«), as set forth in the passage cited, rather 
than on the somewhat different treatment in the Colloquium. 

Although the form of J,(x) has to be readjusted if it is desired to pass 
from a given value of m to a higher value, the form which corresponds to any 
given m can be used to approximate f(x) with a lower order of approximation 
than 1/n”+! when it happens that f(x) exhibits a correspondingly lower 
order of continuity. For example, if f‘"-(x) satisfies a Lipschitz condition 
the /,(x) corresponding to the value m will approximate f(x) with an error not 
greater than a constant multiple of 1/n™. 

By writing this integral as the sum of the m-+1 integrals corresponding 
to the m+1 terms in the first factor of the integrand, suitably changing the 
variable of integration and the limits of integration in each part, and re- 
combining again into a single integral, we obtain an expression of the form 


he f — 2)db, 


* D. Jackson, The Theory of Approximation, American Mathematical Society Colloquium Publi- 
cations, vol. XI, New York, 1930 (referred to hereafter as Colloquium), pp. 10-12. 

+ For an account of this formula see D. Jackson, On approximation by trigonometric sums and 
polynomials, these Transactions, vol. 13 (1912), pp. 491-515; pp. 496-500. 
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where ® is given by a somewhat complicated formula when written out at 
full length, but has the essential properties that it depends on x and é only 
through the difference §—x and is of period 27. 

If we differentiate 7,(x) with respect to x, and replace 0@/dx by its equal 
—0/dé and integrate by parts, we get 


which is the 7,-function for f’(x) corresponding to the value m. But f’(x) isa 
function whose (m—1)th derivative f‘™(x) satisfies a Lipschitz condition. 
Hence there will exist some constant K,, such that 
— 


Likewise we can obtain the inequalities 


n 
where Km_1,---, Ki are constants independent of n. If A stands fu: the 
greatest of the numbers Km41, - - - , Ki, then 


A 
| = — for k=0,1,---,m. 
n 


Thus the function J,(x), with s properly adjusted to correspond to 1, can be 
made to serve the purpose of the T,,(«) demanded by the theorem. 
The corresponding theorem for polynomial approximation we shall call 


THEOREM D. If, in addition to the hypotheses of Theorem B, it is assumed 
that f‘™(x) satisfies a Lipschitz condition on the interval a<x<b, then for 
each positive integral value of n there exists a polynomial P,(x) of the nth degree 
such that 


B 
| — | — for k = 0,1, +++, m, 
n 


and for all values of x on the interval, where B is a constant independent of n. 


In the proof of Theorem B the polynomial Q,(x) can be chosen so that 
| f°™ (x) —Q1(x)| does not exceed a constant multiple of 1/n,* and then 


* Colloquium, pp. 13-14. 


= 
i 

| 
i 
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the error in the approximation of each of the lower derivatives does not exceed 
this quantity multiplied by a factor independent of n. 

It is worthy of special note that Theorems C and D can be generalized 
further. Thus if f‘"*+#)(x) satisfies a Lipschitz condition, a being a positive 
integer, it can be shown by appropriate modification of the reasoning that 
the error in either the trigonometric or polynomial case does not exceed a 
quantity of the order of 1/n'+«. 

For the treatment of polynomial convergence certain further results 
related to Theorems B and D will be required. 


THEOREM E. If, in addition to the hypotheses of Theorem B, it is assumed 
that f(x) satisfies the m linearly independent two-point boundary conditions 
Ui(f) h; (i= 1, 2,:°°,m), 
then for any positive number ¢ there exists a polynomial P,,(x) of some degree n 
such that UP.) =hi, i=1, 2,-- +, m, and |f(x)—P(x)| <e for k=0, 
1, 2,-- +, mand for all values of x on the interval (a, b). 


Let ¢’ be any positive number. Then, by Theorem B, there exists a poly- 
nomial p,(x) of some degree such that | —p™(x)| <e’ for k=0, 1, 
2,---, mand for Let the quantities g2, - - - , gm be defined by 
the equations U;(p,) =h:—gi, i=1, 2, - - - , m. Then it is clear that 


lel =| — Udp)| =| = 1, 2,- +, m), 


where C is a constant independent of x. 
Let g(x) denote a polynomial of the (2m—1)th degree, the coefficients of 
which are determined as follows. Set up the 2m equations 


Ui(q) Um(Q) = §m, Um+i(q) = 0,---:, U2m(q) = 0, 
in which Um41, , are any linear combinations of the 2m arguments 
g(a), g(a), (a), g(d), , (6), so chosen that all 2m of the 
U’s are linearly independent. Since the U’s are linearly independent, the 2m 


equations in the 2m arguments will have a unique solution, and so will de- 
termine uniquely the values of these quantities. Hence if g(x) has the form 


q(x) = Ao + Ai(x — a) + A2(x — a)? + +++ + — 
+ Am(% — a)" + — a)™(x—b) + +++ + — a)™(x — 


the coefficients Ao, - - - , A2m-1 can be determined successively to fit the 


With this definition of the polynomial g(x) it is not difficult to see that 
an upper bound placed on the absolute values of the g’s in the 2m equations 
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above sets an upper bound for |g(a)|, - - - , |g‘"-(b)|, and this in turn 
sets an upper bound for the absolute values of the coefficients in g(x) and so 
for the absolute values of g(x) itself and all its derivatives throughout the 
interval. Hence, since Ce’ is an upper bound for the g’s, we can write 
|q‘(x)| <C’e’ for k=0, 1, 2,---,m and a<x<b, where C’ is a constant 
independent of n. 

Let us now consider the function P,(x) = ,(«)+9(«). This is a poly- 
nomial of the mth degree (if »=2m—1*) which satisfies the m boundary 
equations U;(P,)=h;, since p,(x) and g(x) satisfy the conditions U;(p,) 
=h;—g;:, Ui(q) =g; respectively, and furthermore, 


for k=0,1,2,---,m,anda<xSb. If arbitrary, and if is taken equal 
to e/(1+C’), the polynomial P,(x) will then fulfill the requirements of the 
theorem. 

The above proof shows in substance that if f(x) satisfies the boundary 
conditions and if polynomials ,(x) can be determined so that | f‘*)(a«) 
— p(x)| <e, then there exist polynomials P,(x) satisfying the boundary 
conditions and such that | f*)(~) —P(«)| <(1+C’)é,, where C’ is a constant 
independent of x. Combined with ‘Theorem D, this yields 


THEOREM F. Under the hypotheses of Theorem E and the additional hy- 
pothesis that f‘™ (x) satisfies a Lipschitz condition on the interval, there exists 
for each positive integral value of n=2m—1 a polynomial P,(x) of the nth 
degree such that =h;, i=1, 2, m, and such that 


| (x) Py (x) | D/n (k = 0, 1, m), 


for all values of x on the interval, where D is a constant independent of n. 


The generalization of Theorem F when f(x) exhibits higher properties of 
continuity is obvious. 

4. Convergence in the trigonometric case when r=1. In this section we 
shall discuss the questions of convergence and degree of approximation rela- 
tive to a periodic differential system for which the minimizing function is a 
trigonometric sum defined for some value of r 21. 

Suppose we have given the differential system 


* The form of statement of the conclusion is not affected by the fact that a finite number of 
values of m have to be set aside as exceptional in the course of the proof, to insure the possibility of 
satisfying the boundary conditions. 


= 
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d™y d™y 
L(y) = + —— + Qm(x)y = R(x), 

dx™ 
Uy) = — = 0 
in which the functions Q:(x), - - - , Qm(x), R(x) are continuous and periodic 
with the period 27, and suppose further that the reduced system 
L(y) = 0, 
Uy) = 0 ; 


(1) 


(2) 


is incompatible, so that (1) has a unique solution y(x). Then y(x) and its first 
m derivatives will necessarily be continuous and periodic with the period 27. 

As functions ¢;(x) we shall use the periodic trigonometric functions 
1, cos x, sin x, cos 2x, sin 2x, - - - . The minimizing function of order 2n+1 
is then a trigonometric sum T,,(x) of order n, 


= = ao + aicosx+---+ a, cos nx 
nx, 


in which the coefficients are so determined that the integral 


2r 2r 
f | L(T,) — R|"dx = f | L(y — T,) |"dx, r = 1, 
0 


is a minimum. The function T,,(x) may be described as “the minimizing trigo- 
nometric sum of order m for y(x) corresponding to the exponent r.” 

The function y(«) satisfies the hypotheses of Theorem A, and hence, if € 
is any positive number, there exists a trigonometric sum ?¢,(x) of some order 
n such that | y‘*)(«) <e, for k=0, 1, - - - , m. Let F(x) =y(x) —tn(x) 
and let 7,(*) be the minimizing sum of order m for F(x). Then the integral 


=f L(F — mn) |"dx 


is a minimum, and therefore, since zero is itself a trigonometric sum of order 
n (in which the coefficients are all zero), we can write 


2r 
vs vax. 
0 
But 
| L(F)| =|Fo™ + +...+40,F| < (m+ 1)Me, 


where M is an upper bound for the bounded functions 1, |Q:|, - - - ,|Qm|- 
Hence 
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(3) y S 2n{(m + 1)Me}". 


Let u(x)=F(x)—7,(x) and let Z(x)=L(u). Then u(x) satisfies the 


differential system 
L(u) = Z(x), 


Ui(u) = 0 (i= 1,2,---,m), 


and indeed is the unique solution, since (2) is incompatible. Let G(x, £) be 
the Green’s function associated with (2).* Then 


u(x) = [ G(x, 


0 
Likewise 


(x) = f 
0 


The differentiation under the integral sign might be questioned in the 
case of the last equation on the ground that (0"-!/dx™—)G(x, £) is discon- 
tinuous on the diagonal « = £. By considering separately the integrals from 0 
to x and from x to 27, however, it can be shown that the formula is valid in 
this case also.{ 

Let G be an upper bound for the bounded functions | G(x, E)l,---, 
| Then 


|u| |z@lae 0,1,---,m—1). 
0 


We make use of Hélder’s inequality in the form which states that if (x) 20 
and 7 is any real number 21 then 


In the present case this givest 


l/r 
| u*) (2) | (2x) Ir f | Z(é) rae (27) (r-1)/r 
0 


* The writer is indebted to Professor D. V. Widder for a valuable suggestion in connection with 
this stage of the work. 

Tt See, for example, Bécher, Lecons sur les Méthodes de Sturm, Paris, 1917, pp. 102-103. 

t It is at this point that we use the hypothesis in the definition of the minimizing sums that r21. 
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and by (3), if N denotes the quantity 27GM, independent of n, 
| | < Ne (k = 0,1,---,m—1). 


But since z,(x) and 7,,(x) are the respective minimizing trigonometric 
sums for F(x) and y(x), two functions whose difference is the trigonometric 
sum ¢,(x), it is readily seen that 7,(x) is identical with T,(x) —t,(x). Hence 


u(x) = F(x) — ma(x) = y(x) — T,(x), 


and consequently 
(k) 


| — TL’ (x) | Ne 

This is true for any value of for which a trigonometric sum #,(x) of the 

nth order exists, satisfying the relations | y“*)(x) <e, k=0, 1, ---, 

m—1, and so, in the case of any specified positive ¢, is true for all values of n 
from a certain point on. Thus it is possible to state 


TueoreM I. Jf the periodic system (1) has a unique solution y(x), the 
minimizing trigonometric sum T,,(x) of order n corresponding to any given real 
number r =1 converges uniformly to the value of y(x) as n becomes infinite, and 
furthermore, the first (m—1) derivatives of T,(x) converge uniformly to the 
respective derivatives of y(x). 


If y‘™(x) satisfies a Lipschitz condition, which will necessarily be the 
case if the functions Q:(x), - - - , Qm(x), R(x) satisfy such a condition, then, 
by Theorem C, sums #,(x) can be determined so that | y(x)—#(x)| has 
an upper bound of the order of 1/n. Hence we can state 


TueoreM II. Jf, in addition to the hypotheses of Theorem I, it is assumed 
that y‘™ (x) satisfies a Lipschitz condition, then for all positive integral values of n 


E 
(k) (k) 
ly (x) — Tn ()|s— --+,m—1), 


where E is a constant independent of n. 

5. Convergence in the polynomial case whenr=1.Let us consider again 
the differential system with non-homogeneous boundary conditions described 
in §1. It has the form 

L(y) = R(x), 


(4) Ui(y) = hy (i = 1,2,---,m). 


The coefficients in the differential equation are defined and continuous on 
a<x<b, the boundary conditions are linearly independent, and the reduced 
system 
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L(y) = 0, 


5 
©) Us(y) = 0 


is incompatible. If y(x) is the solution, it is unique, and it and its first m 
derivatives are continuous on the interval. 

As functions ¢;(x) we shall use 1, x, x?, - - -. The minimizing function of 
order +1 corresponding to a given value of r>1 is then a polynomial P,,(x) 
of the mth degree: 


= Pa(x) = Co + Cie + Cox? +--+ + 


which satisfies the m boundary equations U;(P,) =h;, and is such that the 
integral 


b 
f | L(y — P,) |"dx, r2=1, 


is a minimum. The function P,(x) may be called “the minimizing polynomial 
of the mth degree for y(x) corresponding to the exponent r.” 

The function y(x) satisfies the hypotheses of Theorem E, and hence if 
e is any positive number, there exists a polynomial »,(x) of some degree n 
which satisfies the boundary conditions U;(p,) =h;, i=1, 2, --- , m, and is 
such that | for k=0, 1, - - - , m. Let F(x) =y(x) —pn(x). 
Then F(x) satisfies the m homogeneous boundary conditions U;(F) =0, 
i=1,2,---+,m. Let 7,(x) be the minimizing polynomial of the mth degree 
for F(x) which satisfies the same homogeneous equations U;(z,) =0. Then 
the integral 


b 
f | LW — 
is a minimum for polynomials of this type. 


But zero is itself a polynomial of the mth degree, in which the coefficients 
are all zero, and it satisfies the homogeneous boundary equations. Hence 


b 
vs f 


and consequently, if M is an upper bound of the bounded functions 1, 
vy (b — a){(m+ 1)Me}". 


Let u(x)=F(x)—7,(x) and let Z(x)=L(u). Then u(x) is the unique 
solution of the differential system 
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L(u) = Z(x), 
U;(u) = 0 (i = 1,2,---, m), 


and therefore, if G(x, £) is the Green’s function associated with the reduced 
ystem (5), 


of 
= [ G(x, (= 0,1,-+-,m—1). 
a x 


Without detailed repetition of the argument used in the last section it is 
clear that u(x) =y(x)—P,(«), and that there is a number JN, independent of 
n, such that 


| (x) — SNe (k =0,1,---,m— 1), 


for all values of x on (a, 0). To cover the conclusions in this case we can state 
the following two theorems: 


THEOREM III. /f the differential system (4) has a unique solution y(x), 
then the minimizing polynomial P,(«) of the nth degree, corresponding to a 
given value of r=1, converges uniformly on the interval a<x <b to the vaiue of 
y(x) as n becomes infinite, and the first m—1 derivatives of P(x) converge uni- 
formly to the respective derivatives of y(x). 


THEOREM IV. Jf, in addition to the hypotheses of Theorem III, it is assumed 
that y‘™(x) satisfies a Lipschitz condition on the interval, then the errors 
| y‘)(x)—P,)(x)| have an upper bound of the order of 1/n. 


6. Preliminary theorems for the treatment of convergence when r<1. 
The foregoing proofs of convergence were based on a direct application of 
Hélder’s inequality, a relation which holds only when r2=1. Consequently 
when the minimizing sum is defined for a value of r<1 a different method 
must be used. In this section we shall derive two theorems in preparation for 
the discussion of this case; one is an extension of Bernstein’s theorem on the 
derivative of a trigonometric sum, and the other an extension of Markoff’s 

heorem on the derivative of a polynomial. 


THEOREM G. If T,(x) is an arbitrary trigonometric sum of the nth order, 
and if 
L(y) = R(x), 
Uy) = — = Mm), 


is the differential system (1) described in §4, of which the reduced system is in- 
compatible, and if 5=max | L(T,)| , then 


CERTAIN PROBLEMS OF CLOSEST APPROXIMATION 


(a) | (x) | < 48 
and if Qi(x), - - - , Om(x) have bounded first derivatives, 


d 
(b) —L(T,) | S Bné, 
dx 


where A and B are constants independent of n and independent of the coef- 
ficients in T,,(x). 


Let Z(x)=L(T,). Then T,(«), being periodic with the period 27, will 
satisfy the differential system 
L(y) = 2(x), Ui(y) = 0 mm). 


But the reduced system is incompatible, and so, if G(x, £) is its Green’s func- 
tion, we can write 


(k) 


Qr oF 


Let G be an upper bound of the bounded functions |G(x, é)|,---, 
| (@"-1/dx™-1)G(x, £)|. Then since 6 is an upper bound of | Z(£)|, 


| | < 
for k=0, 1,---,m-—1. By virtue of these relations and the identity 


T(x) — - —QnT, it follows that | (x)| also has an 
upper bound of the same form: 


| 7.""(x) | < + = (1 + 


where M is an upper bound of 1, |Q,|,---, |Qn|. By letting A stand for 
the greater of the two numbers 27G, (1+227mMG) we obtain conclusion (a). 

The function T(x) is a trigonometric sum of the mth order of which Aé 
is an upper bound. Hence, by Bernstein’s theorem on the derivative of a 
trigonometric sum, 


| (x) | < Ans, 


and therefore, 


(m+1) (m) m—1) 


d 
| =|T, + (Q:T, + OT. +- 
+ On! Ta) | 
< Ani + mMAib + mM'AS S 
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where M’ is an upper bound of |Q/'|, -- -,|Qm | and B=A(1+mM+mM’). 
This is conclusion (b). (It is readily seen from the details of the calculation, 
or can evidently be assumed outright without affecting the truth of the con- 
clusion, that B=1.) 


THEOREM H. Jf 
L(y) = R(x), 


Ui(y) = h; L m), 


is the differential system (4) with general non-homogeneous two-point boundary 
conditions, of which the reduced system is incompatible, and if P,(x) is any 
polynomial of the nth degree which satisfies the homogeneous boundary equations 


= 0 (¢ = 1,2,---,m), 
and if 6=max | L(P,)| on asx<b, then 


and if Qi(x), - - - , Om(x) have bounded first derivatives, 


(b) 4p ) | < Dn% 
, 


for all values of x on (a, b), where C and D are constants independent of n and 
independent of the coefficients in P(x). 


The method of proof here is practically the same as in Theorem G, ex- 
cept that Markofi’s theorem* is used instead of Bernstein’s theorem in ob- 
taining conclusion (b). 

7. Convergence when r< 1. In this section the convergence problem when 
r <1 will be discussed in detail for the trigonometric case and only the results 
stated for the polynomial case. It will be seen that the method used here? is 
not restricted in application to the cases when r <1, but is generally applicable 
when 7 is any positive real number. Moreover, although the bound which it 
assigns to the errors is not as good as that obtained by the first method under 
given hypotheses when r=1, it proves the convergence of m derivatives, as 
compared with m—1 in the earlier treatment. 


* See, for example, D. Jackson, these Transactions, vol. 22, loc. cit., p. 163; M. Riesz, Eine 
trigonometrische Inter polationsformel und einige Ungleichungen fiir Polynome, Jahresbericht der Deut- 
schen Mathematiker-Vereinigung, vol. 23 (1914), pp. 354-368. 

t The general scheme was suggested by convergence proofs given in other connections by D. 
Jackson; see, for example, On the convergence of certain trigonometric and polynomial approximations, 
these Transactions, vol. 22 (1921), pp. 158-166; Colloquium, Chapter III. 
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Let it be assumed that the periodic system 
L(y) = R(x), 
Uy) = y¥ PO) — = m), 


has the unique solution (x), and that the coefficients in the differential equa- 
tion are provided with the derivatives called for. Let ¢,() be an arbitrary 
trigonometric sum of the mth order, and let e be a number such that 


(6) | (x) | (k = 0,1,---,m) 


for all values of x. Let F(x) =y(x) —#,(x), and let 7,(x) be a minimizing sum 
of order ” for F(x). Then the integral 


Y= f L(F — mp) |"dx 


is a minimum, and since zero is itself a trigonometric sum of the mth order, 
0 


where M is again an upper bound for 1, |Q:|, - - - , |Qm|. 

Let x; be a point of the interval (0, 27) at which | Z(z,)| takes on its 
maximum value 6. Then, by virtue of the mean value theorem and conclusion 
(b) of Theorem G, 


| L(an(x)) L(mn(x1)) | < | x— | Bné. 
Therefore for values of x in the interval |x—x,| <1/[2Bn], 
| L(wn) | = 6/2. 
Assume for the moment that e<6/[4(1+m)M ]. Then 
| | =| FO + + < (m+ 1)Me < 8/4 


and therefore, when x belongs to the interval |«—2,| <1/[2Bn], | L(an) 
—L(F) | 26/4, and hence 


1 
Combining this with (7) we get 
(8) 5 < + 


But this relation is true also when ¢=6/[4(m+1)M | and so it holds uni- 
versally. 
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Consider the errors 
| F(x) — | 
By virtue of conclusion (a) of Theorem G and relation (8), 


< En'''., 


| F(a) — | + A’ S + 4A (2 B)"/"(m + 


where E is a constant independent of n. But, since F(x) and y(«) differ only 
by the terms of the trigonometric sum ?¢,(x), their respective minimizing 
sums will differ only by ¢,(x). Hence if 7,(«) is the minimizing sum for y(x), 


| (x)| = ial < En''" 


for k=0, 1, - - - , m and for all values of x. 

The questions of convergence and degree of approximation are thus di- 
rectly connected with the approximations in (6). Any hypotheses that will 
make it possible to define sums /,(x) so that m/e approaches zero as n be- 
comes infinite will insure the convergence of T,,(x) and its first m derivatives 
to the respective values of y(«) and its derivatives. For example, when r=} 
it is sufficient to assume that y‘"+?)(x) satisfies a Lipschitz condition, for 
then ¢ can be made-to have the order of 1/n® and n"/"e the order of 1/n. 

The conclusion, and the result obtained by the same method for the case 
of polynomial approximation, are expressed by the following two theorems: 


THEOREM V. If the periodic system 


L(y) = R(x), 
Ui(y) = 0 L 


has a unique solution y(x) of such regularity that it and its first m derivatives can 
be simultaneously approximated by a trigonometric sum of the nth order and its 
corres ponding derivatives with an upper bound of error ¢ satisfying the condition 
that 

lim n'/"e = 0, 

and if the coefficients in L(y) have bounded first derivatives, then the minimizing 
trigonometric sum and its first m derivatives converge uniformly to y(x) and its 
corresponding derivatives respectively as n becomes infinite. 

THEOREM VI. [f the system 
L(y) = R(x), 
U i(y) = h; 
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with general non-homogeneous two-point boundary conditions, has a unique solu- 
tion y(x) of such regularity that it and its first m derivatives can be simultane- 
ously approximated on the interval (a, b) by means of a polynomial of the nth 
degree, satisfying the boundary conditions, and its derivatives, with an upper 
bound of error ¢ for which 

lim n?/"e = 0, 


n— 


and if the coefficients in L(y) have bounded first derivatives, then the minimizing 
polynomial satisfying the boundary conditions, and its first m derivatives, con- 
verge uniformly on the interval to the respective values of y(x) and its correspond- 
ing derivatives as n becomes infinite. 
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ERRATA, VOLUME 31 


H.S. VANDIVER, On Fermat’s last theorem. 


Page 618. In left hand member of relation (3b) insert product sign in lieu 
of summation sign. In lieu of (3c) read 

t=1 

Page 620. In the right hand member of (4a) the exponent of (—1) is 
(+1) in lieu of (i+). In fifth line below (5) read (5) in lieu of (4). 

Page 626. The argument given for the proof of Theorem II in the case 
where the prime ideal q is of the first degree in k(¢) and belongs to the c classes 
is not covered. It appears necessary to add the assumption that the second 
factor of the class number of &(¢) is prime to / in order to obtain the three 
relations immediately preceding (12). With this assumption, however, 
Theorem II is included in Theorem I. 

Page 627. Add to the statement of Theorem III the assumption that the 
second factor of the class number of k(f) is prime to / for the same reasons 
specified in the above correction to Theorem II. These corrections to Theo 
rems II and III do not affect any of the other results in the paper except that 
Theorem VII is not proved in so many different ways. 

Page 631. In the statement of Theorem IV second line, read a in lieu of k. 

Page 633. In the second line above relation (27a) add “or (—1)” after the 
word unity. 

Page 634. In the last line read “k =1 or (—1),” in lieu of “k =1.” 

Page 641. In the second line under the first congruence read B’29.¢7 in lieu of 
B’;.67. In the fractional expression written separately near the middle of the 
page read 58-67 as the exponent in each numerator in Jieu of 32-37 and read 
65 in lieu of 35 in the last denominator. 

Page 642. In fourteenth line read 1193 in lieu of 1093. 


ERRATA, VOLUME 32 


WILHELM Mater, Elementary properties of the t,-functions. 
Page 905, last line. For “Mathematische Zeitschrift, 1930” read “Mathe- 
matische Annalen, 1931.” 
Page 906, line 9, for “F (w2/w1) >0” read “¥ (we/w1) >0.” 
Page 909, line 4, for “— V2” read “iV'/2,.” 
Page 911, line 11, for “ read .” 
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ERRATA, VOLUME 33 


A. A. ALBERT, On direct products, cyclic division algebras, and pure Riemann 
matrices. 
The author wishes to correct a theorem on page 230 of this paper. The 
corrected theorem is to read 


THEOREM 21. A direct product A=BXC of a cyclic division algebra B of 
order p*, p a prime, and a normal division algebra C of order p? is a total matric 
algebra if and only if C is reciprocal to B. ‘ 

The change is thus the change of equivalent to reciprocal both in the 
theorem and throughout the proof. The only other change in the proof of the 
above theorem is the change of X;=0‘(X) to X;=6"+!-‘(X), this latter error 
being the cause of the incorrect statement of the theorem. The result is an 
independent one and in no way affects the remainder of the paper. 


M. FRECHET AND J. SHOHAT, A proof of the second limit-theorem in the theory 
of probability. 
‘The title should read as above, with “second limit-theorem” in place of 
“second-limit theorem” as printed. 


999 


, 
Dr 

| 


